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1. Introduction

Let R" be the n-dimensional Euclidean space with the standard inner product (-, -) and the norm || - ||.
We write S"! for the unit sphere in R". Denote by .#" the class of all compact convex sets with
nonempty interior in R”. In this paper, the volume (i.e., the n-dimensional Lebesgue measure) of
K € " is written by V(K).

For K, L € " and A, u > 0, the Minkowski combination AK + uL is defined by

AK +uL ={Ax+uy|lxe K, y e L}.

The famous Brunn-Minkowski inequality in the classical Brunn-Minkowski theory states that for
K,Le #"and A € (0, 1), there is (see, e.g., [24])

V(= DK + AL)" > (1 = HV(K)F + AV(L)*, (1.1)

with equality if, and only if, K and L are homothetic. It is worth noting that the Brunn-Minkowski
inequality (1.1) is equivalent to the following form:

V((1 = DK + AL) > V(K)"PV(L)4,
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with equality if, and only if, K and L are parallel. This shows that the volume functional on the
commutative semi-group %" is log-concave. More generally, the corresponding analytical version
of the Brunn-Minkowski inequality, the Prékopa-Leindler inequality, ensures that the inequality (1.1)
holds for two Borel measurable sets K and L if K + L is still a Borel measurable set. See [6, 24] for
more discussion on the Brunn-Minkowski inequality and its rich applications.

Lutwak [10] first presented the dual mixed volume for star bodies. Therefore, the dual Brunn-
Minkowski theory has achieved significant developments on many problems; see[3, 4, 7, 12, 13,31, 32,
33]. Moreover, there are a number of new geometric measures (e.g., the g-th dual curvature measure)
induced by the dual mixed volume in the dual Brunn-Minkowski theory; see [8, 20]. This duality
between the Brunn-Minkowski theory and the dual Brunn-Minkowski theory plays an important role
in convex geometric analysis. For example, there is the following dual Brunn-Minkowski inequality
(see [10, 12])

V((1 = YMEIN) < (1 = HV(M)F + AV(N)7, (1.2)

for star bodies M, N and A € (0, 1), where the Lutwak combination (1 — A)M¥AN is defined by
(1= OMTAN = | ] (M Afeule>0)+ N O] > 0},

ueSn!

Compared with the inequalities (1.1) and (1.2), we can obtain
V(1 = DK + AL)" > (1 — HV(K)* + V(L) > V((1 — HKFAL)", (1.3)

for K, L € ¢ with the origin o € K| L.

Recently, Schneider [25, 26] established the Brunn-Minkowski theory for the unbounded closed
convex sets in a fixed pointed closed convex cone C. Let A be an unbounded closed convex set in
Cand A = C\ A be called a C-coconvex set if A has finite volume. For 0 < A4 < 1, the co-sum
(1 — DA, ® 1A, of two C-coconvex sets Ay, A, is defined by

C\((1 =DA; @A) = (1 = D)(C\ A + AC \ Ay).
There is the following Brunn-Minkowski inequality for C-coconvex sets (see [25]):
V(1= DA, & 145)" < (1 = DV(AD" + AV(A))r, (1.4)

with equality if, and only if, A} = @A, for some a > 0. Later, the L, Brunn-Minkowski theory for C-
coconvex sets was established in [30] and the dual Minkowski problem for C-coconvex sets was solved
in [21], which further refined the Brunn-Minkowski theory for C-coconvex sets. Moreover, the authors
in [1] pointed out that there is a duality to the polarity in the classical Brunn-Minkowski theory and
they called it the copolarity. By the wonderful works in [21, 23, 27, 28, 29], there is a close connection
between the copolarity and the theory of C-coconvex sets.

Inspired by the works of Schneider and Lutwak, we extend the concept of C-coconvex sets to C-star
bodies. Denote by . the class of all C-star bodies. Importantly, we can prove that the C-radial sum
M+.N of C-star bodies M, N is also a C-star body. That is, . is a commutative semi-group with
respect to the Lutwak addition. Moreover, if we consider the scalar multiplication, then fc" is a closed
convex cone in the space of the continuous functions on the relative interior of C N $"~!. Similar to
the duality between convex bodies and star bodies in the classical setting, we establish the dual Brunn-
Minkowski inequality for C-star bodies, which can strengthen the Brunn-Minkowski inequality (1.4).
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Theorem 1.1 (Dual Brunn-Minkowski inequality for C-star bodies). Let M,N € /" and 0 < A < 1,
then 1
1 1 1
V(- )MFAN)" < (1 = DV(M)" + AV(N)~, (1.5)

with equality if, and only if, M = AN for some A > 0. Moveover, for C-coconvex sets Ay, A,, there is
V(1 = DA, © 14,)" < V((1 = DA T A" < (1= DV(A)F + AV(A)F. (1.6)

Remark 1.1. Our inequality (1.5) has the same form as the inequality (1.2), but they have different
meanings. That is, the inequality (1.5) holds for the non-compact star-shaped sets.

Remark 1.2. In the classical setting, the inequality (1.2) can’t strengthen the inequality (1.1), so we
can only obtain the continued inequality (1.3). However, for C-coconvex sets, our inequality (1.5) can
strengthen the inequality (1.4). That is, we can obtain the inequality (1.6).

This paper is organized as follows. In Section 2, we provide some necessary backgrounds for
the C-coconvex sets. In Section 3, we introduce the C-star bodies, C-radial sum, and dual mixed
volume for C-star bodies. Section 4 contains the dual Brunn-Minkowski inequality, dual Minkowski
inequality, and dual Aleksandrov-Fenchel inequality for C-star bodies. In Section 5, we provide
a supplementary note on the equality case of the Brunn-Minkowski inequality for C-coconvex sets
in [25]. As applications, we show the Brunn-Minkowski type inequalities for volume difference and
volume sum in Section 6.

2. Preliminaries

We write B” for the unit ball in R”. The topological boundary and the topological interior of a subset
E c R" are denoted by 0F and int(E), respectively. Denote by H, a negative half-space with the outer
normal vector u € S"'. A compact convex set K in R” with nonempty interior is called a convex body
and its support function is defined by hg(u) = max{(x,u)|x € K} for each u € S*~!. The Minkowski
sum K + L of convex bodies K and L is also given by

hi(u) = hg(u) + hp(u),

for any u € S""!. A set M in R” is called a star-shaped set with respect to the origin if the intersection
of M with any line passing the origin is a line segment. The radial function of a star-shaped set M is
defined by py(u) = sup{t > O|tu € M} for any u € S"~!. A star-shaped set M is called a star body if
the radial function p, is a positive continuous function on S"~!. The Lutwak sum M+N of star bodies
M and N is also given by

pmin(W) = pu(u) + py(u),

for any u € S™!. For two sets A and B in R", A and B are homothetic if there exist > 0 and x € R”
such that A = AB + x. Similarly, A and B are dilated if there exists 4 > 0 such that A = AB.
For a closed convex set E C R”, we call E a closed convex cone if Ax € E forany 4 > 0 and x € E.
A closed convex cone C C R” is called pointed if C N (=C) = {0}, which is equivalent to saying that
C is line-free. From now on, we denote by C a pointed closed convex cone. The polar cone of C is
defined by
C° ={yeR"|{y,x) <0 forany x € C}.
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Denote by Q¢ = int(C) N $"~! and Q¢- = int(C°) N S$""!. An unbounded closed convex seto ¢ A C Cis
called a C-close set if C \ A has finite volume, and A = C \ A is called a C-coconvex set. Specifically,
a C-close set A is called a C-full set if C \ A is bounded. An unbounded closed convex seto ¢ A C C
is called a C-asymptotic set if A is asymptotic to the boundary of C at infinity, i.e.,

lim d(x,0C) =0,

x€A,||x|| >+

where d(x, 0C) is the distance from x to 0C.
A closed convex set o ¢ E C R" is called a pseudo-cone if Ax € E forany 4 > 1 and x € E. The
recession cone of a nonempty closed convex set E is defined by

rec(E) ={x e RE +x C E}.

If E is unbounded, then rec(FE) is a closed convex cone. Moreover, a closed convex set 0 ¢ E C
R” is a pseudo-cone if, and only if, £ C rec(E). An unbounded closed convex set o ¢ E C C is
called a C-compatible set if E is a pseudo-cone and rec(E) = C. For C-compatible sets, there is the
following proposition:

Proposition 2.1. (see [21]) Let o ¢ E C C be a nonempty set, then E is a C-compatible set if, and
only if,
E = ﬂ{E |\E is an unbounded closed convex set in C containing x+C for all x € E}
= ﬂ{EIE is a C-close set such that E C E)
= ﬂ{EIE is a C-full set such that E C E)
=Cn ﬂ {H|E C H}).

MEQCO

For 0 # g € R, a C-compatible set E is called a (C, g)-close set if
- 1 q
V/(E) = = pruydu < +oo,
n Qc

where pg(u) = inf{d > O|Adu € E} is the radial function of E. See [21] for more details of (C, g)-
close sets.

3. C-star bodies, Lutwak sum, and dual mixed volume

Similar to the classical case, we can also consider the corresponding star-shaped sets in a fixed
pointed closed convex cone C as follows.

Definition 3.1. A nonempty set M C C is called a C-star-shaped set if for any u € Qc, the intersection
{tu|t > 0} N M is a line segment passing through the origin.

For a C-star-shaped set M, the radial function of M is defined by

pu(u) =sup{t > 0|tu € M}, for any u € Q.
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If p) 1s a continuous function on ., then the volume of the C-star-shaped set M is

1
VM) =~ fg Pl w)du,

by using the polar coordinate transformation.

Definition 3.2. A C-star-shaped set M is called a C-star body if py is a positive continuous function
on Qc and V(M) < +oo0.

We denote by .7/ the class of all C-star bodies.
Remark 3.1. Compared with the classical star bodies in R", C-star bodies may be unbounded sets.

Remark 3.2. Since a C-coconvex set A is generally unbounded, we can only prove that the radial
function of A is Lipschitz continuous on any compact set w C Qc¢. Hence, C-coconvex sets are all
C-star bodies.

Similar to Lutwak’s radial sum, we define the C-radial sum M,+.M, of two C-star bodies M,
and M, as follows:

le‘T'cMz(u) = Pm () +pM2(u)’ for any u € Qc.

Next, we prove that the C-radial sum M, +.M, is still a C-star body. That is, the set of all C-star bodies
are closed under the C-radial addition.

Lemma 3.1. If M,N € ./, then M+.N € /(.

Proof. Clearly, M+ N is C-star-shaped set and pp,:.m,() = pu, () + pm,(u) is also a positive
continuous function on Q¢. Thus, we need only to show V(M+.N) < +oo. Since M, N € ., we have

1 1
—f Py(uw)du < +oc0 and —f Ph(u)du < +oo.
n Qc n Qc

Let {w};2] be a sequence of compact sets on Q¢ and wy T Qc, then

f Pz (Wdu = f (.)p’izi(u)pﬁv(u)du
Wk j= O
- Z( ) f Pl (u)du.
=0

By the Holder inequality, for each 0 < i < n,

n—i i

1 . | = ;
n fw kpﬁ’v;z(u)pﬁv(u)dm(ﬁ j; kp’az(u)du) (; fw k p;;(u)du) :

Let k — +o00, We have

i

1 . ‘ 1 E
= f Py (Wpy(uw)du < ( f ,OM(M)dM) (— f p"N(u)du) < 400,
n Jaoc n Jao,
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Therefore,
~ 1 "
V(M*.N) = —f pM;rCN(u)du

n Qc
.1 "

= hm o Puz.n(W)du
o () ] neig N i

= Z | dim = Pl (o (u)du
im0 \L/ TR I Juy
o ()1 n—i i

=> )= | e piau
pr Ln Qc

< +00.

O

Remark 3.3. This result shows that /[ is a commutative semi-group with respect to the Lutwak
addition. For the scalar multiplication, we have p (1) = Apy(u) for M € L, 1 > 0, and u € Q.
Clearly, AM € S} for M € S} and A > 0. Therefore, /[ is a convex cone in the linear space
consisting of the continuous functions on Q.

Similar to the proof of Lemma 3.1, we have the following expansion formulas:

Theorem 3.1. Let M,,--- ,M,, € S and Ay, -+ ,4,, > 0, then

VUM Fe - FeduM,y) = Z A f P, (W) -~ pag, (W)du
wLip=1 Qc
- Z( )/lql ot f Py, (W) - piy (wdu
ql, cee, qm 1 m n Ml Mm
where g1, ,gn €N, 0< qy, - ,qn <n, andq, +---+q, =n.

Remark 3.4. The above result can be calculated directly. Compared with the classical star bodies and
the Lutwak addition, we can deal with the unbounded case in the pointed closed convex cone C.

Corollary 3.1. (Dual Steiner formula) Let M € /[ and A > 0O, then
V(MTAB N C) =) (’7)(— f p';;'(u)du)/l'. 3.1)
im0 LA Jac
Inspired by the above formulas, we can define some geometric functionals as follows.

Definition 3.3. Let M,,--- ,M,, € /%, 0 < q,--- ,qn < n, and q; + -+ + q,, = n, We define the
(g1, » gm)-dual mixed volume of M, --- , M,, by

1
(M M) =~ f Pl () pln (updu
Qc

Specifically, for 0 < g < n, the g-th dual mixed volume of M, N € .7/ is defined by

i 1o
Ve n =5 [ oph i
n Qc
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Definition 3.4. Let M € 7 and 0 < q < n, We define the g-th dual quermassintegral of M by
- 1 g
W, (M) = - Py (wydu.
n Qc
The g-th dual volume of M is defined by

N 1
vo(M):; f P wdu.

Qc

Therefore, the g-norm of M for q > 1 in the space LY(Qc) is || - |lg00 = ch(-)é.
Remark 3.5. The dual Steiner formula (3.1) can be written by

V(MF A(B"N C)) = Z (’:)WC(M)Ai.
i=0

4. Dual Brunn-Minkowski inequality for C-star bodies

Similar to the classical case, the following dual Aleksandrov-Fenchel inequality can be obtained by
the Holder inequality.

Theorem 4.1. (Dual Aleksandrov-Fenchel inequality for C-star bodies) Let My,--- .M, € /{, 0 <
ql,... ,qm <n, 1 <k<m’ ql +..-+qk >0, andql +-.-+qm:n, t/’lel’l
' k

—_—

(Mi$ e ’Mi’ Mk+1, ) Mn)qi’

7€ . g1+ +qk 7€
VE My My <[V
i=1

with equality if, and only if, My, - -- , M are dilates of each other.

Proof. Define the measure u by

uw) = fp?lf,':l(u) .- -pz,",n(u)du, w C Qc.

w

AIMS Mathematics Volume 9, Issue 4, 7834-7847.
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Let p; = #=~%, 1 < i < k, then the Holder inequality for y« shows that

i7C
VE My, M)

1
o[ Pt
n Qc

1
— f P, ) -+ pyy (W)
n Qc

k 1

1 . . ”

SLIG f (pft[%-(”))”‘dﬂ(u))

-1\t Jac

L 1 q1+-+qr ‘”*qil*qk
- o f Py, (w)du(u)

-1\t Jac

: I

— (1 GLetqr et “ prE—
= - le- (M)pMk+1 (I/t) .. .pMn(u)du

-1\t Jac

k y
-T1(; ) - oy wply! (W) ply (w)du e
= g n QC le' pMi pMk+| pMn

L2 )
= chz,--',qn(Mi,w. aMi’Mk+l"" ,Mn)m’

that is,
k

chla"'»Qn(Ml’ T, Mn)ql+...+qk < 1_[ chl, (Mia ) Mi9 Mk+l’ ) Mn)qi'
i=1

»qn
e . . . . . . . +...+ +.‘.+
By the Hélder inequality for u, equality holds if, and only if, the radial functions pf; "%, .- -, pf =%
are dilates of each other with respect to p on Q¢. Since u is absolutely continuous with respect to the
standard spherical Lebesgue measure and has a positive continuous density, equality holds if, and only
if, the radial functions py,, - - - , py, are dilates of each other. O

Corollary 4.1. (Dual Minkowski inequality for C-star bodies) Let M,N € ./}, 0 < g < n, then
Ve (M,NY' < V(M) V(N)*
with equality if, and only if, M, N are dilated.
Now, we provide the proof of our main result as follows.

Proof of Theorem 1.1. Let M,N € ./} and 0 < A < 1. By Corollary 4.1, for any L € .”/!, we have

- N 1 .
VE(L,M%.N) = ;f o1 (Wypmz,n(u)du

Qc

% fg ) o1 W) ou(u) + py(u)du
VEWL, My + VE(L, N)

< V(L)' T V(M) + V(L)% V(N)#
= V(L)' (V(M)7 + V(N)").
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Let L = M¥_.N, then
~ 1 1 1
VIM¥.N)» < V(M)» + V(N)».

According to the homogeneity of the volume functional, we have
V((1 = YMTAN)" < (1 = HV(M)" + AV(N)7,

with equality if, and only if, M, N are dilates of each other.

Next, we will discuss the relationship between the co-sum and the Lutwak sum. Let A; and A, be
C-coconvex sets. Also note that A; ¥ A, is a C-star body and C \ (A+.A;) is a closed set in C. That is,
any point in C \ (A;+.A,) can be represented as Au, where A > py,3.4,(u) and u € Q¢. Since

pa,(u e C\ A and pa,(wu € C\ Ay,

we have
Pt WU = pa, Wi + pa,wu € C\ Ay + C \ As.
Note that C \ A; + C \ A; is also a pseudo-cone; hence, for any A > py, 1 _4,(u), there is

Aue C\A +C\ A,

Therefore,
C\(A1+:A) CC\A +C\ Ay,

which leads to
A] @Az = C\(C\A] +C\A2) CAl'T'CAz.

This, together with the monotonicity of the volume functional, gives
V(A ® Ay) < V(A1 +:A2).
Therefore,
V((1 = DA, ® 4427 < V(1 = DA FAA)T < (1= DV(A)" + AV(Ay)r.
m]

Remark 4.1. Let A, and A, be C-coconvex sets, then A| ® A, C A+.A>. However, there is a
counterexample that shows A1+.A, € Ay ® A,. For example, let C be the closure of the first quadrant
in plane R?, We consider two C-coconvex sets

A=Cn{(x,y)eR*|2x+y—-2 <0},
B=Cn{xy eR*|x+2y-2<0l.

For the direction u = (%, %E), we have ps(u)u = (%, %) and pp(u)u = (%, %). Thus, paz p(u)u = (%,% ,

which also shows (1,1) € A¥.B. On the other hand, since (1,0) € C\ A and (0,1) € C \ B, we have
(I,H)=(1,00+(0,1) e (C\A+C\ B).

Hence, (1,1)¢ C\(C\A+C\ B)= A®B.
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Theorem 4.2. (Dual Brunn-Minkowski inequality of (C, q)-close sets) Let M, M, € /% and 0 < g < n,
then My, M, are (C, q)-close sets and

V(M F M)t < Vy(My)i + Vy(Ma)1, if g > 1
{Vq(MrT‘cMz)‘lf > V(M)s + V(M) if g < 1.
with equality if, and only if, M, and M, are dilates of each other.
Proof. Applying the Minkowski inequality for the g-norm, the relevant results can be obtained directly.
]

5. Equality case in the Brunn-Minkowski inequality for C-coconvex sets

In this section, we provide a detail on the equality case in the Brunn-Minkowski inequality for C-
coconvex sets ([25, p. 209]). The symbols of the below proof are the same as the symbols in [25].
For example, for C- close set A7, H_,, represents the negative half-space with a fixed normal such that
VA;NH_ )= =0,1.

Proposition 5.1 (The equality case in the Brunn-Minkowski inequality for C-coconvex sets). The
translating vector is independent of the volume parameter.

Proof. Assume that 0 < o < 7, We have

AiN H, +x(0) = Al N H ) 5.1
and
ASNH, oo T x(t) = Al N H_ . 5.2)

Denote M = ATNH_
exists the followmg decomposmon

+ x(0), E = A'OH‘ +x(0’) and F = AN H

z1(0)

N H y+ x(0), then there

M=ATNH_ (o +x(0)
= (A} N H. ) U A} N H (N H ) + X(0)
= (AN H , +x(0)) VAT N H ,, N H_ +x(0))
=FEUF.

Since V(E) = V(A] N H_ o T x(0)) = o, we have

E=MnNH_

m(o)”

(5.3)
On the other hand, combined with (5.1) and (5.2), there exists

M=AjN H_ ) + x(7) + x(0)
= (AN H_ ) U(A§ N H

o) N ZO(T)) + x(7) + x(0)

= (A5 N H ) + X(7) + X(0) U (AG N H oy N H )+ X(T) + ()
= (AN H_ ,, +x(1) U A N H ,y NH_ )+ x(7) + x(0))
=2GUH,
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where V(G) = V(A] N HZ‘l o T x(1)) = o, so we have

G=MnH_,,. (5.4)
Combining (5.3) and (5.4), there exists E = G, namely,
ATNH , +x(0) = AT NH_ ) + x(7),
which shows
x(o) = x(7).
Therefore, the translating vector x is independent of the volume parameter 7. O

6. Application: Some inequalities for volume difference and volume sum

As applications of the dual Brunn-Minkowski inequality for C-star bodies, we will get the following
inequalities of volume difference and volume sum for C-star bodies. At first, we need the following
general Bellman inequality as a critical tool.

Lemma 6.1. (see [18]) Let a = (ay,ay,- -+ ,a,) and b = (by,b,,--- ,b,) be two series of nonnegative
real numbers such that a] — Y, a! > 0 and bl — ¥, b! > 0 for 0 # q € R, respectively, then the
following inequalities hold:

(i)If g > 1, then

(al = > a4 (bt = > B < (@ + b)) = Y (@i + b)),
i=2 i=2 i=2
(i) If0 < g < 10rq<0, then
@ = Y "+ B = 3 B > (@) + b = Y (@ + b)),
i=2 i=2 i=2

Equality holds if, and only if, a = cb for ¢ > 0.
By the above inequalities and the method in [17], we obtain the following corollary.

Corollary 6.1. (Dual Brunn-Minkowski inequality for volume difference) Let C-star bodies K, C L,
K, C L,. If L, is a dilate of L,, then

(V(LiFLo) - V(K .K2))" = (V(Ly) = VKD)" + (V(La) - V(Ky))",

with equality if, and only if, Ky, K, are dilates of each other and (V(L,), V(K})) = c¢(V(L,), V(K3))
forc > 0.

Proof. Since K, Ly, K,, L, are C-star bodies, by the dual Brunn-Minkowski inequality for C-star
bodies, we have

- 1 1 1 ol 1 1
V(Ki+:K>)" < V(K" + V(K2)", V(Li+cLo)" = V(L))" + V(L))"

AIMS Mathematics Volume 9, Issue 4, 7834-7847.
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Taking n-power and subtracting from both sides of the above formulas, there is
. . 1 1 1o 1 Lon\
(V(Li¥eLo) = V(K F.K2)" 2 (VL))" + V(Lo)")" = (V)" + V(K)"')".
Due to the general Bellman inequality for g > 1, this further yields
~ - 1 1 1
(V(Li¥FcLo) = V(K1 ¥:K2))" 2 (V(Ly) = V(KD)" + (V(L2) — V(K2))".

O

Corollary 6.2. (Dual Brunn-Minkowski inequality for volume sum) Let C-star bodies K, C L,, K, C
L,. If L, is a dilate of L,, then

(V(LiFLo) + V(K .K2))" < (V(Ly) + VIKD)" + (V(La) + V(Ky)",

with equality if, and only if, K, K, are dilates of each other and (V(L,), V(K;)) = c¢(V(L,), V(K>))
forc = 0.

Proof. By the Minkowski inequality, it is obvious that

(V(LiFeLo) + VK FK))" < ((VIL)F + VL)) + (VIKDT + V(K)Y)')'
< (V(L) + VKD + (V(Lo) + V(K2)'".

7. Conclusions

In this work, we establish the dual Brunn-Minkowski inequality for C-star bodies. Importantly,
this dual Brunn-Minkowski inequality for C-star bodies can strengthen the previous Brunn-Minkowski
inequality for C-coconvex sets.
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