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Abstract: Statistical inference for missing data is common in data analysis, and there are still
widespread cases of missing data in big data. The literature has discussed the practicability of two-
stage feature screening with categorical covariates missing at random (IMCSIS). Therefore, we
propose group feature screening for ultrahigh-dimensional data with categorical covariates missing at
random (GIMCSIS), which can be used to effectively select important features. The proposed method
expands the scope of IMCSIS and further improves the performance of classification learning when
covariates are missing. Based on the adjusted Pearson chi-square statistics, a two-stage group feature
screening method is modeled, and theoretical analysis proves that the proposed method conforms to
the sure screening property. In a numerical simulation, GIMCSIS can achieve better finite sample
performance under binary and multivariate response variables and multi-classification covariates. The
empirical analysis through multiple classification results shows that GIMCSIS is superior to IMCSIS
in imbalanced data classification.
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1. Introduction

With the development of information technology and networks, big data with “high
dimensionality” as its main feature are widely appearing in medicine, economics, engineering, and
other fields. In general, when the dimension p of the covariable increases exponentially with sample
size n, we call such data ultrahigh-dimensional data [1]. Intuitively, the covariate dimension of
ultrahigh-dimensional data far exceeds the sample size, and the traditional penalty variable screening
method suffers from high computational complexity, poor statistical accuracy, and weak algorithm
stability; therefore, it is urgent to develop a variable screening method that is suitable for ultrahigh-
dimensional data. However, missing data is also another major problem in data analysis and it exists
in ultrahigh-dimensional data. Even missing a smaller number of samples for a covariate can lead to
an inability to calculate the significance of that variable, which will lead to the omission of important
information and misjudgment in subsequent analysis. Therefore, determining how to directly find
important variables in ultrahigh-dimensional data with randomly missing data points plays an
important role in efficient data analysis.

To solve the problem of statistically modeling ultrahigh-dimensional data, J. Fan and J. Lv [2]
first proposed sure independence screening (SIS), which measures the importance of each covariate
according to the Pearson correlation coefficient between the response variable and a single covariate.
Thus, the dimension of the covariates is reduced to a suitable range. To improve the use of SIS under
more general assumptions, P. Hall and H. Miller [3] extended the generalized correlation coefficients,
and G. Li et al. [4] proposed the robust rank correlation coefficient screening method to address
transformed regression models. X. Y. Wang and C. L. Leng [5] proposed a feature screening method
based on high-dimensional least-squares projection to further improve screening performance,
considering that SIS is highly dependent on significant covariates and response variables with large
marginal correlations. For the model-free assumption, which is more suitable for the era of big data,
L. P. Zhu et al. [6] proposed a feature screening method based on covariance, namely, sure independent
ranking screening. As there is no model assumption, this method can be used for models such as linear
models, generalized linear models, partial linear models, and single index models. R. Li et al. [7]
proposed a feature screening method based on the distance correlation coefficient by employing
distance covariance through the use of an index to describe whether two arbitrary variables are
independent. On this basis, X. Shao and J. Zhang [8] proposed the use of the martingale difference
correlation coefficient screening method to measure the deviation of the correlation between two
random variables. On the topic of feature screening for ultrahigh-dimensional discrete data, Q. Mai
and H. Zou [9] focused on binary response variables, introduced Kolmogorov-Smirnov statistics
into the feature screening framework, and proposed a variable selection method based on the
Kolmogorov filter. D. Huang et al. [10] proposed a feature screening method based on Pearson chi-
square statistics that can solve the problems of superhigh-dimensional discrete covariate data and
continuous data under multiple response variables. L. Ni et al. [11] further considered adjusted Pearson
chi-square SIS (APC-SIS) to analyze multiclass response data. P. Lai et al. [12] introduced Fisher
linear projection and marginal score tests to construct a linear projection feature screening method for
linear discriminant modeling. With the emergence of group variables, the above feature screening
methods that apply to single variables are no longer applicable. W. C. Song and J. Xie [13] proposed
a feature screening method for group data based on F statistics. Based on the assumptions of a linear
model, D. Qiu and J. Ahn [14] proposed three methods: group SIS, group high-dimensional least
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squares projection, and group adjusted R-square screening. H. J. He and G. M. Deng [15] focused on
the feature screening of discrete group data and constructed the group information entropy feature
screening method based on joint information entropy. Z. Z. Wang et al. [16,17] further extended the
role of information theory in group feature screening by using the information gain ratio and Gini
coefficient. Y. L. Sang and X. Dang [18] used the Gini distance coefficient to measure the
independence between discrete response variables and continuous covariates and constructed a group
feature screening method for the Gini distance.

Missing data constitutes a widespread problem in data analysis, and ultrahigh-dimensional data
are no exception. P. Lai et al. [19] applied the Kolmogorov filtering method to screen important
covariates for the construction of propensity score functions, proposed a feature screening method for
ultrahigh-dimensional data with response variables missing at random, and promoted inverse
probability weighting technology to build marginal feature screening processes. Q. H. Wang and Y. J.
Li [20] proposed missing indicator interpolation screening and feature screening methods based on a
Venn diagram by using missing indicator information for response variables. X. X. Li et al. [21]
identified key covariates by using the marginal Spearman rank correlation coefficient for conditional
estimation. L. Y. Zou et al. [22] used the interpolation technique to process the distribution function of
missing responses and adopted the distance correlation between the response distribution function and
the covariate distribution function as the index for feature screening. L. Ni et al. [23] proposed two-
stage feature screening with covariates missing at random (IMCSIS) and proved the theoretical
properties of this method based on adjusted Pearson chi-square statistical feature screening.

The response variable and the covariates missing at random have been fully discussed in the feature
screening of ultrahigh-dimensional data. Considering that group data are common, they also need to be
taken into account in the feature screening framework. We attempted to extend the group feature screening
method that is typically applied to complete data to the case of covariates missing at random to expand the
application scope of the existing group feature screening method. In addition, the ultrahigh-dimensional
data considered in this paper are discrete, and the application scenarios are mostly classification learning
objectives. Therefore, we used the adjusted Pearson chi-square statistic and the two-stage screening
procedure to improve the effectiveness of multi-classification problems in practical problems.

In this paper, we construct an ultrahigh-dimensional group feature screening method for randomly
missing data and extend the feature screening method that is generally suitable for classification
models. First, we define the indicator variables for missing covariates, for which it is assumed that any
missing variables exist as a group structure. Second, a two-stage group feature screening method with
covariates missing at random (GIMCSIS) was proposed by introducing adjusted Pearson chi-square
statistics as the basic screening method. In this paper, the GIMCSIS satisfies the sure screening
performance requirement. Furthermore, the performance of GIMCSIS is demonstrated via numerical
simulation and empirical analysis. Specifically, compared with IMCSIS, GIMCSIS can be applied to
group data and improve the feature screening performance of ultrahigh-dimensional data with
covariates missing at random. In the empirical analysis, we focus on the classification model, and
GIMCSIS is better than IMCSIS in terms of various classification indices.

This paper is organized as follows. Section 2 introduces two-stage group feature screening based
on adjusted Pearson chi-square statistics. Then, we establish a group sure screening property. The
simulation studies are given in Section 3. Section 4 provides a classification analysis, and the paper
concludes with a discussion in Section 5.
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2. Theory and method
2.1. Symbol and definition

First, we define the group structure data. When covariates are randomly missing, there are group
covariates among both the full and partial observation covariates; therefore, we need to define new
symbols and concepts. Suppose that Y is a multiclass response variable with R elements and that the
covariate matrix X isamultivariate covariate matrix with G group covariates, each of which consists
of one or more covariates. Considering random missing covariates in covariate data, the set of fully
observed variables is defined as U = (uy, ..., ug;)7, and the partial set of observed variables is defined
as V = (vy, ..., v5,)T. The covariate matrix X is represented by

X = (ul, ...,uGl, Ul, ...,Uaz)T, P = Zgil pk + ZZG=21 ql, G = Gl + GZ,

where 1<k <G1l, 1<1<G2, and G1 and G2 are the groups of fully and partially observed
covariates, respectively. P represents the total number of dimensions in the covariate, p, represents
the number of dimensions of the kth covariate in the fully observed covariate, and q; represents the
number of dimensions of the [th covariate in the group of partially observed observation covariates.
For some of the observed covariates, §; is used to represent the missing indicator variables. The
missing state of a single variable has only 1 or 0 states, while the missing state of a group of variables
is more complicated. In this paper, the missing indicator variable §; is defined as a fully observed
covariate group only when all covariables in the group are as follows:

5 = {1; sum(8;) = qu;
L7lo, sum(68) # q;.

Second, it is assumed that all covariate components of the covariate matrix X are classified as
J, J4 represents the last of the combinations between covariate classes in the gth group covariate
matrix, and j; represents the indicator variables in the combinations between covariate classes in the
gth group covariate matrix. If j; = 1, it is the first covariate-class combination, and so on; J, is the
py covariate class combination; and a certain covariate class combination has a classification vector
representation, namely, ( J1s s jpg).

Let the probability function of the response variable be p, = P(Y = r). A probability function

with a group structure covariate can be expressed as Wj, = W( ) =P (ukl =J1 e Uz =

j1;---;jpk
Jzr eor Ukpy, = jpk) and Wj; = W(h.---.jpl) = P(vu = J1r s Vig = Jzo s Vip, = jpl) represents a joint
probability function of variables within a group; wj, is a joint probability function for complete data,
and wj, is a form in the partial case of covariates. Similarly, the probability functions of the response

variable with group structure covariates are as follows: Prer =P(j, 5 Vr = P(Y =r,u =

jl’ vy Ugz =jZl ...,ukpk =jpk) and p]lT = p(jl'---:jpl)r = P(Y =V =Ju-Viz = Jz ---:vlpl =

Jp)s 1Sk<G1,1<1<G2, r=1,.,R and z=1,..,p or 1,...,pl,{j1,...,jpg} =1,...].

2.2. Adjusted Pearson chi-square statistic
Based on the two-stage feature screening process, we propose a two-stage feature screening
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method for group structure data [23]. Specifically, we use APC-SIS to construct the group feature
screening process.

The APC-SIS method first uses the adjusted Pearson chi-square statistic as the feature screening
index [11]. The adjusted Pearson chi-square statistic for univariate analysis is given as follows:

}__(R))?
A= L yR Wk (prw;”-my7) 2.1)
k logJk r=14j=1 PrW](-k)

where p, =P(Y =71), W]-(k) = P(X, =j) and ng‘j) =PY=rX,=j), r=12,-,R, j=
1,2,---,] and k = 1,2,---, K. When the response variable Y is independent of the covariate X, the
product of the marginal probabilities is equal to the joint probability; then, prwj(k) = ng;-). When the

response variable Y and the covariate X, are not independent, the product of the marginal
probabilities is not equal to the joint probability; the larger the difference, the stronger the correlation
between Y and Xj. Therefore, it is easy to obtain two properties of A; then, A= 0, and A= 0 if
and only if Y is independent of X,.

By applying the above definition, we can obtain the adjusted Pearson chi-square statistics of a
group of covariables under the random missing mechanism. For complete covariate data, we can
directly construct the adjusted Pearson chi-square statistic of the response variable Y and the
complete covariate Uj:

2
APC, (v, ) = g e, et 22)

log Jx =7 prwj,

For partial covariate data, the adjusted Pearson chi-square statistic of the response variable Y and the
complete covariate V; is calculated:

2
_ 1 gr yn (Pareew) 23
APCy(Y, V) = = EF i, m— (2.3)
Because wj, = P(vi = Ju, oo Vig = Jiz oo Vip, = Jip,) = 2ot P(Y = 1,010 = Jig, o0y =

Jar s Vip, = jm) = pj,r» When estimating APC,(Y,V;), compared with Eq (2.2), we need to estimate
only pj,r. Then,

Pyr = P(Y =71,V11 = J1, e Vizg = Jzr o) Vip, =jpz)

= z P(Y =7,U"9 =u)-P(viy = j1, ) Vig = jor s Vipy, = Jipy [Y = 7,09 = u)

u

= ZP(Y =7,UM9 = u) - P(viy = ju, e Vig = Jigy oo Vip, = Jp |Y =7, UM9 =0, 8] = 1)

u

zP(Y =r, UMy = w) - P(vyy = ju, e, Viz = Jo» s Vip, = Jpp Y =11, uMe =, 8 = 1)
P(Y =7,uMs =u, 8 =1)

u

(2.4)
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where UMl is used to link the fully observed covariate with the partially observed covariate, and the
important fully observed covariate M;, can be obtained by calculating APC,(6;, Uy); that is, the
fully observed covariate associated with the missing information is used to replace the partially
observed covariate. Therefore, p;,, can be obtained from M Iy and Eq (2.4).

2.3. Two-stage group feature screening method

The two-stage group feature screening with covariates missing at random (GIMCSIS) uses the

missing indicator variable as a bridge between the partially observed covariate and the response
variable. Feature screening of the fully observed covariates and partially observed covariates is carried
out, and the fully observed covariate information is used to replace the partially observed covariate
information to realize group feature screening of the partially observed covariates. The screening
process is divided into two steps:
Step 1: To map the partially observed variable information to the fully observed covariates, the fully
observed covariates associated with the missing indicator variable are considered, and the partially
observed covariates are replaced by the information of the fully observed covariates. Specifically, for
each of the observed covariates that are missing indicator variables, the adjusted Pearson chi-square
statistic is calculated as follows:

2
]k (Z?=1 I(Si,l=T'uk1=]'1""'ukpk=]'pk)_2?=1 I(ai'l=T)ij)

1 R Z
r=14j ny, 1(8;,=r)Wj,

log Jk

APC, (87, Uy) = (2.5)

where w;, = W( ) = P(ukl = J1 s Uiz = Jzr oo Uy, :jpk) and r=0,1 . The active

Jurdpg
covariates are estimated by applying the following thresholds:

M,, = {k: APCy (67, Up) > csn 0, 1<k <G}

where c¢sr and 74 are predetermined constants that are defined in Condition (C4) in Section 2.4.

Step 2: On the basis of obtaining Mlg, using U My 1o replace partially observed covariates, the

adjusted Pearson chi-square statistics of the response variable and partially observed covariates are
obtained via the following process:

. (b)-5r95,)°

ADC _ R Ji
APC, (Y, V) = 1 B T (2.6)
where
M, . . M, .
) 1 eI <}’i =ru, = u) Z?=1I<Vl1 = J1 e Vip, = JppYi =1 U; 0 = U, 67 = )
pjl‘f' = _z M
ne Xl (yi =7,U, =y, 8, = 1)

Wj, = Xfeq ﬁjlr and p, =n"' YL, I(y; =7). The sum of all pj, values is equivalent to all
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. . T . . M
possible values of u inthe set M. In practice, the summation term Y7, [ (yl. =1, b — 5 =

1) in the case of a given u value is 0 when the number of covariates in M, is large enough. Thus,

A

log ], is used to adjust the Pearson chi-square statistics, yielding »X_; Z;lzl pjr=1

For the fully observed covariates, we obtain the active covariate directly by using the adjusted
Pearson chi-square statistic. For the partially observed covariates, we obtain the active covariate
according to Steps 1 and 2. Therefore, the active covariates in the dataset can be estimated as follows:

(U, V)P = (U, Vi: APC, (Y, U}) > cn™, APC,(Y, V) > cn™ ", 1<k <p, 1< 1< q}

where ¢ and 7 are predetermined constants.
In practice, we replace Mlg with

Ml*g = {k: APC,(8;,U,,) is the largest d; of all Uy }
and replace (U, V)P with the following method:

(U, V)P" = {Uy, Vi APC4(Y,Uy) or APC,(Y,V)) is the largest d of all Uy, or V;}

2.4. Sure screening property

Next, we establish the theoretical property of the proposed GIMCSIS. For feature screening, sure
screening properties are essential and they were proposed by J. Fan and J. Lv [2]. After applying a
feature screening procedure with a probability tending to 1, all of the important variables still survive.
It is important to identify the conditions under which the sure screening property holds, i.e.,

P(M,cM,)>1 asn-o

where M, is the final model after feature screening and M, is the true model.
Therefore, to explore the sure screening property of GIMCSIS, the following regularity
conditions are assumed.
C2

.. U C:
(1) There are two positive constants ¢; and c,, such that %1 <p,< = 0< ngk < 72 and 0 <
Vi

[ .
Wy < 72; forr=1,..,R, j=1..Jy,l=1,..,qk=1,..,p,and | = maxlskSp,lslSq{]ka]Vl}-
(2) There are two constants ¢>(0 and 0 <7 < %, such that

Uk,Vrlrel%'g,V)D{APCg(Y, U), APCy(Y,V))} > 2¢n”".

(3) There are two positive constants ¢; and c,, such that 0 < ¢c3 < P(§] =1) <c¢, <1; for r =
01, 1l=1,..,q.
(4) Foreach 1 <[ < q, there are two constants Csr >0 and 0 < 75 < %, such that
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3 —T g
mingem, APCy (87, Uy) > > Can ‘o]

where APCy(67,Uy) = (logJ) ™ 512, S1_o(P(6} =1,Uy = J) — P(6; = )P(Uy = N}/ P(&; =

r)/P(Uy = J)-

.y C
(5) There are two positive constants ¢ and ¢4, such that ~—

2RJ™
s where M, = {k: APC,(8,U) > 2esm i, 1<k <61}, m=maxiqe U™, =
1,..,R,and [ =1, ...,q.
(6) R =0(n®)and] = 0(n*),where § >0, k>0, 1 —27—6¢ — 18k >0, 1 — 275 — 18k > 0,
1-27-10§ — (18m + 18)k > 0, and 75 = MaXi<<2 Ts;.

Conditions (1)—5) are commonly used in the study of feature screening [2,7,10,11,23]. Condition (1)
ensures that the proportion of each class of response variables and covariates is not too small or too
large, i.e., that the class of variables is balanced. Condition (2) requires that the smallest real signal
converges to zero at the n™" rate at which the sample size reaches infinity. Condition (3) requires that
the missing proportion be bounded. Condition (4) ensures the sure screening performance of the APC-
SIS in the first step of screening. Condition (5) ensures that the denominator of Eq (2.4) is not 0, and the
such a condition can be satisfied when the magnitude of M, is small. Condition (6) requires that the
divergence rate be much less than the growth rate of n.

Theorem 1. (Sure screening property) Under Conditions (1)—(6), if logp = 0(n%), logq = O(nﬁ),
a<1—-2t—-6§—18k, B <1—-21—10§ —(18m+ 18)k and a+ B <1 — 215 — 18k, such
that

<P(Y=r,UM=yué =1)<

P((UWP < (U, V)ﬁ) >1-0 (pexp(—blnl"”‘ﬁg_ls" + (¢ + K)logn))
—O(pqexp(—bznl_zm‘w" + (¢é+ 2K)l0gn))
-0 (qexp(—bs,nl_”_lof (A8m+18)k 4 (& 4 (7 + 1)K)l0gn))

where b;, b, and b; are constants. Therefore, GIMCSIS has the sure screening property.

Remark 1. To explore the feature screening of missing covariates in ultra-high dimensional data with
group structuring, it is easier to make better use of the information of covariates missing at random.
Inspired by L. Ni et al. [23], we propose group feature screening for ultrahigh-dimensional data with
categorical covariates missing at random (GIMCSIS). GIMCSIS expands the scope of IMCSIS, and it
further improves the performance of classification learning. Regarding the screening performance
theory, compared to IMCSIS, GIMCSIS has a higher probability of screening important variables (see
Theorem 1). Theorem 1 is also confirmed in Section 3.

3. Simulation studies

To verify the feature screening performance of GIMCSIS, we generated a series of simulation
data for relevant experiments. Simulations 1 and 2 are compared with IMCSIS [23] from two
perspectives: The binary response variable and the multiclass response variable. The computer
configuration is as follows: CPU, Intel i5-3230M (2.6 GHz); memory, 16 GB; and operating system,
Windows 10. The feature screening was implemented by using R version 4.2.2 programming, and the
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RStudio interactive programming interface was used.
The metrics used to evaluate the performance of feature screening include the following steps:

Index Description

The position of the last active covariate among all active covariates is

MMS usually represented by the 5%, 25%, 50%, 75%, and 95% quantiles of the

(minimum model size to MMS obtained from multiple experiments, which is used to illustrate that

include all active covariates) when MMS is similar to the number of active covariates, the model results
are better.

The proportion of active covariates covered in a certain interval accounted
for all active covariates, and the interval was used to calculate the coverage
CP probability in many studies with three strong and weak intervals
(coverage probability) [n/log(n)],2 - [n/log(n)], 3-[n/log(n)]; also, the coverage probability
under the three intervals was defined as CP1, CP2 and CP3 to illustrate the

convergence performance of the model.

CPa The probability of all active variables in the interval 3-[n/log(n)] in
(all-coverage probability) multiple experiments.

3.1. Simulation 1: Binary responses

On the basis of complete covariates, 40% of the covariates were defined as partially observed
covariates. A simple model in which all covariables are multiclass and the response variables are binary is
defined. The settings for the response variables y;, latent variables z; and covariables x; are as follows:

Response variable y;

Balanced data pr=Ply;=1)=P(y;=2)=1/2
Unbalanced data (R-T1) . .
pr =2 [1 + (R—:)]/?)R with max;<,<g Pr = 2 MiNy<r<g Pr
Latent variable z;, z;, ~ N(iyx, 1), 1 <k <p.
k>d, Ui =0
k<dy andr=1 . = —0.5 (active covariate)

k<dy andr=2 ., = 0.5 (active covariate)

Covariable x;
k is odd X = 1(zip > Z(j/z)) +1
k iseven Xig = I(Zi,k > Z(j/s)) +1

where d,, is the size of the active covariables and the first to tenth covariates are active covariates. In
the IMCSIS method, the indicator of the active covariate is dy, = 10. In the GIMCSIS method, the
number of variables in each group is 3, and the indicator of the active covariate is d,; = 4. When
Urr =—0.5 or p. =0.5, the kth covariable is active. Zy) is the ath standard normal
distribution quantile, and it is used to discretize the covariates x;.

Therefore, for a p-dimensional covariate, half of the covariates are categorical variables and the other
half are categorical variables. The ratio of complete covariates to partial covariates is defined as 6:4; the
first 60% of the covariates make up complete data, and the others constitute missing data. The random
missing proportions mp were set to 10%, 25% and 40%, and the missing indicator variable §;; was
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generated from the Bernoulli distribution 8;;~B(1,1 — mp). The dimensions of the covariates were set
to 1000, the full covariates to 600, the partial covariates to 400, and the sample sizes to 100, 120, and 150,

(see Table 1).

Table 1. Results for binary response variables and multi-classification covariates.

mp Method CP1 CP2 CP3 CPa mms.5. mms.25. mms.50. mms.75. mms.95.
n=100, P=1000, p=600, g=400, balanced
Step1 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 5.00 6.00
10% IMCSIS 0.85 090 090 0.04 55.90 73.25 99.00 119.25 140.05
Step2 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 5.00 5.55
IMCSIS 0.79 092 095 0.56 21.90 30.00 41.50 61.75 105.40
Step1 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 5.00 6.00
259 IMCSIS 0.85 090 090 0.04 55.90 73.25 99.00 119.25 140.05
Step2 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 4.00 6.10
IMCSIS 0.72 087 092 036 2545 41.25 63.00 87.50 156.40
Step1 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 5.00 6.00
0% IMCSIS 0.85 090 090 0.04 55.90 73.25 99.00 119.25 140.05
Step2 GIMCSIS 099 1.00 1.00 1.00 4.00 4.00 4.00 5.00 13.65
IMCSIS 0.62 0.78 0.85 0.10 44.80 61.00 102.50 136.00 187.75
n=120, P=1000, p=600, g=400, balanced
Step1 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 4.00 5.00
10% IMCSIS 094 1.00 1.00 1.00 1345 17.00 19.50 22.00 27.00
Step2 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 5.00 6.00 7.00
IMCSIS 0.89 098 099 094 1545 18.25 24.00 29.00 52.30
Step1 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 4.00 5.00
259, IMCSIS 094 1.00 1.00 1.00 1345 17.00 19.50 22.00 27.00
Step2 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 5.75 8.55
IMCSIS 0.80 094 098 0.80 18.90 27.25 35.00 49.75 81.65
Step1 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 4.00 5.00
40% IMCSIS 094 1.00 1.00 1.00 1345 17.00 19.50 22.00 27.00
Step2 GIMCSIS 097 099 0.99 096 4.00 4.00 6.00 11.75 29.05
IMCSIS 0.68 086 092 0.34 33.90 43.50 72.00 103.00 151.50
n=150, P=1000, p=600, g=400, balanced
Step1 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 4.00 5.00
10% IMCSIS 1.00 1.00 1.00 1.00 10.00 10.00 10.50 11.00 12.00
Step2 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 4.00 5.00
IMCSIS 099 1.00 1.00 1.00 12.00 14.00 15.50 18.00 23.55
Step1 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 4.00 5.00
259 IMCSIS 1.00 1.00 1.00 1.00 10.00 10.00 10.50 11.00 12.00
Step2 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 4.00 5.55
IMCSIS 093 099 1.00 1.00 1345 17.00 23.00 30.00 46.20
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mp Method CP1 CP2 CP3 CPa mms.5. mms.25. mms.50. mms.75. mms.95.
Step1 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 4.00 5.00
40% IMCSIS 1.00 1.00 1.00 1.00 10.00 10.00 10.50 11.00 12.00
Step2 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 5.00 9.00
IMCSIS 0.84 095 098 0.78 1845 25.00 34.50 57.25 124.90
n=100, P=1000, p=600, g=400, unbalanced
Step1 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 5.00 6.55
10% IMCSIS 0.77 0.85 0.88 0.00 63.00 84.50 120.00 159.75 181.55
Step2 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 5.00 6.00 8.00
IMCSIS 0.71 0.89 094 0.52 22.90 40.25 47.00 66.00 82.50
Step1 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 5.00 6.55
25% IMCSIS 0.77 0.85 0.88 0.00 63.00 84.50 120.00 159.75 181.55
Step2 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 5.00 6.55
IMCSIS 0.65 082 0.89 0.28 29.35 46.00 68.50 94.50 210.25
Step1 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 5.00 6.55
40% IMCSIS 0.77 0.85 0.88 0.00 63.00 84.50 120.00 159.75 181.55
Step2 GIMCSIS 094 098 1.00 1.00 5.00 6.25 9.00 15.50 33.20
IMCSIS 0.53 0.75 0.83 0.10 40.90 65.75 96.00 157.75  245.85
n=120, P=1000, p=600, g=400, unbalanced
Step1 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 4.00 5.00
10% IMCSIS 099 1.00 1.00 1.00 11.00 13.00 14.00 15.75 19.55
Step2 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 5.00 6.00 8.00
IMCSIS 0.82 097 099 0.94 20.00 23.00 28.50 36.50 62.45
Step1 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 4.00 5.00
. IMCSIS 099 1.00 1.00 1.00 11.00 13.00 14.00 15.75 19.55
Step2 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 5.00 11.10
IMCSIS 0.74 092 097 0.74 2145 29.00 38.50 54.50 77.50
Step1 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 4.00 5.00
40% IMCSIS 099 1.00 1.00 1.00 11.00 13.00 14.00 15.75 19.55
Step2 GIMCSIS 096 098 0.99 096 4.00 5.25 8.00 17.00 38.65
IMCSIS 0.61 081 0.89 0.24 37.70 55.50 72.00 94.00 206.60
n=150, P=1000, p=600, g=400, unbalanced
Step1 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 4.00 4.55
10% IMCSIS 1.00 1.00 1.00 1.00 10.00 10.00 10.00 11.00 12.00
Step2 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 4.00 4.00
IMCSIS 092 099 1.00 0.98 17.00 20.00 24.50 33.25 50.55
Step1 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 4.00 4.55
25% IMCSIS 1.00 1.00 1.00 1.00 10.00 10.00 10.00 11.00 12.00
Step2 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 4.00 4.00
IMCSIS 0.86 097 099 0.86 1545 22.25 31.50 44.25 148.40
Step1 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 4.00 4.55
40% IMCSIS 1.00 1.00 1.00 1.00 10.00 10.00 10.00 11.00 12.00
Step2 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 5.00 6.00
IMCSIS 0.79 090 094 0.52 23.00 40.00 61.00 101.75  261.25

AIMS Mathematics

Volume 9, Issue 2, 4032-4056.



4043

Table 1 reports the values of each index in 50 experiments simulated with a normal distribution. The
active covariate size based on the GIMCSIS model is 4, and the active covariate size based on the IMCSIS
model is 10. In the first stage, regardless of the missing proportions, GIMCSIS outperforms IMCSIS. In
the second stage, the covariate is affected by random missing data, with the following results:

(1) Comparison of different sample sizes: As the sample size increases, the minimum model size
(MMS) of GIMCSIS approaches the active covariate size d,; = 4, and that of IMCSIS approaches the
active covariate size d, = 10. However, GIMCSIS tends to converge faster than the set of active
covariates, and the quantile of the MMS is almost equal to 4 when n = 150, while the quantile of the
MMS for IMCSIS is significantly larger than the size of the active covariates. In both models, the four
indicators covering the probability tend to be equal to 1. However, the coverage probability of the IMCSIS
model is much weaker than that of the GIMCSIS model. GIMCSIS can achieve a better coverage
probability when n = 100, while IMCSIS can achieve a better coverage probability when n = 150.

(2) Comparison of different response variables: The structure of the response variables considers both
balanced and unbalanced data and is used to compare the anti-interference capacities of the methods. In
general, the performance of finite samples under balanced data is better than that under unbalanced data.
Among them, GIMCSIS with unbalanced data can achieve excellent MMS and coverage probability under
the condition of n =50, while IMCSIS has better screening performance under the condition of n =150.
Furthermore, GIMCSIS has stronger anti-interference capacities than IMCSIS.

(3) Comparison of different missing proportions: As the missing data proportion increases, the
MMS quantiles of both methods decrease. The MMS variation in IMCSIS is larger than that in GIMCSIS.
Moreover, the coverage probability of IMCSIS decreases significantly, while the coverage probability of
GIMCSIS remains as 1. The above results indicate that the performance of IMCSIS decreases rapidly,
while that of GIMCSIS is relatively stable when the missing data proportion continues to increase.

In summary, GIMCSIS has better ability to screen active covariates than IMCSIS in ultrahigh-
dimensional data with binary response variables and covariates missing at random. The screening
performance of IMCSIS decreases significantly in the second stage of screening, and the smaller the
sample size, the worse the screening performance. The performance of GIMCSIS in the second stage
of screening is similar to that in the first stage of screening, and it maintains a high coverage probability.
For unbalanced data, the performance of both GIMCSIS and IMCSIS methods decreases, but
GIMCSIS is significantly robust.

3.2. Simulation 2: Multiclass responses

Consider a complex model with more classes of covariates and four classes of response variables.
Two y; distributions are considered the same as those in Simulation 1.

The first to the 11th covariates are active covariates. In the IMCSIS method, the indicator of
the active covariate is d, = 11; in the GIMCSIS method, when the number of variables in each
group is 3, the indicator of the active covariate is d,; = 4, which is the same as the Simulation 1
screening target, but the composition of group variables is different. In the case of y;, Simulation 2
for the generation of latent variable data and active covariates is the same as Simulation 1.

Therefore, the p-dimensional covariates are evenly divided into two and five classes, respectively.
The ratio of complete covariates to partial covariates is defined as 6:4; the first 60% of the covariates
make up complete data, and the others constitute partial data. The random missing proportions mp
are set to 10%, 25% and 40%, and the missing indicator variable §;; is generated from the Bernoulli
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distribution 8;;~B(1,1 — mp). The number of dimensions of the covariate are considered to be 1000
dimensions, where the full covariate dimension is 600 dimensions, the partial covariate dimension is
400 dimensions, and the sample numbers are 50, 80 and 100, (see Table 2).

Table 2. Results for multivariate response variables and multi-classification covariates.

mp Method CP1 CP2 CP3 CPa mms.5. mms.25. mms.50. mms.75. mms.95.
n=50, P=1000, p=600, g=400, balanced
Step1 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 4.00 4.00
10% IMCSIS 0.82 1.00 1.00 1.00 11.00 11.00 11.00 11.00 11.00
Step2 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 4.00 4.55
IMCSIS 0.65 0.87 094 0.60 13.00 17.25 26.00 35.00 64.55
Step1 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 4.00 4.00
25, IMCSIS 0.82 1.00 1.00 1.00 11.00 11.00 11.00 11.00 11.00
Step2 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 5.00 7.55
IMCSIS 0.56 0.76 0.86 0.24 14.35 31.00 42.00 63.00 211.50
Step1 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 4.00 4.00
0% IMCSIS 0.82 1.00 1.00 1.00 11.00 11.00 11.00 11.00 11.00
Step2 GIMCSIS 0.78 090 091 0.66 4.00 8.25 12.00 46.00 103.50
IMCSIS 046 0.63 0.72 0.04 32.45 54.25 86.50 151.00  259.10
n=80, P=1000, p=600, g=400, balanced
Step1 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 4.00 4.00
10% IMCSIS 1.00 1.00 1.00 1.00 11.00 11.00 11.00 11.00 11.00
Step2 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 4.00 4.00
IMCSIS 0.98 1.00 1.00 1.00 11.00 11.00 12.00 13.00 16.55
Step1 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 4.00 4.00
25, IMCSIS 1.00 1.00 1.00 1.00 11.00 11.00 11.00 11.00 11.00
Step2 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 4.00 4.00
IMCSIS 0.93  0.99 1.00 1.00 11.00 11.25 13.00 19.00 27.00
Step1 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 4.00 4.00
0% IMCSIS 1.00 1.00 1.00 1.00 11.00 11.00 11.00 11.00 11.00
Step2 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 4.00 5.00
IMCSIS 0.85 098 099 0.92 11.00 14.00 21.00 25.00 40.55
n=100, P=1000, p=600, g=400, balanced
Step1 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 4.00 4.00
10% IMCSIS 1.00 1.00 1.00 1.00 11.00 11.00 11.00 11.00 11.00
Step2 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 4.00 4.00
IMCSIS 1.00 1.00 1.00 1.00 11.00 11.00 11.00 12.00 12.00
Step1 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 4.00 4.00
25, IMCSIS 1.00 1.00 1.00 1.00 11.00 11.00 11.00 11.00 11.00
Step2 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 4.00 4.00
IMCSIS 0.99 1.00 1.00 1.00 11.00 11.00 11.00 12.00 15.55
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mp Method CP1 CP2 CP3 CPa mms.5. mms.25. mms.50. mms.75. mms.95.
Step1 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 4.00 4.00
A0% IMCSIS 1.00 1.00 1.00 1.00 11.00 11.00 11.00 11.00 11.00
Step2 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 4.00 4.00
IMCSIS 0.99 1.00 1.00 1.00 11.00 12.00 13.00 15.00 20.55
n=50, P=1000, p=600, g=400, unbalanced
Step1 GIMCSIS 0.88 1.00 1.00 1.00 545 7.00 9.00 11.00 14.55
0% IMCSIS 035 053 0.60 0.00 21890 277.25 360.00 411.50  455.75
Step2 GIMCSIS 087 099 1.00 1.00 5.00 7.00 9.50 12.75 17.55
IMCSIS 0.34 041 0.47  0.00 177.75 226.50  268.00  348.75 387.95
Stepl GIMCSIS 0.88 1.00 1.00 1.00 545 7.00 9.00 11.00 14.55
5% IMCSIS 035 053 0.60 0.00 21890 277.25 360.00  411.50  455.75
Step2  GIMCSIS 0.63 087 093 0.78 7.45 12.00 17.00 25.00 82.65
IMCSIS 029 036 042 0.00 187.00 248.00  286.00  323.50  379.85
Step1 GIMCSIS 0.88 1.00 1.00 1.00 545 7.00 9.00 11.00 14.55
A0% IMCSIS 035 053 0.60 0.00 21890 277.25 360.00 411.50  455.75
Step2 GIMCSIS 0.13 028 049 0.02 34.00 50.00 75.00 141.00  246.80
IMCSIS 026  0.31 0.36  0.00 153.00 254.25 300.50  359.75 394.10
n=80, P=1000, p=600, =400, unbalanced
Step1 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 5.00 5.00 7.00
10% IMCSIS 0.64  0.81 0.89 0.08 3790  63.25 86.00 111.75 183.30
Step2 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 5.00 6.00
IMCSIS 0.52  0.68 0.75 0.02 4490 61.25 84.00 138.75 227.05
Step1 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 5.00 5.00 7.00
Se IMCSIS 0.64  0.81 0.89 0.08 3790 63.25 86.00 111.75 183.30
Step2 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 5.00 7.00 11.55
IMCSIS 044  0.61 0.72  0.02 49.25 90.50 147.00  218.00  321.05
Step1 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 5.00 5.00 7.00
40% IMCSIS 0.64  0.81 0.89  0.08 3790  63.25 86.00 111.75 183.30
Step2 GIMCSIS 0.84 094 098 092 7.00 9.00 11.00 26.00 44.10
IMCSIS 0.38 0.50 0.60 0.00 90.45 123.50 192.50  277.25 353.35
n=100, P=1000, p=600, q=400, unbalanced
Step1 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 5.00 6.55
0% IMCSIS 0.75 0.82 0.88 0.02 59.15 79.00 100.50 126.75 186.75
Step2 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 5.00 6.55
IMCSIS 0.68 0.85 093 036 2745 42.00 53.50 65.00 111.10
Step1 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 5.00 6.55
5% IMCSIS 0.75 0.82 0.88 0.02 59.15 79.00 100.50 126.75 186.75
Step2 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 5.00 8.55
IMCSIS 0.59 0.77 0.86 0.14 3880 59.25 83.50 126.00 21595
Step1 GIMCSIS 1.00 1.00 1.00 1.00 4.00 4.00 4.00 5.00 6.55
A0% IMCSIS 0.75 0.82 0.88 0.02 59.15 79.00 100.50 126.75 186.75
Step2 GIMCSIS 098 1.00 1.00 1.00 4.00 5.00 7.00 9.00 25.10
IMCSIS 049 0.66 0.77 0.02 59.95 85.75 137.50 198.75 328.85
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Table 2 reports the values of each index in 50 experiments simulated with a normal distribution. The
active covariate size based on the GIMCSIS model is 4, and the active covariate size based on the IMCSIS
model is 11. In the first stage, GIMCSIS outperforms IMCSIS, regardless of the missing proportions. In
the second stage, covariates are affected by random missing data, with the following results:

(1) Comparison of different sample sizes: As the sample size increases, the MMS of GIMCSIS
approaches the active covariate size dy; = 4, and the MMS of IMCSIS approaches the active
covariate size d, = 11. However, GIMCSIS tends to converge faster than the set of active covariates,
and the quantile of the MMS is almost equal to 4 when n = 100, while the quantile of the MMS in
IMCSIS is significantly larger than the size of the active covariates. In contrast to the simulation results
for binary response variables, the coverage probability of IMCSIS is much lower than that of binary
response variables when the four indices all converge to 1, and the active variables that were screened
out have an obvious trailing phenomenon. Although GIMCSIS also exhibited a similar phenomenon,
the four coverage probability indicators are almost 1 when n = 80.

(2) Comparison of different response variables: The structure of the response variables considers both
balanced and unbalanced data and is used to compare the anti-interference capacities of the methods. In
general, the performance of finite samples under balanced data is better than that under unbalanced data.
Among them, GIMCSIS of unbalanced data can achieve a good MMS and coverage probability when n
= 80, while the coverage probability of IMCSIS is far from the qualified requirement even when n = 100.
Furthermore, GIMCSIS has stronger anti-interference capacities than IMCSIS.

(3) Comparison of different missing proportions: As the missing data proportion increases, the
quantile of the MMS for both methods decreases. The amplitude of the MMS variation in the IMCSIS
dataset is larger than that in the GIMCSIS dataset, and the 75% and 95% quantiles of the IMCSIS
dataset are too far from the range of active covariates. Moreover, the coverage probability of IMCSIS
decreases significantly, while the coverage probability of GIMCSIS remains as 1. The above results
indicate that the performance of IMCSIS decreases rapidly, while that of GIMCSIS is relatively stable
when the missing data proportion continues to increase. Therefore, GIMCSIS can obtain stable
screening results more effectively.

(4) Comparison with binary response variables: In Simulation 1, although the performance of
IMCSIS is not as good as that of GIMCSIS, it can achieve better performance when there is a large
sample size. However, in Simulation 2, the response variable is only increased from binary to four
categories, and IMCSIS cannot achieve the screening goal. This shows that GIMCSIS has unique
advantages in the case of more general multiple response variables.

In summary, GIMCSIS also exhibits better screening performance than IMCSIS under the
conditions of ultrahigh-dimensional data with a multivariate response and covariates missing at
random. The screening performance of GIMCSIS remains robust. Compared with IMCSIS, GIMCSIS
has advantages in terms of a small sample size, an unbalanced response and a high deletion rate.

4. Empirical analysis

Section 3 illustrates the performance of GIMCSIS on simulated data. In practical application,
whether important variables obtained via GIMCSIS can play a role in data analysis is an important
issue that needs further verification. In this section, we describe the application of GIMCSIS to the
predata analysis process of imbalanced data classification to test whether the important variables
obtained can improve the effectiveness of classification problems.
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The empirical data were obtained from the Arizona State University feature selection database
(http://featureselection.asu.edu/), which contains colon cancer data consisting of 62 instances and 2000
covariates. Forty samples were negative for colon cancer, and the other 22 samples were positive for
colon cancer, for an imbalance of 1.81:1. The 2000 covariates were based on the expression levels,
and 2000 out of the 6500 genes were differentially expressed. Thus, the response is binary, and the
covariates are continuous. There are group correlations between gene expression.

To evaluate the effectiveness of the various feature screening methods for classification problems,
the average accuracy rate of the evaluation indicators was calculated via fivefold cross-validation. First,
62 samples were randomly divided into two groups according to the ratio of 1:4. Eighty percent of the
samples were used as training data, and the rest were used as test data. The sample size of the training
data was 50, the sample size of the test data was 12, and the covariate dimension of both datasets was
2000. The feature screening methods used were GIMCSIS and IMCSIS, where the number of active
covariables in the univariate feature screening was d, = 22 and the number of active covariables in
the group variable feature screening was d,; = 8. Considering the effect of covariates on
classification, we chose three classification models: Support vector machine (SVM) [24], decision tree
(DT) [25] and k-nearest neighbor (KNN) [26].

The evaluation indices for the classification effect are derived from the confusion matrix, and the
details are as follows. The confusion matrix is as below.

Actual
Positive Negative Total
Prediction Positive TP FP TP+FP
Negative FN TN FN+TN
Total TP+FN FP+TN TP+FP+FN+TN

where TP is the true positive, FN is the false negative, FP is the false positive and TN is the true
negative. Table 3 shows all of the evaluation indices based on the confusion matrix.

Table 3. Description of evaluation index.

Index Description
Accuracy Accuracy = il
TP+FP+TN+FN
Precision Precision = L
TP + FP
Recall Recall = P
TP +FN
Specificity Specificity = v
TN + FP
G —mean G —mean = \/Recall X Specificity

2 X Precision X Recall

F — measure F —measure =

Precision + Recall

Table 4 reports the classification performance of the various feature screening methods on the
training and test data. Overall, the classification effect of GIMCSIS was better than that of IMCSIS,
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with outstanding performance in terms of the recall, G-mean and F-measure. The classification method
with the best classification effect was KNN. The average accuracy on the training set based on
GIMCSIS was greater than 98%, and the average accuracy on the test set was greater than 88%.
According to the test data, the G-mean and F-measure based on GIMCSIS were superior to those based
on IMCSIS. Regarding the SVM, the average evaluation index for the GIMCSIS dataset was 1.64%
greater than that for the IMCSIS dataset on the training data, and the average evaluation index for the
GIMCSIS dataset was 5.84% greater than that for the IMCSIS dataset on the test data, indicating that
the classification performance of the GIMCSIS dataset was better than that of the IMCSIS dataset. For
DT, the average evaluation index for the GIMCSIS dataset was only 0.22% greater than that for the
IMCSIS dataset on the training data, but the average evaluation index for the GIMCSIS dataset was
9.55% greater than that for the IMCSIS dataset on the test data, indicating that IMCSIS exacerbated
the overfitting phenomenon. For KNN, the average evaluation index for GIMCSIS was 3.14% greater
than that for IMCSIS on the training data, and the average evaluation index for GIMCSIS was 1.65%
greater than that for IMCSIS on the test data, indicating that GIMCSIS affected the underfitting
phenomenon of the KNN model on these data to a certain extent.

Table 4. Lung data analysis results.

Screening Response
method Accuracy Precision  Recall Specificity = G-mean  F-measure
Classification
SVM
method
) IMCSIS 0.8961 0.9339 0.9025 0.8843 0.8932 0.9178
Train data
GIMCSIS 0.9158 0.9385 0.9305 0.8885 0.9091 0.9344
Test dat IMCSIS 0.8048 0.8883 0.7850 0.8667 0.8168 0.8217
ata
° GIMCSIS 0.8690 0.9050 0.8600 0.8917 0.8682 0.8746
Classification
DT
method
) IMCSIS 0.8670 0.8981 0.9111 0.7817 0.8339 0.8977
Train data
GIMCSIS 0.8629 0.8954 0.8929 0.8057 0.8466 0.8931
Test dat IMCSIS 0.7282 0.8033 0.7770 0.6600 0.6956 0.7759
ata
° GIMCSIS 0.7910 0.8583 0.8270 0.7600 0.7821 0.8367
Classification
KNN
method
) IMCSIS 0.9515 0.9691 0.9558 0.9418 0.9484 0.9621
Train data
GIMCSIS 0.9878 0.9818 1.0000 0.9654 0.9824 0.9908
Test dat IMCSIS 0.8885 0.8992 0.9214 0.8300 0.8735 0.9097
ata
° GIMCSIS 0.8872 0.9278 0.9083 0.8800 0.8884 0.9099

5. Conclusions

The existing group feature screening methods mainly focus on continuous data, discrete response
variables, discrete covariates, and other different cases, but feature screening with covariates missing
at random has not been discussed. Considering the missing conditions of ultrahigh-dimensional data,
this paper extends two-stage feature screening under a random missing mechanism to ultrahigh-
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dimensional data with a group structure and it presents a two-stage feature screening method with
covariates missing at random. In the first stage, we use group feature screening based on adjusted
Pearson chi-square statistics to find fully observed covariates that are dependent on missing indicator
variables. In the second stage, the information of partially observed covariates is replaced by the fully
observed covariates with dependence in the first stage so that the partially observed covariates with
dependence on response variables can be found. Finally, the important features are selected by
comparing the dependence between the fully observed covariates and the response variables.
Compared with existing methods, GIMCSIS can efficiently extract important variables from ultrahigh-
dimensional group data with covariates missing at random. In practice, the variables selected by
GIMCSIS can improve the classification performance for imbalanced data, which plays an important
role in expanding the path of imbalanced data analysis.

Specifically, GIMCSIS does not require model assumptions and satisfies certain screening
performance requirements. According to our numerical simulation, the finite sample performance of
GIMCSIS is better than that of IMCSIS, which is consistent with both the binary and multivariate
response variables. The computational complexity of GIMCSIS is similar to that of IMCSIS, and the
computer simulation times are similar for the same sample sizes. In the empirical analysis, we apply
the GIMCSIS method to the classification model to improve the classification of ultrahigh-dimensional
data with randomly missing data. The results show that GIMCSIS can identify more important
covariates, and that GIMCSIS has better classification performance than IMCSIS.

Under different missing data mechanisms, the group feature screening of ultrahigh-dimensional
data needs to be discussed. In addition, screening group features in the absence of both response
variables and covariates is one of the more challenging problems. In terms of empirical research,
discretizing continuous data to meet the needs of discretization feature screening is the key to
popularizing the group feature screening of ultrahigh-dimensional discrete data.
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Supplementary

Lemma 1. Similar to the derivation of Lemma 1 in [23], for the categorical response Y and the
categorical and fully observed covariate U,, under Condition (1), we have
— 2
P(|APC,(Y,U,) — APC,(Y,U)| > &) < O(RJ?) exp {—el %} (S1)
where e; is a constant.

Corollary 1. For the missing indicator variable §; and the fully observed discrete covariate Uy, under
Conditions (1) and (3), we have

P(|APC, (87, Up) — APC,(5;, U)| > €) < 0U3) exp {~e, "5} (2)

2 j18

where e, is a constant.
Lemma 2. Under Conditions (1), (3), (4) and (5), we have the following two inequalities

R 1_215;

P(My, < M,)21-0(G1]) exp {—e3 ,—} (83)
R _ nl—Z‘L’s;

P (Mlg = Mlg) =>1-0(61 ]3) exp {_63 ]T} (S4)

where e; is a positive constant.

Proof. M g and Mlg have been defined in Section 2.1 and Condition (5) respectively:
Mlg = {kAPCg(5;, Uk) > C(g{n_f‘g’lﬂ, 1<k< Gl}
Y * 1 —T o*
1y, = {k: APC, (8, Uy) > Lesm 1,1 < ke < 61},
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Under Conditions (1), (3) and (4), it is easy to obtain the following:
V3 AP * * 1 —Tg*
P (Mlg c Mlg) > P <|APCg(6l ,Up) — APC, (87, Up)| < > Csin 51,YU, € Mlg>

_ 1 ..
> P <|APCg(6,*, Up) — APCy (87, U)| S scpm” 81,1 <k < 61)

G1
ADA * * 1 —ls*
>1 - Z P (|APCg(al ,Up) — APC, (87, Up)| > > Cain 761)
k=1

1—2'[8*
n 1
>1-0(G1-]*)exp {_C3 ]T}

- 1 ..
[4PC, (57, Up) — APC, (87, U)| < 5 c5m ™", VU € Mlg>

v
o
—

- 1 ..
> P (|Apcg(5;, Ui) = APC,(5;,U0)| < 5 cm i1 <k < 01)
G1

DA * * 1 —lg*
>1-— z P (|Apcg(5l ,Up) — APC, (87, Up)| > > Cain ’61>
k=1

1—2‘[6*
n 1
>1-0(G1-]¥)exp {—63 ]T}

Lemma 3. For the discrete response variable Y and the random missing covariate V;, under
Conditions (1), (3), (4) and (5), we have

1—27T o*
&

A 3 n 3m Tltz
Pjir — lerl > t) <0(G1-J%)exp —esz +0(J°™) exp {—95 W} (S5)

P(

where e; and eg are positive constants.
Proof. Section 2.2 gives the joint probability of group data with randomly missing data:

Pjpr =

M, . ] M, .
) 122?:11 <)’i =ruy; 7= u) Yici 1 (Vu =Ju e Vip = JppYi =14, 7 =u, 51’,1 = )
n

- 7
m Ny (yi =7, =y, 8, = 1)

Then it is easy to get

P(

ﬁjlr - pjl"" > t) <P ( p’\jﬂ' - pjlr| > thlg c Mlg c Mlg)
+P (M, & M)+ P(M,, ¢ M,)).

In Lemma 2, neither of the last two terms of the above formula is greater than

AIMS Mathematics Volume 9, Issue 2, 4032-4056.



4053

1—2T o*
!

0(G1-]3) exp {—e3 n]T

for ease of representation, we give the following notation:
Let ¢ru =P (Y =r, UM = u)’ Pru =P (Y =r,U"Ms =y, 6 = 1)’ and Vj,ru =
. . i .

The corresponding estimators are as follows:

}, so we just have to worry about the first inequality. Before we do that,

n
~ _ My
¢r,u =n 1zl<yi =nuy; 7 :u>
i=1
n o~
M
@r,u = n—lzl()/i =7",ul. lg =ul6l* = 1)

i=1
M,
s — -1\ —_ 7 — — g _
le,r,u =n Zi:ll <vll =J1u ---'vlpl _]pp)/i =T, ui =1u 511 - )

Because M;, € M;, € M, , we have

¢r,uyj Lru ¢r,uyj Lru
Pru Pru
u

14 1 ¢
:Z ]lru(d)ru ¢ru)+z¢ruyjlru< - >+Z ru(ylru V]lru)
(pr,u (pr,u ) (pr,u

Z(«m ¢ru)+z< - <pru>+22R 2R e = Vi)

= 14_1 + 142 + 14_3.

Djir = Pjir =

For ease of writing, the following formula ignores the conditional probability, such that Py, (-) is used

instead of P (-IMlg c 1\7Ilg c Mlg); hence

PM(lﬁjlr —lerl > t) < Py(lyy > t) + Py(ly3 > t) + Py (43 > t).

Considering 144,

PM(I41 > t) < PM (Z'&;ru - ¢r,u| > t)

ZPM(Iqu bral > 557)
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£ \2
6n (_3]3m)
< 2] exp ——
3+4 ( ]3m)
Similarly,
2
i} 6n <3]gm>
Pyl >t) <23 exp -—
344 <3 ]3m)
; 2
671(%) 677.( ey _)
T 48 °J 5 3m
Py(lyz > t) < 2]3™exp —— = + 23 exp _3+4le€4 ) .
3+4—(—48R2]6m> 4RJ3M
Hence,

1—2‘[62«

n _ nt?
P(|pjr —pjrl >t) < 0(G1-]®) exp {—e3 ]T} + 0(J3™) exp {—es W}

where e; and es are constants.
Corollary 2. For the discrete response variable Y and the random missing covariate V;, under
Conditions (1), (3), (4) and (5), we have

1- 2T5

P(|w;, - w;| > t) < 0(G2- R/)exp{—eg }+0(R13m)exp{ es e} (36)

Je

where e; and eg are constants.

Proof. Section 2.2 gives Wj, = YRP j,r- Using the result in Lemma 3, we can see that

Z(p]ﬂ‘ leT >t>

( r=
R
( Bjr = Djir| > t)

2,

P(lwll W]ll > t) p

I/\

t
—pjr| > g)

IA
Mx

P (1

nl 2‘[6[ ntZ
< 0(G2-RJ®) exp {—93 ]T} + O(R]*™) exp {—es ROJ1Z }

r=1
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Lemma 4. For the discrete response variable Y and the random missing covariate V;, under

Conditions (1), (3), (4) and (5), we have

P(|APC,(Y,V)) — APC,(Y, V)| > ¢)

1-27T o

< 0(G2-RJ%) exp|— n__ Ly o(Rp3EHD - e
< pi—es—m(+ (RJ ) exp{—es

2

R10j18(m+1)

where e; and eg are positive constants.

Proof. The proof process is similar to Lemma 1, so it is omitted here.

Theorem 1. Under Conditions (1)—(6), we have

P((U, V)P c (U, V)ﬁ) >1-0 (pexp(—blnl‘ZT‘6E‘18 + (£ + K)logn))
—O(pqexp(—bznl‘ZTS‘ls" + (£ + 2K)l0gn))

-0 (qexp(—b3n1‘27‘1°f‘(18_+1 K4 (&4 (m+ 1)K)l0gn))

J (87)

(S8)

where by, b, and bs are constants. If logp = 0(n%), logq = 0(nf), a <1 — 2t — 6§ — 18k,

B<1-21—-10f§ —(18m+ 18)k and a+ B <1—2t5— 18k, then GIMCSIS has the sure

screening property.
Proof. Define four covariate sets as follows:

UP = U V)P U{vy, s, i V2 = WU,V U{oy, v, )
uP = (U,v)° u {vl, ...,vqg},- VP = (U, V)P u {vl, ...,vqg}.

It is obvious that (U,V)? = U? nV? and (U,V)? = UP nVP.
According to Lemmas 1 and 4, we have
P((U, V)P € (U,V)P) =P ((UD nvP) c (UP n Vﬁ))

>P((UP cUP)n (v° cvP))

v

» <{|ﬂ)\cg(y, Uy) — APC,(Y,Up)| < en™%, VU, € UD}>

n {|APC,(Y,V)) — APC,(Y, V)| < cn™7, vV, € UP}

v

p
1- Z P(|APC,(Y,Uy) — APC,(Y,Up)| > cn™™)
k=1
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q
— Z P(|APC,(Y,V;) — APC,(Y,V))| > cn™)
=1

cn

2.,1-271
=>1- 1 O(R])exp {—81 R6—]18}

1—2‘[‘6*
6 n :
—q-0(G2-RJ®)exp {—eg ]T}

2,1-2
— - 0(R]3(m+1))ex —e L‘[
q p 5 R10]18(m+1)
>1— 0 (pexp(—bn*=27=%-18 4 (£ 4+ k)logn
p
—O(pqexp(—bznl‘ZTS‘ls" + (£ + 2K)logn))
-0 (qexp(—b3n1‘27‘1°f‘(18m+18)" +(E+(m+ 1)K)l0gn))

where 75 = maxi<i<g2Ts;, b1, b, and bs are constants.
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