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1. Introduction

Functional analysis is a significant branch of science that can be used to solve different kinds of
problems including both linear and nonlinear types. It has a great deal of applications in physics,
chemistry, biology, economics, etc. [3,4, 11, 12, 18]. A difficulty arises in that one must establish
existing proof by frequently applying the contractivity method, monotonicity theory, etc. This
absolutely enhances the importance and significance of fixed point theory as a valuable topic in
functional analysis. Fixed point theorems establish an important part for proving the existence of
solutions of the different types of linear and nonlinear problems such as deformation of rod, melting
process, heat radiation, diffusion processes in physics, chemistry, biology, quantum field theory and
game theory in economics. Additionally, sophisticated problems could not be analyzed utilizing
general methods because of incomplete information or uncertainty data that occurred in the soft set
theory [19]. The literature has produced many results on soft sets, actively. Soft set theory’s properties,
operations and applications were studied by [17].

Some researchers obtained fixed point theorems by using soft set theory on different soft metric
spaces, which are complete soft usual metric spaces [8], soft cone metric spaces [16], dislocated
soft metric spaces [5], soft G-metric spaces [13], soft S-metric spaces [14], soft rectangular B-metric
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spaces [21], soft metric spaces [1,2,9,15,23,24], soft parametric metric space [7] and parametric soft
b-metric spaces [22].

In this paper, we introduce soft topology generated by soft parametric metric space after giving
some preliminary results, then we extend Banach’s fixed point theorem in a soft complete parametric
metric space.

2. Preliminaries

We give a start with the most necessary basic definitions and concepts to follow up the results
obtained in this manuscript. Additional explanations are contained in the cited references.

Definition 2.1. [19] A pair (p, Q) is claimed to be soft set on the universe set U if and only if p is a
set valued mapping on Q taking values in P (U), where P (U) is the power set of U. A soft set (p, Q)
can be accepted as a parametrized family of subsets of the universe set U. The set p (a) in U is called
an-approximate element of the soft set (p, Q) , for each a in €.

Definition 2.2. [17] A soft set (p,Q) over U is called a null soft set if p(a) =0jforalla € Qand is
denoted by 0, an absolute soft set if p(a) = U for all a € Q and is denoted by U.

Definition 2.3. [20] A collection T of soft sets over U is a soft topology on U if

(1) 6, U are included in T
(2) the union of any number of soft sets in 7 is included in 7;
(3) the intersection of any two soft sets in 7 is included in 7.

The triplet (U, 7, Q) is claimed to be a soft topological space over U. Members of T are said to be
soft open sets in U. A soft set (p, Q) over U is a soft closed set whenever its complement (p, Q)° is
included in 7.

Proposition 2.4. [20] For each a € Q, the collection T, = {p (a) : (p, Q) € T} defines a topology on U,
where (U,7,Q) is a soft topological space over U.

Definition 2.5. [6, 10] u, is called a soft point on the soft set (p, Q) over U if (o, Q) is defined as

- — | tuy, if aeQ,
pQ_)P(U)’p(a)_{Q’ l‘f Cl’EQ—{a}.

It is clear that each soft set can be denoted as a union of soft points. Therefore, when we have the
family of all soft sets on U, it is suitable to give only soft points on U.

Definition 2.6. [10] A soft set (p, Q) defined by p : Q — B(R) is said to be a soft real set, where R
is the set of all real numbers and B (R) is the collection of all nonempty bounded subsets of R. When a
soft real set (p, Q) is a singleton soft set, it is called a soft real number and denoted by 7,5, 1. It is clear

that 0(a) = 0, 1 (a) = 1, for all a € Q.

Definition 2.7. [10] The collection of nonnegative soft real numbers is denoted by R (Q)* and the pair
(R(Q)*, <) is a partially ordered set, such that for'r,’s as two soft real numbers,
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()7<5if7(a) <5(a)foralla € Q,

()7 >3if7(a) >3 (a) forall a € Q,
(i) T<5ifF(a) <5(a) foralla € Q,
(V) 7> 5ifF(a) > 5(a) forall a € Q.

Definition 2.8. [6, 10] Two soft points u,, v, are called equal when a = a’ and u = v. Thus, u, # vy if
andonly ifu # vora + a'.

The family of all soft points of the set U is denoted by SP (17 )

Definition 2.9. [7] Letd : S P( ) X S P( ) X (0, 00) = R (Q)" be a function satisfying the following

conditions for all u,,, vy, 24, € U, t > 0,

(1) d(ua,, Vays 1) = 0 if and only if 7, Uy, =V, forall £ > 0,

(2) d(ual, Vay, 1) = d(ﬁaz, Uy, , 1) for all u,,,v,, € U,t>0,

3) d(ual,za3, 1)< d(ual,vaz, 1)+ d('az,za3, t) for all u, ual,vaz,za3 ceU,t>0.

Therefore, d is called a soft parametric metric on U and the pair (U d, Q) is called a soft parametric
metric space.

Example 2.10. Let U = R* U{0} be a universe set, Q = NU{0} be a parameter set, g : (0, c0) — (0, 00)
be a continous positive function. Let d:SP (U ) X S P( ) X (0, 00) = R (Q)" be denoted by

0, it u, =V,
g (1) (max {u, v} + max {ay,ax}), if wu, #Vv,,

d (i, Ve, 1) = {

for all u,,,v,, € U , then d is a soft parametric metric on U and (17 ,c?, Q) is a soft parametric metric
space.

Definition 2.11. [7] A sequence {u } in soft parametric metric space (U d, Q) is convergent if there

ap?

is a soft point U3, in U, such that lim,,_,., d (ﬁzn,'ﬁo ) = 0 denoted by lim,_,., uh =ul forallt>0.

Definition 2.12. [7] A sequence {u } in soft parametric metric space (U d, Q) is a Cauchy sequence
if 1imy seo d (i, 721 1) = O for all t > 0.

ay’

Definition 2.13. [7] If every Cauchy sequence is a convergent in soft parametric metric space
( U,d, Q) then ( U,d, Q) is called a soft complete parametric metric space.

3. Soft topology generated by soft parametric metric spaces

This section confidently presents the significant findings of soft parametric metric spaces.

Let {(U,1)},er » T C R be a family of a topological space corresponding to /—parameter. A mapping
between {(U, 7,)},er and {(V,7,)}, < consists of the mappings f : U — V and ¢ : T — T’ such that
f:WU1t) — (V,ﬂ,(,)) is a mapping of topological spaces.

f:Wrt) — (V,?w(,)) is a mapping on family of topological spaces generated by f : U — V and
T ->T.
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Definition 3.1. Let {(U, 1)},cr and {(V,T4)}yer be two families of topological spaces. If for eacht € T,
f W) — (V,?w([)) is a continuous mapping on topological spaces, then (f,) : {(U,t)}er —
{(V,T)}pep is continuous as a mapping of families of soft topological spaces.

These concepts will be extended in a confident way to soft topological spaces. Let {(ﬁ T, Q)}te be
a family of a soft topological space corresponding to t—parameter. A mapping between soft topological
spaces (f, ¢, ¢) : {(U 7, Q)}leT {(V T Q’)} ep consists of the mappings f: U - V, ¢y : T — T’,

t°

and ¢ : Q — Q' such that (f, ¢) : (U Tt,Q) - (V T
eachteT.

Y Q’) is a mapping of soft topological spaces for

Definition 3.2. If for eacht € T, (f, ) : (5 T Q) - (V T ) is a soft continuous mapping on

~

soft topological spaces, then (f,, ¢) : {(ﬁ,?t, Q)}teT - { V,?t Q’)}t er is a continuous mapping of
families of soft topological spaces.

Note 3.3. Let (U,d,t) be a parametric metric space. Corresponding to each parameter t, we have
a metric space (U,d,). If T, induced by d, is a topology, then (U, t1,,) is a topological space. Thus,
(U, d, 1) is a parametric metric space, which gives a parameterized family of metric space {(U, d,)}er -

Similarly, (U d,Q, T) is a soft parametric metric space, which gives a parameterized family of soft

metric space {(U, d,, )}teT .

Let (ﬁ,gl:Q, T) and (V,J’ ,Q’,T’) be two soft parametric metric spaces. A mapping on soft
parametric metric spaces is given by (f, ¢, ¢) : (U, Eiv, Q, T) — (FV, 217, Q' T’), where f : U — V,
p: Q—-Q andy : T - T'.

Assuming T = 7" and ¢ = I, we can confidently define a mapping on soft parametric metric spaces
as (f.¢) : (U.d.Q) - (V.d. ).

Definition 3.4. [7] Let (f, ) : (l7 .d, Q) — (FV,;"’ , Q’) be a soft mapping on soft parametric metric
spaces. If 1im,_,. (f,¢) (Eign) = (f, ¢) (u,) for any sequence of soft points {TJZ} in (ﬁ .d, Q) and all
t > 0 satisfying lim, o w, = u,, then (f,¢) is said to be a soft continuous mapping at u,.

Definition 3.5. Let (5 ,ZZZQ) be a soft parametric metric space. A mapping (f,¢) : (ﬁ ,;J:Q) —

(l7 .d, Q) is called a soft contraction mapping if there exists a soft real number 0<a<1 such that

d((f.0) @) , (f+0) Gur) . 1) Sl gy Vi 1)
for all t > 0,%,,%, € SP(U).
Proposition 3.6. [24] (f, ¢) (u,) is a soft point v, for all soft points u, in U.
Theorem 3.7. Let (ﬁ ,EZV,Q) be a soft complete parametric metric space. If (f,¢) : ,J,Q) -

(U
U ) such that

(17 ,d, Q) is a soft contraction mapping, then there exists a unique soft point u, € S P (

(f7 ‘10) (EZ) = EZ
Proof. Let u? be an arbitrary soft point in S P (U ) Let us set

Fl:tdtlll = (f’ ‘10) (‘1’72) (f (‘122))4;7((1) ’

AIMS Mathematics Volume 9, Issue 4, 7945-7954.



7949

S

2 (fs¢) (ﬁil) <f2 (ﬂg))¢2(a) ’

o= (f.e) (I‘Z) = (fn+1 (ﬁ?t))wﬂ(a)'

We have s
d@ ) = d(Go@) o). <
< @d(@ a2 )2 <ad (@, w0, 1),
So, for n > m,
d@, w0 = d@, zl.,t)+d(u o)+ d (7 )

< (@'+an?+- +a)¢7(u;1,‘ﬁgot)

z a"(1- "m)d( ', ao’t)'
Hence, we get J(N ur t) (m—l‘l—a)g(ﬁ}“ ao,) This implies d( ur t) — 0asn,m — oo,

Hence, { } is a soft Cauchy sequence. By the completeness of U, there is a soft pointu; € SP (U )
such thatu, — u;, as n — oo. Since u, — u, asn — oo,

d((f.0) @) w0 < d((fo)@). (o) @,).1) +d((f.e) (). 7.1)

a/d(u u )+d( n+l ﬁ,t)—)ﬁ,n—)oo.

a’ %ay,» aH’

<
<

Thus, we have (f, ¢) (1) = u’, which is the proof that the mapping (f, ¢) has a fixed soft point. For the
uniqueness, we suppose the converse, which means there could be two different fixed points , v’ of
the mapping (f, ¢), then

d(@,v.1) = d(Lo@). (1)) < ad(@,v,.1),
for 0<a<1. This contradicts the soft real number of @, that is, u’ is a unique soft fixed point of the

mapping (f, ¢) .

Theorem 3.8. Let (ﬁ,gl:Q) be a soft complete parametric metric space. If a mapping (f,¢) :
(5 , ZZ Q) — (l7 , 67, Q) satisfies the following soft contractive condition

d((f,0) @), (f,0) Ou) 1) = T|d(f,0) @) Thar ) + d ((f,0) Gr)  Vur D)

for all t > 0,u,,v, € SP (ﬁ ) ,62&/2(%), then there exists a unique soft point u’ € SP (l7 ) such that
(f, o) () = ug,
Proof. Let u? be an arbitrary soft point in S P (ﬁ ) . Let us set

w, = (Lo (a) = (f(@)),, -
2, = (Lo@)=(r)

¢ a)’
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o= o) = (@)

We have

|

T+l T
d (uam—] ’ uan t)

fo) (@) . (fo) (@) 1)
d((f. so)('ﬁ";n)»?t’;,,f)+d((f o) (). )|
(’*n+1 ~n t)+c7(uu ~n—1 t)]

Apy1? an n’ anl’

IALIAL
QI Ql X

which gives
d(@:. 1) < pd(w,. a0,

Where,B —7 So, for n > m,
d(a, ay.0) = d@ o) +d @@ w2 ) + o+ d (@ )
< (,8" VB2 ) d (ah 0, 1)
< wo{#d(ual,ﬁgwt ,
Wegetg(u ur t) (fmﬁ - 15_%)3(17;1, Uy, » ) Thlslmphesd(ﬁzn, )—>6asn,m — oo. Hence,

{?["an} is a soft Cauchy sequence. By the completeness of U, there is a soft pointu; € SP (17 ) such that
u, — U, asn — oo. Since u, — u, asn — oo,

67%@90)(52)#90)() 1) +d((f.0) (). %0 1)
F|d () @) 0 +d((fp) (@) T aﬁr)]+d(“";”lfz,r)
ad ((f, @) (), a,t)+a/d(u”+1 u' t) d(u’“rl u

al’a’ a+1’

d((f,9) @), T, 1)

<
<

which gives

J((faw)(ﬁZ),ﬁZ,l) < ~d(~"+1 u, l‘)+—~d(~"+1 u t)—)O as n — oo,

- 1-a an+1’ a+1’

Thus, we have (f, ¢) (1)) = u, which is the proof that the mapping (f, ¢) has a fixed soft point. For
the uniqueness, we suppose the converse, which means there could be two different fixed points u;, v’
of the mapping (f, ¢), then

(@71 = Ao @), (e (5).1)
@ |d((f ) @) i 1) +d () (7)) V1) = 0,

IAL NI

for 62&’2(%) That is, u is a unique soft fixed point of the mapping (f, ¢) .

Theorem 3.9. Let (l7 ,ZQ) be a soft complete parametric metric space. If a mapping (f,¢) :
(17 , 67, Q) — (17 , c?, Q) satisfies the following soft contractive condition

d((f,0) @), (f,0) 0u) ) T|d(fo0) @) Varr D) + d ((f,0) Gur) o 1)

—_—

forall t > 0,u,, vy, € S P(fj ) ,62&2(%), then there exists a unique soft point u, € SP((7 ) such that
(f’ QD) (EZ) = EZ
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Proof. Let u? be an arbitrary soft point in S P( ) Let us set

= (fo @)= (@) >’
w, = (f.o)(a,)=

St

<
)

(
G ) = (7 (),

=
at
I

5

We have

IALIAL I

d((f.o@@). foo@t).1)
aidé(fcp)( ).t )+

which gives

where,B ”‘ —. So, for n > m,

J(ﬁznﬁz;,r) S A mpt ) (@ @) e (@ )
< (g 42 2\ d (@ 0
S (BB Br)d (w5, )
= BB 7= —p
< 5 al(uaI ao,t)

This implies d (ﬁgn,ﬁﬁm,t) — 0 as n,m — oo. Hence, {EZ} is a soft Cauchy sequence. By the

completeness of U, there is a soft point 7 € S P (17 ) such that u; — u, as n — oo. Since u, — u; as
n — oo,

d((f.9) @), ;1) 1
(.9 (’ﬁz)fﬁz,,,r) +d((f.o) (@) 7.1)
((f, ) @) 1) + d (i, 1) + d ((f ) (@, ) T2

IAUIAL IAL

d((f.0) @), (£ (i) .0) + d((f.0) (@) . T,
ald t
ald

which gives

— — _ a+1~ —
S 0) @) Ty Z=d (1,70, 1) + T (W) T 1) = 0, a5 1 = oo,

—a any1’ A

Thus, we have (f, ¢) (1)) = u, which is the proof that the mapping (f, ¢) has a fixed soft point. For
the uniqueness, we suppose the converse, which means there could be two different fixed points u,V?,
of the mapping (f, ¢), then

d(@,7,.1) = d((f.o)@).(f.0)(7).1)
ald((f.o) @) Vy 1)+ d((f.0) (V) )] = 0,

IAL I

for 0<a<(2). That is, u’: is a unique soft fixed point of the mapping (f, ¢) .
2 a q p pp
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Example 3.10. Let U = R,Q = R*,t > 0, and d : SP(U) x SP(U) x (0,00) — R(Q)" be a soft

parametric metric space on U defined by

d(@g Ve, ) = P2(u—vl+la—d)).

Thus, (17 d, Q) is a soft complete parametric metric space. Consider (f, ¢) : (17 d, Q) ( U,d,Q )
a soft continuous mapping where f : U — U, ¢ : Q — Qs defined by f (u) = sm u, ¢ (a) = %, then

3°

. 1 .

sin u)g ’(Z sin v)i, ,t)
3 3

d((f,0) @), (f>9) T, 1)

1 1
2
TN -

sinu—}—‘sinv| +

IAIA

1
3

Since @ = (%), we conclude that (f, ¢) : (17 , 67, Q) — ((7 , J, Q) is a soft contraction mapping. Using
the Theorem 3.7, we have a unique soft point u’ € S P (ﬁ ) such that (f, ¢) (u}) = u.

4. Conclusions

The role of fixed point theory is considered crucial in surveys conducted in both metric and
topological spaces. As this theory has been applied by numerous authors in various metric spaces
and applied sciences, this study has been conducted on fixed point theorems in parametric soft metric
spaces. The article confidently introduces the soft topology generated by a parametric soft metric space.
It has been shown that Banach’s fixed point theorem can be extended to a soft complete parametric
metric space. Moreover, an illustrative example has been provided using this fixed point theorem.
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