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Abstract: This work is devoted to the analysis of Hyers, Ulam, and Rassias types of stabilities for
nonlinear fractional integral equations with n-product operators. In some special cases, our considered
integral equation is related to an integral equation which arises in the study of the spread of an infectious
disease that does not induce permanent immunity. n-product operators are described here in the sense
of Riemann-Liouville fractional integrals of order o; € (0, 1] for i € {1, 2, ..., n}. Sufficient conditions
are provided to ensure Hyers-Ulam, A-semi-Hyers-Ulam, and Hyers-Ulam-Rassias stabilities in the
space of continuous real-valued functions defined on the interval [0, a], where 0 < a < oco. Those
conditions are established by applying the concept of fixed-point arguments within the framework of
the Bielecki metric and its generalizations. Two examples are discussed to illustrate the established
results.
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1. Introduction

Integral equations represent a significant area of applied mathematics because they are effective
tools for modeling a wide range of issues that arise in various branches of science [1-7]. In several
references, the authors have discussed the existence, stability, or other qualitative characteristics of
solutions to different kinds of integral equations [7-13]. For instance, in [7], Gripenberg described an
integral equation that arises in the study of the spread of an infectious disease that does not induce
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permanent immunity and is of the following form:

X

w(x) = k(p(%) - f% A(x - f)w(f)df) (f(%) + f a(x — €)w(€)d€) , % €[0,00). (1.1)
0 0

In establishing Eq (1.1), the main consideration was that the rate at which susceptibles become infected
is proportional to the number of susceptibles and the total infectivity. For this purpose, the author made
the assumption that the population is of constant size # and that the average infectivity of an individual
infected at time ¢ is proportional to a(x — £) at time x. If the rate at which individuals susceptible
to the disease have become infected up to time x is w({), ¢ < x, then f_ xoo a(x — O)w()dt will be
approximately proportional to the total infectivity. If at time ¢, the cumulative probability function for
the loss of immunity of an individual infected is 1 — A(x — €), » > ¢, then
P - f_ %DO A(x — O)w(€)dt will approximate the number of susceptibles. In Eq (1.1), kK > 0 is a constant
and the effects of the infection before » = 0 are considered by the functions p and f.

Later, in [8], Brestovanskd studied some existence and convergence results to the following
generalized Gripenberg-type integral equation:

7

w(x) = (Vl(%) + fﬂAl(% - f)w(f)df) e (Vn(%) + f A, (¢ — f)a)(f)df) , 2>0.
0 0

In [9], Olaru studied some results on solvability for the following integral equation:
w(x) = n (V,-(%) + f Ki(x, ¢, w(é’))df), % € [a,b].
i=1 a
Recently, in [10], Metwali and Cichon studied the existence results for the following integral
equation of n-product type:
n b
w(x) = l—[ (Vi(%) + A - hi(x, w(x)) - f Ki(e, OF (¢, w(f))df), % € [a,b].
i=1 a
The theory of fractional integrals, which deals with integrals of arbitrary order by using the gamma
function, is one of the most significant tools for physical investigation, including in fields such as
computer networking, image processing, signals, biology, viscoelastic theory, and several others [14—
24]. In [24], Jleli and Samet studied the solvability of the following g-fractional integral equation of
product type:

- g, wx) (oi-1)
w(x) = (Vi(%) +e—— | Ce—qO)"" T u(l,w(0)d,t|, x€l0,1],
1—1[ Lo Jo ’
where g € (0,1) and o; > 1.
Motivated by the above literature on this significant and interesting topic, we consider here a nonlinear
fractional integral equation of n-product type that contains the Riemann-Liouville fractional integral
operators as follows:

n

w(x) = 1_[ (Vi(%) + ?(’S_{; f% (% — O K, OF (L, w(f))d{’) , % €[0,al, (1.2)
i=1 i/ J0

where0 <a<00,0<0;<1,V,G;:[0,al > R, F; :[0,a] xR - R, and K; : [0,a] x[0,a] - R (R
is the set of all real numbers andi = 1,2,...,n).
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Remark 1. In some special cases, whenn =2, G(x) = Go(x) = 1 and o7y = 0, = 1; then, Eq (1.2) is
related to Eq (1.1).

In this paper, we discuss some results on the stability of solutions to Eq (1.2). In order to achieve
these aims, we use the concepts of the fixed-point theorem to establish the uniqueness of solutions and
analyze some stabilities, namely, Hyers-Ulam (H-U), A-semi-Hyers-Ulam, and Hyers-Ulam-Rassias
(H-U-R) stabilities through the use of the Bielecki metric. Two examples are discussed to illustrate the
established results.

This paper is structured as follows: Notations and supporting information are included in Section 2.
Some results on H-U-R stability are discussed in Section 3. In Section 4, we discuss some results on
A-semi-Hyers-Ulam and H-U stabilities. Section 5 includes two examples to illustrate the established
results. Conclusions and suggestions for further research are given in Section 6.

2. Notations and auxiliary facts

This section includes some notations, definitions and supporting information which are useful to
establish the main results.

Let 6 > 0 be a constant, and Cs([0, a]) denotes the space of real-valued continuous functions on
[0, a], equipped with the Bielecki metric as follows:

lw() — eIl

ds(w, p) = sup e

x€[0,a]

In general, we consider the space C,([0, a]) of real-valued continuous functions on [0, a], equipped
with the Bielecki metric as follows:

) — )
dilw.9) = SUp =0

where 4 : [0,a] — (0,00) is a nondecreasing continuous function. Then, the metric spaces
(Cs(10, a)), ds) and (Cg([O, al), dg) are complete [25-28].
The following definitions of stability are stated in the sense of the paper given in reference [25].

Definition 1. Let A(x) be a non-negative function on [0, al. If for each function w(x) satisfying

n

lw(%) - 1;[ (V,-(%) + 1(";(1((:3 j: (% — 07 Ki(x, OF (£, w(f))df)‘ < A(x), Vxel0,al],

there is a solution wy(x) of Eq (1.2) and a constant & > 0 such that
|w(¢) — woCo)| < 8A(x), V€ [0,al,

then we say that Eq (1.2) possesses H-U-R stability, where N is independent of w(x) and wy(x).

Definition 2. Let € be a non-negative number. If for each function w(x) satisfying
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n

‘w(%) - D (Vi(%) + % j: (o — 07 Ki(x, OF (L, w({’))df)‘ <eg Vxel0,a],

there is a solution wy(x) of Eq (1.2) and a constant 8 > 0 such that
|w() — wo(x)| < Ve, Y €0,al,

then we say that Eq (1.2) possesses H-U stability, where N is independent of w(x) and wq(%).

Definition 3. Let A(x) be a nondecreasing function on [0,a] and € > 0. Then, Eq (1.2) possesses
A-semi-Hyers-Ulam stability if for each function w(x) satisfying

<g VYxel0,al,

\mw—fﬂww+%§{£Owww*%wwﬁmwmmd
i=1 !

there is a solution wy(x) of Eq (1.2) with
|w() — wo(0)| < RA), YV x €[0,al,

where 8 > 0 is a constant that is independent of w(3) and wy ().

Definition 4. [29, 30] The Riemann-Liouville fractional integral of order o > 0 of a function f(x) is
described as follows:

1 4
WIIOE %fo (¢ = 07" f(O)de,

where ['(0) = fooo et~ 1dt, provided that the right-hand side is point-wise defined on [0, co).

Theorem 1. [31,32] Let (X,d) be a complete metric space and let Y : X — X. If there exists a
nonnegative constant 1 € [0, 1) such that d(My,Yz) < nd(y,z), for all y,z € X, then Y has a unique
fixed point.

To establish the main results, we define an operator Y as
Yo) @) = | | Vi), 2.1)
i=1

where

Gi(%)

(Yiw)(x) = Vi(x) + o)

f e — OT VKo, OF (€, w(0))dl, x€[0,al,i=1,23,...,n. (2.2)
0

Lemma 1. Let us take w € C,([0,a]). Assume that, for every i € {1,2,...,n}, the functions V; :
[0,a] = R, G;:[0,a] —>/Ii&, Fi:[0,al xR = R, and K; : [0,a] X [0,a] — R are all continuous, and

that there exist constants V; > 0, 51 > 0, I?, > 0, and that F ? > 0, such that

AIMS Mathematics Volume 9, Issue 4, 7770-7790.



7774

Vieo| < Vi, |Gito)| < Giy | K, O] < Koy |Fill,w)| < F?, Vx,£€0,al, w €R.
Then, Yw € C,([0, a]).

Proof. To prove this, it is enough to show that if w € C,([0, a]), then the operators denoted by 7w are
continuous on [0, a], where

1 71
(Tiw) (%) = —f (e = O K, OF (L w(O)dt, i=1,2,...,n.
(o) Jo
When o; = 1, the result is obvious. So, we prove this for 0 < o; < 1. To do this, fix i € {1,2,...,n},
suppose that w € Cy([0,al), %1, %, € [0,a] with x, > %; and fix € > 0 such that |%, — x| < €; then, we
get

1 2
(Tiw) (¢2) = (Tiw) (%1)] = 'F—) f (62 = OT ™ Ko, OF (L, w(0)dE

oi—1
F(O',)f (o1 — O7 K, OF (¢, w(f))df’

f (er — O K (en, OF (€, w(€))dl

r( 5
— | 60 - 07 K, 0F w(f))df‘
0
%y — OV Ky, OF (L, w(€))de
F(O',
[ - f)“f‘l K1, OF (L, w(f))df|
0

%y — OV Koy, OF (L, w(€))dl

r(
- f Gy = 07! %(%1,€)ﬁ(€,w(5))d€‘
0
1 %2
<— f (2 = O [ K32, ) = Kioer, O |FC, w(0))]dE
I'(oi) Jo
1 %2

+ = (ex — 07 Ky, OF (L, w(C))] dl
(o)

1 I _ o
b f G2 = 07 = Gy — 07| K1, OF (L. (O] dE.
(o) Jo
Let U((]C9 6) = Sup {|7<‘l(%29 f) - 7(l(%l,g)l : %1’%2’€ € [09 a]’ |%2 - %1| < E}- Then»

(K, €)F)

I(ﬂw)(%z)—(ﬂw)(xl)l_T)f (e = OT ' dl + F( )f ey = O)7 " dt

oi—1 _ oi—1
F(a,) f (2 — €) Gey — 07| ae
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_ UK, F]a” K.F°

Fo+ D) oD e
+ —E’F’O ) ((% — 07— (o - 5)0"_1)45
o) Jo v 2

UG, e)Foa”  KF?
+
T(i+1)  T(o;+1)
KiF?
+—
T(o; + 1)

(2 —21)”

[(%2 — )7 +u] - %g] )

By utilizing the uniform continuity of the function %; on [0, a] X [0, a], we have that U(%,e€) — 0 as
€ — 0; thus, it follows that the right side of the above inequality tends to zero as %, — ;. Hence,
the operators denoted by Y;w are continuous on [0,a] for i € {1,2,...,n}, and consequently, Yw €
C,([0, a)).

Remark 2. By the above conditions of Lemma 1, one can easily conclude that if w € C5([0, a)), then
Yw € C5([0, a]).

Lemma 2. Assume that, for every i € {1,2,...,n}, the functions V; : [0,a] - R, G; : [0,a] — R,
fi : [0, gj X R - R, and K; : [0,a] X [0,a] — R are all continuous, and that there exist constants
V.>0,G; >0 K, >0, andF? > 0 such that

Vieo| < Vi, |G| < Giy | K, O < Koy |Fill, )| < F?, Vx,£€(0,al, w €R.

Then for w, ¢ € C,([0,a]), we get

(Yw)(x) = (Ye)(0)| < M Z (Y iw)() = (Vi) ()l s

i=1

= GKFla%i .
whereM—max{V,'+W.1—1,2,...,n}.

Proof. For any w € C,([0, a]), we obtain

G; % a
(V)| = |v,-<%) L) f (= O Kt OF (L, ()
I'(o) 0
< Vi) + G f (= 07 1K e, OF A, w()] de
I'(o) 0
7, GkF
= i+m, l1=1,42,...,Nn.
Let M :maX{Vi+ % ti= 1,2,...,n}.
This gives
(Yiw)(x) < M, foranyw € C,([0,a]), i = 1,2,...,n. (2.3)
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Now, let w, ¢ € C4([0, a]); then, by using the inequality (2.3), we obtain

|(Yw)(x) — (Ye)(0)| =

[ Wi - [ [
i=1 i=1

= [(M10)0)(Y2w)(%) . .. (V) (%) = (Y19) (Y 20) (%) . .. (V) (20)]
= [ [(Y10)0)(Y20)30) ... (Yaw) (%) = (V19) )Y 20)(%) . . . (Y ,w)(2)]
+ [(H19)C)(Y20)(3) . . . (Yw) () = (Y 19) )N Y20)(0) . . . (Y w)(0)]
+-- + [(S19)00) .. (Y1) ()Y )%) = (Y 19) ()Y 20)(0) ... (Fnp) ()] |

<MY 1Y) - (V)60

3. Results for H-U-R stability
Some results on H-U-R stability are discussed in this section through the application of the Bielecki
metric on the interval [0, a]. All of the theorems are as follows:

Theorem 2. Let 0 < p < 0; < 1 fori € {1,2,...,n}. Let B > 0 and A : [0,a] — (0,00) be a

nondecreasing function such that

% p
( f u(f))édf) <B, Vxel0,al.

Moreover, let, forevery i € {1,2,...,n}, the functions V; : [0,a] — R, G [0, a] - R, 7-' [0, a]xR -
R, and K : [0,a] X [0,a] —» R be contlnuous and there exist constants V > 0, G > 0, K > 0, F > 0,
and F? > 0 such that

Vieo| < Vi, [Gixo)| < G | Ko, 0| < Kiy | Fillo )| < FY,

and  |Fi(l, w,) — Fill,w)| < Filwy — wy], Ywyw €R, £,% € [0,al.

If w € C,([0, a]) is such that

n

G; * _
‘w(z) -T1 (Vi(m ' % fo (= 07 Kioe, OF w(f))df)

i=1

< A(x), Yxel0,al,

A(0) i=l T(oy) \oi-p
such that

- 1-
and (M 5 P GikiF; ( 1_”) ! a“i"’) < 1, then there is a unique solution wy (%) € C,([0, a]) of Eq (1.2)
1
M-8 GKF (1-p \'\ P .
1_( 10 Zisl Ty (ﬂ) a p)

This means that Eq (1.2) possesses H-U-R stability.

lw(%) — wo(x)| <

A(x), »€][0,al. 3.1)
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Proof. Let us define an operator YV : C,([0, a]) — C,([0, a]) by

Yo) ) = | | Vw0, (3.2)
i=1
where
(Yiw)(x) = Vi(x) + % fx (o = 07 K, OF (L, w(0))dl, x €[0,al,i=1,2,3,...,n. (3.3)
i 0

Now, to fulfill the criteria of Theorem 1, we take w, ¢ € C,([0, a]); then,

Gi) (™
(V)0 - Yip))] = |v,-<%>+%‘; fo (e — 07 Koo, OF (L, ()
G; % _
Vi) - %‘i f (o — £ e, OF AL, D)
< 1G] f (e = O™ [, O1IFAL, (0)) — F(E, O] dE
F(a'l
G.KF; o1
< e f (= 07 |o(0) — 9(O)]dE
_ GKiF, et 0 =0l
"~ T(oy) f =07 A=
G K F do(w, @)

IA

f (e — O A(O)de

I'(o))
GiKFidy(w, p) ( o
<— f (x —5)' -» df) (f (/1(5))/7 dt’)
I'(o))
SGKFd(a) so)ﬁ( ) P =10 (3.4)
I'(o) oi=p
Then by using Lemma 2 and inequality (3.4), we get
(Yw)(x) - (Yp)(o)| < M Z |(Yiw)() — (Yip)()|
i=1
ot 0 GKFd(w, 0B (1-p\'™"
Mty o (m _p) a’r. (3.5)

i=1

How (Yw)(x) — (Ye)(0)|
B w)(n) — (Yo)(x
dg(Jw. Vo) = sup Ax)

1 " GKFidy(w. ) (1-p\'™"
< sup — It Y o ‘p)ﬁ( p) a’
xel0.a] A(%) — I'(oy) oi=p

Mn—lﬁ n G\;I/ELE 1_p 1-p o
s[ A(0) Z (o) (ai_p) a P]dg(w,so).
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GiKiF; (1—_17
i=1 r(o-l agi=p

fixed point and hence, Eq (1.2) has a unique solution.
Let wy(%) € C,4([0, a]) be a unique solution of Eq (1.2) and let w € C,4([0, a]) be such that

1-
From the condition ( ﬂ(o)ﬁ > ) g a‘”"’) < 1 and Theorem 1, it follows that Y has a unique

‘w(%) - l;l (V,-(%) + % j: (¢ = 07 K, OF (L, w({’))d{’)' < A(x), Yxel0,al.

Then,

Aoy = sup 1= @0l

xel0,a] A(%)
= sup ot = [ ] (Vo + 22 [ e 0 K 7m0
xel0.a) A(%) A L) Jo

< sup L{‘w(%) H(Vi(%)+%j(; (%—{’)”"_1 %(%,f)ﬁ(f,w(f))d{’)’

x€[0,a] /1(%)

i=1

Gi(x) [~ ol ae .
+ D(Vi(%)'i'—r(o_i)‘fo‘ (-0 %(%’[)f([’w(g))df)

-1 (v,-w) + 20 [ - 07 Kot O wow))df) !
i=1 0

I'(oy)

1 Gi(x) [* el e |
ngg]m{mn ]_[(vi(%)+r(m) fo (=0 %(%,f)ﬁ(aw(f»df)

- ﬂ(vi(z>+ o8 [ - o K o7 wo(f))df)‘}
A (o) Jo

1
sup E{M 1Y) () - (Vo) ()| }

By using the inequality (3.5), we get

1 G.KFdy(w, 1-p\'™”
dy(w, wp) < sup —{/l(%) + M IZ s(w. w)f (0" _I;) a‘”_”}

i=1

xef0.a) A(%) L T(o))
Mt G.K.F.d (W, wo)B =
< 1+ ao'l P’
A0) foy  \oi-p
i.e.,
1
dy(w, wp) < " a7 — , 3.6
EERaTEE
which implies that
lw() — wo(2)| 1
%2}’(1)3] /l(%)o < Mo- lﬁ G,KF 1-p 1-p o ) (37)
’ ( A(0) Zz 1 T(oy) (m_p) a’i I’)

and consequently the inequality (3.1) holds. This ensures the H-U-R stability for Eq (1.2).
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Corollary 1. Let 0 < p < 0y < 1, fori € {1,2,...,n} and 6 > 0. Moreover, let, for every i €
{1,2,...,n}, the functions V; : [0,a] - R, Q,- : [O,cﬂ — R,Z—"i : [O,gij — R, and K, : [0, a]X[0,a] —
R be continuous and there exist constants V; > 0, G; >0, K; >0, F; >0, and F ? > 0 such that

Vieo| < Vi [Gix)| < Gi,  |Kix, 0| < Koo |Fillow)| < FY,

and  |Fi(l, w,) — Fi(lyw)| < Filwy —wy|, Yws,w €R, £,% € [0,al.

If w € C5([0, a]) is such that

n

'w(%) - D (V,.(%) + % fo ’ (e — O Ki(xe, OF (L, w(f))dt’)‘ <e”, Yxel0,al,

P ta p GKFE (1-p \I7P . . .
and (/\/("_1 (%) (6” - 1) P GF(I((TI; (;—_’;) a‘”_l’) < 1, then there is a unique solution wy(x) €

Cs([0,a]) of Eq (1.2) such that

e(i%

(e ) ) s S ) )

This means that Eq (1.2) possesses H-U-R stability.

lw(¢) — wo(x)] <

»x € [0,al. (3.8)

Theorem 3. Let 0 < 0; < 1andB; > 0forie{l,2,...,n}and A :[0,a] — (0, ) be a nondecreasing
function, such that

L f (e — O AOdE < Bid(x), Vx€[0,al,i=1,2,...,n.
I'(o) Jo

Moreover, let, forevery i € {1,2,...,n}, the functions V; : [0,a] = R, G; : [0,a] = R, 7—1 [0, a]/>\<R —
R, and K : [0,a] X [0,a] — R be continuous and there exist constants V; > 0, G; > 0, K; > 0, F; > 0,
and F? > 0 such that

Vieo| < Vi, [Gixo)| < G | Ko, 0| < Kiy | Fillo )| < FY,

and  |Fi(6, wy) — Fi(l,w)| < Filwy — wi|, Yy, w €R, £,% € [0,al.
If w € C4([0, a]) is such that

‘w(%) - l—[ (Vi(%) + Gi0) f% (¢ — 07 Ki(x, OF (L, w({’))d{’) < A(x), Yxel0,al,
0

L I'(oy)

and (/\/(”‘1 pya 5,[?,?, ﬁi) < 1, then there is a unique solution wy(x) € C,([0, a]) of Eq (1.2) such that

lw(¢) — wo(x)] < Alx), x€[0,al. (3.9)

1- (/\/("_1 it @Kﬁﬁ,)
This means that Eq (1.2) possesses H-U-R stability.
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Proof. Let us define an operator YV : C,([0, a]) — C,([0, a]) by

Yo) ) = | | Vw0, (3.10)
i=1
where
(Yiw)(x) = Vi(x) + % f% (% — 07 Ko, OF (L, w(0))dl, x €[0,al,i=1,2,3,...,n. (3.11)
i 0

Now, to fulfill the criteria of Theorem 1, we take w, ¢ € C,([0, a]); then,

G; % _
|<y,-w)<x)—<yiso><x>|:IVi<%>+r(("; f (= 07 Koo, OF (L, w()de
G 4
-V - o f (o — £ K, OF AL (O]
< 'g("(”;' f (e = 07 1K, O[T, 0(©)) — F(E, o(0))]
o GKF, f (e = 07 w(0) = (0] d
F(O’l
_ GKF, o 0O = el
= T f GO A=
G K F do(w, @) ol
Tf( 07 A)de
< GiK;Fidy(w, @)Bid(x), i=1,2,....n. (3.12)

Then, by using Lemma 2 and inequality (3.12), we obtain

(Y w)) — (Y)0)] < M Z (Y iw) () = (Yip) ()
i=1

<M GKiFidy(w, 9)BiA0). (3.13)
i=1
Now, y y
_ o (Y06 - (Vo))
e R TP
! AN G.K.F: ‘
= ot 162) {M 2, GRmde "O)ﬁ'ﬂ(%)}’
1.e.,

dg (ya), M(,O) < (Mn_l Z aZEﬁt] dg(w’ (10)

i=1

From the condition (/\/("‘1 pI G,K.F; ﬁl-) < 1 and Theorem 1, it follows that Y has a unique fixed
point and hence, Eq (1.2) has a unique solution.
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Let wy(%) € C,([0, a]) be a unique solution of Eq (1.2), and let w € C,([0, a]) be such that

oo -] | (v,-w) T [ - 0 K 7 w(f))df)
i=1 !

<A(x), Vxel0,al

Then,

dy(w, wp) = sup M

x€[0,a] /l(%)
= sup €L w(x) — ﬁ (Vi(%) + Gi) f% (¢ = O IG(x, OF (¢, a)o(f))df)
xel0.a) A(%) L L) Jo

n

sup L{‘w(m 17 (vi(m G f o= 07 K, OF AL w(f))df)]
0

" xe0.a) A(%) i=1 ['(oy)
+ ﬁ(vi<%> + 20 [ e 0 i 7 O]
i (o) Jo
-1 (vm - 2 [" - 07 K O wow))df) !
iz L'(o:) Jo

n

ﬂ (Vi(%) + Gix) f% (e = O Ko, OF (L, w(f))df)
- (o) Jo

7
sup ——{A(%) +
xe[oljz] A(x)

-1 (V,-(%) 4 2 f (e = 07 K, OF (L, wo(f))df) ‘}
i I'(oi) Jo

By using the inequality (3.13), we get

1 n—1 S
dfw,n) < sup M{Am) M Z] GRFid(w, B0,

1.e.,

dy(w,wp) < 1+ M"! Z ail/(\il::idg(w, wo)Bis

i=1
or,
1
L= (M1 3, GRFB)

dg(w, (UO) S

which implies that

wC) — wol)l _ 1

< — (3.14)
xel0,a] A(x) 1- (M"‘l iy GiKiFiﬁi)

consequently, the inequality (3.9) holds. This ensures the H-U-R stability for Eq (1.2).
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4. Results for 1-semi-Hyers-Ulam and H-U stabilities

Theorem 4. Let 0 < p < 0; < 1, fori € {1,2,...,n}. Let 3 > 0and A : [0,a] — (0,00) be a
nondecreasing function, such that

% p
( f (ﬂ(f))idf) <B, Vxel0,al
0

Moreover, let, forevery i € {1,2,...,n}, the functions V; : [0,a] — R, GL;: [0, a]A—> R, 7-; [0, a]/)\(R -
R, and K; : [0,a] X [0,a] — R be continuous and there exist constants V; > 0, G; > 0, K; > 0, F; > 0,
and F? > 0 such that

Vieo| < Vi [Gixo)| < G, | Ko, 0| < Kiy | Fillo )| < FY,

and  |Fi(l, w,) — Fi(l,w)| < Filws —wi], Ywyw €R, &% €[0,al.

If w € C,4([0, a]) is such that

<e VYxel0,al,

oo - | (V,(x) T [ - 0 K 7 w(f))df)
i=1 !

n—1 ~ T _ l—p . . .
where € > 0 and (MMO)'B 1 Gr(li_f (l—p) a"""’) < 1, then there is a unique solution wy(x) € C,([0, a])

ai—p
of Eq (1.2) such that

E
lw(3) — wo(x)| < —— - Ax), = €[0,al.
A0) - (Mg 3, GEE (22)" ar) 4.1

This means that Eq (1.2) possesses A-semi-Hyers-Ulam stability.
Proof. We define the operator Y : C,([0, a]) — C,([0, a]) by

n

Yw) (o) = | (Viw) *

i=1

Gi(x)
(o)

f% (6 = 07 Ki(x, OF (L, w({’))d{’) , % €[0,a]. 4.2)
0

. -1 GRFE ( 1-p\1— ..
Given that (N;«))B i Gr’(lf,'? (;_—_‘;) pa‘ff‘P) < 1, similar to Theorem 2, we have that Eq (1.2) has

a unique solution. To establish the A-semi-Hyers-Ulam stability, let wy(x) € C4([0,a]) be a unique
solution of Eq (1.2) and let w € C,([0, a]) be such that

n

oo -] | (Vi(m P [ - 0 K 7 w(f))df)
i=1 !

<e VYxel0,al.

Then,

et - woll
dylw.w0) = Sup
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1
= sup —

; Gt (% o
wel0.a] (%) w(x) - 1_[ (Vi(") + fo (% — 07 Ki(x, OF (¢, wo(f))df)

] [0

1 " G (% e
sngpa]m{‘w(m—];[(vi(%nm fo (= 0) %(%,f)ﬁ(f,w(é’))dt’)‘

+

[ (Viof) - 2 [ e 0 i O w(f))df)
A (o) Jo

—ﬂ(v,-(x>+ 28 [ -0 %(z,f)m,wo(f))df)‘}
i I'(o) Jo

1
< sup —{s +

xef0,a) A(%)

[ (Vio«) - 2 [ - 07 Ko O w(f))df)
i (o) Jo

i=

T (Vi(m + P8 [ e 07 Kot 07 wo(f»df) )
A (o) Jo

By using Lemma 2 and following a procedure similar to that for inequality (3.4), we get

n

[ (V,(%) - 29 [7 e 07 i O w(f))dﬁ)
L I'(o) Jo

-1 (v,(x) e wow))df)‘
g T Jy

= (Y w)) - (Yw)0)
< MY 1Y) () — (Yiw) ()]
i=1

S GKFdy(w,w0)8 (1-p\'™"
< M1 g TP, 4.3
Zl o) o-p) @

By using the inequality (4.3), we get

! " GiKFdy(w, L= p\I”
dy(w, wp) < sup _{8+Mn—l Z (W wo)ﬁ( p) a‘f"‘p},

xel0.a) A(%) P (o) oi—p
n N~ I-p
o T (1)
0) — A0 (o) oi—p
ie.,
£
dy(w, wp) < , (4.4)

n GEKF (1-p\\™P . _
10 = (Mg x, G (32) 0

which implies that

lw () — wo(x)| € @5)
%6[05)1] A(x) B 20 Mr-1 n GKF; (1=-p \'7P oi—p ’ ’
()‘( B S (5) e )
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consequently, the inequality (4.1) holds. This ensures the A-semi-Hyers-Ulam stability for Eq (1.2).
Corollary 2. Let 0 < p < 0; £ 1, fori € {1,2,...,n} and 6 > 0. Moreover, let, for every i €

{1,2,...,n}, the functions V; : [0,a] — R, G [0, a] — R T [0, a]XR - R and K : [0, a]X[0, a] —
R be continuous and there exist constants V > 0, G > 0, K > 0, F >0, and F; 0 > 0 such that

Vieo| < Vi, [Gix)| < G | K, 0| < Kiy | Fillo )| < FY,

and  |Fi(l, w,) — Fill,w)| < Filwy —wy], Yww €R, £,% € [0,al.

If w € Cs([0, a]) is such that

‘w(%) -1 (V,-(%) 4 2 f - 07 K OF L. a)({’))df) <e, Vxel0al,
0

] (o)

ba GRF -
where & > 0 and ( M (%)p (e? - 1)p T, S (;i;_’;) g a"f‘l’) < 1, then there is a unique solution
wo(x%) € Cs([0, a]) of Eq (1.2) such that

& eé%

——— ; € [0,al.
1- (M"-l (2) (e 1) g, SEL (1—_p)1‘1’ aa,»_p) . (4.6)

i=l T(o;) \oj-p

lw() — wo(x)| <

This means that Eq (1.2) possesses A-semi-Hyers-Ulam stability.

Corollary 3. Let O < p < 0; < 1 fori € {1,2,...,n}. Let B > 0 and A : [0,a] — (0,00) be a
nondecreasing function such that

% p
( f u(f))édf) <B, Vxel0,al

Moreover, let, forevery i € {1,2,...,n}, the functions V; : [0,a] — R, G [0, a] - R, T‘ [0, a]xR —
R, and % : [0,a] X [0,a] - R be contlnuous and there exist constants V > 0, G > 0, K > 0, F > 0,
and F? > 0 such that

Vieo| < Vi, [Gixo)| < G | Ko, O] < Kiy | Fillo )| < FY,

and  |Fi(l, w,) — Fillyw)| < Filws —wy], Yww €R, £,% € [0,al.

If w € C,4([0, a]) is such that

‘w(%) - l_l (Vi(%) + Gi) f% (¢ = 07 Ki(x, OF (L, w(é’))d{’) <eg VYxel0,al,
0

L I'(oy)
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A0 =l T(oy) \oi-p

of Eq (1.2) such that

n— 1-
where £ > 0 and (M B > GikiF; (1_—”) g a‘”"’) < 1, then there is a unique solution wy(x%) € C4([0, al)

A
() — wo()] < (z)” ————= xcl0al @7
n—1 2 oi— :
A0) = (Mg 3, GEE (L) gror)
This means that Eq (1.2) possesses H-U stability.
Corollary 4. LetO < p < o; < 1forie{1,2,...,n}and 6 > 0. Moreover, let, foreveryi € {1,2,...,n},

the functions V; : [0,a] — R, G; [O al —>R 77 [0 a]xR—>R and K; : [0,a] X [0,a] — R be
continuous and there exist constants V > 0, G >0, K >0, F >0, and F; 9> 0 such that

Vieo| < Vi, [Gio| < Gi, |[KiGe, 0| < Ko |Fill )| < FY,
and  |Fi(l, w) — Fill,w)| < Filwy — wi], Vwsy,w €R, £,% €[0,al.
If w € Cs([0, a]) is such that

‘w(%) - n (V,-(%) + % f% (¢ — O)T 7 K, OF (L, w(f))d{’) <e Vxel0,al,
i=1 0

I'(oy)
where &€ > 0 and (M”‘l (%)p( ) >, Gr(lfr F (;l—_’;)l_p a”i‘P) < 1, then there is a unique solution
wo(%) € Cs([0,a]) of Eq (1.2) such that
oa

w() — wo()] < °

g, x€]|0,a] (4.8)

n— o P s AzAzAz 1-p \!=P o=
(v (8 (67 - 1) S S8 () )
This means that Eq (1.2) possesses H-U stability.

5. Examples

We will discuss two examples in this section to illustrate the established results.

Example 1. Consider the following integral equation:

G1(x)

ey
;)

Go(x)

r)
;)

wx) = (Vl(%) + f (x — 5)_7 (x+10) sm(w(f))df] (Vz( ) + f (x — 5)_5 (L + cos(w(f)))df)

x€[0,1, (5.1)

where V(%) = 2r, Vo(x) = 1 — M , Gi(x%) =

TS00 T (D) s> and Ga(x) = sinG) Comparing Eq (5.1)

120
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with Eq (1.2), we have that n = 2, a = 1, Ki(x%,€) = » + €, F1({, w()) = sin(w({)), K (%, ) = ¢,
Fo(l, w(0)) = £ + cos(w(f)), and oy = 0 = 1.

It can be observed that the functions V;, G, Ki, F1, Vo, G», K>, and ¥, are all continuous and
satisfy the following conditions:

Vieo| < Vi, [Gixo)| < G, | Ko, 0| < Kiy | Fillow)| < FY,

and  |Fi(l, w,) — Fi(l,w))| < Filws —wy], Ywy,wy €R, L e[0,1], fori=1,2;

where Vi =21,G = 55, K, =2, FO = LF = 1,V,=1,G, = 5, Kb = I, F)=2,and F> = 1.

Thus, all conditions of Lemmas 1 and 2 are satisfied and we get
= GKFoai

M= maX{V 4 GKiRan 1,2} ~ 6.292.

“T(o+1) ,+1)

120°
We choose p = 3 such that 0 < p < 0; < 1 holds for i = 1,2, and we consider the nondecreasing
function 4 : [0, 1] — (0, o) given by A(%) = » + 2x. Then, the following condition
% 14
( f (A())7 df) <B, Vxel0,1],
0

is satisfied by 8 = (313.8010)3.
Now (M oLy GRE (1) afff—p) ~0.1539 < 1.

A0) =1 T(oy) \oi—p
If we take w(x») = 0, then

'a)(%) - ﬁ (V,-(%) + Eﬁ f ’ (¢ — O Ki(oe, OF (L, w(f))df) ‘ =10 - 2|
i1 (o) Jo
<x+2m =A%), Vx el0,1].
Thus, by Theorem 2, there exists a unique solution wy(x) € C,([0, a]) of Eq (5.1) such that
1
- (4 2 G5 (7))
This ensures the H-U-R stability for Eq (5.1).
Byn GKF, (=2 )‘_” afff—l’) ~ 0.1539 < 1, and if we take w(x) = 0, then, for & > 2,

i=1 (o) ai—p

lw() — wo(x)] < A(x), »€][0,1].

Again, since ( SO
we get

2

'w(%) - 1—[ (V,-(%) + % f% (e = 07V IG(n, OF (L, w(f))d[) ‘ =10-2n] <&, Yx e[0,1].
i=1 7J0

Hence, by Theorem 4, there exists a unique solution wy(x) € C,4([0, a]) of Eq (5.1) such that

&

A0) = (Mo 3, GEE (22) )

p

|w() — wo(2)] <

A(x), »€][0,a],

which ensures the A-semi-Hyers-Ulam stability for Eq (5.1); also, by Corollary 3, we can conclude the
H-U stability for Eq (5.1).
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Example 2. Consider the following integral equation:

x) 2 (I+90) Gr(x)
a)(%):(V (%) + G f (x—0)F _df](v (%) + f (¢ — )% cos |z w(l)e dé’],
T T+ lw@le )17 Tl (5e107)
x € [0,1],
(5.2)

4 1
%3 +1243 . . .
where Vi(x) = 1 - (ngz—r(;)), Vo) = €%, Gi(x) = 35, and Ga(x) = 55;. Comparing Eq (5.2)
with Eq (1.2), we have thatn = 2, a = 1, K1(x,€) = 1 + €, F71({, w(£)) = Kok, ) = 1,
Fa(l, w(0)) = cos (3w(O)e™), and oy = 0y = 1.
It can be observed that the functions Vi, G, K, 1, V>, G», K>, and F, are all continuous and

satisfy the following conditions:

1
1+w(l)le t?

Vieo| < Vi, [Gix)| < G, | Ko, 0| < Kiy | Fillo )| < FY,

and  |Fi(l, w;) — Fillyw)| < Filwy —wy|, Ywsw €R, Lz e[0,1], fori=1,2;

where V, = 1, G, = 0.0084, K, =2, F¥ = 1, F, = 1, V, = 2.7183,G, = 0.0121, K, = 1, F) = 1, and
F=1.
Thus, all conditions of Lemmas 1 and 2 are satisfied and we get the following:
M=max {V; + ST 1= 1,2 ~ 2732

We consider the nondecreasing function A : [0,1] — (0, o) given by A(x) = 4% + 2. Then, the
condition

Lf (% — f)(ri_l A)dt < BiA(x), Vxe[0,1],i=1,2,
L'(oy) Jo

is satisfied by 81 = B - :A21996.
Now, (M ¥, GK;F. ) ~ 0274 < 1.
If we take w(x) = 3¢, then

2

G; * _
oo -] (v,(x) T [ - 0 i 7 w(f))df)‘ :
i=1 !

o (1 K (9%% + 12;{%))6%

5184T(3)
<4x+2 = Ax), Vx e[0,1].

Thus, by Theorem 3, there exists a unique solution wy(x%) € C,([0, 1]) of Eq (5.2) such that

lw() — wo(x)| < Ax), x€]0,1].

- (M1 2L, GKFiBi)

This ensures the H-U-R stability for Eq (5.2).
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6. Conclusions and future tasks

Three types of stabilities, namely, H-U, A-semi-Hyers-Ulam, and H-U-R stabilities, have been
analyzed in this paper for Eq (1.2) through the application of the Bielecki metric in the space of
continuous real-valued functions defined on the finite interval [0, a]. In Theorem 2, conditions for
H-U-R stability have been established in the space C,([0, a]) through the application of the metric
d,. In Corollary 1, we stated the conditions for H-U-R stability in the space Cs([0, a]) through the
application of the metric ds. Some easily checked conditions for H-U-R stability have been provided in
Theorem 3. In Theorem 4, conditions for A-semi-Hyers-Ulam stability have been discussed in the space
C,([0, a]) through the application of the metric d,. In Corollary 2, we stated the conditions for A-semi-
Hyers-Ulam stability in the space Cs([0, a]) through the application of the metric ds. In Corollary 3,
conditions for H-U stability have been discussed in the space C,([0, a]) through the application of the
metric d,, and in Corollary 4, we stated the conditions for H-U stability in the space Cs([0, a]) through
the application of the metric ds. These results indicate that there is a close analytic solution of Eq (1.2)
that is stable in the sense of the above stabilities. Two examples have been discussed on the interval
[0, 1] to illustrate the established results. In the future, one can extend the concept presented here to
the system of fractional integral equations of n-product type. Also, new results can be obtained by
considering more generalized kernels. Subsequently, interested researchers can extend this concept to
two-dimensional integral equations of fractional order.
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