AIMS Mathematics, 9(2): 5110-5121.
DOI: 10.3934/math.2024248
ATMS Mathematics Received: 10 September 2023
Revised: 16 January 2024

Accepted: 18 January 2024
http://www.aimspress.com/journal/Math Published: 25 January 2024

Research article

Browder spectra of closed upper triangular operator matrices

£1,2,3,%

Qingmei Bai''>**, Alatancang Chen'?? and Jingying Gao'

' School of Mathematical Sciences, Hohhot Minzu College, Hohhot, 010051, China

2 Key Laboratory of Infinite-dimensional Hamiltonian System and Its Algorithm Application (Inner
Mongolia Normal University), Ministry of Education, Hohhot, 010022, China

3 Center for Applied Mathematics Inner Mongolia, Hohhot, 010022, China

* Correspondence: Email: baigingmei @email.imnc.edu.cn.

A C . o
Abstract: Let T = [ be an unbounded upper operator matrix with diagonal domain, acting in

B
0
H & K, where H and K are Hilbert spaces. In this paper, some sufficient and necessary conditions
are characterized under which T is Browder (resp., invertible) for some closable operator B with
D(B) D D(D). Further, a sufficient and necessary condition is given under which the Browder spectrum
(resp., spectrum) of Ty coincides with the union of the Browder spectrum (resp., spectrum) of its
diagonal entries.
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1. Introduction

Let H and K be complex infinite-dimensional separable Hilbert spaces, and let B(H, K) (resp.,
C(H,K), C*(H,K)) be the set of all bounded (resp., closed, closable) operators from H to K. If
K = H, we use B(H), C(H), and C*(H) as usual. The domain of T € C(H) is denoted by D(T). A
closed operator 7 is said to be left (resp., right) Fredholm if its range R(7) is closed and a(T) < oo
(resp., B(T) < o0), where a(T') and B(T') denote the dimension of the null space N(T) and the quotient
space H /R(T), respectively. T is said to be Fredholm if it is both left and right Fredholm. If 7' is a left
or right Fredholm operator, then we define the index of T by ind(T) = a(T) —B(T). T is called Weyl if
it is a Fredholm operator of index zero. The left essential spectrum, right essential spectrum, essential
spectrum, and Weyl spectrum of T are, respectively, defined by

0.(T) = {Ae€C:T - Al isnot left Fredholm},
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0.(T) = {1e€C:T - Al is not right Fredholm},
g,(T) = {A1e€C:T - Al is not Fredholm},
o,(T) = {Ae€C:T - Al is not Weyl}.

Iterates T2, T°,--- of T € C(H) are defined by T"x = T(T"'x) for x € D(T") (n = 2,3,---), where
DT ={x:x,Tx,---, T 'x e D(T)).

It is easy to see that
N(T") c N(T™Y,  RT™") c R(T™).

If n > 0, we follow the convention that T7° = I (the identity operator on H, with D(I) = H). Then
N(T?) = {0} and R(T°) = H. It is also well known that if N(T%) = N(T*1), then N(T") = N(T*) for
n > k. In this case, the smallest nonnegative integer k such that N(T*) = N(T*!) is called the ascent of
T, and is denoted by asc(T). If no such k exists, we define asc(T) = co. Similarly, if R(T¥) = R(T*),
then R(T") = R(T*) for n > k. Thus, we can analogously define the descent of T denoted by des(T),
and define des(T) = oo if R(T™") is always a proper subset of R(T"). We call T left (resp., right)
Browder if it is left (resp., right) Fredholm and asc(T) < oo (resp., des(T) < o). The left Browder
spectrum, right Browder spectrum, and Browder spectrum of T are, respectively, defined by

op(T) = {1€C:T - Al is not left Browder},
o(T) = {4€C:T - Al is not right Browder},
op(T) = {A1€C:T - Al is not Browder}.

We write o(T), 0,,(T), and o5(T) for the spectrum, approximate point spectrum, and defect spectrum
of T, respectively.
For the spectrum and Browder spectrum, the perturbations of 2X2 bounded upper triangular operator

A ) ) .
0 g , acting on a Hilbert or Banach space, have been studied by numerous authors (see,
e.g., [5,8,9,12,13,18]). However, the characterizations of the unbounded case are still unknown. In
this paper, the unbounded operator matrix

matrix M¢ =

Tg = [13 IB)] DAY DD)YcCHOH — HoH

is considered, where A € C(H), D € C(K), and B € C;,(K,H) = {B € C*(K,H) : D(B) > D(D)}. Itis
obvious that 7'z is a closed operator matrix. Our main goal is to present some sufficient and necessary
conditions for 7'z to be Browder (resp., invertible) for some closable operator B € C,(K, H) applying
a space decomposition technique. Further, the sufficient and necessary condition, which is completely
described by the diagonal operators A and D, for

is characterized, where o, is the Browder spectrum (resp., spectrum). This is an extension of the results
from [3,7,10, 12]. In addition, this result is applied to a Hamiltonian operator matrix from elasticity
theory.

AIMS Mathematics Volume 9, Issue 2, 5110-5121.



5112

Definition 1.1. [4] Let T : D(T) ¢ H — K be a densely defined closed operator. If there is an
operator T" : D(T") ¢ K — H such that D(T") = R(T) ® R(T)*, N(TT) = R(T)* and

T'Tx = Pragmx, x € D(T), TT'y = Prayy,y € D(T)

then T is called the maximal Tseng inverse of T.

For the proof of the main results in the next sections, we need the following lemmas:

0 D
such that A, D are closed operators with dense domains and B is a closable operator. Then,

(1) 01.(A) U 01e(D) C 5,(T) C 0(A) U (D).
(2) O-W(TB) C O-W(A) U O-W(D)
(3) op(Tp) C Tp(A) U 07p(D).

Lemma 1.1. [2] Let Ty = [A B] DA DD) cHeH — H & H be a closed operator matrix

Lemma 1.2. [I7] Let Ty = [?) g

such that A, D are closed operators with dense domains and B is a closable operator. Then,
(1) asc(A) < asc(Tg) < asc(A) + asc(D),
(2) des(D) < des(Tg) < des(A) + des(D).

] DAY D(D) c HeH — H&H be a closed operator matrix

Lemma 1.3. [16] Let T € C(H). Suppose that either a(T) or B(T) is finite, and that asc(T) is finite.
Then, a(T) < B(T).

Lemma 1.4. [6] Let T € C(H). Then, the following inequalities hold for any non negative integer k:
(1) &(T*) < asc(Tp) - a(T);
(2) B(T) < des(Tp) - B(T).
Lemma 1.5. [11] Suppose that the closed operator T is a Fredholm operator and B is T-compact.
Then,

(1) T + B is a Fredholm operator,
(2) ind(T + B) = ind(T).

Lemma 1.6. [16] Let T € C(H). Suppose that asc(T) is finite, and that «(T) = B(T) < oo. Then,
des(T) = asc(T).

2. Browder spectra of operator matrix

In this section, some sufficient and necessary conditions for 7 to be Browder for some closable
operator B with D(B) D D(D) are given and the set ) sech ) Ob(Tp) is estimated.

Theorem 2.1. Let A € C(H) and D € C(K) be given operators with dense domains. If B(A) = oo, then
T is left Browder for some B € C; (K, H) if and only if A is left Browder.

Proof. The necessity is obvious by Lemmas 1.1-1.3.
Now we verify the sufficiency. Let p = asc(A) < oo, then @(A”) < p - @(A) < oo from Lemma 1.4.
Thus, we get dim(R(A) + N(AP))* = oo, since B(A) = oo. It follows that there are two infinite
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dimensional subspaces A; and A, of (R(A) + N(A?))* such that (R(A) + N(A”))* = A; & A,. Define
an operator B : K — H by

0 R(A) + N(AP)
B = TB =|U|: K — Al
0 A

where U : K — A, is a unitary operator. Then, we can claim that T is left Browder.
First we prove that N(Tg) = N(A) @ {0}, which implies a(Tg) < co. It is enough to verify that

N(Tg) ¢ N(A) @ {0}. Let (;) € N(Tp), then Ax + By = 0 and Dy = 0. Thus, Ax = —By €

R(A)N A, = {0}, and hence x € N(A) and By = 0. From the definition of B, we get y = 0, which means
N(Tp) c N(A) @ {0}.

U
0
D

Next, we check that R(7) is closed. We only need to check that the range of is closed since

Y1
Vo= |0 |(n— o)
3

where y, € D(D). Then, Uy, — y;(n — o) and Dy, — y3(n — o0). Thus, we have that y, —
U~'y|(n — oo) from U is a unitary operator. We also obtain U~'y; € D(D) and DUy, = y; since D

is a closed operator. Hence,
g
0l=
3
which implies R(T') is closed.

Last, we verify that N(T}) = N (Tg;l), which induces asc(Tp) < . Let (i) eN (TgH), then

R(A) is closed. Suppose that

U
0
D

U
0
D

U_l)’1

AP*'x + APBy + AP"'BDy + - - - + ABD""'y + BDPy = 0,
DPtly = 0.

Thus, D”y € N(D) N ‘R(D?) and BD?y € (R(A) + N(AP))* c R(A)*. This implies that A”*!x + A? By +
APT'BDy + -+ -+ ABD""'y = —BDPy € R(A) N (R(A) + R(AP))* € R(A) N R(A)* = {0}, and then

AP*'x + APBy + AP"'BDy + - - - + ABDP" 'y = 0,
BDPy = 0.

We can obtain D’y = 0 by the definition of B. According to A”*'x + APBy + - - - + ABDP"'y =
A(APx + AP"'By + - - - + BDP"'y) = 0, we have
APx + AP"'By + .-+ BD" 'y € N(A).
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Let x; := APx + AP"'By + - - - + BD""'y, then
APx+AP'By +---+ ABD"?y — x; + BD""'y = 0.

It follows that A”x + A?"'By + --- + ABDP%y — x; = —=BD""'y € (R(A) + N(A)) N (R(A) + N(A"))*
(R(A) + N(AP)) N (R(A) + N(AP))* = {0}. Then, A’x + AP"'By +--- + ABD"?y — x; = —BD""'y = 0,
1.e.,

APx + AP"'By + AP"'BDy + - - - + ABDP %y = xy,

BDP 'y = 0.

Let x, := AP 'x+ AP2By+ AP"'BDy+---+ BDP~2y, then x, € N(A?), as Ax, = x; and x; € N(A). This
implies A?"'x+AP"2By+APBDy+---+ BD"3y—x, = —BD"" %2y € (R(A)+ N(A?))N(R(A)+ N (AP))* C
(R(A) + N(AP)) N (R(A) + N(AP))* = {0}, and then

Ap—lx + Ap—ZBy + AP—3BDy + -+ BDP_3y = X,
BDP 2y = 0.

Continuing this process, there is x, € N(A”) such that

Ax + By = x,,,
By = 0.

Thus, x € N(A”*") = N(A?). This induces that ()yc) € N(T?), which means that N(T?) = N(T%*"). o

Theorem 2.2. Let A € C(H) and D € C(K) be given operators with dense domains. If a(D) = oo,
then Ty is right Browder for some B € C(K,H) if and only if D is right Browder.

Proof. 1f T is right Browder for some B € C,(K, H), then D is right Fredholm and des(D) < oo by
Lemmas 1.1 and 1.2. According to the assumption a(D) = oo, we can obtain ind(D) > 0, which means
D is right Browder.

Now, we verify the reverse implication. Denote ¢ = des(D). By Lemma 1.4, we have (D7) <
q - B(D) < oo, and then R(D?) is closed. Thus, K = R(D?) & R(D?)*. This includes N(D) = [N(D) N
R(D?)] & [N(D)NR(D?)*]. According to the assumption dim(N(D)) = co and dim(N (D) N R(D?)*) <
oo, we know that dim(N (D) N R(D?)) = co. Then, there exist two infinite dimensional subspaces Q;
and €, such that N(D) N R(D?) = Q; & Q,. Define the operator B, by

Q,
Q,
N(D) N RDH-| ~
N(D)*

B:[Uooo]: H

where U : Q; — ‘H is a unitary operator. Then, we obtain that R(Tz) = [ Rg)] is closed, B(Tg) =

B(D) < o0, and a(Tp) = a(A) + dim Q, + dim(N(D) N R(D?)*) = co. Thus, we also get des(Tp) < oo
by des(D) = g < oo. This means T is right Browder. O
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Remark 2.1. Let A € C(‘H) and D € C(K) be given operators with dense domains. If Ty is Browder
for some B € C;(K,H), then a(D) < oo if and only if B(A) < oo. In fact, if Ty is Browder for some
B € C}(K,H), then A is left Fredholm with finite ascent and D is right Fredholm with finite descent,
by Lemmas 1.1 and 1.2. It follows that Ty admits the following representation:

A, By Bp R(A)
D(A) fi

Ty = 8 Bél ]133212' N(D) 77{;?5)
o o o] NOTNDA) R(D)*

where Dy : D(D) — R(D) is invertible and A; : D(A) — R(A))(= R(A)) is an operator with
closed range. Let Ai : R(A) — H be the maximal Tseng inverse of A, then AlAT = Ige). Set
I 0 -BiDy' 0

I -A'B;; 0
- -1 121
p=|0 1 —B=2D O,Q:O [ 0| then
0 0 I 0 o o 1
0 0 0 I
A 0 0
_|0 Bu O _
PTsO=|, 4 | = Toar
0 0 0

Thus, ind(Tg) = ind(Tg,,) since P and Q are both injective. Assume that a(D) < o (resp., f(A) < o
), then By is a compact operator. By Lemma 1.5, we also obtain ind(Tg) = ind(A) + ind(D) = 0.
Therefore, a(D) < oo if and only if B(A) < oo.

The next result is given under the hypothesis that S(A) and (D) are both finite.

Theorem 2.3. Let A € C(H) and D € C(K) be given operators with dense domains. Suppose that
B(A) < 00 and a(D) < oo. Then, Ty is Browder for some B € CL,(K, H) if and only if A is left Browder
D is right Browder, and a(A) + a(D) = B(A) + B(D).
Proof. Necessity. If Ty is Browder for some B € C,(K,H), then A is left Fredholm, D is right
Fredholm, asc(A) < oo, and des(D) < co by Lemmas 1.1 and 1.2. This means A is left Browder and D
is right Browder. We can also get a(A) + a(D) = B(A) + S(D) by Remark 2.1.

Sufficiency. There are two cases to consider.

Case I: Assume that a(D) < B(A), then we can define a unitary operator J; : N(D) — M,, where
M Cc R(A)* and dim(M,) = a(D). Set

10 0f. | N(D) R(A)
B= [Jl o] ' [N(D)l] - [R(A)L '

We have a(T3) = a(A) and B(T) = B(D) + B(A) — a(D). Then, asc(Tg) = asc(A) < o and a(Tp) =
B(Tp) < oo by the assumption @(A) + a(D) = B(A) + B(D). Thus, des(Tg) < oo from Lemma 1.6, which

means 1’5 is Browder.
Case II: Suppose that a(D) > B(A). Define a unitary operator J, : M, — R(A)*, where M, c N(D)

and dim(M,) = B(A). Let
5|0 O [M]_ [RA)
T 0] M| T R@ |
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We get a(T) = a(A) + a(D) — B(A) and B(Tg) = B(D). Then, des(Tp) = des(D) < oo and a(Tp) =
B(T'p) < oo by the assumption a(A) + a(D) = B(A) + B(D). Hence, a(Tj) = B(T) < oo and asc(Ty) =
des(Tpg) < oo by [1, Proposition 3.1]. Therefore, we get asc(Tp) = asc(Ty") = des(T) < oo by
Lemma 1.6. This means 7’5 is Browder. O

According to Theorems 2.1-2.3 and Remark 2.1, we obtain the theorem below, which is the main
result of this section.

Theorem 2.4. Let A € C(H) and D € C(K) be given operators with dense domains. Then, Ty is
Browder for some B € C;(K,H) if and only if A is left Browder, D is right Browder, and a(A)+a(D) =
B(A) + B(D).

Immediately, we get the following corollary, in which the set (1 BeCH(KH) o,(Tp) 1s estimated:

Corollary 2.1. Let A € C(H) and D € C(K) be given operators with dense domains. Then,

ﬂ op(Tg) = Tp(A) U op(D) UL € C s a(A — Al + a(D — A)
BEC}H(K.H)

# BA — A) + B(D — Al)}.
Remark 2.2. Theorem 2.4 and Corollary 2.1 extend the results of bounded case in [5, 18].

Theorem 2.5. Let A € C(H) and D € C(K) be given operators with dense domains. Then,
op(Tp) = 04(A) U 0p(D) (2.1)

forevery B € C; (K, H), if and only if A € 0 45(D) \ (15(A) U 05,(D)) implies a(A — AI) + a(D — Al) #
B(A — Al) + B(D — Al), where 0 ,5.(D) = {1 € C: asc(D — AI) = oo}

Proof. Equation (2.1) holds for every B € C;, (%, ‘H) if and only if
Tase(D) \ (T15(A) U 075(D)) C 0p(T)
by [2, Theorem 3.3]. That is,

TaeD)\ (TpA) VoD () oulTs).
BeCH(K,H)

This induces
Tase(D)\ (0p(A) U o m(D) c{AeC:a(A—-Al)+a(D—AI) + BA - Al) + B(D — AD)}.
O
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3. Spectra of operator matrix

Theorem 3.1. Let A € C(H) and D € C(K) with dense domains. Then, Ty is right invertible for some
B € C}(K,H) if and only if D is right invertible and a(D) > B(A).

Proof. Necessity. If T is right invertible for some B € C;(K, H), then D is right invertible and T’z has
the following representation:

Ay Bi B D(A) R(A)
Tp=10 By Bxnl: N (D) — [R(A)*].
0 0 D] [NDNDA) K
I 0 —BpD;!
Obviously, D; : N(D)* N D(A) — K is a bijection. Set P=|0 [ —ByD;'|, then
0 0 1
A1 By 0 .
PTB =10 321 0[|:= TB.
0O 0 D

Thus, R(TB) = H & K since P is bijective, and hence a(D) > B(A).
Sufficiency. There are two cases to consider.
Case I: Let a(D) = oo, then we can define a Unitary operator U : N(D) — H. Set

N(D)

B=U o]:[N(D)l

[~

Clearly, T’z is right invertible.
Cases II: Assume that @(D) < oo, then we can define the right invertible operator R : N(D) —

R(A)*. Set
B= 0 O | N(D) . R(A)
~|R O] |N(D)* RA)*|
Clearly, T’ is right invertible. O

From the above theorem and Theorems 5.2.1, 5.2.3 of [15], we can obtain the next results
immediately.

Theorem 3.2. Let A € C(H) and D € C(K) with dense domains. Then, Ty is invertible for some
B € C}(K,H) if and only if A is left invertible, D is right invertible, and a(D) > B(A).

Corollary 3.1. Let A € C(H) and D € C(K) with dense domains. Then,

o(Ts) = Tap(A) U os(D) U{d € C : a(D — A # (A — AI)).
BeC}H(K.H)

Remark 3.1. Theorem 3.2 and Corollary 3.1 are also valid for bounded operator matrix B € B(K, H).
These conclusions extend the results in [8,9, 12, 13].
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From Corollary 3.1, we have the following theorem, which extends the results of [3,7,10, 12].

Theorem 3.3. Let A € C(H) and D € C(K) be given operators with dense domains. Then,
o(Tg) = 0(A) U o(D) (3.1
for every B € CH(K, H) if and only if
Adeo,i(D)No.1(A) = a(D - Al) # A - Al)

where 0,1 (D) = {1 € C: N(D—-aI) # {0, N(D - Al) = K} and 0,1(A) ={1 € C: NA-A) =
{0}, R(A — AI) = R(A — A) + H}.

Proof. Equation (3.1) holds for every B € C;, (K, H) if and only if
Tp1(D) N1 (A) Co(Ts)

by [7, Corollary 2]. That is,

TP NoaA)yc () o).
BeCH(K.H)

This induces
opiD)No(A) c{1eC:a(D - Al) # (A — AD)}

by Corollary 3.1, 0,1(A) N 04p(A) = 0, and o, 1 (D) N o5(D) = 0. O

Applying Theorems 2.5 and 3.3 for the Hamiltonian operator matrix, we obtain the next result.

Theorem 3.4. Let H = [13 _i*] : DA)d DAY ¢ He K — H & K be a Hamiltonian operator

matrix, where A is a densely defined closed operator and B is a self adjoint operator. Then, the
following assertions hold:
(1) For every C € C;.(K,H),
op(H) = —0p(A)" U 0p(A) (3.2)

if and only if
A€ Tuse(A)\ (~op(A) U 05 (A")) = a(A — AD) + a(A + AI) # BA — AD) + B(A + AD).

(2) For every C € C;.(K,H),
o(H) = —0(A)" Uo(A) 3.3)

if and only if
Ae (=01 (A N (A) \{A € C: Red =0} = B(A + AI) # S(A — AD).
In particular, if 0,.1(A) does not include symmetric points about the imaginary axis, then (3.3) holds.

AIMS Mathematics Volume 9, Issue 2, 5110-5121.
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Example 3.1. Consider the plate bending equation in the domain {(x,y) : 0 <x < 1,0 <y < 1}

i ’>
D(ﬁ + (’)_yz) w=0
with boundary conditions

w(x,0) = w(x,1) =0,

Pw  Pw
W+a—y2—0,y—0,l.
Set
2] a_a) - ((93_0)4_63_&) - — (32_w+82_a))
o1 ge T 02 " 3y

w 0 1 0 0]/
ale|_|-& o 0o —4||e
Eq_ooog—iq

m 0 0 -1 0]|\m

and the corresponding Hamiltonian operator matrix is given by

0 1 0 0

HZ—%—;OO—Z%ZAB
0 00 £17]0 -a
0 0 -1 0

with domain D(A) & D(A*) Cc H & H, where H = L,(0,1) ® L,(0, 1), A = AC[0, 1], and

0 1 0O O
A:[—d—z ol’B:[o ]

dy?

D(A) = {(‘g) eH:w0)=wl)=0,0 e A w € 74}.

By a simple calculation, we get 0,1(A) = 0 and 0(A) = {kn : k = £1,+£2,...}. By Theorem 3.4, we
get
o(H)=-0AYVUoA) =tk k=+x1,£2,..}.

On the other hand, we can easily calculate that
oH)=tkn:k=+1,£2,..} = —c(A") U g (A).

AIMS Mathematics Volume 9, Issue 2, 5110-5121.



5120

4. Conclusions

0 D
space are considered in this paper. Specifically, some sufficient and necessary conditions are described
under which T is Browder (resp., invertible) for some closable operator B with D(B) > D(D).
Additionally, a sufficient and necessary condition is obtained under which the Browder spectrum (resp.,
spectrum) of Tz coincides with the union of the Browder spectrum (resp., spectrum) of its diagonal
entries. These results also hold for bounded operator matrix. As an application, the corresponding
properties of the Hamiltonian operator matrix from elasticity theory are given.

. . . A Bj|. .
Certain spectral and Browder spectral properties of closed operator matrix 75 = [ ] in a Hilbert
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