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Abstract: Let A be a (p + g)!-torsion free semiprime ring. We proved that if H, D : A — A are two
additive mappings fulfilling the algebraic identity 2H (a?*?) = H(a?)a® +a’ D(a?) +H(a?)a +a?D(a’)
for all a € A, then H is a generalized derivation with D as an associated derivation on A. In addition
to that, it is also proved in this article that H; is a generalized left derivation associated with a left
derivation ¢ on A if they fulfilled the algebraic identity 2H, (a?*?) = a?H,(a?) + a?6(a’) + a?H,(a’) +
a’6(a?) for all a € A. Further, the legitimacy of these hypotheses is eventually demonstrated by
examples and at last, an application of Banach algebra is presented.
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1. Introduction

A 1s an associative ring with identity e and Z(A) represents the center of A throughout the paper.
Qi(Ac) is the left Martindale quotients ring and C represents its extended centroid. A ring A is known
as g-torsion free if ga = 0 implies that a = O for a fixed integer ¢ > 1 and for each a € A. [a,b] =
ab — ba is the commutator. A ring A is known as prime when aAb = {0} signifies that either a = 0
or b = 0 and is termed as a semiprime ring if aAa = {0} implies that a = 0. A mapping D : A -> A
is a derivation if P is additive, and holds the condition D(ab) = D(a)b + aD(b) for every a,b € A,
and it is a Jordan derivation if for all & in A, it fulfills the condition D(b?) = D(b)b + bD(b). If D is
a derivation, then it will obviously be a Jordan derivation, but generally, the converse statement cannot
be considered true.

A well known result due to Herstein [7], asserts that a Jordan derivation and a derivation are identical
in a prime ring holding characteristic different from two. Cusack [4] revived the last statement of
Herstein for a 2-torsion free semiprime ring. Herstein’s theorem has been significantly extended by a
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number of researchers in several ways. Bresar [3] has proved the following result: Let A be a 2-torsion
free semiprime ring and let O be an additive mapping on A satisfying the condition

D(aba) = D(a)ba + aD(b)a + abD(a)

for all a, b € A. In this case, D is a derivation.

A Jordan triple derivation is an additive mapping O that maps an arbitrary ring ‘A into itself and
satisfies the above relation for every a,b € A. Any Jordan derivation on any 2-torsion free ring may
be shown to be a Jordan triple derivation easily. This indicates that the above result of Bresar is a
generalized version of Cusack’s generalization of Herstein’s theorem. Some related researches can be
found in [5, 6, 10]. These researches represent a motivation for our investigation, and we have obtained
an extension of Herstein’s theorem.

From Zalar [15], an additive mapping 7 : A — A is known as a left centralizer if 7 (ab) =
T (a)b for every a,b in A. We say that 7 is a right centralizer if 7 (ab) = a7 (b) is true for all
a,b € A. Particularly, 7 is a Jordan left (respectively, Jordan right) centralizer of A if 7 (b?) =
7 (b)b (respectively, 7 (b*) = bT (b)) for all b € A. A mapping H : A — A, which is additive and
satisfies H(ab) = H(a)b + aD(b) for all a, b in A, is recognized as a generalized derivation associated
with a derivation D on A. Particularly, H is a generalized Jordan derivation if there exists a Jordan
derivation D on A such that H(b*) = H(b)b + bD(b) for all b in A.

Every generalized derivation can be easily verified to be a generalized Jordan derivation, while the
converse is typically untrue. If H is a generalized derivation associated with a derivation D on A, then
the algebraic identity 2H (a’*?) = H(a’)a? + a’D(a?) + H(a?)a’ + a?D(a’) holds for each a in A,
but the converse of this mathematical statement is not true in general. In this paper, we find out under
which condition the converse will also be true. More precisely, we proved that if H,D : A — A are
two additive maps fulfilling the algebraic identity 2H (a”*?) = H(a’)a? +a’ D(a?) + H(a?)a’ + a?D(a’)
for each a in A, then H will be a generalized derivation having 9 as an associated derivation on A,
where A is a (p + g)!-torsion free semiprime ring.

We need the following lemma to complete the proof of Theorem 2.1.

Lemma 1.1. [16] Every generalized Jordan derivation from a 2-torsion free semiprime ring with
identity into itself is a generalized derivation.

2. Generalized derivation

Let us start with the preceding theorem:

Theorem 2.1. Suppose that p,q > 1 are any two fixed integers and A is a (p + q)!-torsion free

semiprime ring. If H and D are two additive mappings from A to itself, which satisfy the algebraic
equation 2H(a?*1) = H(aP)a? + a?D(a?) + H(a?)a’ + a'D(aP) for every a in A, then H will be a
generalized derivation associated with a derivation D on A.

Proof. We have given that
2H (a*) = H(a)a® + a’ D(a?) + H(a")a’ + a?D(a’) for all a € A. (2.1)

Replacing a by e in the above equation, we obtain D(e) = 0. The following expression is obtained by
putting a + me for a in (2.1), where m is any positive integer.
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27{(511’*‘1 + (”+‘1)a1’+‘1‘1me +oeet (pi:;qz)a mPri2e + ( Z;Zl)am”“f‘le + mp+qe) = (H(ap + (’l’)af’_lme +
ot (p 2)61 mP%e + ( )am”‘le + m”e)(a‘f + (l)a‘f‘lme +oee (qu)azmq‘ze + (qf])amq‘le + mqe) +
a’ + (l)af’ Ime + -+ + (p’_’ 2)asz"ze + (p’_’ 1)aml”‘le + m”e)Z)(aq + (?)a"‘lme +o t (qu)azmq‘ze +
qzl)amq‘le + mqe) + ?{(aq + (‘{)aq‘lme et ( ? )azmq‘ze + (qfl)amq‘le + mqe)(ap + (Il’)a”‘lme oot
pf_’z)azmp‘ze + (p’_’l)amp‘le + m”e) + (a‘f + ( )aq 'me+--- + (qu)azmq‘ze + (qﬂl)amq‘le - mqe)i)(ap +
f)a”‘lme +oeet (pf_’z)a mP~2e + ( l)amp le + mpe) for all a € A.

Rewrite the above expression by using (2.1) as

mfi(a,e) + m*fo(a,e) + -+ +m’*f L (a,e) =0

where fi(a,e) are the coefficients of m'’s for each i = 1,2,---,(p + ¢ — 1). Replacing m by
1,2,---,(p+q—1), we obtain a system of (p + g — 1) linear homogeneous equations that provides a
Vandermonde matrix,

2 22 p+g-1
p+q-1 (p+q-1* -+ (p+gq- 1!

which yields that fi(a,e) = O for every a in A and fori = 1,2,---,p + g — 1. In particular, for all
a € A, we have the following fori = p + g — 1:

(pi;ql)w(a) - (qfl)ﬂ(e)a + (pfl)q_{(a) + (qﬁl)D(a)
+(,7 JH@a+ (1 )H(a) +(,”)D(@), for alla e A.
This implies that 2(p + ¢)H(a) = (p + @) H(e)a + (p + q)H(a) + (p + ¢)D(a), then torsion restriction
of A gives that
H(a) = H(e)a + D(a) for all a in A. (2.2)

Next, from f,.,-2(a, e) = 0 with D(e) = 0, we have

+q-2 21
o (qqZ)D(aZ) + (pfl)(qzl)aﬂ(a) + (pljz)ﬂ(e)az
+{,2)( 2 H@a + (M@ + (,2,)D@)

+(qq1)(p 1)a@(a) for alla € A.

2 79 )H(@) = (qg W(e)a2+(p’_’l)(q)?{(a)a+(p’_’2)7{(a2)
+

This implies that

(P+a)p+q-DH@) = [$52 + EE[H(e)a® + D(a)] + pgH(a)a + PELH (@)
+pgaD(a) + pgH(a)a + @W(dz) + gpaD(a).

Replacing a by a? in (2.2), we arrive at H(a?) = H(e)a* + D(a?) for all a in A. Using this relation
in the above relation, we obtain
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(p+9(p+qg-DH@) = l[q(g-1)+ p(p-DIH(a*) +2pgH(a)a + 2pgaD(a).

After some calculations, we find

2gpH(@*) = 2qp[H(a)a + aD(a)].

Using torsion condition, we have

H(d*) = H(a)a + aD(a), forall a € A. (2.3)

Next, from (2.2),
D(a?) H(a*) — H(e)a?)
H(a)a + aD(a) — H(e)(a?)

[H(a) — H(e)a)la + aD(a)

= D(a)a+ aD(a).
Hence, D is a Jordan derivation on A. Therefore, from (2.3), we conclude that H is a generalized
Jordan derivation on (A, so we obtain the required result by Lemma 1.1. O

The following example shows that the above result of the article is not redundant.

im0

Example 2.1. Consider a ring A = h ) | i1, 1y € 2Zg ¢, and Zg has its usual meaning. Define
2

0
. . n 0\ _(0 0 i 0\l (4 O : :
mappmgsﬂ,@.ﬂﬁﬂbyﬂ[(o 1—2)]—(0 l_-z)andi)[(o l_z)]_(() O)' It is obvious

that H and D are not a generalized derivation or a derivation on A, respectively, but H and D satisfy
the algebraic conditions in Theorem 2.1, which shows that semiprimeness is an essential condition in
the main theorem of the present section.

3. Generalized left derivation

The present section is assigned to the study of another extension of a derivation, which is termed
as a left derivation defined as: A mapping 6 : A — A is known as a left derivation (respectively,
Jordan left derivation) if it is additive and fulfilling §(ab) = ad(b) + bé(a) (respectively, 5(b*) = 2b5(b))
for all a,b € A. We say that a mapping 6 : A — A is known as a right derivation (respectively,
Jordan right derivation) if ¢ is additive and holds the condition é(ab) = d(a)b + 6(b)a (respectively,
8(b*) = 26(b)b) for each a, b € A. § is a derivation if it is both a left and right derivation. Clearly, every
right (respectively, left) derivation on a ring is a Jordan right (respectively, Jordan left) derivation, but
the converse statement does not hold generally (for the reference, see [14]).

An additive mapping H; from A to itself is a generalized left derivation (respectively, generalized
Jordan left derivation) with an associated Jordan left deviation ¢ if the statement H,(ab) = aH;(b) +
bé(a) (respectively, H,(b*) = bH,(b) + bd(b)) holds for every a, b € A. The concept of left derivations
is encompassed by the theory of generalized left derivations. On the other hand, if we take 6 = 0, a
generalized left derivation follows the theory of right centralizer on A.

In [2], the author’s goal is to define a set of requirements that must be met for each generalized
Jordan left derivation on a ring to be considered as a generalized left derivation. This led to the
discovery of some new results, which can be regarded as a contribution to the theory of Jordan
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derivations in rings. Motivated by previously mentioned research, we plan to investigate the ensuing
identities of generalized left derivation.

If H; is a generalized left derivation and ¢ is an associated left derivation of H; on A, then
2H, (aP*) = alH,(a’) + aPd(a?) + aPH,(a?) + a?5(aP) is satisfied for each a in A. The converse
statement of the aforesaid statement is true with some restrictions on A. This section presents the
converse of this statement. More precisely, we proved the following: Let g, p > 1 be any two fixed
integers and A be a (p+¢)!-torsion free semiprime ring. If two mappings H;,d : A — A are additive
and fulfilling the algebraic identity 2H,(a”*?) = a?H,(a’) + a’d(a?) + a?H,(a?) + a?d(a’), Ya € A,
then H, will be a generalized left derivation associated with a left derivation 6 on A:

To complete the proof of Theorem 3.1, we need the following lemma:

Lemma 3.1. [1] Let A be a 2-torsion free semiprime ring and let H; : A — A be a generalized
Jordan left derivation with associated Jordan left derivation 6 : A — A, then every generalized
Jordan left derivation is a generalized left derivation on A.

Theorem 3.1. Let q,p > 1 be any two fixed integers and A be a (p + q)!-torsion free semiprime
ring. If two mappings H,6 : A — A are additive and fulfilling the algebraic identity 2H,(a?*9) =
alH (a?) + a’6(a?) + a’H,(a?) + a?6(a?), Ya € A, then H, will be a generalized left derivation with
associated left derivation 6 on A.

Proof. Since
2H,(a’*) = aH,(a’) + a’6(a?) + a’H,(a?) + a?6(a’) Ya € A, 3.1

then replacing a by e, we get 6(e) = 0. Next, put a + ne in place of a to get

27{1(611’“1 + (”T")a”*q’lne +oeet (p’i;rfz)aznmq’% + (pf;fl)an’”q’le + nf”qe) = (aq + (j’)aq’lne +oeet

(qu)aznq‘ze + (q?l)anq‘le + nqe)ﬂl (af’ + (Il’)a”‘lne +oee (p’_’z)aznl"ze + (pf])anp‘le + n”e) + (a” +
(Il’)a”‘lne +o (pfz)azn”‘ze + (pfl)anp‘le + nf’e)é(aq + (‘f)aq‘lne +o (qu)aznq‘ze + (qfl)anq‘le +
n’fe) + (a” + (Il’)a”‘lne oot (pf_’z)aznl"ze + (pfl)anl"le + npe)ﬂl (aq + (‘f)aq‘lne +o (qu)aznq‘ze +
(qfl)anq‘le + n"e) + (a” + (‘f)aq‘lne +oeee (qu)azn‘f‘ze + (qfl)an‘f‘le + n‘fe)(i(a” + (f)a”‘lne +oeee
( P )aznp‘ze +( P )anp“e + n”e), where n is any positive integer.

p—2 p—1
Rewrite the above expression by using (3.1) as

nPi(a,e) + n*Py(a,e) + - - + nPr P, 1(a,e) =0,
where P;(a, e) stand for the coefficients of n’’s fori = 1,2,--- , p+q—1. If wereplacenby 1,2,--- , p+

g — 1, then we find a system of (p + ¢ — 1) linear homogeneous equations. It gives us a Vandermonde
matrix ,

2 22 p+g-1
prg-1 (p+g=17 -+ (p+q- 1!
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which yields that P;(a,e) = O foralla € Aand fori =1,2,---,p+ g — 1. Particularly,i = p+¢g—1
gives the following:

2o YHi (@) = (2))aHi(e) + (7, )Hi(@) +(,7)5@)
+(,7,JaHi(e) + (;1)7’(1(61) +(,",)8(a), for alla € A.

Using torsion restriction of A, we arrive at
Hi(a) = aH, (e) + 6(a) for every a € A. (3.2)
Next, P,.4-2(a, e) = 0 implies the following:

[;+q2 7_[1(612) = 2 27’{1(6)4- 107‘{1(61)—}— 7‘{1(612)
pra- g- -
H, )o@ + ()] )( Jasta) + (2o Hice
+(q (! )“7’{1(“”( JHi(@) +(,7,)8(a%)

+(q21)(pfl)a5(a), for all a € A.

This implies that

(P+@)p+q-DH(@) = LLR2H (e) + pqale (@) + BZUH, (a?) + LL06(a?)
+pgad(a) + L= (p a®H, () + qpa?{l (a) + 4L ])7{ (@)
+@6(a2) + qpaé)’(a) for every a € A.

That is,

2p+q)(p+q—-DHi(@) = [q(g-1)+ p(p— DI[a*Hi(e) + 6(a>)] + 4pgaH;(a)
+[q(g — 1) + p(p — DIH,(a*) + 4pgad(a),

for every a € A. Replace a by a? in (3.2) and use the above relation to find the following

2p+q@)(p+q—DH\(a®>) = 4pgaH,(a) + 4pgad(a)
+2[q(g — 1) + p(p — D]H,(a?), for every a € A.

Simplifying the above expression and making use of torsion freeness of A, we have
Hi(a*) = aH(a)+ ad(a), for every a € A. (3.3)

Consider (3.2), then

6(a®) = Hi(@®) - a*H(e)
aH,(a) + ad(a) — a*H, (e)
ad(a) + a[Hi(a) — aH,(e)]

; 2ad(a).

Hence, H, is a generalized Jordan left derivation on A having an associated Jordan left derivation §.
Applying Lemma 3.1, we find the required conclusion. O

The implications of Theorem 3.1 lead to the following consequences:
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Theorem 3.2. Suppose that q,p > 1 are fixed integers and A is a (p + q)!-torsion free semiprime
ring. If two mappings H,,6 : A — A are additive and satisfying 2H(aP*?) = a?H,(a’) + a’6(a?) +
aPH,(a?) + ad(aP) for every a in ‘A, then

(1) ¢ is a derivation of A and for each a,b in A, [5(a),b] =0,
(2) 6(A) = Z(A),

(3) either A is commutative or 6 = 0 on A,

(4) H, will be a generalized derivation of A,

(5) Hi(a) = aq for some q € Q)(Ac), Ya € A.

Proof. (1) Since 2H,(a?*?) = aiH,(a’) + a’d(a?) + a’H (a?) + al6(a”) for each a belong to A,
then making use of Theorem 3.1 and [1, Theorem 3.1], we get that ¢ is a derivation on A and
[0(a),b] =0Va,b e A.

(2) Given that 2H,(a’*?) = aiH(a’) + a’d6(a?) + a’H,(a?) + a16(a’) for every a in A, applying
Theorem 3.1, H, will be a generalized left derivation associated with Jordan left derivation ¢ of
A. Therefore, using [13, Theorem 2], we conclude that 6(A) = Z(A).

(3) Suppose that 6 # 0. From (1), ¢ is a derivation and [6(w),b] = O for every w and b in A.
For instance [6(w),w] = O for every w in A. As 6 # 0, we say A is a commutative ring by
utilizing [9, Theorem 2].

(4) Consider 2H,(a?*?) = a?H,(a’) + a’5(a?) + a?H,(a?) + a?6(a”). In perspective of part (3) and
Theorem 3.1, the ring A is commutative and ¢ is a derivation of ‘A. Hence, H is a generalized
derivation of A.

(5) Since 2H;(a?*?) = a9H,(a?) +a’5(a?) +aPH,(a?) +al5(aP) for all a € A, then from Theorem 3.1,
H, will be a generalized left derivation on A. Again, if A is a noncommutative semiprime ring
possessing 2-torsion freeness, then from (3), we have § = 0. Therefore, H; will be a right
centralizer of A. Hence, using Proposition 2.10 of [1], there exists g € Q)(Ac) such that H,(a) =
aq for each a € A.

O

The subsequent example demonstrates that the noteworthy outcome presented in the article is not
superfluous.

Example 3.1. Define mappings H,,6 : A — A by H, [( l(; ;_2 )] = ( 8 lé )ana’ 5[( 8 2—2 )] =
3 3

0 0 i_ i_ o I - . . . . .

( 0 f ), where A = {( 6 l—z ) | i1,10,103 € ZZg}. Obviously, H is not a generalized left derivation
3 3

associated with ¢ (6 is not a Jordan left derivation) on ‘A, but H,, 6 satisfy the algebraic conditions in

Theorem 3.1. This demonstrates that semiprimeness is a necessary condition for Theorem 3.1 in this

section.

4. Application
The Singer-Wermer theorem, a well-known theorem in Banach algebra, states that any continuous
derivation translates into its Jacobson radical on a commutative Banach algebra. Thomas [12]

demonstrated that the Singer-Wermer theorem is still valid even when the derivation is not continuous.

AIMS Mathematics Volume 9, Issue 2, 4109-4117.
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The Singer-Wermer conjecture alludes to this generalization. The ensuing systematic observations
are motivated by the parallel line of investigation. Given that every semisimple Banach algebra is
semiprime, it will be useful to think about Theorem 3.1 in the context of semisimple Banach algebra.
Consider the algebraic condition 26(A”*7) = AIG(A?) + APg(A?) + AP (AT) + Ag(AP) for all A on a
semisimple Banach algebra B. To prove Theorem 4.1, we required the following results:

Result 4.1. [8] Every linear derivation is continuous on a semi-simple Banach Algebra.

Result 4.2. [11] Any continuous linear derivation maps algebra into its radical on a commutative
Banach algebra.

Result 4.3. [12] On commutative semi-simple Banach algebras, every linear derivation is zero.
In light of the aforementioned findings, we arrive at the following theorem:

Theorem 4.1. If g, p > 1 are two fixed integers and B is a semi-simple Banach algebra, assuming that
®,q : B — B are two additive mappings that satisfy 20(AP*?) = AIG(A?) + APg(A?) + APB(A?) +
A9g(AP) for all A € B, then g = 0 on *B.

Proof. Recall that every semi-simple Banach algebra is a semiprime ring, then all assumptions of
the first part of Theorem 3.2 are satisfied. Therefore, we find a derivation on a semi-simple Banach
algebra B, which is also linear. Thus, g = 0 from Theorem 4 of the reference [13]. O

5. Conclusions

This would be interesting and thought provoking to analyze the above results in the setting of
elementary operators by using the tools of standard operator theory.
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