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Abstract: In this article, we study a class of fractional Kirchhoff with a superlinear nonlinearity:M(
∫
RN |(−△)

α
2 u|2dx)(−△)αu + λV(x)u = f (x, u) in RN ,

u ∈ Hα(RN), N ≥ 1, (1.1)

where λ > 0 is a parameter, a and b are positive numbers satisfying M(t) = am(t) + b, m : R+ → R+ is
continuous. V : RN × R → R is continuous. f satisfies lim

|t|→∞
f (x, t)/|t|k−1 = Q(x) uniformly in x ∈ RN

for each 2 < k < 2∗α, (2
∗
α =

2N
N−2α ). We investigated the effects of functions m and Q on the solution.

By applying the variational method, we obtain the existence of multiple solutions. Furthermore, it is
worth mentioning that the ground state solution has also been obtained.
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1. Introduction and main results

In this article, we investigate the existence of nontrivial solutions for the following fractional
Kirchhoff equations with steep potential well:M(

∫
RN |(−△)

α
2 u|2dx)(−△)αu + λV(x)u = f (x, u) in RN ,

u ∈ Hα(RN), N ≥ 1,
(1.1)

where 0 < α < 1, (−△)α stands for the fractional Laplacian, and f : RN × R → R is continuous.
a, λ are positive parameters, b is a nonnegative parameter, 2∗α := 2N

N−2α is the critical Sobolev exponent.
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Equation (1.1) is related to the stationary analogue of the equation{
ρutt −

(
P0
h +

E
2L

∫ L

0
|ux|

2dx
)

uxx = 0, (1.2)

where P0, h, E, L are constants, and (1.2) was proposed by Kirchhoff [1] as an extension of
D’Alembert’s wave equation for free vibrations of elastic strings. Kirchhoff’s model takes into account
the changes in length of the string produced by transverse vibrations. In [2], Fiscella and Valdinoci first
proposed a stationary fractional Kirchhoff variational model with homogeneous Dirichlet boundary
conditions and critical nonlinearity:M(

∫
RN |(−△)

α
2 u|2dx)(−△)αu = λ f (x, u) + |u|2

∗
s−2u in RN ,

u = 0, in RN\Ω.
(1.3)

where M is a continuous Kirchhoff function whose model case is given by M(t) = a + bt. They proved
the existence of a solution for the truncated problem. They also obtained the sign of the weak solutions
of problem (1.3). There are some interesting results about fractional Kirchhoff equations (see [3–17]
and their references). On the other hand, some studies have focused on the existence and multiplicity
of solutions for fractional Kirchhoff equations see [18–26]. In particular, in [22], they studied the
following fractional Kirchhoff equation(

p + q(1 − s)
∫ ∫

R2N

|u(x) − u(y)|2

|x − y|N+2s dxdy
)

(−△)su = g(u), in RN ,

Under the Berestycki-Lions type assumptions. Applying minimax arguments, they established a
multiplicity result for the above equation, provided that q is sufficiently small.

In another study [23], the authors studied the existence of multiple solutions for the following
fractional p-Kirchhoff equationM

(∫
R2N

|u(x)−u(y)|p

|x−y|n+ps dxdy
)

(−△)s
pu = λ|u|q−2u + |u|

r−2u
|x|α in Ω,

u = 0 in RN/Ω.

Applying fibering maps and Nehari manifold, they obtained that the existence of multiple solutions to
the above equation for both Hardy-Sobolev subcritical and critical cases.

Peng and Xia (see [24]) considered the existence, multiplicity and concentration of non-trivial
solutions of the following concave-convex elliptic equations involving fractional Laplacian:(−△)αu + Vλ(x)u = α(x)|u|q−2u + b(x)|u|p−2u in RN ,

u ≥ 0 in RN .

They obtained multiplicity of solutions by applying Nehari manifold decomposition research.
Inspired by some of the previous results, and unlike other literature, we mainly discuss the influence

of the number of solutions for functions m and f . We find that the number of differently solutions are
obtained when the assumptions about m and f are different. Moreover, we also discuss the existence
of ground state solution.
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In the next step, we assume the potential function V(x) as follows:
(V1) V ∈ C(RN ,R) and V ≥ 0 on RN;
(V2) There exists c > 0 such that the set

{V < c} := {x ∈ RN |V(x) < c}

is nonempty and has finite measure;
(V3) Let Ω = intV−1(0) be a nonempty and smooth boundary with Ω = V−1(0).
(V1) − (V3) are introduced by Bartsch and Wang, please refer to reference [27].

Finally, We can state the following our main results.

Theorem 1.1. Assume that (V1)− (V3) are satisfied, N ≥ 1. Especially, under the following hypotheses
(F1) − (F3) on m and f for any 2 < k < 2∗α;
(F1) there exists a constant m∞ > 0 such that lim

t→∞

m(t)

t
k−2

2
= m∞ and

∫ η

δ
m(t)dt ≥ 2(η−δ)

k m(η) for every
0 ≤ δ < η;
(F2) there exist Q ∈ L∞(RN) and 0 ≤ µ < N − k(N−2α)

2 satisfying Q . 0 on Ω and lim inf
|x|→∞

|x|µQ(x) > 0

such that lim
t→∞

f (x,t)
tk−1 = Q(x) uniformly for x ∈ RN;

(F3) For any fixed real constant x ∈ (0,∞), t → f (x,t)
tk−1 is nondecreasing function. Then there exists

γ̃ > 0 such that equation (1.1) admits at least one positive solution for all λ > γ̃ and a > 0.
We now assume that the function m satisfies the following assumptions instead of condition (F1):
(F4) The function m(t) is nondecreasing for t ∈ (0,+∞);
(F5) There are constants greater than zero m0, σ and ϱ0 such that m(t) ≥ m0tσ for every t ≥ ϱ0.
Then we have the following result.

Theorem 1.2. Assume that (V1) − (V3), (F4) and (F5) with σ ≥ 2N
N−2α are satisfied, N ≥ 3. In addition,

for any real number 2 < k < 2∗α, let us suppose that the function f satisfies condition (F1), (F2). Then
there exist positive numbers ã∗, γ̃∗ > 0 such that for every 0 < a < ã∗ and λ > γ̃∗, Equation (1.1) admits
at least two positive solutions u1

a,λ and u2
a,λ satisfying Ja,λ(u1

a,λ) < 0 < Ja,λ(u2
a,λ). In particular, u1

a,λ is
also a ground state solution of Eq (1.1).
(F6) there exist the function Q(x) satisfying Q(x) . 0 on Ω and Q(x) ≤ c∗|x|

k(N−2α)
2 −N for some c∗ > 0

and for all x ∈ RN such that lim
t→∞

f (x,t)
tk−1 = Q(x) uniformly in x ∈ RN .

Theorem 1.3. Assume that (V1) − (V3) are satisfied, N ≥ 3. Furthermore, for any real number
2 < k < 2∗α, and let us suppose that conditions (F1), (F6) and (F3) are satisfied. Then for each
0 < a < 1

m∞µ̃k
0

there exists γ > 0 such that Equation (1.1) admits at least one positive solution for all
λ > γ.

Theorem 1.4. Assume that (V1) − (V3), (F3) are satisfied, N ≥ 3. Furthermore, for every 2 < k < 2∗α,
and let us suppose that conditions (F4) with σ > k−2α

2α , (F6) and (F3) hold. Then there exists constants
a∗, γ∗ > 0 such that for every 0 < a < a∗ and λ > γ∗, Equation (1.1) admits at least two nontrivial
solutions u1

a,λ > 0 and u2
a,λ > 0 satisfying Ja,λ(u1

a,λ) < 0 < Ja,λ(u2
a,λ). Especially, u1

a,λ is also a ground
state solution of Eq (1.1).

Remark 1.5. For each k ∈ [1, 2∗α − 1), given the definition

λk
0 := inf

u∈E0

(
∫
Γ

|u(x)−u(y)|2

|x−y|N+2α dxdy)
k+1

2∫
Ω

Q(x)|u|k+1dx
> 0, (1.4)
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where Γ = R2N |(Ωc ×Ωc),Ωc = RN |Ω,Q(x) is bounded on Ω with Q+ , 0,

E0 = {φ ∈ L2(Ω)|
∫
Γ

|φ(x) − φ(y)|
|x − y|N+2α dxdy < ∞, φ(x) = 0, i f x ∈ Ω}

Which is achieved by ϕk ∈ E0 with
∫
Ω

Q(x)|u|k+1dx = 1 and ϕk > 0 a.e. in Ω, by Fatou’s Lemma and
the compactness embedding theorem from E0 into Lk+1(Ω) [28]. Under conditions (F6) and (1.4), it is
easing seen that for any 1 < k < 2∗α, the minimum problem

µ̃k
0 := inf

u∈E0

(
∫
Γ
|(−△)

α
2 u|2dx)

k
2∫

Ω
|x|(

k(N−2α)
2 −N)|u|kdx

>
v(k)

1

c∗
> 0. (1.5)

Notation. We will use the following notation: C represents various positive constants;→ (⇀) means
various strong (weak) convergence; o(1) means o(1) → 0 as n → ∞; and Bρ(0) represents a ball
centered at the origin with radius ρ > 0.

The remaining content of this article as follows: Section 2 introduces some preliminary results and
some results will be used. Section 3 proving the main results.

2. Variational setting and preliminaries

We now collect some preliminary results for the fractional Laplacian. A complete introduction of
fractional Sobolev space Hα(RN) can be found in [29].

For any α ∈ (0, 1), the fractional Sobolev space Hα(RN) is defined by

Hα(RN) :=
{

u ∈ L2(RN) :
|u(x) − u(y)|

|x − y|
N+2α

2

∈ L2(RN × RN)
}

It is widely known that
∫
R2N

|u(x)−u(y)|2

|x−y|N+2α dxdy = c−1
α

∫
RN |(−△)

α
2 u|2dx where cα = 1

2

(∫
RN

1−cosξ
|ξ|N+2α dξ

)−1
we

endow the space Hα(RN) with the norm

E =
{

u ∈ Hα(RN) :
∫
RN

V(x)u2dx < +∞
}

Eλ =

{
u ∈ Hα(RN) :

∫
RN
λV(x)u2dx < +∞

}
It is Hilbert space equipped by the following norm

⟨u, u⟩ = ∥u∥2Hα(RN ) =

∫
RN

(|(−△)
α
2 u|2 + V(x)u2)dx, u ∈ Hα(RN)

and
⟨u, u⟩λ = ∥u∥2Hα(RN ),λ =

∫
RN

(|(−△)
α
2 u|2 + λV(x)u2)dx, u ∈ Hα(RN).

Hα(RN) is also the completion of C∞0 (RN) with ∥ · ∥Hα(RN ) and it is continuously embedded into Lq(RN)
for q ∈ [1, 2∗α]. The homogeneous space Dα,2(RN) is

Dα,2(RN) :=
{

u ∈ L2∗α(RN) :
|u(x) − u(y)|

|x − y|
N+2α

2

∈ L2(RN × RN)
}
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and it is also the completion of C∞0 (RN) with respect to the norm

∥u∥Dα,2 =

(∫
RN
|(−△)

α
2 u|2dx

) 1
2

.

The energy functional is defined Jµ
λ,a on Eλ as follows.

Jλ,a(u) =
a
2

m̂
(∫
RN
|(−△)

α
2 u|2dx

)
+

1
2

(
b
∫
RN
|(−△)

α
2 u|2dx +

∫
RN
λV(x)u2dx

)
−

∫
RN

F(x, u)dx (2.1)

for all u ∈ Hα(RN).

Furthermore, it is easy to prove that we can obtain Jλ,a ∈ C1(Hα(RN),R), and if ϕ is a solution of
Eq (1.1), we can get,

⟨J ′λ,a(u), ϕ⟩ =
[
am(

∫
RN
|(−△)

α
2 u|2dx) + b

] ∫
RN

(−△)
α
2 u(−△)

α
2ϕdx

+

∫
RN
λV(x)uϕdx −

∫
RN

f (x, u)ϕdx (2.2)

for all ϕ ∈ Hα(RN).
The following inequalities will be applied to some related theorems.
For any λ > 0. By condition (V1) and fractional Gagliardo-Nirenberg inequality (see [30]), we obtain∫

RN
u2dx =

∫
{V≥c}

u2dx +
∫
{V<c}

u2dx

≤
1
c

∫
{V≥c}

V(x)u2dx +
(
|{V < c}|

∫
RN

u4dx
) 1

2

≤
1
c

∫
RN

V(x)u2dx + β2|{V < c}|
1
2 ∥u∥

N
2
Dα,2∥u∥

4−N
4

L2

≤
1
c

∫
RN

V(x)u2dx +
Nβ

8
N

4
|{V < c}|

2
N

∫
RN
|(−△)

α
2 u|2dx + (1 −

N
4

)
∫
RN

u2dx

which conclude that∫
RN

u2dx ≤
4

Nc

∫
RN

V(x)u2dx + β
8
N |{V < c}|

2
N

∫
RN
|(−△)

α
2 u|2dx

≤ (1 + β
8
N |{V < c}|

2
N )∥u∥2Hα(RN),λ

For λ ≥ 4
Nc (1 + β

8
N |{V < c}|

2
N )−1.

where S α := inf
u∈Dα,2,u,0

∫
RN |(−△)

α
2 u|2dx

(
∫
RN |u|2

∗
αdx)

2
2∗α

, which is introduced in [31](see Theorem 1.1).

∫
RN
|u|rdx ≤

(∫
RN
|u|2dx

) 2∗α−r
2∗α−2

(∫
RN
|u|2

∗
αdx

) r−2
2∗α−2

AIMS Mathematics Volume 9, Issue 2, 4135–4160.
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=

(∫
{V≥c}
|u|2dx +

∫
{V<c}
|u|2dx

) 2∗α−r
2∗α−2

(
S −2∗α
α (

∫
RN
|(−△)

α
2 u|2dx)

2∗α
2

) r−2
2∗α−2

≤

(
1
λc

∫
RN
λV(x)u2dx + |{V < c}|

2∗α−2
2∗α S −2

α

∫
RN
|(−△)

α
2 u|2dx

) r−2
2∗α−2

·

S −2∗α
α

(∫
RN
|(−△)

α
2 u|2 + λV(x)u2dx

) 2∗α
2


r−2

2∗α−2

≤

[
max

{
1
λc
, S −2

α |{V < c}|
2∗α−2

2∗α

}∫
RN

(|(−△)
α
2 u|2 + λV(x)u2)dx

] 2∗α−r
2∗α−2

S
−2∗α(r−2)

2∗α−2
α

·

(∫
RN
|(−△)

α
2 u|2 + λV(x)u2dx

) 2∗α(r−2)
2∗α−2

≤ |{V < c}|
2∗α−r

2∗α S −r
α ∥u∥

r
Hα(RN ),λ (2.4)

when λ ≥ S 2
α

c |{V < c}|
2−2∗α

2∗α . Since the imbedding Hα(RN) ↪→ Lq(RN) (2 ≤ q < ∞) is continuous for
N = 1, 2. Similar to (2.4) we have

∫
RN |u|rdx ≤ S −r

α (1 + β
8
N |{V < c}|

2
N )

r
2 ∥u∥rHα(RN ),λ we set

γN :=


4

Nc(1+β
8
N |{V<c}|

2
N )

if N = 1, 2,
S 2
α

c |{V < c}|−
2
N , if N ≥ 3;

(2.5)

and

τr,N :=

S −r
α (1 + β

8
N |{V < c}|

2
N )

r
2 if N = 1, 2,

|{V < c}|
2∗α−r

2∗α S −r
α , if N ≥ 3;

(2.6)

3. Proofs of Theorem 1.1–1.4

To complete the proof of Theorem 1.1-1.3, we need the following result.

Lemma 3.1. If assumptions (V1) − (V3) and (F1), (F2) are satisfied. Then for each λ ≥ γN there eixists
∥u∥Hα(RN ),λ = r0 > 0 and a constant ϱ0 > 0 such that

infJλ,a(u) : u ∈ Eλ with ∥u∥Hα(RN ),λ = r0 > ϱ0

Proof. It follows from assumption (F1) − (F2) that we have

f (x, t) ≤ Q(x)tk−1 f or all t ≥ 0 (3.1)

and
F(x, t) ≤

1
k

Q(x)tk f or all t ≥ 0. (3.2)

Thus, using (2.6) and (3.2), we have, for u ∈ E and λ ≥ γN∫
RN

F(x, u)dx ≤
|Q|∞τk,N

k
∥u∥kHα(RN ),λ.
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We can infer that

Jλ,a(u) =
a
2

m̂
(∫
RN
|(−△)

α
2 u|2dx

)
+

(
b
2

∫
RN
|(−△)

α
2 u|2dx +

1
2

∫
RN
λV(x)u2dx

)
−

∫
RN

F(x, u)dx

≥ min
{

1
2
,

b
2

}
∥u∥2Hα(RN ),λ −

|Q|∞τk,N

k
∥u∥kHα(RN ),λ.

Hence, there exists ∥u∥Hα(RN ),λ = r0 > 0 small enough, we can get that there exists a constant ϱ0 > 0
such that

infJλ,a(u) : u ∈ Eλ with ∥u∥Hα(RN ),λ = r0 > ϱ0

for all λ ≥ γN , where 2 < k < 2∗α. which is what we wanted to prove. □

By the following Lemma 3.2 and Lemma 3.3, we are able to proof that the functional Jµ
λ,a satisfies the

mountain pass geometry.

Lemma 3.2. If assumptions (V1)−(V3), (F6) and (F3) are satisfied. Then there exist ∥u∥Hα(RN ),λ = r0 > 0
and a constant ϱ0 > 0 such that

inf
{
Jλ,a(u) : u ∈ Eλ with ∥u∥Hα(RN ),λ = r0

}
> ϱ0

for each a > 0 and λ ≥ γN .

Proof. By assumption (F6) and (F3), we have

f (x, t) ≤ c∗|x|(
k(N−2α)

2 −N)tk−1 f or all t ≥ 0 (3.3)

and
F(x, t) ≤

c∗

k
|x|(

k(N−2α)
2 −N)tk f or all t ≥ 0. (3.4)

Then, using (1.4) and (3.4), for each u ∈ E and λ ≥ γN , we obtain∫
RN

F(x, u)dx ≤
c∗

k

∫
RN
|x|(

k(N−2α)
2 −N)|u|kdx ≤

c∗

kv(k)
1

(
∫
RN
|(−△)

α
2 u|2dx)

k
2

≤
c∗

kv(k)
1

∥u∥kHα(RN ),λ (3.5)

So we can infer that

Jλ,a(u) ≥
1
2

(
b
∫
RN
|(−△)

α
2 u|2dx +

∫
RN
λV(x)u2dx

)
−

c∗

kv(k)
1

∥u∥kHα(RN ),λ

≥ min{
b
2
,

1
2
}∥u∥2Hα(RN ),λ −

c∗

kv(k)
1

∥u∥kHα(RN ),λ.

Hence, there exists ∥u∥Hα(RN ),λ = r0 > 0 small enough, we can get that there exists a constant ϱ0 > 0
such that

inf
{
Jλ,a(u) : u ∈ Eλ with ∥u∥Hα(RN ),λ = r0

}
> ϱ0

for all λ ≥ γN , with 2 < k < 2∗α. which is what we wanted to prove. □
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Lemma 3.3. If assumptions (V1) − (V3), (F1) and (F2) − (F3) are satisfied. As in Lemma 3.1 r0 > 0.
Then there exists v0 ∈ E with ∥v0∥Hα(RN ),λ > r0 such that Jλ,a(v0) < 0, where λ and a are positive
numbers.

Proof. We set u ∈ E\{0} with u > 0 and define un(x) = n−
N
k u( x

n ). It is easy to compute that∫
RN
|(−△)

α
2 un|

2dx = nN−2α− 2N
k

∫
RN
|(−△)

α
2 u|2dx

and ∫
RN

Q(x)uk
ndx = n−N

∫
RN

Q(x)uk(
x
n

)dx =
∫
RN

Q(nx)uk(x)dx.

Hence, Using (F2) and Fatou’s lemma, we have∫
RN |(−△)

α
2 un|

2dx)k∫
RN Q(x)uk

ndx
=

n−(N− k(N−2α)
2 )

∫
RN |(−△)

α
2 u|2dx)k∫

RN Q(nx)ukdx
=

(
∫
RN |(−△)

α
2 u|2dx)2k

nN− k(N−2α)
2

∫
RN Q(x)ukdx

≤
Ω
µ
0

∫
RN |(−△)

α
2 u|dx

CnN− k(N−2α)
2 −µ

∫
|x|≤Ω0

uk(x)dx
→ 0 as n→ ∞

It is following that

inf
u∈E

(
∫
RN |(−△)

α
2 u|2dx)

k
2∫

RN Q(x)|u|kdx
= 0.

Therefore, for every a > 0, there exists ϕk ∈ E\{0} with ϕk > 0 such that

am∞(
∫
RN
|(−△)

α
2ϕk|

2dx)k −

∫
RN

Q(x)ϕk
kdx < 0.

Applying the above inequality, and by (F1), (F2) − (F3) and Lebesgue’s dominated convergence
theorem, we obtain

lim
t→∞

Ja,λ(tϕk)
tk = lim

t→+∞

1
2tk−2

(
b
∫
RN
|(−△)

α
2ϕk|

2dx +
∫
RN
λV(x)ϕ2

kdx
)

+ lim
t→+∞

am̂(t2
∫
RN |(−△)

α
2ϕk|

2dx)

(2tk
∫
RN |(−△)

α
2 u|2dx)k

∫
RN
|(−△)

α
2ϕk|

kdx −
∫
RN

F(x, tϕk)
tkϕk

k

ϕk
kdx


≤

1
k

(
(am∞

∫
RN
|(−△)

α
2ϕk|

2dx)k −

∫
RN

Q(x)ϕk
kdx

)
< 0

Which means that Ja,λ(tϕk) → −∞ as t → +∞. Hence, there exists v0 ∈ E with ∥v0∥Hα(RN ),λ > r0 such
that Ja,λ(v0) < 0. Thus, we complete the proof. □

Now, we can obtain the following lemma and then finally yield the convergence result.

Lemma 3.4. If assumptions (V1) − (V3) and (F2) − (F3) are satisfied. As in Lemma 3.1 r0 > 0. Then
there exist ã∗ > 0 and v0 ∈ E with ∥v0∥Hα(RN ),λ > r0 such that Ja,λ(v0) < 0 for all 0 < a < ã∗ and λ > 0.
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Proof. By Lemma 3.3, using (F2), for ϕk ∈ E\{0} let ϕk > 0 satisfy
∫
RN Q(x)ϕk

kdx > 0. Then from
(F2) − (F3) and Lebesgue’s dominated convergence theorem, we have

lim
t→∞

Jλ,0(tϕk)
tk = lim

t→∞

1
2tk−2

(
b
∫
RN
|(−△)

α
2 u|2dx +

∫
RN
λV(x)ϕ2

kdx
)

− lim
t→∞

∫
RN

F(x, tϕk)
tkϕk

k

dx

≤ −
1
k

∫
RN

Q(x)ϕk
kdx < 0

where Jλ,0(u) = Jλ,a(u) with a = 0. Hence Jλ,0(tϕk) → −∞ as t → ∞, then there exists v0 ∈ E with
∥v0∥Hα(RN ),λ > r0 such that Jλ,0(v0) < 0. Since Jλ,a → Jλ,0(v0) as a → 0+, we get that there exists
ã∗ > 0 such that Jλ,a(v0) < 0 for all constants 0 < a < ã∗ and λ > 0. □

Lemma 3.5. If assumptions (V1) − (V3), (F1). (F6) and (F3) are satisfied. Let r0 > 0 be as Lemma 3.2.
Then for each 0 < a < 1

m∞µ̃
(k)
0

, there exists v0 ∈ E with ∥v0∥Hα(RN ),λ > r0 such that Ja,λ(v0) < 0 for every

λ > 0.
Proof. It follows from (1.5) that for each 0 < a < 1

m∞µ̃k
0
, there exists φk ∈ Hα(RN) with ψk > 0 such that

µ̃k
0 ≤

(
∫
RN |(−△)

α
2φk|

2dx)k∫
RN Q(x)φk

kdx
<

1
am∞

,

which implies that

am∞(
∫
RN
|(−△)

α
2φk|

2dx)k −

∫
RN

Q(x)φk
kdx <

1
µ̃k

0

(
∫
RN
|(−△)

α
2φk|

2dx)k −

∫
RN

Q(x)φk
kdx ≤ 0.

Using this, together with conditions (F1), (F6), (F3) and Lebesgue’s dominated convergence theorem,
yields

lim
t→∞

Jλ,a(tφk)
tk = lim

t→∞

1
t2k−2

(
b
∫
RN
|(−△)

α
2φk|

2dx +
∫
RN
λV(x)φ2

kdx
)

+ lim
t→∞

am̂(t2
∫
RN |(−△)

α
2φk|

2dx)

2tk(
∫
RN |(−△)

α
2φk|

2dx)k
(
∫
RN
|(−△)

α
2φk|

2dx)k −

∫
RN

F(x, tφk)
tkφk

k

dx


≤

am∞(
∫
RN |(−△)

α
2φk|

2dx)k

k
−

1
k

∫
RN

Q(x)φk
kdx

=
1
k

(
am∞(

∫
RN
|(−△)

α
2φk|

2dx)k −

∫
RN

Q(x)φk
k

)
≤ 0

This implies that Jλ,a(tφk) → −∞ as t → ∞. Hence, for each 0 < a < 1
m∞µ̃k

0
, there exists v0 ∈ E with

∥v0∥Hα(RN ),λ > r0 such that Ja,λ(v0) < 0 for all λ > 0. we complete the proof.

Lemma 3.6. If assumptions (V1) − (V3), (F6) and (F3) are satisfied. r0 > 0 is defined as in the proof of
Lemma 3.2. Then there exists constants a∗ > 0 and v0 ∈ E with ∥v0∥Hα(RN ),λ > r0 such that Jλ,a(v0) < 0
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for each 0 < a < a∗ and λ > 0.
Proof. We can get the result as in the proof of Lemma 3.4, so we omit it here. □

Proof of Theorem 1.1
By Lemma 3.1 and 3.3 and the mountain pass theorem [32], we get that for every λ ≥ γN and a > 0,
there exists a sequence {un} ⊂ Eλ such that

Ja,λ(un)→ αa,λ and 1 + ∥un∥Hα(RN ,λ)∥J
′
a,λ∥E−1

λ
→ 0 (4.0)

as n→ ∞ where 0 ≤ αa,λ ≤ αa,0 ≤ Da. By the following some lemmas we able to get our main result.

Lemma 4.1. If assumptions (V1) − (V3), (F1) and (F3) are satisfied. Then for every constant a > 0 and
λ ≥ γN , we can admits an bounded sequence {un} in Eλ as in the define of (4.0).
Proof. Using (F3), for any t > 0 we obtain that

F(x, t) −
1
k

f (x, t)t =
∫ t

0

(
f (x, s)
sk−1 −

f (x, t)
tk−1

)
sk−1ds ≤ 0. (4.1)

For n→ ∞, note that by (F1) and (4.0) − (4.1) we have

αλ,a + 1 ≥Jλ,a(un) −
1
k
⟨J ′λ,a(un), un⟩

=
k − 2

2k

(
b
∫
RN
|(−△)

α
2 un|

2dx + λV(x)u2
ndx

)
+

a
2

[
m̂(

∫
RN
|(−△)

α
2 un|

2dx) −
2
k

m(
∫
RN
|(−△)

α
2 un|

2dx)
∫
RN
|(−△)

α
2 un|

2dx
]

−

∫
RN

[F(x, un) −
1
k

f (x, un)un]dx

≥
(k − 2)min{b, 1}

2k

∫
RN
|(−△)

α
2 un|

2 + λV(x)u2
ndx

we also deduce that {un} is bounded in Eλ for each a > 0 and λ ≥ γn. □

Lemma 4.2. If assumptions (V1) − (V3), (F5) with σ ≥ 2α
N−2α and (F2) − (F3) are satisfied when N ≥ 3 .

Then for all 0 < a < ã∗ and

λ > Λ̃0 :=


|Q|∞
c0

max{( |Q|∞
am0S

2∗α
α

), 2∗α−k
2∗α−2 }, i f σ = 2α

N−2α
|Q|∞(2∗α−k)
c0(2∗α−2) , i f σ > 2α

N−2α ;

we can admits an bounded sequence {un} in Eλ as in the define of (4.0).
Proof. (i) σ = 2α

N−2α : Note that 2(δ + 1) = 2∗α. By using reduction to absurdity. Set ∥un∥Hα(RN ),λ → ∞ as
n→ ∞. This proof is divided into three cases:
Case I:

∫
RN |(−△)

α
2 u|2dx→ ∞ and∫

RN λV(x)u2
ndx

(
∫
RN |(−△)

α
2 u|2dx)2(σ+1)

= λc0S −2∗α
α (
|Q|∞
λc0

)
2∗α−2
k−2 . (4.2)
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Using (4.0), we obtain that
⟨J ′a,λ(un), un⟩

(
∫
RN |(−△)

α
2 u|2dx)2(σ+1)

= o(1),

Applying (F5) and (3.1), we get that

o(1) =
am(

∫
RN |(−△)

α
2 un|

2dx)
∫
RN |(−△)

α
2 un|

2dx

(
∫
RN |(−△)

α
2 un|

2dx)2(σ+1)
+

b
∫
RN |(−△)

α
2 un|

2dx +
∫
RN λV(x)u2

ndx

(
∫
RN |(−△)

α
2 un|

2dx)2(σ+1)

−

∫
RN f (x, un)undx

(
∫
RN |(−△)

α
2 un|

2dx)2(σ+1)

≥am0 +
b

(
∫
RN |(−△)

α
2 un|

2dx)2σ
+

∫
RN λV(x)u2

ndx − |q|∞
∫
RN |un|

kdx

(
∫
RN |(−△)

α
2 un|

2dx)2(σ+1)
(4.3)

In addition, we have∫
RN
|un|

kdx ≤ S
−

2∗α(k−2)
2∗α−2

α (λc0)−
2∗α−k
2∗α−2 (

∫
RN
λV(x)u2

ndx)
2∗α−k
2∗α−2 (

∫
RN
|(−△)

α
2 un|

2dx)
2∗α(k−2)

2∗α−2

+ |{V < c0}|
2∗α−k

2∗α S −k
α (

∫
RN
|(−△)

α
2 un|

2dx)2k

Thus, we obtain that∫
RN λV(x)u2

ndx − |Q|∞
∫
RN |un|

kdx∫
RN |(−△)

α
2 un|

2dx)2(σ+1)

≥

∫
RN λV(x)u2

ndx∫
RN |(−△)

α
2 un|

2dx)2(σ+1)

1 − |Q|∞(λc0)−
2∗α−k
2∗α−2 (

S −2∗α
α

∫
RN |(−△)

α
2 un|

2dx)2∗α∫
RN λV(x)u2

ndx
)

k−2
2∗α−2


−

|Q|∞|{V < c0}|
2∗α−k

2∗α

S k
α(

∫
RN |(−△)

α
2 un|

2dx)2(σ+1)−k
(4.4)

To proceed, note that by (4.2) − (4.4) we have

o(1) ≥am0 +
b

(
∫
RN |(−△)

α
2 un|

2dx)2σ
−

|Q|∞|{V < c0}|
2∗α−k

2∗α

S k
α(

∫
RN |(−△)

α
2 un|

2dx)2(σ+1)−k

+

∫
RN λV(x)u2

ndx

(
∫
RN |(−△)

α
2 un|

2dx)2(σ+1)
· [1 − |Q|∞(λc0)−

2∗α−k
2∗α−2 (

S −2∗α
α (

∫
RN |(−△)

α
2 un|

2dx)2∗α∫
RN λV(x)u2

ndx
)

k−2
2∗α−2 ]

=am0 +

∫
RN λV(x)u2

ndx

(
∫
RN |(−△)

α
2 un|

2dx)2(σ+1)
· [1 − |Q|∞(λc0)−

2∗α−k
2∗α−2 (

S −2∗α
α (

∫
RN |(−△)

α
2 un|

2dx)2∗α∫
RN λV(x)u2

ndx
)

k−2
2∗α−2 ]

+ o(1)
≥am0 + o(1)
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But it’s a paradox.
Case II:

∫
RN |(−△)

α
2 un|

2dx→ ∞ and∫
RN λV(x)u2

ndx

(
∫
RN |(−△)

α
2 un|

2dx)2(σ+1)
< λc0S −2∗α

α (
|Q|∞
λc0

)
2∗α−2
k−2 . (4.5)

Using (2.4) and (2.6) leads to∫
RN |un|

kdx

(
∫
RN |(−△)

α
2 un|

2dx)2(σ+1)
≤ S −2∗α

α (
|Q|∞
λc0

)
2∗α−2
k−2 +

S −k
α |{V < c0}|

2∗α−k
2∗α

(
∫
RN |(−△)

α
2 un|

2dx)2(δ+1)−k

= S −2∗α
α (
|Q|∞
λc0

)
2∗α−2
k−2 + o(1) (4.6)

In view of (4.3) and (4.6) we have

o(1) =
⟨Ja,λ(un), un⟩

(
∫
RN |(−△)

α
2 un|

2dx)2(σ+1)

≥ am0 +
b

(
∫
RN |(−△)

α
2 un|

2dx)2σ
+

∫
RN λV(x)u2

ndx

(
∫
RN |(−△)

α
2 un|

2dx)2(σ+1)
−

|Q|∞
∫
RN |un|

kdx

(
∫
RN |(−△)

α
2 un|

2dx)2(σ+1)

≥ am0 +

∫
RN λV(x)u2

ndx

(
∫
RN |(−△)

α
2 un|

2dx)2(σ+1)
− |Q|∞S −2∗α

α (
|Q+|∞
λc0

)
2∗α−2
k−2 + o(1)

≥ am0 − |Q|∞S −2∗α
α (
|Q+|∞
λc0

)
2∗α−2
k−2 + o(1)

This a contradicts with

λ >
|Q|∞
c0

(
|Q|∞

am0S 2∗α
α

)
k−2
2∗α
−k
.

Case III:
∫
RN λV(x)u2

ndx → ∞ and
∫
RN |(−△)

α
2 un|

2dx ≤ C∗ for some C∗ > 0 and for every n. Using
(2.4), (2.2) and (F5) it conclude that

o(1) =
am(

∫
RN |(−△)

α
2 un|

2dx)
∫
RN |(−△)

α
2 un|

2dx∫
RN λV(x)u2

ndx
+

b
∫
RN |(−△)

α
2 un|

2dx +
∫
RN λV(x)u2

ndx∫
RN λV(x)u2

ndx

−

∫
RN f (x, un)undx∫
RN λV(x)u2

ndx

≥
b
∫
RN |(−△)

α
2 un|

2dx∫
RN λV(x)u2

ndx
+ 1 −

|Q|∞
∫
RN |un|

kdx∫
RN λV(x)u2

ndx
(4.7)

By (2.4) and the Young inequality we also get that∫
RN
|un|

kdx ≤
2∗α − k
2∗α − 2

(
1
λ

∫
RN
|(−△)

α
2 un|

2dx + |{V < c0}|
2
N S −2

α

∫
RN
|(−△)

α
2 un|

2dx
)
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+
k − 2
2∗α − 2

S −2∗α
α (

∫
RN
|(−△)

α
2 un|

2dx)2∗α . (4.8)

By (4.8) and the fact of
∫
RN |(−△)

α
2 un|

2dx ≤ C∗ for all n, we obtain that∫
RN |un|

kdx∫
RN λV(x)u2

ndx
≤

2∗α − k
(2∗α − 2)λc0

+
(2∗α − k)|{V < c0}|

2
N S −2

α C2
∗ + (k − 2)S −2∗α

α C2∗α
∗

(2∗α − 2)
∫
RN λV(x)u2

ndx

=
2∗α − k

(2∗α − 2)λc0
+ o(1) (4.9)

In view of (4.7) and (4.9), we can get that

o(1) ≥
b
∫
RN |(−△)

α
2 un|

2dx∫
RN λV(x)u2

ndx
+ 1 −

|Q|∞
∫
RN |un|

pdx∫
RN λV(x)u2

ndx
≥ 1 −

|Q|∞(2∗α − k)
(2∗α − 2)λc0

+ o(1)

This contradicts with
λ >
|Q|∞(2∗α − k)
(2∗α − 2)c0

(ii) σ > 2α
N−2α : Clearly, 2(σ+ 1) > 2∗α. We argue indirectly. Set ∥un∥Hα(RN ),λ → ∞ as n→ ∞. This proof

is divided into two cases:
Case IV:

∫
RN |(−△)

α
2 un|

2dx→ ∞. It follows from (2.2) − (3.1) and condition (F5) that

o(1) =
am(

∫
RN |(−△)

α
2 un|

2dx)
∫
RN |(−△)

α
2 un|

2dx

(
∫
RN |(−△)

α
2 un|

2dx)2∗α
+

b
∫
RN |(−△)

α
2 un|

2dx +
∫
RN λV(x)u2

ndx

(
∫
RN |(−△)

α
2 un|

2dx)2∗α

−

∫
RN f (x, un)undx

(
∫
RN |(−△)

α
2 un|

2dx)2∗α

≥am0(
∫
RN
|(−△)

α
2 un|

2dx)2(δ+1)−2∗α +
b

(
∫
RN |(−△)

α
2 un|

2dx)2∗α − 2

+

∫
RN λV(x)u2

ndx − |Q|∞
∫
RN |un|

kdx

(
∫
RN |(−△)

α
2 un|

2dx)2∗α
(4.10)

By (4.8), we deduce that ∫
RN λV(x)u2

ndx − |Q|∞
∫
RN |un|

kdx

(
∫
RN |(−△)

α
2 un|

2dx)2∗α

≥1 −
|Q|∞(2∗α − k)
λc0(2∗α − 2)

∫
RN λV(x)u2

ndx

(
∫
RN |(−△)

α
2 un|

2dx)2∗α

−
|Q|∞S −2

α (2∗α − k)|{V < c0}|
2
N

(2∗α − 2)(
∫
RN |(−△)

α
2 un|

2dx)2∗α−2
− |Q|∞S −2∗α

α (
k − 2
2∗α − 2

)

≥ −
|Q|∞S −2

α (2∗α − k)|{V < c0}|
2
N

(2∗α − 2)(
∫
RN |(−△)

α
2 un|

2dx)2∗α−2
− |Q|∞S −2∗α

α (
k − 2
2∗α − 2

)
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Using this, together with (4.10), leads to

am0(
∫
RN
|(−△)

α
2 un|

2dx)2(σ+1)−2∗α +
b

(
∫
RN |(−△)

α
2 un|

2dx)2∗α − 2

+

∫
RN λV(x)u2

ndx − |Q|∞
∫
RN |un|

kdx

(
∫
RN |(−△)

α
2 un|

2dx)2∗α

≥am0(
∫

RN
|(−△)

α
2 un|

2dx)2(σ+1)−2∗α −
|Q|∞S −2

α (2∗α − k)|{V < c0}|
2
N

((2∗α − 2)
∫
RN |(−△)

α
2 un|

2dx)2∗α
− |Q|∞S −2∗α

α (
k − 2
2∗α − 2

)

→ ∞ as n→ ∞

Since 2(σ + 1) > 2∗α. We get a contradiction.
Case V:

∫
RN λV(x)u2

ndx→ ∞ and
∫
RN |(−△)

α
2 un|

2dx ≤ C∗ for some C∗ > 0 and for all n. It follows from
(2.2) − (3.1) and condition (F5) that

o(1) =
am(

∫
RN |(−△)

α
2 un|

2dx)
∫
RN |(−△)

α
2 un|

2dx∫
RN λV(x)u2

ndx
+

b
∫
RN |(−△)

α
2 un|

2dx +
∫
RN λV(x)u2

ndx∫
RN λV(x)u2

ndx

−

∫
RN f (x, un)undx∫
RN λV(x)u2

ndx

≥
b
∫
RN |(−△)

α
2 un|

2dx∫
RN λV(x)u2

ndx
+ 1 −

|Q|∞
∫
RN |un|

kdx∫
RN λV(x)u2

ndx
(4.11)

By (4.9) and (4.11) one has

o(1) ≥
b
∫
RN |(−△)

α
2 un|

2dx∫
RN λV(x)u2

ndx
+ 1 −

|Q|∞
∫
RN |un|

kdx∫
RN λV(x)u2

ndx
≥ 1 −

|Q|∞(2∗α − k)
λc0(2∗α − 2)

+ o(1),

This contradicts with

λ >
|Q|∞(2∗α − k)
c0(2∗α − 2)

We the conclude that the sequence {un} is bounded in Eλ for all constants 0 < a < ã∗ and λ > γ̃0. The
proof is complete. □

Lemma 4.3. If assumptions (V1) − (V3), (F1) − (F3) are satisfied, N ≥ 1. Then for every D > 0 there
exists constant γ̃ = γ̃(a,D) ≥ γN > 0 such that Jλ,a satisfies the (C)α-condition in Eλ for numbers
λ > γ̃ and α < D.
Proof. We may suppose that {un} is a Cα-sequence with α < D. Note that Lemma 4.1, we can get that
{un} is bounded in Eλ. Then there exist a subsequence {un} and u0 ∈ Eλ such that un ⇀ u0 weakly in Eλ

and un → u0 strongly in Lr
loc(R

N) for 2 ≤ r < 2∗α. From this there follows un → u0 strongly in Eλ. Let
vn = un − u0. Apply (V1), we have∫

RN
v2

ndx ≤
1
λc0

∫
RN
|(−△)

α
2 vn|

2 + λV(x)u2
ndx + o(1). (4.12)
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Based on the above results and the Hölder inequalities, for each λ > γN , Let’s verify the following
conclusion: Case (i)N = 1, 2 :
Case (i) N = 1, 2 :∫

RN
|vn|

rdx ≤
(∫
RN

v2
ndx

) 1
2
(∫
RN

v2(r−1)
n dx

) 1
2

≤

[
1
λc0

(1 + β
8
N
N |{V < c0}|

2
N )r−1

] 1
2

S 1−r
α,2(r−1)∥vn∥

r
Hα(RN ),λ + o(1)

Case (ii)N ≥ 3 :

∫
RN
|vn|

rdx ≤
(∫
RN

v2
ndx

) 2∗α−k
2∗α−2

(∫
RN

v2(r−1)
n dx

) r−2
2∗α−2

≤

(
1
λc0

) 2∗α−r
2∗α−2

S
−

2∗α(r−2)
2∗α−2

α ∥vn∥
r
Hα(RN ),λ + o(1)

Hence, we claim that

Υλ,r :=


[

1
λc0

(1 + β
8
N
N |{V < c0}|

2
N )r−1

] 1
2

S 1−r
α,2(r−1) if N = 1, 2,(

1
λc0

) 2∗α−r
2∗α−2 S

−
2∗α(r−2)

2∗α−2
α , if N ≥ 3;

It is easy see that Υλ,r → 0 as λ→ ∞. Hence we obtain∫
RN
|vn|

rdx ≤ Υλ,r∥vn∥
r
λ + o(1). (4.13)

As in the proof of [33], we can get∫
RN

F(x, vn)dx =
∫
RN

F(x, un)dx −
∫
RN

F(x, u0)dx + o(1) (4.14)

and
sup
∥h∥λ=1

∫
RN

[ f (x, vn) − f (x, un) + f (x, u0)]h(x)dx = o(1).

Then by (2.1), (4.14) and Brezis-Lieb Lemma [34], we infer that

Ja,λ(un) − Ja,λ(u0) =
a
2

[
m̂(

∫
RN
|(−△)

α
2 un|

2dx) − m̂(
∫
RN
|(−△)

α
2 u0|

2dx)
]

+
b
2

∫
RN
|(−△)

α
2 vn|

2dx +
1
2

∫
RN
λV(x)v2

ndx −
∫
RN

F(x, vn)dx + o(1)

Furthermore, from the boundedness of the sequence {un} in Eλ we get that there is a number χ0 > 0
satisfying

∫
RN |(−△)

α
2 un|

2dx→ χ0 as n→ ∞, this implies that for each ϕ ∈ C∞0 (RN), we have

o(1) =⟨J ′a,λ(un), ϕ⟩
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=

∫
RN
λV(x)unϕdx +

(
am(

∫
RN
|(−△)

α
2 un|

2dx) + b
) ∫
RN

(−△)
α
2 un(−△)

α
2ϕdx

−

∫
RN

f (x, un)ϕdx

→

∫
RN
λV(x)u0ϕdx + (am(χ0) + b)

∫
RN

(−△)
α
2 u0(−△)

α
2ϕdx −

∫
RN

f (x, u0)ϕdx

as n→ ∞. which means that∫
RN
λV(x)u2

0dx + (am(χ0) + b)
∫
RN
|(−△)

α
2 u2

0dx −
∫
RN

f (x, u0)u0dx = 0. (4.15)

Observe that

o(1) =
∫
RN
λV(x)u2

ndx +
(
am(

∫
RN
|(−△)

α
2 un|

2dx) + b
) ∫
RN
|(−△)

α
2 un|

2dx −
∫
RN

f (x, un)undx. (4.16)

By (4.15) and (4.16) we obtain

o(1) =
∫
RN
λV(x)v2

ndx +
(
am(

∫
RN
|(−△)

α
2 un|

2dx
) ∫
RN
|(−△)

α
2 un|

2dx − am(χ0)
∫
RN
|(−△)

α
2 u0|

2dx

+ b
∫
RN
|(−△)

α
2 vn|

2dx −
∫
RN

f (x, vn)vndx∫
RN
λV(x)v2

ndx +
(
am(

∫
RN
|(−△)

α
2 un|

2dx) + b
) ∫
RN
|(−△)

α
2 vn|

2dx −
∫
RN

f (x, vn)vndx (4.17)

In particular, by (4.15) together with (F1) and (F3) we have

Jλ,a(u0) =
a
2

m̂
(∫
RN
|(−△)

α
2 u0|

2dx
)
+

1
2

(
b
∫
RN
|(−△)

α
2 u0|

2dx +
∫
RN
λV(x)u2

0dx
)

−

∫
RN

F(x, u0)u0dx −
1
k

(
∫
RN
λV(x)u2

0dx + (am(χ0) + b)
∫
RN
|(−△)

α
2 u0|

2dx

−

∫
RN

f (x, u0)u0dx)

≥
a
2

[
m̂(

∫
RN
|(−△)

α
2 u0|

2dx) −
2
k

m(χ0)
∫
RN
|(−△)

α
2 u0|

2dx
]

≥
a
k

∫
RN
|(−△)

α
2 u0|

2dx
[
m(

∫
RN
|(−△)

α
2 u0|

2dx) − m(χ0)
]
.

Thus there is a number κ satisfying κ = 0 when m(
∫
RN |(−△)

α
2 u0|

2dx) ≥ m(χ0) or κ < 0 when
m(

∫
RN |(−△)

α
2 u0|

2dx) < m(χ0), we obtain

Ja,λ(u0) ≥ κ.

Based on the above results and (4.12), (4.17), (F1) and (F3) we have

D− κ ≥α − Jλ,a(u0) = Jλ,a(un) − Jλ,a(u0) + o(1)
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=
k − 2

k
(b)

∫
RN
|(−△)

α
2 vn|

2dx +
∫
RN
λV(x)v2

ndx) −
∫
RN

(F(x, vn −
1
k

f (x, vn)vn

+
a
2

[m̂(
∫
RN
|(−△)

α
2 un|

2dx) − m̂(
∫
RN
|(−△)

α
2 u0|

2dx)]

−
2
k

m(
∫
RN
|(−△)

α
2 un|

2dx)
∫
RN
|(−△)

α
2 vn|

2dx + o(1)

≥
(k − 2)min{1, b}

2k
∥vn∥Hα(RN ),λ + o(1)

We can infer that there is a number D̃ = D̃(D > 0) such that

∥vn∥
2
Hα(RN ),λ ≤

2kD̃
(k − 2)min{1, b}

+ o(1). (4.18)

By (3.1), (4.13), (4.17) and (4.18) we have

o(1) =
∫
RN
λV(x)v2

ndx + am(
∫
RN
|(−△)

α
2 un|

2dx)
∫
RN
|(−△)

α
2 vn|

2dx

+ b
∫
RN
|(−△)

α
2 un|

2dx −
∫
RN

f (x, vn)vndx

≥min{1, b}
∫
RN
|(−△)

α
2 vn|

2 + λV(x)v2
ndx − |Q|∞Υλ,k

(∫
RN
|(−△)

α
2 vn|

2 + λV(x)v2
ndx

)2k

≥min{1, b}
∫
RN
|(−△)

α
2 vn|

2 + λV(x)v2
ndx − |Q|∞Υλ,k

 2kD̃
(k − 2)min{1, b}

 k
2

+ o(1),

which means that there exists γ̃ := γ̃(a,D) ≥ γN such that for λ > γ̃, vn → 0 strongly in Eλ. which is
what we wanted to prove. □

Lemma 4.4. If assumptions (V1) − (V3), (F4), (F5) with σ ≥ 2α
N−2α and (F2) − (F3) are satisfied, N ≥ 3.

Then for every D > 0 there exists numbers γ̃1 = γ̃1(a,D) ≥ γN > 0 such that Ja,λ satisfies the (C)α−
condition in Eλ for α < D, λ > γ̃1. □

Lemma 4.5. If assumptions (V1), (V3), (F4), (F5) and (F2), (F5) are satisfied, N ≥ 1. Then for any
a > 0 and λ > γ̃, there exists a critical point uλ ∈ Eλ of Jλ,a(u) such that Jλ,a(uλ) > 0.
Proof. Apply Lemma 4.3 and 0 < ϱ0 ≤ αa,λ ≤ α0,a(Ω) for each λ ≥ γN , Ja,λ satisfies the (C)αλ,a-
condition in Eλ for each a > 0 and λ > γ̃. In other word, we can get a subsequence {un} and uλ ∈ Eλ

such that un → uλ strongly in Eλ. This means that uλ is a nontrivial critical point of Ja,λ such that
Ja,λ(uλ) = αa,λ > 0. □

Lemma 4.6. If assumptions (V1) − (V3), (F4), (F5) with σ ≥ 2α
N−2α and (F2), (F3) are satisfied, N ≥ 3.

Then there exists a number γ̃2 ≥ max{̃γ0, γ̃1} such that for any 0 < a < ã∗ and λ > γ̃2, there exists a
critical point u2

λ,a ∈ Eλ of Ja,λ(u) such that Jλ,a(u2
λ,a) > 0.

Proof. For this proof, we can easily prove our results by applying Lemma 4.4 and 4.7 of conclusions.
Here, we omit its proof. □

Lemma 4.7. If assumptions (V1) − (V3), (F5) with σ ≥ 2α
N−2α and (F2), (F3) are satisfied, N ≥ 3. Then
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Jλ,a has a bounded below on Eλ for all a > 0 and

λ > γ̃3 =

max{γN ,
2|Q|∞

c0k ( 2(σ+1)|Q|∞
m0akS

2∗α
α

)
k−2α

2∗α }, if σ = 2α
N−2α ,

γN , if σ > 2α
N−2α ;

Moreover, suppose

λ > γ̃4 := max{̃γ3,
2|Q|∞(2∗α − k)
c0k(2∗α − 2)

},

then there exists C̃a > ϱ
1
2
0 such that Ja,λ(u) ≥ 0 for any u ∈ Eλ with ∥u∥Hα(RN ),λ ≥ C̃a.

Proof. Assume
∫
RN |(−△)

α
2 u|2dx < ϱ

1
2
0 , then using (2.4), (3.1) and the Young inequality we have

Jλ,a(u) ≥
min{b, 1}

2

∫
RN
|(−△)

α
2 u|2 + λV(x)u2dx −

|Q|∞
k

∫
RN
|u|kdx

≥
min{b, 1}

2

∫
RN
|(−△)

α
2 u|2 + λV(x)u2dx

−
|Q|∞
kS k

α

|{V < c0}|
2∗α−k

2∗α ∥u∥
2(2∗α−k)

2∗α−2

λ (
∫
RN
|(−△)

α
2 u|2dx)

2∗α(k−2α)
2∗α−2

≥
2∗α(k − 2)min{b, 1}

2p(2∗α − 2)

∫
RN
|(−△)

α
2 u|2 + λV(x)u2dx

−
k − 2

k(2∗α − 2)min{1, b}
2∗α−k
k−2

(|Q|∞S −k
α |{V < c}|

2∗α−k
2∗α )

2∗α−2
k−2 ϱ

2∗α
2

0

Hence Jλ,a(u) has a bounded below on Eλ for any a > 0 and λ > γN .

As
∫
RN |(−△)

α
2 u|2dx ≥ ϱ

1
2
0 , then we can divide it into two parts for discussion: (i)σ = 2α

N−2α and∫
RN |(−△)

α
2 u|2dx ≥ ϱ

1
2
0 : Then we will also discuss this situation in two different ways:

Case one:
∫
RN λV(x)u2dx ≥ λc0S −2∗α

α (2|Q|∞
kλc0

)
2∗α−2
k−2 (

∫
RN |(−△)

α
2 u|2dx)2∗α . By (F5), (2.4), (2.1) and (3.2), for any

λ > 0 using Young and Sobolev inequalities we have

Jλ,a ≥
a
2

m̂(
∫
RN
|(−△)

α
2 u|2dx) +

1
2

(b
∫
RN
|(−△)

α
2 u|2dx +

∫
RN
λV(x)u2dx) −

|Q|∞
k

∫
RN
|u|kdx

≥
m0a

2(σ + 1)
(
∫
RN
|(−△)

α
2 u|2dx)2(σ+1) 1

2
(b

∫
RN
|(−△)

α
2 u|2dx +

∫
RN
λV(x)u2dx)

−
|Q|∞

k
(

1
λc0

∫
RN
λV(x)u2dx + S −2

α |{V < c0}|
2
N

1
2

(b
∫
RN
|(−△)

α
2 u|2dx +

∫
RN
λV(x)u2dx))

2∗α−k
k−2α

(S −1
α

∫
RN
|(−△)

α
2 u|2dx)

2∗α(k−2α)
2∗α−2

≥
m0a
2∗α

(
∫
RN
|(−△)

α
2 u|2dx)2∗α +

b
2

∫
RN
|(−△)

α
2 u|2dx −

|Q|∞|{V < c0}|
1− k

2∗α

kS k
α

(
∫
RN
|(−△)

α
2 u|2dx)k

Which means that Jλ,a(u) have a bounded below on E for any a > 0 and λ > γN .

Case B:
∫
RN λV(x)u2dx < λc0S −2∗α

α ( 2|Q|∞
kλc0

)
2∗α−2
k−2 (

∫
RN |(−△)

α
2 u|2dx)2∗α . From (2.4) we obtain that∫

RN
|u|kdx
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≤ (
1
λc0

∫
RN
λV(x)u2dx + S −2

α |{V < c0}|
2
N

∫
RN
|(−△)

α
2 u|2dx)

2∗α−k
2∗α−2 (S −1

α

∫
RN
|(−△)

α
2 u|2dx)

2∗α(k−2)
2∗α−2

≤ S −2∗α
α (

2|Q|∞
kλc0

)
2∗α−k
k−2 (

∫
RN
|(−△)

α
2 u|2dx)2∗α + S −k

α |{V < c}|
2∗α−k

2∗α (
∫
RN
|(−△)

α
2 u|2dx)k

Based on the inequality above and using (F5) again, we obtain

Jλ,a(u) ≥
a
2

m̂(
∫
RN
|(−△)

α
2 u|2dx) +

1
2

(b
∫
RN
|(−△)

α
2 u|2dx +

∫
RN
λV(x)u2dx) −

|Q|∞
k

∫
RN
|u|kdx

≥
m0a

2(δ + 1)
(
∫
RN
|(−△)

α
2 u|2dx)2(σ+1) +

1
2

(b
∫
RN
|(−△)

α
2 u|2dx +

∫
RN
λV(x)u2dx)

−
|Q|∞

k
[S −2∗α

α (
2|q|∞
kλc0

)
2∗α−k
k−2 (

∫
RN
|(−△)

α
2 u|2dx)2∗α + S −k

α |{V < c0}|
2∗α−k

2∗α (
∫
RN
|(−△)

α
2 u|2dx)k]

≥

[
m0a

2(σ + 1)
−
|Q|∞
kS 2∗α

α

(
2|Q|∞
pλc0

)
2∗α−k
k−2

]
(
∫
RN
|(−△)

α
2 u|2dx)2∗α

−
|Q|∞
kS 2∗α

α

|{V < c0}|
2∗α−k

2∗α (
∫
RN
|(−△)

α
2 u|2dx)k

which means that if
λ > max{γN ,

2|Q|∞
kc0

(
2(δ + 1)|Q|∞

m0akS 2∗α
α

)
k−2

2∗α−k },

thus Jλ,a(u) has a bounded below on Eλ for any a > 0 and there exists Ca > 0 such that Jλ,a(u) ≥ 0 for
all u ∈ Eλ with

∫
RN |(−△)

α
2 u|2dx ≥ Ca.

(ii)σ > 2α
N−2α and

∫
RN |(−△)

α
2 u|2dx ≥ ϱ

1
2
0 : Using (F5), (2.4), (3.1) and the Young inequality we can get

Jλ,a(u) ≥
a
2

m̂(
∫
RN
|(−△)

α
2 u|2dx) +

1
2

(b
∫
RN
|(−△)

α
2 u|2dx +

∫
RN
λV(x)u2dx) −

∫
RN

F(x, u)dx

≥
m0a

2(σ + 1)
(
∫
RN
|(−△)

α
2 u|2dx)2(σ+1) +

min{b, 1}
2

∫
RN
|(−△)

α
2 u|2 + λV(x)u2dx −

|Q|∞
k

∫
RN
|u|kdx

≥
m0a

2(σ + 1)
(
∫
RN
|(−△)

α
2 u|2dx)2(σ+1)

−
k − 2

k(2∗α − 2)(min{1, b})
2∗α−k
2∗α−2

(|Q|∞S −k
α |{V < c}|

2∗α−k
2∗α )

2∗α−k
k−2 (

∫
RN
|(−△)

α
2 u|2dx)2∗α

we can infer that Jλ,a(u) is bounded below on E for all a > 0 and λ > γN , in view of σ > 2α
N−2α .

Furthermore, for any a > 0, there exists

Ca > tB := [
2(σ + 1)(k − 2)(|Q|∞S −k

α |{V < c}|
2∗α−k

2∗α )
2∗α−k
k−2 )

km0a(2∗α − 2)(min{1, b})
2∗α−k
k−2

]
1

2σ+2−2∗α

such that Jλ,a(u) ≥ 0 for any u ∈ Eλ with
∫

RN |(−△)
α
2 u|2dx ≥ Ca = max{ϱ

1
2
0 ,Ca}. Then we will verify

that there exists a number Ĉa > Ca.
Jλ,a(u) ≥ 0 for all u ∈ Eλ with ∥u∥λ ≥ Ĉa. Set

C̃a = [R
2
a + 2β0(Ca)(1 −

1
λc0

)(
2(2∗α − k)|Q|∞

k(2∗α
− 2)−1]

1
2 , (4.19)
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where
β0(Ca) =

(2∗α − k)|Q|∞
k(2∗α − 2

|{V < c0}|
2
N S −2

α C
2
a +

(k − 2)|Q|∞
k(2∗α − 2)

S −2∗α
α C

2∗α
a

For u ∈ Eλ with ∥u∥λ ≥ C̃a. If
∫
RN |(−△)

α
2 u|2dx ≥ Ca, then the result is obtained. If ϱ

1
2
0 ≤∫

RN |(−△)
α
2 u|2dx < Ca, thus we can verify that Jλ,a(u) ≥ 0 when∫

RN
λV(x)u2dx ≥ 2β0(Ca)(1 −

2(2∗α − k)|Q|∞
λc0k(2∗α − 2)

−1

.

In fact, applying (4.8) we can infer that

Jλ,a(u) ≥
a
2

m̂(
∫
RN
|(−△)

α
2 u|2dx) +

1
2

(b
∫
RN
|(−△)

α
2 u|2dx +

∫
RN
λV(x)u2dx) −

|Q|∞
k

∫
RN
|u|kdx

≥
1
2

∫
RN
λV(x)u2dx −

(k − 2)|Q|∞
(2∗α − 2)k

S −2∗α
α C

2∗α
a

−
(2∗α − p)|Q|∞

k(2∗α − 2)
(

1
λc0

∫
RN
λV(x)u2dx + |{V < c0}|

2
N S −2

α C
2
a)

≥
1
2

[1 −
2(2∗α − k)|Q|∞
λc0k(2∗α − 2)

]
∫
RN
λV(x)u2dx − β0(C

2
a)

≥0

Therefore, we get that there exists a number C̃a > 0 defined as (4.19) such that Jλ,a(u) > 0 for any
u ∈ Eλ with ∥u∥λ ≥ C̃a. which is what we wanted to prove. □

Lemma 4.8. If assumptions (V1) − (V3), (F4), (F5) with σ ≥ 2α
N−2α and (F2), (F3) are satisfied, N ≥ 3.

Then for any a > 0 and λ > γ̃4 there holds

θ̃a =: in f {Jλ,a(u) : u ∈ Eλ with ∥u∥Hα(RN ),λ < C̃a} < 0.

Proof. This proof can be obtained from Lemma 3.4 and Lemma 4.5, we omit its proof. □

Lemma 4.9. If assumptions (V1) − (V3), (F4), (F5) with σ ≥ 2α
N−2α and (F2), (F3) are satisfied, N ≥ 3.

Then there exists a number γ̃5 ≥ max{γ1, γ̃4} such that for each a > 0 and λ ≥ γ̃5, and there exists a
critical point u1

λ,a ∈ Eλ of Jλ,a such that Jλ,a(u1
λ,a) = ϑ̃a < 0.

Proof. Using Lemma 4.8 and the Ekeland variational principle, we may assume that {un} ⊂ Eλ

is a bounded minimizing sequence with ∥un∥Hα(RN ),λ < C̃a such that Jλ,a(un) → ϑ̃a and (1 +
∥u∥Eλ∥J

′
λ,a(un)∥E−1

λ
→ 0 as n → ∞. By Lemma 4.4, there exist a subsequence {un} and u1

λ,a ∈ Eλ

such that un → u1
λ,a strongly in Eλ. This implies that uλ is a nontrivial critical point of Jλ,a satisfying

Jλ,a(u1
λ,a) = ϑ̃a < 0.

Proof of Theorem 1.1 and Theorem 1.2:
The proof of Theorem 1.1 directly follows from Theorem 4.5. Applying Theorems 4.6 Theore4.9,
there exists a positive constant γ̃∗ ≥ max{̃γ2, γ̃5} such that for any constant 0 < a < a∗ and λ > γ̃∗,
Equation 1.1 admits two nontrivial positive solutions u1

λ,a and u2
λ,a satisfying J(u1

λ,a) < 0 < Jλ,a(u2
λ,a).

Furthermore, u1
λ,a is a ground state solution of Eq 1.1. So we complete the proof of Theorem 1.2. □
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Proofs of Theorem 1.3 and Theorem 1.4:

By Lemmas 3.2 and 3.5 and the mountain pass theorem [32] (see Theorem 1.15), we get that for
every λ ≥ γN and 0 < a < 1

m∞µ
(k)
1

there exists a sequence {un} ⊂ Eλ such that

Ja,λ(un)→ αa,λ > 0 and (1 + ∥un∥Hα

(RN ),λ
)∥J ′a,λ∥E−1

λ
→ 0, as n→ ∞, (5.1)

where 0 < η ≤ αa,λ ≤ α0,a(Ω) < Dα.

Lemma 5.1. If assumptions (V1) − (V3), (F5) with σ > k−2α
2α , (F6) and (F3) are satisfied, N ≥ 3. Then

for any 0 < a < 1
m∞µ̃

(k)
0

, the sequence {un} defined in (5.1) is bounded in Eλ for all λ ≥ γN .

Proof. Adopting the method of proof to the contrary. Let ∥un∥Hα(RN ),λ → ∞ as n → ∞. We will divide
it into two cases for proof:
Case one:

∫
RN |(−△)

α
2 u|2dx → ∞. By (2.2), (3.3), together with (F5) and the Nirenberg inequality we

obtain

o(1) =
am(

∫
RN |(−△)

α
2 u|2dx)

∫
RN |(−△)

α
2 u|2dx

(
∫
RN |(−△)

α
2 u|2dx)k

+
b
∫
RN |(−△)

α
2 u|2dx +

∫
RN λV(x)u2

ndx

(
∫
RN |(−△)

α
2 u|2dx)k

−

∫
RN f (x, un)undx

(
∫
RN |(−△)

α
2 u|2dx)k

≥ am0(
∫
RN
|(−△)

α
2 u|2dx)2(δ+1)−k −

c∗(
∫
RN |(−△)

α
2 u|2dx)k

v(k)
1 (

∫
RN |(−△)

α
2 u|2dx)k

=am0(
∫
RN
|(−△)

α
2 u|2dx)2(δ+1)−k −

c∗

v(k)
1

→ ∞

as n→ ∞ since 2(σ + 1) > k. This is a contradiction.
Case two:

∫
RN λV(x)u2

ndx → ∞ and
∫
RN |(−△)

α
2 u|2dx ≤ C∗ for some C∗ > 0 and for all n. Using

(2.2), (3.3) and (F5) we have

o(1) =
am(

∫
RN |(−△)

α
2 u|2dx)

∫
RN |(−△)

α
2 u|2dx∫

RN λV(x)u2
ndx

+
b
∫
RN |(−△)

α
2 u|2dx +

∫
RN λV(x)u2

ndx∫
RN λV(x)u2

ndx

−

∫
RN f (x, un)undx∫
RN λV(x)u2

ndx

≥1 −
c∗(

∫
RN |(−△)

α
2 u|2dx)k

v(k)
1

∫
RN λV(x)u2

ndx

≥1 −
c∗Ck

0

v(k)
1

∫
RN λV(x)u2

ndx
= 1 + o(1)

contrary to assumption. we conclude that the sequence {un} is bounded in Eλ for any 0 < a < 1
m∞µ̃

(k)
0

and λ ≥ γN . This concludes the proof. □
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Lemma 5.2. If assumptions (V1) − (V3), (F1), (F6) and (F3) are satisfied, N ≥ 3. Then for everyD > 0
there exists constants γ = γ(a,D) ≥ γN > 0 such that Ja,λ satisfies the (C)α-condition in Eλ for any
α < D and λ > γ. □
Lemma 5.3. If assumptions (V1) − (V3), (F4), (F5) with σ > k−2α

2α , (F6) and (F3) are satisfied, N ≥ 3.
Then for everyD > 0 there exists γ∗ = γ∗(a,D) ≥ γN > 0 such that Ja,λ satisfies the (C)α-condition in
Eλ for all α < D and λ > γ∗. □
Lemma 5.4. If assumptions (V1)−(V3), (F1), (F6), (F3) are satisfied, N ≥ 3. Then for any 0 < a ≤ 1

m∞µ̃
(k)
0

there exists a critical point uλ ∈ Eλ of Jλ,a such that Jλ,a(uλ) > 0 for all λ > γ.

Proof. This proof is similar to Theorem 4.3, we can prove the result by applying (5.1), Lemma 4.1 and
Lemma 5.2. □
Lemma 5.5. If assumptions (V1) − (V3), (F4), (F5) with σ > k−2α

2α , (F6) and (F3) are satisfied, N ≥ 3.
Then for each 0 < a < a∗ and λ > γ∗, then for every 0 < a ≤ 1

m∞µ̃
(k)
0

the energy functional Jλ,a admits a

nontrivial critical point u2
λ,a ∈ Eλ such that Jλ,a(u2

λ,a) > 0. □

Proof. This proof is similar to Theorem 4.3, we can prove the result by applying Lemma 5.1 and
Lemma 5.3.
Lemma 5.6. If assumptions (V1) − (V3), (F4), (F5) with σ > k−2α

2α , (F6) and (F3) are satisfied, N ≥ 3.
Then the energy functional Jλ,a is bounded below on Eλ for all a > 0 and λ > 0. Furthermore, there
exists Ca > 0 such that Jλ,a(u) ≥ 0 for all u ∈ Eλ with ∥u∥Hα(RN ),λ ≥ Ca.

Proof. For
∫
RN |(−△)

α
2 u|2dx < ϱ

1
2
1 , then using (2.1) and (3.5) we have

Jλ,a(u) ≥
1
2

(b
∫
RN
|(−△)

α
2 u|2dx +

∫
RN
λV(x)u2dx)

−
c∗

kv(k)
1

(
∫
RN
|(−△)

α
2 u|2dx)k

≥
b
2

∫
RN
|(−△)

α
2 u|2dx −

c∗

kv(k)
1

(
∫
RN
|(−△)

α
2 u|2dx)k

This means that Jλ,a is bounded on Eλ for any constants a > 0 and λ > 0.

For
∫
RN |(−△)

α
2 u|2dx ≥ ϱ

1
2
1 , then by (F5) with σ > k−2α

2α , (2.1) and (3.5) we obtain

Jλ,a(u) ≥
a
2

m̂(
∫
RN
|(−△)

α
2 u|2dx) +

1
2

(b
∫
RN
|(−△)

α
2 u|2dx +

∫
RN
λV(x)u2dx)

−
c∗

kv(k)
1

(
∫
RN
|(−△)

α
2 u|2dx)k

≥
m0a

2(σ + 1)
(
∫
RN
|(−△)

α
2 u|2dx)2(δ+1) −

c∗

kv(k)
1

(
∫
RN
|(−△)

α
2 u|2dx)k

This means that Jλ,a(u) is bounded below on E for any constants a > 0 and λ > 0, since σ > k
2α − 1.

Furthermore, for every a > 0, there exists Ca > tB := (2(σ+1)c∗

kv
(k)m0a
1

)
1

2(σ+1)−k such thatJa,λ(u) ≥ 0 for all u ∈ Eλ

with
∫
RN |(−△)

α
2 u|2dx ≥ Ca.

Thus we will prove that there exists a constant Ca > 0 such that Jλ,a(u) ≥ 0 for all u ∈ Eλ with
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∥u∥Hα(RN ),λ ≥ Ca.
∫
RN |(−△)

α
2 u|2dx ≥ Ca, So the results are verified. If

∫
RN |(−△)

α
2 u|2dx < Ca, then we

can infer that Jλ,a ≥ 0 when
∫
RN λV(x)u2dx ≥ 2c∗

kv(k)
1

Ck
a. In fact, we obtain

Jλ,a(u) ≥
a
2

m̂(
∫
RN
|(−△)

α
2 u|2dx) +

1
2

(b
∫
RN
|(−△)

α
2 u|2dx +

∫
RN
λV(x)u2dx)

−
c∗

kv(k)
1

(
∫
RN
|(−△)

α
2 u|2dx)k

≥
1
2

∫
RN
λV(x)u2dx −

c∗

kv(k)
1

Ck
a

Therefore, we get that there exists a number Ca > 0 such that Jλ,a(u) ≥ 0 for all u ∈ Eλ with
∥u∥Hα(RN ),λ ≥ Ca. which is what we wanted to prove. □
Lemma 5.7. If assumptions (V1) − (V3), (F5) with σ > k−2α

2α , (F6) and (F3) are satisfied, N ≥ 3. Then
for any a > 0 and λ > 0 one has

ϑ =: in f {Jλ,a(u) : u ∈ Eλ with ∥u∥Hα(RN ),λ < Ca}) < 0. (5.2)

Proof. We can directly obtain this proof from Lemma 3.6 and 5.6. Hence, here we omit its proof. □
Lemma 5.8. If assumptions (V1) − (V3), (F4), (F5) with σ > k−2α

2α , (F6) and (F3) are satisfied, N ≥ 3.
Then for any a > 0 and λ > γ∗, Jλ,a(u) has a nontrivial critical point u1

λ,a ∈ Eλ such that Jλ,a(u1
λ,a) =

ϑ < 0, where ϑ is as in (5.2).

Proof. Applying Lemma 5.7 and the Ekeland variational principle, we can get that there exists a
minimizing bounded sequence {un} ⊂ Eλ with ∥u∥Hα(RN ),λ < Ca such that Jλ,a(un) → ϑ and J ′λ,a(un) →
0 as n → ∞. Thus by Lemma 5.3 which means that there is a subsequence {un} and u1

λ,a ∈ Eλ

with ∥u1
λ,a∥Hα(RN ),λ < Ca such that un → u1

λ,a strongly in Eλ. Which infer thatJ ′λ,a(u1
λ,a) = 0 and

Jλ,a(u1
λ,a) = ϑ < 0, which is what we wanted to prove. □

Proof of Theorem 1.3 and 1.4.
From Lemma 5.4, we can directly proof Theorem 1.3. By virtue of Lemma 5.5 and 5.8, for any
0 < a < a∗ and λ > γ∗, Equation (1.1) admits two nontrivial positive solutions u1

λ,a and u2
λ,a satisfying

Jλ,a(u1
λ,a) < 0 < Jλ,a(u2

λ,a). Specifically, u1
λ,a is a ground state solution of Eq (1.1). Therefore, We have

completed the proof of Theorem 1.4. □

4. Conclusions and discussion of the results

By the condition, f satisfies lim
|t|→∞

f (x, t)/|t|k−1 = Q(x) uniformly in x ∈ RN for each 2 < k < 2∗α, (2
∗
α =

2N
N−2α ). We investigated the effects of functions m and Q on the solution. By applying the variational
method, we obtain the existence of multiple solutions. Furthermore, it is worth mentioning that the
ground state solution has also been obtained. We find that the number of differently solutions are
obtained when the assumptions about m and f are different. The main contribution of this paper is
to establish a multiplicity theorem in which the main method is based on the variational method. It is
worth noting that we have not yet provided multiple solutions for the critical case, and we will continue
to study this case.
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25. J. Zuo, D. Choudhuri, D. Repovš, Multiplicity and boundedness of solutions for critical variable-
order Kirchhoff type problems involving variable singular exponent, J. Math. Anal. Appl., 514
(2022), 126264. https://doi.org/10.1016/j.jmaa.2022.126264
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