AIMS Mathematics, 9(4): 8020-8042.
DOI: 10.3934/math.2024390
ATMS Mathematics Received: 25 January 2024

Revised: 14 February 2024

Accepted: 20 February 2024
http://www.aimspress.com/journal/Math Published: 26 February 2024

Research article

Random dynamics for a stochastic nonlocal reaction-diffusion equation with
an energy functional

Ruonan Liu! and Tomas Caraballo®*

' School of Mathematics and Statistics, Xuzhou University of Technology, Jiangsu, 221008, China

2 Departamento de Ecuaciones Diferenciales y Anélisis Numérico, C/ Tarfia s/n, Facultad de
Matematicas, Universidad de Sevilla, 41012 Sevilla, Spain

* Correspondence: Email: caraball @us.es.

Abstract: In this paper, the asymptotic behavior of solutions to a fractional stochastic nonlocal
reaction-diffusion equation with polynomial drift terms of arbitrary order in an unbounded domain
was analysed. First, the stochastic equation was transformed into a random one by using a stationary
change of variable. Then, we proved the existence and uniqueness of solutions for the random problem
based on pathwise uniform estimates as well as the energy method. Finally, the existence of a unique
pullback attractor for the random dynamical system generated by the transformed equation is shown.

Keywords: nonlocal reaction-diffusion equations; fractional Laplacian; unbounded domain; random
attractors
Mathematics Subject Classification: 35F05, 60H15

1. Introduction

In real world applications, there might exist several nonlocal effects that influence the evolution of
a system. For instance, we usually do not have enough information about the systems under study and
its features at every point. In reality, the measurements are not made pointwise, but through some local
average. Actually, during recent decades, many mathematicians have been studying nonlocal problems
motivated by its various applications in physics, biology, and population dynamics [1-13].

Given y € (0, 1) and an initial time 7 € R, in this work the following problem is considered:

o+ a(l(u))(=A)'u + Au = f(t, x,u) + h(t,x) + au o dd—‘:/, xeR", t>1,

(1.1)

u(x, 7) = u(x), x e R",

where A and « are positive constants, a(/(u)) is a more general nonlocal operator (cf. see [14] for
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more details), I € L(R;L*R"), h € L; (R;L*(R")), f is a continuous function satisfying standard
dissipative and growth conditions, W is a two-sided real-valued Wiener process in a probability space,
and the symbol o indicates the stochastic equation in the sense of Stratonovich integration.

Moreover, let us consider the following conditions imposed on the function a € C(R; R*). Suppose

there exist some constants 0 < m < M, such that
m<a(s) <M, s eR". (1.2)

Assume that the function f : R X R" X R — R is a smooth nonlinearity which satisfies, for all t € R
and x € R”",

[t x,wu < =Blul” + ¢ (t, x), (1.3)
Lt x, )] < o, Olul”™" + 452, %), (1.4)
g(r, x,u) < Yyu(t, x), (1.5)

Oou

where 5 > 0 and p > 2 are constants and

U1 €L,

loc

(R; L'(R™), ¥, by € LS (R; L™(R™)), 3 € LI (R; LY(R")),

loc loc

with % + }1 = 1. The identification /(u) is in fact (/, u), however we keep the usual notation as in the
existing previous literature /() instead of (/, u) for the operator / acting on u.

We will establish the existence of a continuous cocycle for the non-autonomous fractional stochastic
differential equation with y € (0, 1),

dw
O + a(l(w))(—A)Y u + Au = f(t, x,u) + h(t) + au o o xeR", t>T, (1.6)
with initial condition

u(t, x) = u(x), x e R (1.7)

For our purpose, we need to convert the stochastic equation into a deterministic one parameterized by
w € Q. To that end, we introduce a new variable v = v(t, 7, w, v;) by,

—az(6,w)

V(LT’(’U’ VT) =e€ u(t,T,CL), u‘l’)’ (1'8)

with

—az(6:)w

- (1.9)

V. =e

where T € R is a deterministic time, t > 7, w € Q, u, € L>*(R"), and u = u(t, T, w, u,) is a solution of
(1.1). Then, we find that, for > T,

v + a(l(e™ V) (=AYv + v = az(6,w)v

+ ¢~ f(, x, 0Oy 4 om0 ) x e R, > 1, (1.10)

v(x, T) = v(x), x € R".

In fact, our final goal is to prove the existence of random attractors of problem (1.1) via proving the
one of (1.10). Indeed, to state the existence of random attractors in H”(R"), we need to establish the
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pullback asymptotic compactness of solutions in H”(R"). The main technique is approaching the whole
domain R” by a sequence of bounded domains Oy, k € N. For each k, it is well-known that H”(Oy)
is compactly embedded in L*(O;). Then, letting k — oo, the tail estimates will help us overcome this
compactness difficulty.

We emphasize that the main innovation of our analysis is that the model contains two kinds of
nonlocal terms: one is the nonlocal diffusion coefficient a(/(1)), and the other is the nonlocal frac-
tional Laplace operator. Fractional partial differential equations arise from a variety of applications in
physics, finance, probability, and materials sciences. Hence, there are a great number of works about
fractional models which are analyzed theoretically or by computer simulations, such as [15-18] and
the references therein.

This paper is organized as follows: In the next section, we will recall definitions of non-autonomous
random dynamical systems and the fractional Laplacian operator, and introduce notation which will be
used frequently in this manuscript. In Section 3, we show the existence and uniqueness of solutions to
problem (1.1) driven by multiplicative noise. Some uniform estimates are given in Section 4 mainly
by energy estimates and a random transformation. In the last section, we establish the existence and
uniqueness of random attractors to problem (1.1).

2. Preliminaries

2.1. Non-autonomous random dynamical systems

First, we briefly review some notation and results for non-autonomous random dynamical systems
for the sake of readers’ convenience. Assume that (Q, % ,P) is a probability space and (X, d) is a
separable metric space. We use d(A, B) to denote the Hausdorff semi-distance for nonempty subsets A
and B of X.

Definition 2.1. [19, Definition 2.1] Let (Q, 7, P, {6,},cr) be a metric dynamical system. A mapping
®:R*"XRX QXX — Xis called a continuous cocycle on X over (Q, 7, P, {6;},cr) if for all T € R,
w e Qandt, s € R", the following conditions are satisfied:

(1) O, 7,-, ) :R*XQA XX - Xisa(BR"Y) X F X B(X), B(X))-measurable mapping;
(i1) ©(0, 7, w, -) is the identity on X;
(iii) Ot + 5,7, W, ) = O, 7+ 5,0,w, ) o D(s, T, W, *);
@iv) ®(t, 7, w, ) : X — X is continuous.

Definition 2.2. [19, Definition 2.2] Let D be a collection of some families of nonempty subsets of
X. Then, ® is said to be D-pullback asymptotically compact in X if for all 7 € R, w € Q, and any
sequence #, — +00, x, € D(1 - t,,0_, w), the sequence

{®(t,, T —1,,0_, 0, x,)},", has a convergent subsequence in X.

Definition 2.3. [19, Definition 2.3] Let D be a collection of some families of nonempty subsets of X
and A = {A(t,w) : T € R,w € Q} € D. Then, A is called a D-pullback attractor of ® if the following
conditions are satisfied:

(i) A is measurable and A(t, w) is compact for all T € R and w € Q;
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(i1) A is invariant, that is, for every 7 € R and w € Q,
O, 7, w, A(T,w)) = A(T + 1, 6,w), t >0
(ii1) A attracts every member of D, that is, given B€ D, 7 € R and w € Q,

limd(®(t, 7 - t,6_,w, B(t — t,0_,w)), A(tT,w)) = 0

—0o0

The following results can be found in [20,21] (see also [22—24]) for related results.

Proposition 2.1. [19, Proposition 2.4] Let D be an inclusion-closed collection of some families of
nonempty subsets of X, and ® be a continuous cocyle on X over (Q,F ,P,{0,}cr). If © is D-pullback
asymptotically compact in X and has a D-pullback attractor A in D, then the D-pullback attractor A
is unique and is given by, for each T € R and w € Q,

A, w) = ﬂ U O, 7—-t,0_w, K(t —t,6_,w)).

r>0 t>r

2.2. Fractional Laplacian

Now, we recall some notation related to the fractional derivatives and fractional Sobolev spaces.
Given 0 < y < 1, the fractional Laplace operator (—A)” is defined by,

ux+y)+ulx-y) — 2u(x)
|y|n+27

(~AVu() = ~3C(n,7) dy, xR,

Rn
provided the integral exists, where C(n, ) is a positive constant depending on n and y as given by,
cos(&y) "
C(n,w:(f lgl,,—ﬂfldg) L E= (b ) ER @.1)
R}‘l

It follows from [25] that
(—Au=F (7 (Fu), &£eR’,

where ¥ is the Fourier transform. Let H”(R") be the fractional Sobolev space defined by,

_ 2
H)/(Rn) _ {M c LZ(Rn) f f |lu(x) M(_;))l dXdy < oo} ,
w Jpn X =y

1
lu(x) — u(y)l? ?

Throughout this paper, we denote by || - ||, the norm in L”(R") for some p > 2. Especially, we denote
the norm and the inner product of L>(R") by || - || and (-, -), respectively. For convenience, the Gagliardo
semi-norm of H”(R") is denoted by || - || zvgn), 1.€.,

with norm

Ju(x) — u(y)P ;
ol e, = fRn R dey’ e HIED.
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We also use the notation

(U, V) vy = fRn fRn () — uy)(v(x) v(y))dxdy, u,ve H'R"M.

|x =y

Then, for all u € HY(R"), we have ||u||§y(Rn) = ||ull® + IIMIIZV(RH). Note that H”(R") is a Hilbert space with
inner product given by

(I/l, V)Hy(Rn) = (I/l, V) + (l/l, V)H«/(Rn), u,v e m(Rn)

By [25], we have

con,
P\l vue HRY),

Y
||(_A)2u||2 = 2 HV(]Rn),

hence,

leallFpy gy = Nuall® + I=2)2ull’,  Yue H'R").

C(n,y)
1
This implies that (ul|® + I(-A)3u|?)” is an equivalent norm of H(R").
Let (QQ, 7, P) be the standard probability space with Q = {w € C(R;R) : w(0) = 0}, ¥ the Borel
o-algebra induced by the compact-open topology of Q, and P the Wiener measure on (€2, ). Denote
by 6, : Q — Q the transformation

Gw() = w(- + 1) — w(?), w € Q.

Then, (Q, 7, P, {6,};cr) is a metric dynamical system. Consider the following one-dimensional stochas-
tic equations:

dy + ydt = dW.
It follows from [26] that this equation has a unique stationary solution y(#) = z(6,w), where z : Q — R
is a random variable given by z(w) = — f_ OOO e'w(t)dt for w € Q. Moreover, there exists a ;,-invariant
set of full measure €, such that z(6,w) is pathwise continuous for every w € €, and
o 1
RO _ o and tim L [ z@w)dr=o. 2.2)
t—+00 |t| t—xeo o

For convenience, in the following, we will not distinguish € and Q and use the same notation € for
both Qy and Q.

3. Main result

To define a continuous cocycle for the fractional stochastic reaction-diffusion equation (1.1), we
first need to prove the existence and uniqueness of solutions to problem (1.10). By a solution of (1.10),
we mean that v satisfies the equation in the following sense:

Definition 3.1. Given 7 € R, w € Q, and v, € L*(R"), a continuous function v(-, T, w, v;) : [T, 00) —
L*(R™) is called a solution of problem (1.10), if v(t, 7, w, v;) = v, and

veL?

loc

((7, 00); H'(R")) N L7, (7, 00); LP(R™)),

loc
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dv
—el’
dt loc

and v satisfies, for every £ € H'(R") N LP(R"),

L ey + E0D ooy f f (V@) = VONED =660y
dt 2 rr JRr |x — ylr+2

((7, 00); HY(R") N Ly, (7, 00); LY(R")),

loc

3.1
— CL’Z(Q,L«))(V, é‘:) + e—az(wa) f f(l‘, X, eaz(@tw)v)é_‘(x)d‘x + e—ozz(@;w) f h(t)g(x)dx,
R” R»

in the sense of distributions on (1, 00).

To prove the existence of solutions of (1.10) in the sense of Definition 3.1, we will approximate the
entire space R” by a sequence of bounded domains O; = {x € R" : |x| < k}, and then take the limit as
k — oo. Let p : [0, 00) — R be a smooth function such that 0 < p(s) < 1 forall 0 < s < o0, and

1
p(s)=1, for 0 <s < 2’ and p(s) =0, for s> 1.

Let us consider the non-autonomous fractional stochastic differential equation on O,

d
Dk L a1 )) (=AY vy + Ave = az(B,0)v,
dt (3.2)
+ ¢~ 00w f(t,x, V00 4 =B p(p), x€O, t>T,
with boundary condition
vi(t, x) =0, xeR"\O, t>r7, (3.3)
and initial condition
(T, x) =p (%) v(x), x € Oy, (3.4)

where v, € L*(R"). Note that, in the boundary condition (3.3), we require v; = 0 on the complement
of Oy (i.e., on R"\O;), not just on the boundary of Q. This boundary condition is consistent with the
definition of the nonlocal fractional Laplace operator (—A)”. To present the existence of solutions of
problem (3.2), for every k € N we set Hy = {v € L>(R") : v =0 a.e. for |x| > k} and V;, = {v € HY(R") :
v =0a.e. for |x| > k}. The dual space of V; is denoted by V;.

Letb : H'(R") x H(R") — R be a bilinear form given by, for vy, v, € H*(R"),

0100 = VOO =120

R JR2 |x =yl

m
b(vi,vy) = A(vi,v2) + Ec(n, Y)

By using the bilinear form b, we define A : H'(R") - H7(R") by
(AW, v, = b(vi,v2), Vv, v, € H'(R"),

where (-, *)g— mv) 1s the duality pairing of H77(R") and H”(R"). Since H; and Vj are subspaces of
L*(R") and H”(R"), respectively, we find that b : V; x V, - Rand A : V; — V; are well defined.
Indeed, we have

(A1), v2)vz vy = b(vi, v2), Vv, vy €V,
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where (-, ')(V;,Vk) is the duality pairing of V;" and V;.

By means of conditions (1.2)—(1.5), it follows from [27] that, for every 7 € R, w € Q, and v, €
L*(R™), problem (3.2)-(3.4) has a unique solution vy in the sense that vi(-, 7, w, V(7)) : [1,00) — H is
continuous, vi(7, T, w, Vi(7))(x) = ('X')vk(x) and

Vi € L2,.((1,00); Vi) N L ((x,00); LP(R™)), —t € L2, ((1,00); Vi) + LY ((1,00); LYR"), (3.5

and vy, satisfies, for every & € V, N LP(R"),

_( L6+ Sy C(n Y) a(l(e 0 ))f f k(%) = () (E(x) _f(y))dxdy AL E)
Rn

|X _ y|n+2)/

(3.6)

= az(,0) Vi, €) + e [ f(t, x, v )E(x)dx + e ) f h()é(x)dx,
Ok Ok

in the sense of distributions on (7, c0). Next, we derive uniform estimates of the solution v, with respect
to k € N and prove the existence of solutions of (1.10) by taking the limit of v, when k — oo.

Theorem 3.2. Let (1.2)—(1.5) hold. Then, for every Tt € R, w € Q, and v, € L>(R"), problem (1.10) has
a unique solution v(t, T, w, v;) in the sense of Definition 3.1. This solution is (F , B(L*(R")))-measurable
in w and continuous in initial data v in L*(R"). Moreover; the solution v satisfies the energy equation,

—IIVII + a(l( e V), YVl g + 24V = 202(6,w) VP

HY(R)

3.7)
+2e7 0 [ £(t, x, ) vdx + 2¢O f Hov
R’l Rn

for almost all t > .

Proof. The proof is similar to the case of bounded domains as in [27] by modifying appropriately
the conditions of the nonlinear term f. Of course, for problem (1.10) defined on the unbounded domain
R”, we must show that all estimates on the solutions of (3.2)—(3.4) are uniform with respect to k € N.
Step 1. Uniform estimates of solutions of (3.2)—(3.4). By (3.2), we obtain

1d

—— | m@)Pdx + a(l(e™*“v;)) f V() (=AY v ()dx + A | [v(x)Pdx
2dt Ox O

Ok

= az(Bw) | vi(X)Pdx + e 0O | (2, x, ey )ydx + e 7O f h(t)vi(x)dx.
Ok Ok Ok

By the boundary condition (3.3), all of the above integrals over the bounded domain Oy can be replaced
by that over the entire space R”, and hence we have

_”Vk” + a(l(e™ V) Cn, YVl gy + 220Vl

HY([R")

(3.8)
= 20z(B,w)|Vill* + 2e™ O (£(t, x, e %), vie) + 2¢O (h(e), vy).
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By (1.4), the nonlinear term in (3.8) satisfies,

e 0 [ f(t, x, e Oy Ypdx < @720 f W1 (2, ) — Ble® v |PYdx
Rr R®

< e 2040w W (t, x)dx — ﬁe(” ~Daz(6iw) f [vilPdx.

R R

By Young’s inequality, we derive
—az(6;w) 1 —2az(6,w) 2 1 2
e h(vdx < e =@ + SlIvill™.
R7 2 2

It follows from (1.2) and (3.8)—(3.10) that

HY(Rn

d —2Z ). w
TP + COL YV oy + 22l + 2?20 f velPdx
R

n

< Qaz(B,w) + D)|[|* + 2e™2 f Y (t, X)dx + e (o).

n

By the above inequality, we see that for every fixed w € Q and T' > 0, {v;},7, is bounded in
L v+ T; PR N L(r, 7+ T; H'R") N LP(r, 7 + T; L’(R")),

and
{A(v)}i2, is bounded in L*(r, T + T; HY(R").

By (1.4) and (3.12), one can verify that
{f(t,-, ey )} is bounded in Li(t, T + T; LY(R")).

As a consequence of (3.2) and (3.12)-(3.13), we find that, for each fixed K € N,

d [oe}
{%} is bounded in LI(z, 7 + T: (V, N L(R"))").
k=1

Note that 1 < ¢ <2 since p > 2 and p and g are conjugate exponents.

(3.9

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

Step 2. Existence of solutions of problem (3.2)—(3.4). By a diagonal process, from (3.12)—(3.14),

we find that there exists ¥ € L*(R"), such that
veL(r,t+ T; PR N LA(r, 7+ T; H'(R) N LP(r,7 + T; L"(R")),
and y € L(r,7 + T; LY(R")) such that, up to a subsequence,
vy — v weak-star in L=(t, 7 + T; L*(R")),

vy — v weakly in L*(r, T + T; H'(R")) N L?(t,7 + T; L (R")),
f(,-, o0y y x weakly in LY(t, 7 + T; LY(R")),

(3.16)

(3.17)
(3.18)
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d d
% = d—: weakly in L(t, T + T; (Vi 0 LP(R")"), (3.19)
and
vi(t, T+ T, w) — ¥ weakly in L*(R"). (3.20)

Note that the embedding H”(Ox) — L*(Ok) is compact, and also note that L*(Og) — (Vg N LP(R"))*
is continuous. Then by (3.12), (3.15), and the compactness result in [28], after an appropriate diagonal
process, we find that, up to a subsequence,

vy — v strongly in L* (7,7 + T; L*(Ok)), VYK €N. (3.21)

By (3.21) and a diagonal process again, there exists a further subsequence (which is still denoted by
{vi};2,) such that
vy — v for almost every (¢, x) € (1,7 + T) X R". (3.22)

On the one hand, since a is a continuous function and [/ € L*(R"), it follows from the above inequality
that
a(l(e® @) = a(l(e®@“)y)),  for almost every (f,x) € (t,7 + T) X R". (3.23)

On the other hand, as f is continuous, by (3.22), we obtain
f(t, x, %) = f(t, x,e™%)y),  for almost every (f,x) € (1,7 + T) X R". (3.24)
By (3.14) and (3.24), we infer from Mazur’s lemma that,
f(t,-, e = (¢, -, e®%y),  weakly in Li(t, 7 + T; LY(R")). (3.25)
It follows from (3.18) and (3.25) that
x = f(t,-, e ). (3.26)
Now, given & € H”(R") N LP(R"), denote by

|x]

Ek(x)=p (?)f(x), Vx e R".

By simple computations, one can verify that, for each K € N, £ € H'(R") N LP(R") and
&k — & in H'(R") N LP(R"). (3.27)

For every k > K and ¢ € Cj’(r,7 + T), by (3.2)—~(3.4), we deduce

T+T

T+T T+T
- f (v, €x)¢p’dt + C(n,y) f a(l(e™ v Vi, EQ) randdt + A f (i, Ex)pdt
T+ T T+T
=a f 2(6,w) (v, Ex)pdt + f e " O(f(t, -, ey, Ex) o 1oyt (3.28)
T+T
+ f e (h(r), Ex ).
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Taking the limit of (3.28) as k — oo, by (3.16)-(3.18) and (3.26), we obtain

T+T

T+T +T
- f . &)t + C(n.y) f ANV, Ex) et + 1 f (v, )bt
T+T T+T
= af Z(e,(l))(v, ‘f[()(pdt + f e_a/Z(etw)(f(t’ ) eaZ(Q’w)v)7 ‘:fK)(Lq,LP)‘pdt (329)

T+T
+ f e~ (h(1), Ex ).

Taking the limit of (3.29) as K — oo, by (3.27), we have

T+T

T+7T T+T
_ f (. E)F'di + Cln.) f a0, &bl + A f (v, O)dr
T+T T+T
=a f 2O,w)(v, E)ddt + f e~ OO (f (¢, -, e U) )y 1t (3.30)

T+T
+ f e~ OO (n(t), £)pdt.

Hence, we obtain that for all £ € H”(R") N LP(R"),

C
—( &)+ ( co.y) a(l(e V)W, E) ey + AV, €)
(3.31)

= 020 W)(v, &) + e—“wf“)(f(r, L €N )1y + €O (1), ),

in the sense of distribution on (7,7 + 7).

To prove the continuity of v : [1,00) — L*(R"), we notice that v € L*(r,t + T; H'(R")) N L’(1,T +
T;LP(R™)) and % € LX(t,7+T; HY(R")+Li(tr,7+T; LY(R")) by (3.17) and (3.19), respectively. Then,
by the argument of [28], we infer that v € C([r, 7 + T]; L*(R")) and

dv
——II I> = (—,v

> 7 , foralmosteveryte (r,7+ 7). (3.32)

)(HV+L‘1,H7+U’)

It follows from (3.31)—(3.32), by taking £ = v, that

C(n,y) 0 > 2
|| 1> + —="a(l(e™“ N WIIZ, o + AV
2dt 2 HY®") (3.33)

= az(Bw)|VIP + e UO(f (1, -, eV, V) a1y + €U (R, v),

which yields the desired energy equality (3.7).
In what follows, we show v(7) = v, and v(r + T) = ¥. To this end, we take ¢ € C'([r,7 + T]) and
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&€ H'(R") n LP(R™). Similar to (3.28), by (3.2)—(3.4) we deduce, for every k > K,

T+T
(T + 1), )P + T) = (ni(7), Ex)P(T) = f Vi, Ex)¢'dt

C , T+T T
(’; v) f a(l(e™ ™ v)) (i, Ex)pdt — A f i E)gdt

(3.34)
T+T T+T
+a f 2(0,w) (v, Ex)pdt + f e OO (f(t, -, Uy, Ex) e, pdt
T+T
+ f e (h, Ex)pt.

Proceeding as before, by (3.4), (3.16)—(3.18), (3.20), and (3.26) we obtain from the above equality that,

as k — oo,

T+T
@, E)P(T +T) = (ve, E)P(T) = f (v, Ex)¢'dr

T+T T
-COD [ sy g [ . cow
] T (3.35)

T+T T+T

+“f 2O,w)(v, Ex)pdt + f e OO (f(t, -, e ), £ a1y pdt
T+T

+f e~ (h, ).

As K — oo in the above equality, by (3.27) we find, for all £ € H”(R") N LP(R"), that

T+T
5, BT+ T) = (v, )H(T) = f () dr

T+T ot
-y f a(l(e™ V) (v, H)pdr ~ A f (. E)pdt
) . (3.36)

T+7 T+7

+a f 2O,w)(v, E)¢dt + f e OO (f(t, -, e ), €) 10 1oy pdt
T+7T

+ f e (h, E)pdt.

On the other hand, by (3.31) we find that the right hand side of equality (3.36) is given by

V(T +T1),H)¢(t + T) = (W(1),£)p(7),

and therefore, we obtain
T +T1),O)¢(x+T)— (1), H)P(1) = (1, E)P(T + T) — (v, E)P(7). (3.37)
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By choosing ¢ € C'([r,7 + T]) with ¢(r) = 1 and ¢(r + T) = 0, we obtain from (3.37), that for all
& € H'(R") N LP(RY),

(1),8) = (v, ). (3.38)
Similarly, by choosing ¢ € C!([r, 7+ T]) with ¢(r) = 0 and ¢(7 + T) = 1, we infer from (3.37) that, for
all ¢ € HY(R™) N LP(R™),

V(T +T1),8) = (7,8). (3.39)
By (3.38)—(3.39), we have
v@)=v, and vr+T)=7 in L*R"), (3.40)
which along with (3.20) implies that
it +T,7,w) - v(t+T) weaklyin L*(R™). 3.41)

Similar to (3.41), one can verify that, for every t > 7, as k — oo
vilt, T,w) = (1) weaklyin L*(R"). (3.42)

Note that (3.31) and (3.42) indicate that v is a solution of problem (3.2)—(3.4) in the sense of Defi-
nition 3.1, and (3.33) shows that v satisfies the energy equation (3.7).

Step 3. Uniqueness and measurability of solutions. Suppose v; and v, are solutions of (3.2)—(3.4).
Then, for ¥ = v — v,, we have

O (A=) -A)v) — i) -A) 1) + 47
dt (3.43)

= (](Z(et(,())f/; + e_aZ(gtw) (f(t’ ) eaZ(gtw)vl) - f(t’ ) eaZ(gtw)VZ)) s

from which by (1.5) and the Lipschitz assumption imposed on function a, we find that for each 7' > 0,
there exists ¢; > O such that, forall t € [t, 7+ T,

d o )
d—IIIVII < alvll”.

Then, the uniqueness and continuity of solutions for initial data in L*>(R") follow immediately.

Since the solution of problem (3.2)—(3.4) is unique, by (3.42), we see the whole sequence (not just
a subsequence) vi(t, T, w, vi(T)) — (1,7, w, v;) weakly in L*2(R") for any ¢ > 7 and w € Q. Because
vi(t, T, w, vi(7)) 1s measurable in w € Q as provided in [26], we infer that the weak limit v(¢, 7, w, v;) is
also measurable in w, which completes the proof. O

Based on Theorem 3.2, we can define a continuous cocycle for problem (1.10). Note that if vis a
solution of (3.2)-(3.4), then by (1.8) we see that u is a solution of (3.2)-(3.4), where u is given by

az(6;w)

ult,T,w,u;) = e v(t, T, w, V),

with u, = e*%»y_ Define a mapping ® : R x R x Q x L2(R") — L*(R") such that for every ¢ € R,
TeR weQ, and u, € L*(R"),

O, 7,0, u;) = ut + 7,7, 00, u;) = et + 1,7,0_,0,v,), (3.44)
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where v, = e @y, . It follows from Theorem 3.2 that ® is a continuous cocycle in L*(R") over
(Q, F,P,{6,}:cr). The main purpose of this paper is to prove the existence of attractors of ® in L*(R").
To that end, we recall that a family of bounded nonempty subsets of L>(R"), D = {D(t,w) : T€ R,w €
Q}, is tempered if for every ¢ > 0, 7 € R and w € Q,

lim e“||D(t + t, 6,w)|| = 0,
——00

where the notation ||D|| for a subset D of L*>(R") is understood as ||D|| = sup,p llul|. The collection of
all tempered families of bounded nonempty subsets of L*(R") is denoted by D, that is,

D={D={D(t,w): TeR,weQ}: Distempered in L*(R")}. (3.45)

In this case, a D-pullback attractor is also called a tempered attractor since D given by (3.45) contains
all tempered families of bounded nonempty subsets of L*(R").
From now on, we assume that, for every 7 € R,

0
f " (I (s + 7, + Ila (s + 7 Mgy ) ds < o0 (3.46)

(%)

When deriving the existence of tempered pullback absorbing sets, we will further assume that # and v,
are tempered in the sense that, for every ¢ > 0,

0
lim e f " (I1h(s + 7, P + i (s + 7, ey ds = 0. (3.47)

——00
r (o)

It is clear that (3.46)—(3.47) do not imply that / is bounded in L*(R") when t — co.

4. Uniform estimates of solutions

In this section, we derive uniform estimates on the solutions of the nonlocal fractional stochastic
differential equations in H”(R") as well as the uniform estimates on the tails of solutions for large space
and time variables. The estimates in L>(R") are given below.

Lemma 4.1. Under conditions (1.3)-(1.5) and (3.46), for every o0 € R, 71 € R, w € Q, and D =
{D(t,w) : T e R,w € Q} € D, there exists T = T(1,w, D,a) > 0 such that, for all t > T, the solution v
of system (1.10) satisfies

1 0 —T
(o, 7= 1,0_cw, v DI + >m LSIV(s + 7,7 = 1,670, Vel s
-t
o—T
+ 2ﬁf £(5)eP DO y(s 4 11— 1,0_w, ve)libds 4.1)
—t

<M, + M, f Z(s) (h(S + DI + [l (s + T)”L'(R")) ds,

(o)

where é/(S) — e%/l—hrfos z(9ru))dr,

7, w and D.

ey € D(t — t,60_w), and M, is a positive constant independent of
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Proof. The proof is similar to the case of bounded domains as in [27]. For the reader’s convenience,

we outline the main ideas here. First, by (1.2)-(1.3) and (3.7), we have

2

2
Hy(Rn) + 2/1||V(t, T, W, VT)”

d
EHV(L 7,0, vo)|IP + mC(n, y)v(t, T, w, vo)ll
+ 2B~ f (t, 7, w, vo)lPdx < 2az(6,0)|V(t, T, w, vo)lI*
Rﬂ

+ 2e 0w f h(t)(t, T, w, vo)dx + 2>y |11 g
Rn
Note that Young’s inequality implies that
1 4
2¢O f h(v(t, 7, w, vodx < 24V, T, 0, vo)ll? + 56‘2“(9’“’)Ilh(t)||2,
Rn

which, along with (4.2), yields

2

d 2 1 2
VT W VOl + mC NIV T, 0, vl gy + 5AIVE T w0, v

5
+ (G- 20200V, 7, 0, VolIP + 2Be PPl f v(t, T, w, v;)|Pdx
RYI

4 _2az(6, 2 —2az(6
=7¢ OO O + 2€72 X jyry || 11 -

Solving (4.4) for ||[v|[* on the interval (7 — ¢, o) by introducing the integrating factor e%A‘Z"fol
the replacing w by 6_,w, we obtain

A FRYRIN—
Iv(o, T = 1,0, v )| + 3 fﬂ =20 [ dOe)dry (o 1 1 0w, ve_,)|Pds

-1

o
5 S
+ zﬁ f ez/l(s—(r)—Za f(r z(G,,Tu))dre(p—2)az(93,7w)||v(s’ T—1,0_w, vT—t)”ﬁds
Tt

o
5 S
+mC(n.) f 2 LAy (5, 11,60, |y
Tt
A 2a [ 6r—rw)d 2, 4 (7 s 20 [ 26,—rw)dr ,~2az(6 2
< el (r—t-0)- af{r 2(6,—rw) r”v‘r—t” + /_l el (s—0)— afa_ 20— w) o~ az( A._Ta))”h(S)H ds
Tt

o
5 S
n 2 f ez/l(s—a')—za fo— Z(er—rw)dr”llll (S)”LI(]R")dS'
Tt

Since ey, € D(t — t,0_,w) with D € D, by (3.2) one can verify that

thm e%/l(T—t—O')—Zoz f(:t z(@,_rw)drllvT_IHZ = 0.
—00

On the other hand, by (3.46) and (3.2) we find that, for all o > 7 — ¢,

g
5 S
f o A=0)=2a [ 2(6,cw)dr e 2000 |1 5| Pl s
Tt

o
< f e%ﬂ(s—o-)—Z(x f(: z(é)r,rw)dre—Zaz(Hs,Tw)”h(s)llzds < o0,
—00

z2(6,w)dr
b

4.2)

4.3)

4.4)

and

4.5)

(4.6)

4.7)
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and

0
5 S
f i A(5=0)=2a [ 20rcw)dr y=20z(05-cw)| 1 (I @nyd s
Tt

. (4.8)
5 S
. f ezﬁ(s—‘f)—z"fg Z(H,.,Tw)dre—Z(lz(Orrw)”wl (S)”Ll(Rn)ds < o0,

It follows from (4.7)—(4.8) that there exists T = T(t, w, D, @) > 0 such that, forall t > T,

A (7 sy, s
”V(O-’ T—1, Q—Ta)’ VT—I)”Z + 5 f 61/1(3—0')—2&],;, Z(Hr_rw)dr”v(s7 T—1, H—Tw’ VT—I)”zds

-1

o
5 S
+ zﬁf ez/l(s—(r)—Zoz f(r z(é)r_ra))dre(p—Z)az(Gs_Tw)||v(s’ T-1,0_.w, VT—I)llgdS
Tt

5 X
+ mC(n,y) ‘fﬂ eils—o)=2a [ WO\ |5, T = 1, 0_r 0, V|| )ds
T—t

HY([R"?

4 (7 :
<1+ . f o A6=0)20 [ 20, cw)dr g 2000 y )| Pl

o
5 S
+2 f M2 [0 ()] s

After performing a change of variable, the desired estimates follow from the above inequality immedi-
ately; for more details, see [27, Lemma 4.1]. O

After a consequence of Lemma 4.1, we see that problem (1.10) has a tempered pullback absorbing
set in L*(R").

Corollary 4.2. Under conditions (1.3)—(1.5) and (3.47), for every T € R, w € Q and D = {D(1,w) :
TR, we Q) €D, there exists T = T(t,w, D) > 0 such that the solution v of (1.10) with e®¢-)y__, €
D(t —t,0_,w) satisfies, forallt > T,

W1, 7 - 1,0_w,v;_;) € B(t, w), 4.9)
where B = {B(t,w) : T € R, w € Q} is given by,
B(t,w) = {v€ L’R") : |MII* < R(r, w)},

with R = R(t, w) being a positive number given by,
0
R=M, +M, f gitm2a fy Owdr p206.0) (s 1 )2 + Iy (s + DI ) ds. (4.10)

Moreover, R = {R(t,w) : T € R, w € Q} is tempered in the sense that, for any ¢ > 0,

lime “R(t - t,0_,w) = 0. 4.11)

—o0

Proof. (4.9) follows from Lemma 4.1 if we take o = 7, and the convergence of (4.11) can be proved
in the same way as in the case of bounded domains, which can be found in [14,27,29]. The details are
omitted here. O
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Next, we derive uniform estimates of solutions in H”(R") for which we further assume that the
function ¥4 in (1.5) belongs to L*(R; L*(R")), and the nonlinearity f satisfies, for all ¢, u € R, x and
y€eR",

lf @, x,u) — f(2,y,0)] < s(x) — sy, (4.12)
where s € H”'(R").

Lemma 4.3. Under conditions (1.3)—(1.5), (4.12), and (3.46), for every T € R, w € Q, and D =
{D(t,w) : T e R,w € Q} € D, there exists T = T(1,w, D,a) > 0 such that, for any t > T, the solution
v of problem (1.1) with e®%“)y__, € D(t — t, 6_,w) satisfies

2
Iv(r, 7 — 1,0, VT—t)”HY(Rﬂ)
0 .
< M, + M, f it |y O g=2000) (] o (s + T + [ (s + Dllpien) s,

where M, is a positive constant independent of T, w, and D.

Proof. Multiplying (1.10) by (—A)”v, we obtain

d Y Y
d_ll(—A)fvllz + 2a(l(e™ V) [(=A) VI[P + 2(A = az(@w)I(-A) 2|
t 4.13)

= Qe 40w) ( f(t, x, e 0Oy, (—A)Vv) + 2”9 (1), (=A)'V).

We now estimate the right-hand side of (4.13). For the first term, by (1.5) and (4.11) we have C,, =
C(n,7y), and

2670 (f(1, x, ), (~AYV) = 270 (=AY f(1, x, €™ y), (~A) )

- —az(6,w) (6:w)
= Cpye e ( f(t, -, e v),v)Hy(Rn)

= C,,e "0 f f ( f(t, x, e Uv(x)) - f(t,y, e“Z(G’“’)v(y))) B(x, y)dxdy
Rt JRo

= C,,e " f f (f (t, x, e v(x)) = f(t,y, e“Z(G"”)v(x))) B(x,y)dxdy
Rr JRr

+ Cpye™ f f (£t 3, e v(x) = £, y, ¢ v(y))) B(x, y)dxdy
J— f Ws() = YsOIV) = vl
Rn Rn

< Cn,'y |X _ y|n+2,y

(4.14)

_ 2
o f Ya(t, y)(v(x) = w(y)) dxdy
n Rn

|X _ y|n+2y
—az(6, 2
< Cnye ol 'w)”%||HV(Rn)||V||Hw(Rn) + Cn,y||l//4||LM(R,L°°(Rn))||V||Hy(Rn)
1 ~2az(6 2 m 2
< 5 Coye O + (5 + Wslimamen) ConlVBy e

1 ~202(6, 2 y o0
< %C,We N5y + (m + 2Wallo@rs@m) I(=A) 2V,
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v()—v(y)
|x—y|+2r

where B(x,y) = For the last term on the right-hand side of (4.13), we have

2
2| (o), (~A7)| < SRV + = oy P (4.15)
m
It follows from (4.13)—(4.15) and (1.2) that,

d y )
czz”(‘AﬁVll2 + ml[(=A)VII* + 2(A — ez(@w))lI(-A) 2V

2 (4.16)
< erll(=M)vIP + (—Ilh(t)ll2 + Cz) e 20,

Givent e R", 71 e R,and w € Q, let s € (r — 1, 7). Multiplying (4.16) by eh(GA-2az6:0)ds 44 integrating
over (s, 7), we infer that

Y Se5q_ Y
(=AY (T, T — 1,0, ve_)|I* < ek GA202EDE AV y(5 7 — 1w, ve )P

.
<5
+e f ok (Z/l—Z(tZ(wa))dfll(_A)%v({, T —t,w,ve)Pde
)

(4.17)
" EGa2azGende 2 2 2az(6,
" f el QA2 | Z | + ¢, | ey
s m
Integrating again with respect to s on (7 — 1, 7), we obtain
=870, 7 = 1,0, ve I
= f el GA=2036cNE| Ay 3y(s, T — 1, w, Vo) Pdls
-1
(4.18)

i
{5
re f e Ga=2az0eNde AR (7 7 — 1, w, v, )IPdE
i

-1

-
N f . [ GA-20z(0:w))dé (Ellh( {)IIZ " Cz) o~20260c0) g s
7-1 m
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Substituting 6_,w for w, we deduce from (4.18) that

I(=A) 2 v(1, T = 1,6_w, v

.
S5
< f el GA=2020ecNdE| | (_ AV (s, T — 1, 0.0, vo_,)|Pds

-1

.
<05
+ep f ok (ZA—ZQZ(Gg—rw))df”(_A)%v(g, T —1,0_w, v, )|*d¢
.

-1

.
N f . L{(%A—Qaz(eg_rw))df (zllh( g)”z n Cz) o~ 2030 0) g ¢
m

.

-1

(4.19)
0 s 2 d. Z 2

< f el GA=202OoNde | _AYT (5 + 7,7 — 1, 0_, vyl Pds

-1

.

5,5 Y

+ep f ohGa 20O IEN (—AVIW + T, T — 1, 0_,w, ve_)|[PdC
-1

-
4 f efo.l(%/l—Z(tz(Ggw))df (g”h(é« + T)||2 + C2) e—Z(xz(Ggw)d{’
-1 m

which, along with Lemma 4.1 for o = 7, implies the desired estimates. O

To prove the pullback asymptotic compactness of the cocycle associated with problem (1.10) on
the unbounded domain R”, we need to derive the uniform estimate on the tail parts of the solutions for
large space variables when the time is large enough.

Lemma 4.4. Suppose the conditions of Lemma 4.1 hold. Then, for every e > 0, T € R, w € Q, and
D={D(t,w):TeR,weQ}eD,thereexists T = T(r,w,D,e,a) >0, K = K(t,w, &) < 1 such that,
forallt > T and k > K, the solution v of problem (1.10) with e*%-“y__, € D(t — t, 0_,w) satisfies

f V(r, T —t1,0_.w, v,_)(x)[*dx < €.
[x|>k

Proof. The proof of this lemma follows that of Lemma 4.4 in [19], so we omit the details here. O
5. Existence of random attractors

In this section, we prove the existence and uniqueness of tempered pullback attractors for the non-
local fractional stochastic differential equation (1.1). To that end, we need to establish the existence of
tempered random absorbing sets and the pullback asymptotic compactness of the cocycle ©.

Lemma 5.1. Under conditions (1.2)-(1.5) and (3.46), the cocyle ® has a closed measurable pullback
absorbing set K = {K(t,w) : T € R,w € Q} € D, and for every T € R and w € Q, the set K(1,w) is
defined by

K(t,0) = {u € *(R") : [[ull* < **“R(r, w)},

where R(t, w) is the same as in (4.10).

Proof. First, by (3.2) and (4.11), we see that K € D, that is, for every ¢ > 0,

lim e ||K(7 — 1, 6_,0)|| = 0.

t—00
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On the other hand, by (1.8), we have

az(w)

(T, T — 1,0, ttr—,) = e Ov(t, T — 1,0_,0,v,_,) Wwith u,_, = ey _,. (5.1

Then, it follows from Corollary 4.2 that, for every D € D and u,, € D(t — t,0_,w), there exists
T =T(tr,w,D,a) > 0such that forallt > T,

W, T —1t,0_w,v._;) € B(t, w), (5.2)
where B(7, w) is the same set as in (4.9). By (5.1)-(5.2), we find that, forall t > T,

u(t, T —t,0_.w,u._;) € K(t, w),
which along with (3.44) implies that, forall > T,

O(t, 7 —t,0_w,u,_;) € K(t, w).

This shows that K is a D-pullback absorbing set of ®. It is clear that R(t, w) is measurable in w € Q,
which implies the measurability of K(7,w) in w € Q. O
The uniform estimates of the solutions of problem (1.1) in H”(R") is given below.

Lemma 5.2. Assume the conditions of Lemma 4.3 hold. For every T € R, w € Q, and D = {D(1, w) :
TeR we Q) e DthereexistsT = T(t,w, D, @) > 0 such that, forany t > T, the solution u of problem
(1.1) with u._, € D(t — t, 0_,w) satisfies

2
lu(r, T —1,0_;w, ur—t)”]—n(Rﬂ)
0 .
<M+ M3f gi172 by 2000 (1 (s + DIP + 11 (5 + Dl e ) s,

where M3 = M,e**® and M, is the same positive constant as in Lemma 4.3.

Proof. This estimate follows from (5.1) and Lemma 4.3 immediately. O
Based on Lemma 4.4, one can derive the uniform estimates on the tails of solutions of problem (1.1)
as stated below.

Lemma 5.3. Suppose the conditions of Lemma 4.3 are true. Then, for every e >0, T € R, w € Q, and
D={D(r,w) :TeR,weQ} e DthereexistsT =T(tr,w,D,e,a) >0, K = K(t,w, &) > 1 such that,
forallt > T and k > K, the solution u of problem (1.1) with u._, € D(t — t, 0_,w) satisfies

f lu(t, T — 1, 0_rw, u-_,)(x)PPdx < ¢.
|x[=k

Proof. This is an immediate consequence of Lemma 4.4 together with the arguments of the proof
of Lemma 5.1. The details are omitted here. O
The next lemma is concerned with the D-pullback asymptotic compactness of @.

Lemma 5.4. Under conditions (1.2)—(1.5), (4.12), and (3.47), for every T € R, w € Q, and D =
{D(t,w) : T € R,w € Q} € D, the sequence O(t,, T — t,,0_, w, up,) has a convergence subsequence in
L*(R") whenever t, — oo and u,, € D(T — t,, 0_;,w).
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Proof. By (3.44), we have
(D(ln’ T— tn, g—tnw, uO,n) = M(T’ T— tn’ Q—Ta)a uO,n)a

which, along with Lemma 5.3, shows that for every ¢ > 0, 7 € R, and w € €, there exist K =
K(t,w,&) > 1 and N; = N(1,w, D, &) > 1 such that, for all n > Ny,

1D, T = 1, Oy, , uo )| 2u2k) < = (5.3)

| M

By Lemma 5.2, we find there exists N, = N»(1, w, D, €) > N; such that, for all n > N,,
D(t,, T = 1, 62—y, W, Uo)| | (ui<k) < L(T, ),

where L(t,w) is a positive constant. Since y € (0, 1), the embedding H”(|x| < K) — L*(|x] < K)
is compact, which together with (5.3) implies that {®(z,,7 — 1,,60,_;,w,up,}, , has a finite cov-
ering in L*(R") of balls of radii less than &. As a consequence, we infer that the sequence
{D(ty, T =, 02—, , o )}, i precompact in LA(R"). O

We now present our main result of this paper as follows.

Theorem 5.5. Suppose (1.2)—(1.5), (4.12), and (3.47) hold. Then, the cocycle ® of problem (1.1) has
a unique D-pullback attractor A = {A(T,w) : T € R, w € Q) € D in L>R").

Proof. This is an immediate consequence of Lemmas 5.1 and 5.4 and Proposition 2.1. O

6. Conclusions and future work

We studied the existence and uniqueness of weak solutions, as well as the existence and uniqueness
of random attractors, to a kind of nonlocal fractional stochastic reaction-diffusion equations in R” by
doing an appropriate change of variables. The limitation of this method is obvious: it is only helpful
when the noise is additive or (linear) multiplicative. Therefore, in the next step, it is worth analyzing
this model, but driven by a more general nonlinear noise. In this case, the method used in this paper
fails. Instead, it is necessary to find another technique to establish the results, for example, the Wong-
Zakai approximation can be a good option to handle this problem or the theory of mean weak random
attractors.
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