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1. Introduction

In recent years, there has been a growing focus on the study of non-smooth systems, particularly
piecewise near-Hamiltonian systems, see [4, 18, 19] and the references therein. Within the realm of
bifurcation problems associated with piecewise smooth systems, a significant area of investigation
involves determining the number of limit cycles or periodic solutions. This exploration can be
considered an extension of the Hilbert’s 16th problem. Researchers commonly employ two principal
methods to analyze limit cycle bifurcations: the Melnikov function method [1,2,6,7,12, 15, 19, 23]
and the averaging method [3,4,9, 13,14, 16, 17]. It was proved in [5, 14] that the above two methods
are equivalent in studying the number of limit cycles of planar C* near-Hamiltonian systems or
piecewise C* near-integrable systems in two or higher dimensional spaces.

In 2010, Liu and Han [12] considered a piecewise near-Hamiltonian system of the form

{x =Hi ey +ef .

X
y=—-H{(x,y)+eg(x,y),

X=H;(x,y)+€f (x,y), .
y=-H_(x,y)+eg (x,y),
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where H, H;—', f*, g € C™, and € > 0 is a small real parameter, and established a formula of the first
order Melnikov function which was widely used in studying the number of limit cycles bifurcated from
periodic orbits, see [8,10,21] for example. Recently, more general results have appeared for piecewise
smooth systems with multiple zones [11, 18, 20, 24]. For instance, Tian and Han [18] studied the
number of limit cycles bifurcated from a period annulus of a class of planar piecewise near-Hamiltonian
systems with three different switching curves. The authors [11] investigated limit cycle bifurcations in
piecewise near-Hamiltonian systems with multiple switching curves and obtained a formula of the first
order Melnikov function. Yang, Yang and Yu [23] studied a planar piecewise Hamiltonian system with
two zones separated by the two semi-straight lines and presented expressions of the first and second
order Melnikov functions. In [22], Yang, Han and Huang considered a piecewise Hamiltonian system
of the form
x=H,, y=-H, x#0,

where

H(x,y),x >0,

H(x,y) =
() {H-u,y),x <0,
and H*(x,y) € C¥ with H*(0,0) = 0. They studied the number of limit cycles appearing in Hopf
bifurcations of piecewise planar Hamiltonian system.

Motivated by the works mentioned above, in this paper, we consider a piecewise Hamiltonian
system of the form

x=H,(x,y,e),
. y( Y, €) (1.1)
y=-H(x,y,e),
where
H*(x,y,€),(x,y) € X,
Hey o < | 00 €
H (-xay7 6)7 (x,)’) € 227 -
H*(x,y,€) = Hy(x,y) + €H{ (x,y) + €Hy(x,) + -+, (1.2)
with H¥(x,y) € C*, i =0,1,2,---, € > 0 is a small real parameter, X, and X, are the regions with a

common boundary consisting of two semi-straight lines. Let X, UX, C R? with / i CX, 21 UZQ = fl ﬂfz,
and X; N X, = @. Suppose that the two lines satisfy

l] c {(X,kJX)ll.l].x > O}a .]: 1a29

where u;, u, = £1 with (ky, uy) # (ko, i2), see Figure 1. It is easy to see that the condition (ky,u;) #
(ko, o) means [y # . When k; = k, and uy = —u,, the two semi-straight lines degenerate into a regular
single line. The authors in [23] pointed that when the separation line is nonregular, there will be more
limit cycles in general.

The rest of this paper is organized as follows. In Section 2, we establish a bifurcation function
of system (1.1) and present expressions of any order Melnikov functions. In Section 3, we give an
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application to illustrate our results and estimate the number of limit cycles bifurcated from a piecewise
polynomial Hamiltonian system.

Figure 1. Phase portrait of system 1.1.

2. Expressions of any order Melnikov functions

Consider system (1.1). We make the following basic assumptions for the unperturbed
system (1.1)|c-o as in [11]:

(AI) There exists an interval J = (a,8) and two points Ay(h) = (ag(h), kiag(h)) € [} and Ao(h) =
(aip(h), koaio(h)) € I, such that for h € J

Hy(Ao(h)) = Hg(A1o(h)) = h, Hy(Ao(h)) = Hy(A1o(h). (2.1)

(A2) There is a family of closed orbits denoted by L, = L}l U Li, h € J with clockwise orientation,
where L}l is defined by Hj(x,y) = h, (x,y) € X, starting from Ay(h) and ending at A;o(h), and L,21 is
defined by H;(x,y) = H (Ao(h)), (x,y) € X,, starting from A (/) and ending at Ay(h).

(A3) The arcs L111 and Li are not tangent to the switching lines /; and /, at points Ay(h) and Ao(h)
for h € J. In other words, for each i € J,

OH; , OHj ,
—2(As())ato(h) + ka——=(Aro(h))at}o(h) # O,
0x ay

+ B (2.2)
OH , OH; ,

W(Ao(h))ao(h) + kla—y(Ao(h))aO(h) 0.

Our main goal is to study the number of limit cycles bifurcated from the period annulus {Lj}c,.
First of all, we introduce a bifurcation function of system (1.1). Consider the orbit of system (1.1)
starting from Ay(h) € [;. For sufficiently small |e| > 0, it has a first intersection point with the line /,,
denoted by

A1(€, h) = (a(e, h), kaa(e, h)), (2.3)
such that m cy,.
The orbit of system (1.1) starting from A;(e, h) € [, has its first intersection point with the line /;,
denoted by
B(e, h) = (b(€, h), ki1b(€, h)). (2.4)

Then, X]\B c 3. See Figure 1 for illustration. From [11] we know that if assumptions (A1)—(A3) hold,
then the functions Ay(h), A1o(h), Ai(€, h), and B(e, h) are all C* smooth with respect to (4, €) on their
domain.
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Following [11, 12], for any integer k > 1, we can write for 4 € J and |e| > O sufficiently small

k
H{(B(e, h)) — H} (Ag(h)) = €F(h,€) = Z e/ M;(h) + O(e). (2.5)

J=1

Here, the functions F(h,€) and M;(h) are called a bifurcation function and the jth order Melnikov
function of system (1.1), respectively. The orbit from Ay(h) to B(e, h) defines a Poincaré map or return
map of system (1.1). From [7], we have the following bifurcation theorem.

Lemma 1. [7] Let the assumptions (AI1)—(A3) be satisfied. Suppose that for all 1 < j < k — 1,
M;(h) = 0in (2.5) and that M(h) has at most | zeros in h € J, multiplicity taken into account. Then,
for small |e| > 0, system (1.1) has at most [ limit cycles bifurcating from the period annulus {Lp}c;,
multiplicity taken into account.

The aim of this paper is to develop formulas of the Melnikov functions up to higher order.
From (2.5), it is obvious that

AVAs
5 ]‘? 0,h), 1 < j<k, (2.6)

€

M;h) = —

where V' (€, h) = H;(B(e, h)).
Before presenting our main results, we first give four preliminary lemmas which will be used in

deducing expressions of M;(h) in (2.6). For convenience, we introduce the following notations and
functions.

Define the following functions of (e, 1)

S7(e.h) = Hi(Ai(€, ), Vi(e,h) = H} (B(€, h)),

rQ+ ry/+

fi(e,h) = —L(e, ), gile.h) = ——(e, h),
Oe Oe
J &I H?
+ _ PP i 2.7
&#w—zcgammx&m> @7)
p_
Wi h—.quqajH+ B(e, h 0,1,2 =1,2,3
(€. h) Z 1m( (€,h),i=0,1,2,---,j=1,2,3,---.
7=0
Define the following functions of A
vi(h) = H;i (Ao(h) — H; (A1o(h)),

S () = £ 0, h) =

2o (0.1), g (h) = (0, ) = —==(0, b,

: S H?

+ _ ot _ pLP 2.8
@@—@@M—;cga”mﬂmm (2:8)
Wi (h) = W:(0, h) = .qu"—ajH+ Ao(h 0,1,2,- =1,2,3

) = A,)—go | Goragye Aot i = j=1,2,3,--
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For integers r and [ satisfying 1 < [ < r, we define

Ty = A{(b1,bay- -+ blb1 +2by + -+ b, = 1,1 = by + by + -+ + by, by, -+ b, € N},
" 2.9)

N by o) =

where N represents the set of non-negative integers. Taking r = 4 as an example, we have
Ty ={(0,0,0, 1}, Ty =1{(0,2,0,0),(1,0,1,0)}, Tuz ={(2,1,0,0)}, Tas = {(4,0,0,0)}.
Lemma 2. Under the notations in (2.8), we have
iy N oW, .
R GIOER SRIC h) (e B, —=(eh) =W (e h) (e h). (2.10)

Proof. Taking the partial derivative with respect to € on both sides of K;—'j(e, h) in (2.7) gives

+

ﬁ(e, h) = (w, (&, h) + w(e, b)) %(e, h), (2.11)
where
J j+1 g+
wi (e, h) = ; kagaﬁl—Zap(A‘(e h),
J oIt =
wa(e, h) = Z; Cj’kg’“m(m(e ).
p

By direct calculation, we have

J+1 g+ J+l g+ J+1 g+
wi(e, h) = CIk) o =(Ai(e, b)) + Cjk, oxdy “(A(e, h))+c2k§a oy = (A (€, b))
Jj+1 +
+C]ké Iy’ —(A1(€, h)),
J+1 g+ J+l g+ J+l g+
wr(e.h) = ClloZm (A ) + il 5o (e ) + Clla 7 oma s (A e )
. j+1 g+
+
+ C;ké Gy ~(A(e, h)).
Adding the above two equalities together, we have
1 = Jj—1 | | j+1 g+
0 0 + +
wi(€h) + wie, h) = Cj 1k ———- F —(Ai (e, h))+Z(C” + CKS W(Al(e h))
o p=0 (2.12)
] +
1, j+1
+Clk); e —(Ai(€e, ).
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Note that Cerl + C” C”Jrl and

j-1 +1 + j+1Hi
Crk T (4 = Zc

4 j+1 2 a Jj— pa p+1
p=

(Ai(e, ).

j+l1 26 Jj— p+la ¥4

Substituting the above equality into (2.12) yields
Jj+l j+1 o+

wi(e,h) + waeh) = ) CP K ————L— (A (e, h)) (e h).
=0

J+l 26 j— p+la D

Hence, by (2.11), we have

+

= Ki (e h) (e h).

W;—'j(e, h) in (2.10) can be obtained in a manner similar to the previous steps. This ends the proof. O

Lemma 3. Under the notations in (2.8), we have

r

filemy =2 > N, b)Kie h)ﬂ(—(e h)) ,

=1 (b1, ,by)ETn

(2.13)

r

bj
gilemy =2 > Nbi,-b)Wie, h)H( (&, h)).

I=1 (b1, .b;)ETy

Proof. We continue our proof of the formula of f;(e, ) in (2.13) by induction on r. For r = 1, from
the definition of f7(e, h) in (2.7), we can obtain

+

OH* 0
fir(e.h) = —(A1(6 h)) (6 h) +k2—(A1(e h)) (6 h)

= aHii A h k aHii A h h
—( ax( 1(€,h)) + ky (9y( 1(€, )))&(E, )

b
= Kji(e h) (e W= > NOb)Kie h)]_[( (e, h)) .

(b1)eTn

Thus, the first formula in (2.13) is true for r = 1.
Suppose that it is true for r = n. That is,

n

Ly b
fatel =2 ), N(bl,---,bn>K$<e,h>]_[(a—j(e,h))
j=1

=1 (b] [ abn)ETnl

We want to prove that the conclusion on f;-(€, h) in (2.13) is true for r = n + 1. By the definition of 7,
and N(by,--- ,b,) in (2.9), the above equality can be rewritten as

fi(e,h) = k1(€, h) + ka(€, h) + k3(€, h), (2.14)
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where

ki(e, h) = K5 (e, h) (6 h),

n—1

bj
keh)=) > Ny, n1,0>K,l<eh>]_[( <eh>),

=2 (b1, ,bn-1,0)€T

Kk3(€,h) = K (€, h)( (e, h))

By the definition in (2.7), we have

n+1 + (9 8f;i
Jine1(€h) = o ~(e,h) = a_( ) o2 (e ).
By (2.14),
f’g( h)—%( )+ 22 + e, (2.15)
Oe
where
n+1
%(e h) = aK” : 6 a(e h),

nl
%( h) = Z Z Ny, , nl,O)[ ”( h)]—[( (eh))

=2 (b, bu-1,0)€T

n—1 oPa by—1 p+1 n—1 i
+Kﬁ(€’h)2[bp(@(€’h)) de p+1 n (_(6 )) )]

=1,p

%(e h) = K m( h)( (e, h)) +ann(e,h)( (€, h)) —(E h).

By applying Lemma 2 to above equalities, we have

fl—n 6n+1 n . LY bj
Sieh) = Kiehor@m+ Y, Y N b 0K [ | (a—;’.(e, h))
j=1

=2 (b1, ,bn,0)ET s 10

n+1
+ Kz_n+1(6 h)( (6 h)) ’

which means that

n+1 n+1
fralehy=>" 3 Nbi,-,bu)Ki(e, h)H(—(e h))

=1 (b1, bp+1)€Tnr14

Therefore, the first formula in (2.13) is true for r = n + 1. The second formula on g7, ., (€, h) in (2.13)
can also be proved in a similar manner. This ends the proof. O
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Lemma 4. Under the notations in (2.8), for the function a(e, h) in (2.3), we have

da  vi(h)
501 = Fr g

Jj-1 . j—i
=1

o’ 1 j—i
a( h) = (h)[ i (h) = Z (- l)v Z Z Ny, - ,bj_,-)KJ(h)n%(h)
s=1

(b1, ,bj-1)€Tj—iy
J

-1
-2 N<b1»---,bj—l,O)K&(m]]—[qss(h)],Jzz
s=1

=2 (b1, ,bj-1,0)€Tj;

s

where gy(h) = (240, ).

Proof. From (1.2),

H*(A (e, h),€) =S5(€, h) + Z ejS;‘-’(e, h) + O(e™™).

j=1

For |e| > 0 sufficiently small, S (e, k) has the following Taylor expansion in €

Si(e.h) =H; (Alo(h))+Z f,,(h)+0(6"”)

j=1
By using Lemma 3 and letting € = 0 in (2.13), we get

r

frm = N(bl,---,br)Ki?(h)]L[@(h),
j=1

=1 (b1,+.by)eTy

where 1 <I<r,T,,and N(by,--- ,b,) are defined in (2.9).
Substituting (2.16) into the above equation yields

H*(Ay(e, h), €) H*(A10<h>>+2ef Z ), () + Hi (Arg() | + O(e"™).

Again, from (1.2),

H*(Ag(h), €) =Hg(Ag() + »_ €/ HF(Ag(h) + Oe™).

=1

Then note that system (1.1) is Hamiltonian and

H'(A(¢,h),e) = H (Ao(h), €).

(2.16)

(2.17)

(2.18)

(2.19)

By inserting (2.19) and the expansion of H*(A (e, h), €) in (2.18) into the above equality, and comparing

the like powers of €, we can obtain

Jj=

Z ), Fii(h) + Hi(Awo(h) = Hi (Ao(h)), j = 1,2.3,-+-.
i=0

(2.20)
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For j =1, (2.20) gives us

Joi(h) = H{ (Ao(h)) — HY (A1o(h)).

o . . +(h
Substituting (2.17) into the above equation, we have da 5(0,h) = I:L(Uz).
01

In order to get ‘ZE‘,‘ (0, k) for j > 2, substituting (2.17) into (2.20) and multiplying both sides of (2.20)
by j! lead to

Z(, ,)'Z > N<bu---,bj-»K;(h)]jcm(h):j!v;<h>. (2.21)

=1 (b1, ,bj-i)eT j-iy

The left side of (2.21) can be rewritten as

j=i

22 N<b1~-wbj>1<&<h>]i[¢s<h)
j s=1

j-1 i J-i Jj—i
y L Z Nk, bi-)Ky () [ | ¢
i=1 ('] - l)' I=1 (b1, .bj-)eTj_i; s=1
: i (2.22)
= > Ny, b)Ky(h ]_[ $o(h) + Z Z Ny, K | | gs(h)
(b1, .bj)ET i =2 (b1, .b))eT s=1
j-1 j=i =i

J—i
D NG bidK ) [ ] ost.
s=1

= -5 (b, by DET )iy
From (2.9), we know thatif [ = 1
Tj ={@©,---,0,1)}, N(by,---,bj) =1, (2.23)
and if [ > 2, then

Ty={b,bs,--,bj1,0)(by +2by +---+(j— Dbj-1 = J,

(2.24)
l=b+by+--- +bj_1,b],b2,' . ,bj_l € N}
By direct calculation from (2.23) and (2.24), if [ = 1, then
/ a O (9l ?(dia ' 9
- - = 2.25
ﬂl by(h) = ( ~(0, h)) ( a1 (0. h)) ( 7O h)) o5 (0., (2.25)
and if / > 2, then
J o by 9i-1 b da J-1
[[em=(Z0n] (5500|550 w) = [Ton (2:26)
- o€ o€’ -
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Substituting (2.23)—(2.26) into (2.22) and (2.21), we have

J J-1
1(h) (0 W+ Y > N b 0Ky | ] éuh)
=2 (b|,~'~,bj_1,0)ETj1 s=1

+Z(]_Z).Z Z Nbr-++ by K3 | ] 0.00 = v},
s=1

=1 (b1, ,bj-i)eTj-iy

which implies that

afa | IS = S B =
SS(0.) = K&(h)[ﬂvj(h)‘;(j—i)!z Z N(b1,~~-,b,-_,->Kﬂ<h>£1¢s(h)

=1 (b1, ,bj-)eT iy
J

=), ). Nbi- b 0K ,<h>]—[¢s<h>]1>z

=2 (b1, ,bj-1,0)€Tj;

For example,

a1 = 20*(h 2K+h 0.1) — K5y [ 220,
) ’)_Kgl(h) v; (h) — 11() ( ) — Ko, (h) ( )

2

& 1 3!
8—;(0, h) = [3 vi(h) - (Kf1 ()=

K (O h) + K (h)( (O, h)) )

3! d ’
SKLSE0.h) - (3K32<h> i <o,h>+l<a3<h>(a—‘j<0,h)) )]

This ends the proof. O

Lemma S. Under the notations in (2.8), for the function b(e, h) in (2.4), we have

1
201 = (h)( Vi + Ky (0220, ),
ajboh 1 [ v (h $_IL§ N(b b, _)K;(h j h
570 = = |~ i ”;(j—m > (be)T (b1, b )K;( )Dm)
J Jj-1
- Z D, N b OWet) | |uh
=2 (hl,---,h,-,l,O)eT,-, s=1
-1 j—i
(J o Z D Nk bW [ Ju], =2,
i= I=1 (b1, bj-)eTj-iy s=1

where

b bs
- 0. h)) .

d’a bs
¢s(h) = (;(0, h)) s Ys(h) = (
€
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Proof. We obtain from (1.2) that
H™(B(e, ), €) = Vi (€, h) + >~ €/V; (e, h) + O(e"™),
j=1

For |e| > 0 sufficiently small, V(e h) has the following Taylor expansion

el
Vieh) = HE(Ao(h) + Y| < gi(h) + O™, j = 1. 2.27)
— -
j=1
By Lemma 3, we have
g =Y > N bW [ wsh. (228)
=1 (b1, .by)ETy J=1

where 1 <[ <r. T,and N(by,--- ,b,) are defined in (2.9). Substituting (2.27) into the above equation,
similar to (2.18), we have

n . j—1 1
H(B(e,h). €) =Hy (Ao(h) + Y & [Z G0+ H gy + 0. (2.29)
=1 Li=0 '

Noting that system (1.1) is Hamiltonian and
H_(Al (Ea h)7 6) = H_(B(E, h)7 6),

substituting H (A (€, h), €) in (2.18) and (2.29) into the equality above gives us

J

Hy (Ai() + ) € [Z 0+ (Alo(h»]
j=1

=0

(2.30)

J

=H (Ag(h)) + Z [Z
=1

=0

g, J-ith) + Hj (Ao(h))]

According to the second equation of (2.1) and comparing the like powers of € on the left and right sides
of (2.30), we have

Jj- J-1

1
Z Fipih) + Hy (Alom))—z oS H (o), 21 23D

=0

Taking j = 11in (2.31) gives us

Jor(h) + Hy (Aro(h) = 8o, (h) + Hy (Ag(h)).

Substituting (2.17) and (2.28) into the above equation yields
Km(h) (0 h) + Hy (Ap(h)) = Wm(h) (0 h) + Hy (Ao(h)),
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which gives us

1

ob
5.0 = (h)( — V() + Ko1(h) “0.1).

For j > 2, in order to solve %(O, h) from (2.31), substituting (2.17) and (2.28) into (2.31) and
multiplying both sides of (2.31) by ;! yields

-1 g g j—i
LN N N K ) | | sy + JH (A
= U-DN 5 (b1 b )€Tj i s=1
j-1 it ’ i (2.32)
) i o
=y L DT NGy bW () [ [0 + JUH; (Ag(h)).
i=0 (‘] l) =1 (b] ,b_/'_,')ETJ'_,"[ s=1
Similar to (2.22), we have
j-1 it j—i j—i
2o 2y Neuebwim | Tesm
i TV o (b1, .bj-)ET iy s=1
joi j
=, DL Nk byWa | | wah
=1 (b],---,bj)ET// s=1
-1 j—i
* ( 5 Z Z Nby,-- bWy [ Jwh
i= '] ! =1 (b1 j ,')GTJ' il s=1
j
= > Ny, bpWeh) H W) + Z D NGy bW | [ wih)
(by, ,bj)Ele =2 (by, b')ETj] s=1
j-1 i Jj=i j—i
LN N bW [ .
= (U-dl (b1, b )€Tj iy s=1
Similar to (2.23) and (2.24), we can see that the above equation can be simplified to
Jj— . —1 Jj—i
Z , Z Z Nby, - bWy [ Jwh)
=0 l) =1 (bl ],i)GTj,,'J s=1
J J=
= Wm(m (0 W+ Y N b, OWe | [ wah) (2.33)
=2 (b1 ,bj_] ,O)ET/'I s=1

* Z (- ,)v Z Z Ny, - ,bj—i)WJ(h)ﬁl//s(h)-
s=1

=1 (bl j l)eTj il
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Substituting (2.33) into (2.32) yields

J- .

Z _,).i 2 N<b1,~-,bj_,->1<,-;<h>ﬁ¢s(h)+j!H;<Alo(h)>
' s=1

=1 (b1, ,bj-)eTjiy

j-1
—Wm(h) (o h>+Z D NG b, OWa | | i)
s=1

=2 (b] bj_],O)ET_]'[

j-1 g de ji
ey D N bW | | sy + jtH; o),
i=1 (‘] l). =1 (b],",bj_,‘)ETj,,',] s=1
which implies that
0’b
—(0,h
661( )
1 j-1 . Jj=i Jj—i
=— v (h) + Ny, -+ ,b;-)K; (h) s(h)
w 1(h)[ J Z (.] - l)‘ =1 (by, ,;—i)ETj—i,l : ! : 1;[ ¢

, -1
_ 2 Z N(by, -+ ,bj_1,0)W,(h) h Yi(h)
s=1

=2 (b, ,bj-1,0)€T;
1 i

. (jf’i)'z 3 N(bl,---,bj_,-)Wi}(h)ﬁlﬁs(h)]-
: s=1

T I=1 (brbis)ET Ly

For example,
62b 1
320 =3
W, (h)

2

2! 0“a
[— 2095 (h) + Q(Kamh)

ob 2 2!
—W52(h)(&(0,h)) - 11(h) (0 h)]

This ends the proof.

2 2'
0.1 + Koz(h)( o, h)) ) Ki 20, h))

O

Based on the previous discussion, we now present explicit formulas of any order Melnikov functions

of piecewise Hamiltonian system (1.1).

Theorem 1. Consider system (1.1) with the assumptions (Al)-(A3). The Melnikov functions M (h)

have the following formula for j > 2

Wo,(h)
Wor(h)

M;(h) = M (h) + M; (h),

where

M+<h>—v<h>—2 T _l),Z > N(bl,---,bj_i>1<;<h>ﬁ¢s<h)
! s=1

=1 (b1, ,bj-i)eT j-iy

/ i 01( )6‘ a
D 2 Now b 0K [ [ gu) = =525 0.0,
=2

1
J (b1, .bj-1,0)€T s=1 ]'
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-1 =i
M:(h) =—v;(h
J() VJ()+ZZZI(‘]—Z)‘ 2

1bj—i)ET j-iy

1 J Jj-1
vy 2 N b 0Ky | [ o,
' s=1

=2 (b],---,bj,l,O)ETj[

j—i
Neby,- -+ by DKy (h) [ ] osh)
s=1

Proof. In order to get the explicit expressions of M;(h) in (2.6), we need to obtain the Taylor expansion
of the function Hj(B(e, h)) with respect to €, where B(e, h) = (b(e, h), ki1b(e, h)). To that end, we should
first find § iy 5(0,h), j > 1, which are related to (O h),j>1.

To 31mphfy the proof, we have presented formulas of 24(0,h), j > 1 in Lemma 4, and formulas of
a”’ 22(0,h), j > 1 in Lemma 5. Next, we want to find M;(h). Accordlng to (2.28) and (2.6), if j > 2, then

M) = = g5,() = ][Z > N<b1,~--,br)W&<h>]_[ws<h>]
s=1

=1 (b1 b )GT]'I

i (2.34)
[Won(h) (0, h) + Z D NG b, 0Wa | ] wo].
=2 (b1, b/‘_],o)ETﬂ s=1
Thus, when M, (h) = My(h) = --- = M;_; =0, we have
ob *b o 'b
—(0,h) = —(O,h) =--- 0,h)=0 2.35
86( ) 862( ) 811( ) (235)
Substituting (2.35) into (2.34) yields
o1 (h )8 b
Wai
M;(h) = i 57 O h)-
By substituting the expression of 5= o'b 5-(0,h) in Lemma 5 into the above equation, we have
W, (h) - I
Mjh) = ——| - jlv;(h N(b1, -+ ,bi-)K; (h s(h
® jzwgmh)[ W Z (]— i)! ;(b Z” G skl )D¢ ( )]

- g — vk “2 y > N b~~)K‘(h)ﬁ h)
B W, (h) (j _l)v Lot Dj=i) Ry | | ¢s(h)|.

=1 (b1, ,bj-)ET j-iy
According to the derivation of (2.22), (2.23), and (2.24), the above equation can be written as
J

1 i
[ ORE: Km(h) (o M2, ) Nbu b 0K | [
s=1

: =2 (b],---,bj,l,O)ET_,'/

Wa (1)

M = 2

J-

Z — ) Zl: Z N(by, - ’bj—i)Ki?(h)l]_llfﬁs(h)]-
s=1

=1 =1 (b1, ,bj-i)eT j-iy

(2.36)
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From Lemma 4, it can be calculated directly that

ka2 h)—Kal(h)[v%h)—i LSS N ki [ e
], 01 el Ka-l(h) J — (]—l)' S o fer, 1> s Uj—i) By | s

1 < Jj=1
- D NG b 0K | ] @(h)].
s=1

J!
1=2 (b1, ,bj-1,0)€Tj;

Substituting the above equality into (2.36) gives us

W, (h) K, (h) c i
M(h) = -2 o [fh— Ny, b, )K:(h J(h
W= rnm| " ;(J—l)!; (,,,;T oo bi-dkal )1;[¢()

j—1
_lZ]: D N(bl,---,bj_l,O)K&(h)lj_lf/)s(h)]
s=1

J!
1=2 (b1, ,bj-1,0)€T

+Wal<h>[_v_,(h)+§ ! 'Z D Ny, b -)K‘(h)ﬁqﬁ(h)
Wo_l(h) J pary (G-0! I=1 (b1 by )eT iy ; R s=1 )

(2.37)

. i—1
+ i Z]: Z N(by,- -+ ,b;1,0)Ky(h) h ¢s(h)].
s=1

‘]’ =2 (b1,~~',bj_1,0)ETj1
According to Theorem 2.2 in [25], we know
Wi Ky
Woi () K5y ()
Hence, (2.37) becomes
W)
Wo ()

M;(h) = M;(h) + M; (h),

where

. . .
M (h) = vi(h) - JZ 1 JZ > Ny, b)KG (R ]Ll ¢s(h)
i=1 s=1

—
U=V o e

' - Ky (h) &/
-~ >, Nb b OKGW | 600 = =H=250.m,
' s=1 ’

[
~

i—1 j—i j—i
M7 (h) = =v; (h) + JZ 1 JZ Z Ny, -+ bj-)K;(h) ]j_[ ¢s(h)
i=1 s=1

N
(=D I=1 (b1, .bj-)€T j-ia
1 J
5
J!
=2 (bl,---,bj,l,O)ETj[

j-1
N1, b, OKg(h) | | ¢s).
s=1

For example, when j = 2, 3, we have
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Kg(h )52
2!

1 2
M;(h) = vy (h) — Ky (h) (0 h) - 2(h)( ©, h))

1
M, (h) = —Vz(h)+K11(h) (0 h+ 2 oz(h)( Z(O,h)) :

2

1 1
M3 (h) = vi(h) - [Kﬁ(h) 5(0,h) + K7, (h)( a(O,h)) ] Kzﬂ(h) (0 h)

K3 (h) a3
3!

-3 [3K32<h> (o, h) 5(0.h) + K&(h)( (o, h)) ] = =5 0.0,

2

1 1
M5 (h) = —v5(h) + K”(h) (O, h) + K, (h) ( O, h)) KZl(h) (O h)

2

P
3K02(h) (0 h) (0 h) + KO3(h)( “o, h)) ]

3

The proof is completed. O

For j = 1, the expression of M (h) is given in [25], which is expressed by
M (h) = Q(h)( — H{(Ao(h)) + Hl_(AIO(h))) + H{ (Ao(h)) — H{ (A1o(h)), (2.38)

(,;’ (Ao(h))+k1 ° (Ao(h))

a(fT?(Ao(h)Hkl T?(Ao(h))
To illustrate the impact of one straight line and two semi-lines on the number of limit cycles in a

system, we consider the following piecewise polynomial Hamiltonian perturbation of the linear center

where O(h) =

X =y+eH/(x,y),
{y ey, VT
e (2.39)
'X.: = y + EHy (x’y)’
. _ (x’ Y) € 22’
y=—x—-€eH_ (x,y),
where 0 < € < 1,
H*(x,y) = at,y + aby? + at xy + ay 12,
_( y) (11)’2 oz_y 11_ )’2 20 (2.40)
H™(x,y) = apy” + ajxy + ayx”.
Case 1: [ =1, UL, = {(x, x)|x € R}. See Figure 2(a).
Case 2: [ = {(x, x)|x > 0} and L, = {(x, —x)|x > 0}. See Figure 2(b).
By direct calculation, we have
M, (h) = 243, Vh (2.41)

for Case 1 and
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M, (h) = 2a3, Vh + 2(at, — a;,)(Vh)? (2.42)

for Case 2.

(@) (b)
Figure 2. Phase portraits of system (2.39)|.-o in Case 1 and Case 2.

From (2.41) and (2.42), one can see that system (2.39) has no limit cycle in Case 1 and one limit
cycle in Case 2 if aj, < 0 and aj, > aj,.

3. The number of limit cycles of a piecewise polynomial system

In this section, as an application of the main results, we consider a piecewise Hamiltonian polynomial
system of the form

{)’c = -y + €H\}(x,y) + €Hyl (x,y) + € H3 (x,y) + €' Hyl (x, ), .y € s
y=1-x— el [(xy) - €Hi(xy) - €Iy - €H(xy,
X ==y +eH (x,y) + €Hy(x,y) + € Hy (x,y) + €' Hy (x, ), G-
{y =x—eH [ (x,y) - €Hy (x,y) — € H3 (x,y) — €' Hy (x,), (7)€ 22,

where 0 < € < 1, H;7(x,y) and Hl-j(x, y) represent the partial derivatives of the function H(x,y) with
respect to x and y, respectively,

m+1 m+1 m+1 m+1
Hi(ry)= D atadyl, Hi(oy) = Y bixy, Hi(oy) = ) cixdyl, Hi(ny) = Y| dixy), (32)
i+j=1 i+j=1 i+j=1 i+j=1

and 2, and X, are the regions bounded by the two semi-straight lines /; : y = x, x > 0and [, : y =
—x, x > 0. See Figure 3 for illustration.
Obviously, for (3.1) we have

1 1
Hi(x.y) = 5 | = 17 =y?|. Hyey) = =507 + 7).
Let

Hj(x,y), (x,y) € %4,

_ 3.3)
H() (x,)’), (X,)’) € Z2-

HO(x’ y) = {
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1

Figure 3. Phase portrait of system (3.1)|c-.

In this case, we have Ay(h) = (—2”2—‘1, _2117—1) and Ao(h) = (-2, @). For any integer m, we
further investigate the upper bound of the number of limit cycles by calculating M,(h), M,(h), M3(h),

and My (h) for piecewise polynomial Hamiltonian system (3.1).

Theorem 2. If the first order Melnikov function M,(h) of (3.1) is not zero identically, then for
sufficiently small |e| > 0, it has at most m + 1 limit cycles bifurcated from the period annulus defined
by {Ly}nes, multiplicity taken into account.

Proof. Below, we give an expression of M,(h) to estimate the maximum number of limit cycles of
system (3.1). According to (2.38), the first order Melnikov function of system (3.1) is

M, (h) :%( - v;(h)) + V(). (3.4)
According to (2.8), we have
Wi (h) = =1, Wy, (h) = 2h — 1. (3.5)
According to (2.8) and (3.2), we have
vE(h) = mZH a,(%)l (=1 [(=1) = 1] @h = 1), (3.6)

i+j=1

Substituting (3.5) and (3.6) into (3.4) yields

m+1 1 i+j . . o 1 i+j . ‘ .
M=)’ [az,(i) (-1 [(—1)J—1](2h—1)’”_1+a;}(—) (-1 [(—1)’—1](2}1—1)‘*/]

i+j=1 2
m k k+1
. (-1 + (=1 - k
= ~4o + Z k-1 Z ai,2j+1 + 2k Z ai,2j+1 (Zh - 1) (3 7)
k=1 i>0,j>0, i>0,720, :
i+2j+1=k i+2j+1=k+1
(=Df + K
+ > = D aha|@h=1)
k=m+1 i>0,/>0,
i+2j+1=k
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From (3.7) it is easy to observe that M;(h) has at most m + 1 zeros in & on (0, +00), multiplicity taken
into account. Hence, by Lemma 1, system (3.1) has at most » limit cycles bifurcated from the period
annulus {L;},c;, multiplicity taken into account. O

Theorem 3. Suppose that M,(h) = 0 and M,(h) # 0. Then, for sufficiently small |€| > 0, system (3.1)
has at most 2m limit cycles bifurcated from the period annulus defined by {L},c;, multiplicity taken
into account.

Proof. When M,(h) = 0, we can obtain from (3.7) that

1
- + _ - =1 ... t =
ay =0, E , Yi2js1 T 5 Z: Qinjers K=1,--,m, } ;o Gizje = 0.

i>0,>0, i>0,7>0, i>0,>0,
i+2j+1=k i+2j+1=k+1 i+2j+1=m+1

Below, we give an expression of M,(h) in the case of M (h) = 0 to estimate the maximum number
of limit cycles of system (3.1). According to Theorem 1, the second order Melnikov function of
system (3.1) is

M,(h) = M5 (h) + MM‘(h) (3.8)
AT Wy, () 2 '

where

M3 (h) = vy (h) - K7, (h)

vi(h) _ K, (h) ( vi(h) )2
K, (h) 2 \K; ('’
vi(h) N ng(h)( vi(h) )2.
K; (h) 2 \Kj(h)

(3.9)

M; (h) = v, (h) + K{,(h)

In the following, we calculate the expressions of K (h), Ki,(h), Ki,(h), and v;(h). According
to (2.8), (3.2), and (3.3), we have

OH: OoH}
Kgy(h) = °—°) = -1,
0x ay Aro(h)
K, (h) o H 262H5“ o H; 0 3.10
= — —+ =0, .
02 ox? oxdy  0y? Aot (3.10)
ko) O*H; 202H5 O*H, 5
= — —+ = —2.
o2l ox? oxdy  0y? o)
According to (2.8) and (3.2), we have
m+1 i+j
ﬁwzﬁmrﬁmm=2@&)ewKW—m%4w. 3.11)
i+j=1
Similarly, according to (2.8) and (3.2), we have
aHi 0Hi m+1 i+j—1 ' o
Ki(h)=|— - =L = Y a(5] G+ pEDTIEh- 1 3.12)
0x ay /|, Lt 2
1) i+j=1
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Substituting (3.10)—(3.12) into (3.8) yields

1
My (h) = R v, (h) = Ky (hyvy (h) = (v{(h)) ] + vy (h) + K{ (h)vy (h) = G3(h) + G4(h), (3.13)
where
vy () + - vi(h)
Gs(h) = =1 +v3(h),Ga(h) = (K“(h) + (2h — DK (h) + l(h))Zh 1

Inserting (3.11) into G3(h) yields

m+1 1 i+j . . o 1 i+j _ _ o
Gs(h) = Zlbgj(i) (—1)’[(—1)/—1](211—1)l+f-1+bi+j(§) (—1)’[(—1)/—1](%—1)’”}

i+j=1

m
(=DF L= D!
_ - +
= —by + Z Sk Z bisjer + T Z biaji|2h = 1)
k=1 20,720, 20,720,
i+2j+1=k i+2j+1=k+1

—1)k
* Z (2,6_2 Z 1| Qh = 1) = —b01+Z§1(k)(2h—1)" Z E(k)(2h — 1),

k=m+1 i>0,7>0, k=m+1
i+2j+1=k
3.14)
Substituting (3.12) and (3.6) into G4(h) yields
m+1 1 i+j-1 m+1 1 i+j
_ —(_ 1\~ 12 o _ 1N+l +| = 1N 1y _1)\itJ
Gy(h) = [szzllaij( 1) (z+])(2) 2h - 1)/ +i+JZ:11aij(2) (-1 [( 1y 1](2h 1)/

m+1 i+j-1 m+1 i+j
DICC G j)(%) (2h - 1)”]] > a:j(l) (1 [(=1) = 1] @h - 1y

2
i+j=1 it+j=1

= Gu(WGa(h),

(3.15)
where
o | (D Tk —Df(k + 1
Guh) = Z[( 23 — D it ()é—k” D azzj] 2h - 1)*
= i+2j=k i+2j=k+1
el (3.16)
+ ) [( _.Y 12,] (2h - 1)} —Z&(k)@h—l) + Y & -1
k=m+1 i+2j=k k=m+1
and
m—1 (_1)k+l m—1
Gun(h) = Z{ — 2 azz,-ﬂ} @h= 1} £ ) &R~ 1) (3.17)
k=0 i+2j+1=k+1 k=0

Substituting (3.16) and (3.17) into (3.15) yields
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k=m+1

m m—1
Ga(h) = {Z EOQR— D+ > E5(k)(2h - 1)"} D &W0Rh— 1)
k=0 k=0

2m—1 2m
=21 D) ak&k)|@h=1f+ Y| Y &gt | 2h— D!
k=0 kl +k3:k, k=m+1 k2+k3:k,
0<ki<m, ko=m+1,
0<kz<m—1 0<kz<m—1

=—ajian+ )| D, EkEK)| Q=D+ Y| Y &lkEk)

k=1 k1+k3:k, k=m+1 k1+k3:k,
0<k;<m, 0<k|<m,
0<k3<m-1 0<k3<m-1
2m—1
k k
+ ) EER)| Q=D+ Y LY EkDER)+ D Ek)Etks) | (2R - 1)
ko +k3=k, k=m+2 | ki+ks=k, ka+ky=k,
ky=m+1, 0<k;<m, ky=m+1,
0<kz<m—1 0<k3z<m-—1 0<k3<m-—1

0 D &gtk |2h - 1)

k=2m | ko+k3=k,

ky=m+1,
0<k3;<m—1
(3.18)
Inserting (3.14) and (3.18) into (3.13) yields
My(h) = by, — g+ Y |60+ Y Elknéstks) | @h - DF
k=1 ky+k3=k,
0<ki<m,
0<kz<m-—1
+ Y e+ D atetk) + Y E)élks)|@h- D!
k=m+1 k1+kz=k, ko+k3=k,
el ot
0<k3<m <kz<m (319)
2m—1
F O D akste) v Y Ekéls) | 2h- 1)
k=m+2 | ki+ks=k, ka+k3=k,
0<ki<m, ko=m+1,
| 0<k3<m—1 0<kz<m-—1

S stk | @h -1,
k=2m | ka+ks=k,
ko=m+1,
ky=m—1
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where

(_1)k + (_1)k_1 _
&i1(k) = k-1 Z binji + ok Z birjsi» 1 <k<m,

0,20, i20, >0,
i+2j+1=k +2j+1=k+1

—1)k
&y = D > b k=m+1,

k-1
i>0,;>0,
i+2j+1=k

(_1)k+1
&) = > ahu, 0<k<m—1,

i+2j+1=k+1

—1)-1k —1k+ 1
54(k)=( ) Za{2j+% Z air; 0 <k<m,

k-1
i+2j=k i+2j=k+1

1k
=" S G kmmrt,

k-1
2 i+2j=k

Thus, according to Lemma 1 and (3.19), system (3.1) has at most 2m limit cycles bifurcated from
the period annulus defined by {L,};c; by the second order Melnikov function, multiplicity taken into
account. O

Theorem 4. Suppose that M\(h) = M,(h) = 0 and M5;(h) # 0. Then, for sufficiently small |e| > O,
system (3.1) has at most 3m — 1 limit cycles bifurcated from the period annulus defined by {L;}c;,
multiplicity taken into account.

Proof. When M,(h) = 0, we can obtain from (3.19) that

_ v
— by, — agayy =0,

a0+ . &lk)Ek) =0, 1<k<m,

k1+k3:k,
0<k <m,
0<k3<m-1
el + Y akEKR)+ D Elk)EK) =0, k=m+1,
ki+k3=k, ko +k3=k,
0<k<m, ko=m+1,
0<kz<m—1 0<kz<m—-1
D, GlEl) + ) Etk)étka), m+2<k<2m-1,
ki +k3=k, ko+k3=k,
0<ki<m, ko=m+1,
0<kz<m—1 0<kz<m-—1

&s(m + 1é3(m —1) = 0.

Below, we give an expression of Mj3(h) in the case of M (h) = M,(h) = 0 to estimate the maximum
number of limit cycles of system (3.1). According to Theorem 1, the third order Melnikov function of

system (3.1) is

Ms(h) = M5 (h) + MM‘(h) (3.20)
T W m |
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where

M) = vy — Kyl _ K i 2 Ky vih)

K (b 2 ‘K (h) 6 \Kj ()
_ gig M3 (h) - 2?22 [%(2) M3 (h),
M5(h) = —v;(h) + K5, (h) Igl((hif) N K{zz(h)(;;((hh)) )2 N K&g(h)(;;((h}z)%
+ Z)ig M) + 2?22 ;gf,f) M3 (h.

In the following, we calculate the expressions of K}, (h), K3, (h), vi(h), and M; (h) based on (2.8)
and (3.3).
According to (2.8) and (3.2), we have

m+1 i+j
vi(h) = Hi(Ag) - H(Aio) = )| c;(i) D (=1 = 1] @h = )", (3.21)

i+j=1

We can directly obtain from (2.8) and (3.2) that

OH, OH, o . 1\* ! .
K3 (h) = (—2 - —2) = > bH-DT G+ j)(—) (2h — 1y, (3.22)
0x ay A i+j=1 2

According to (2.8) and (3.2), we have

K () = O*Hy 262H1i O*Hy
() = o0x? 0x0y " 0y? A0t
m+1 1\ (3.23)
= Z (a;(—) =D+ j- 1)(i+j)) (2h — 1),
i+j=2 2
According to (3.3), we have
K () = O H; 303Hg O’H; Hj o -
03() = ox3 0x2dy " oxdy* Oy )|, e (3.24)
Substituting Kj, (1) and Kj,(h) in (3.10) into M3 (h) in (3.9) yields
M5 (h) =vs(h) + K|, (h)v{ (h)
m+1 1 i+j . . . m+1 ' 1 i+j-1 o
= Z bjj (5) (-1 [(—1)’ - 1] Qh-1)" + Z ajj(—l)’_l(i + j)(i) h — 1)+
i+j=1 i+j=1
m+1 1 i+j . . o
x> a;j(i) (-1 [(=1) = 1] @h - ).
i+j=1
(3.25)
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Substituting (3.10) and (3.24) into (3.20) yields

1
M;(h) = (”Eh; —v3(h) — K3, (h)v} (h) + inz(h)(VT(h))Z — Ky (W)M3 (h) = 2vi(h)M3 (h)
+VI) + K3 00V ~ 5 KLY + Ky ()M () (5:26)
éE@+m@+m@+mm,
where
- Wt (h
Hi(h) = - ‘ilih;v;m) +v3(h),
Hy(h )—( WOIEh; 21(h)+K2+](h))v1(h)
01
Hyh) = & L) — () = Ko i )2, o
3( 2 (/’l) 12 )
Ha(h) = [ O‘Eh; 11<h)+2v1+<h))+Kr1<h>]M;(h).

In the following, we will give an expression of M5(h) by evaluating Hy(h), H»(h), Hs(h), and Hu(h)
one by one.
Inserting (3.21) and (3.51) into the first equation in (3.27) yields

~ 1
Hi(h) = T v3(h)+v3(h)
m+1 . A o 1 i+j ‘ . o
= Z [ u( ) (-1 [(—I)J - 1] (Qh - 1)1 4 c;“j (5) (-1 [(—1)] - 1] 2h — l)wl
i+j=1
~ m (_1)k . (_1)k+1 ~ :
=—Cy + — Cirj ¥ —— Ciai |(Ch—1)
; 2t iZ;ij, e iz;jzo, " (3.28)
i+2j+1=k i+2j+1=k+1
(- 1)"
+ Z Z Ciaj | (2h - 1
k=m+1 i>0,;>0,
i+2j+1=k
2 o+ ZIl(k)(Zh - D+ ) DRk - D
k=m+1

We can obtain from (3.28) that

deg (Hy(h)) =m + 1. (3.29)
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Substituting (3.5) into the second equation in (3.27) gives

oth) = (K300 + 2h = DES ()1 vih )1 = By (W) Floa(h). (330)
For ﬁm(h), substituting (3.22) into (3.30) yields
_ m+1 ) L ‘ 1 i+j-1 . . L ' 1 i+j-1 »
Hy (h) = HJZI lbij(—l) i+ (5) Ch=1D)""+b(-1)"(+)) (5) 2h-1) J]
i1+ k + 1 i1.— k
= “Z( Dbt > ey @h -1
k=0 i+j=k i+ j=k+1 (331)
[ G lb;] h - Dt
k=m+1 i+j=k
2 N TR - 1) + Z N(k)(2h — DE.
k=0 k=m+1
We can obtain from (3.31) that
deg (Hy () = m + 1. (3.32)
For ﬁzz(h), similar to G4, (h), we have
_ m—1
Hx(h) = Gyp(h) = Z &(k)(2h - 1. (3.33)
We can obtain from (3.33) that
deg (Hy(h)) =m - 1. (3.34)
Substituting (3.31) and (3.33) into (3.30) gives
deg (Ha(h)) = 2m. (3.35)
For Hs(h), inserting (3.10) into H;(h) in (3.27) yields
7 1 1 + + 2
Hs(h) = “hC1 K, (h) — K, (h) | (vi (b))
1 2h—1 Vi
: (—EKrz(m 2K 0) 3y i (330
= Hy (W) Hyo (W) Hys(h).

In the following, we give Hs|(h), H>(h), and Hx3(h) one by one. Substituting (3.23) into Hz (k) yields
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m+1

1 i+j-1 .
Hy(h) = j§[<1y‘() (i+j - DG + fag2h - 1)+

i+j=2

i+j-1
+ (=D (5) (i+j— 1D+ jaj2h - 1)”1'-1]

-1
(=D*k(k + 1) N =D¥k+1)
- [2— 2, it ),

=0 i+2j=k+1 i+2j+1=k+2

S

’-\PV‘

DRk + Dk +2
) (2]:1 )(k +2) Z agzj](%_l)k

i+2j=k+2

D%k + 1) 1)"k(k+1) Z

+

12]:| 2h - 1)*

k

m i+2 j=k+1

S

2 ) P()(2h— 1) + Z Q(k)(2h — 1)".

k

Il
(=)

We can obtain from (3.37) that
deg (ﬁm(h)) =

For ﬁ32(h), similar to G4, (h), we have

m—1

Ha(h) = Gao(h) = ) £5(0)(2h = 1)
k=0

From the above equality, we can obtain
deg (Hy(h)) =m — 1.

Inserting (3.23) into ﬁ33(h) gives us

_ m+1
His(h) =

1 i+j . . o
a;(i) D=1 = 1] @h- )"
=1

ny 3
m

=1 i+2j+1=k

From (3.40), we can obtain
deg (Hs3(h)) =

Substituting (3.37) and (3.40) into (3.36) yields

Ainj+1

Z [( 2l Z “Izm} Qh-1) = ZmlR(k)(Zh - D
k=1

deg (H3(h)) = deg (Hyi(h)) + deg (H(h)) + deg (Has(h)) = 3m — 1.

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)
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For ﬁ4(h), inserting (3.10) into H4(h) in (3.27) yields

~ 1
Hy(h) = [m(l(fl (h) + ZVT(h)) + K7, (h)] M5 (h)

_ [(K;l(h)+2vf(h))+(2h DK (h)] +(h1) (3.43)
= Hy(h)Hyp(h).
Plugging (3.12) into Hy; (h) yields
_ mtl . 1\ . 1\t . . -
Hy(h) = ;‘1 [ai_j(—l)’_l(i+j)(§) 2h — 1)+ +a,.+j(§) D=1 = 1] @h -1y

‘ 1 i+j—-1 o
+ai (-1 + ) (5) (2h - 1)1“]

[ =1tk 1y DG + 1
:a1_0+Z[LZa:2j+% Z aZz,~+1+()(—) Z Ajnj (2h - 1)

k-1
k=1 i+2j=k i+2j+1=k+1 i+2j=k+1

~1)Tk
Ly [( Ay 4(2,1_1) _a10+ZS(k)(2h—l) + 3 &k 1

k-1
k=m+1 i+2j=k k=m+1
(3.44)
From (3.44), we can obtain
deg (Hu(h)) =m+ 1. (3.45)
For ﬁ42(h), we have
~ v3(h) +(h) S k!
Ho(h) = 22— + K1 5 Z[( — Y bha|ea-)
k=0 i+2j+1=k+1
m—1
(=Dfk+ 1) ( Dk + 1)
+( [— Z 12} T Z 12]+l (2h )
k=0 i+2j=k+1 i+2j+1=k+2
~Dfk+ 1
n % > ah ,.] Qh - 1)’<) (3.46)
k=m | i+ j=kel
m—1[
(_1)k+1
X n Z @it | 2h = 1)*
k=0 | i+2j+1=k+1
m m—1
2 Z Uk)(2h — 1Y + (Z Vi(k)Q2h — 1 + Z Va(k)(2h — 1) ) &(K)(2h — 1)
k=0 k=0
From (3.46), we can obtain
deg (Hip(h)) = 2m — 1. (3.47)
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Due to &s(m + 1)é;(m — 1) = 0, substituting (3.44) and (3.46) into (3.43) gives us
deg (Hy(h)) = deg (Hai(h)) + deg (Hua(h)) = 3m — 1. (3.48)
Substituting (3.28), (3.35), (3.42), and (3.48) into (3.26) yields

deg (M3(h)) = max {deg (H,(h)) . deg (H()) , deg (H3(h)) , deg (Ha(h))}
=max {m+1,2m,3m —1,3m — 1} (3.49)
=3m-1.

Thus, according to Lemma 1 and (3.49), system (3.1) has at most 3m — 1 limit cycles bifurcated from
the period annulus defined by {L,},c; by the third order Melnikov function, multiplicity taken into
account. O

Theorem 5. Suppose that M(h) = M>(h) = Ms(h) = 0 and M4(h) # 0. Then, for sufficiently small
l€| > O, system (3.1) has at most 4m limit cycles bifurcated from the period annulus defined by {L}jcy,
multiplicity taken into account.

Proof. Below, we give an expression of My(h) in the case of M(h) = M,(h) = M5(h) = 0 to estimate
the maximum number of limit cycles of system (3.1). According to Theorem 1, the fourth order
Melnikov function of system (3.1) is

Wa (1)

My(h) = My (h) + WMZ(h), (3.50)

where

M) = vih) — K2 () vi(h) K22(h)( vi(h) )2 _ K13(h)( vi(h) )3 _ K04(h)( vi(h) )4

KLk 2 \Kj(h) 6 ‘K, (h) 24 \K: ()
O R RO 3 ) M
- s - SRR -
i =+ K5 gy =52 + = )+ S )
+2$WW+%$g$wwﬁgﬁQ%yww
i S S

In the following, we calculate v;(h), Ki5(h), K3,(h), K5;(h), and M7 (h) based on (2.8) and (3.3).
According to (2.8) and (3.2), we have

m+1 1 i+j . ' o
ﬁ®=ﬁw%ﬂmm=2ﬁ&)kwww—m%ﬁw. (3.51)

i+j=1
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According to (2.8) and (3.2), we have

OPHy _OHy OH; 03H]i)

Kiy(h) = L-3 3 -
1) ( ox3 Ox%0y - oxdy?  dy?

Aro(h)
m+1 i+j-3 (352)
=> [ l,( ) (—U"‘l(z‘(i ~ (i = 2) + 30+ j=2) + j(j— D — 2))]<2h — 1y
i+j=3
According to (2.8) and (3.2), similar to the derivation of (3.23), we have
K (h) = O*H; OHy O°H;
2(h) = ox? 0xdy " o0y? Ao
m+1 i+j-2 (353)
= Z ( ( ) D'+ j- 1)(i+j)) (2h - )72,
i+j=2
Similar to (3.12) and (3.22), from (2.8) and (3.2), we can directly obtain
OH* OH= m+1 - 1 i+j-1 o
K3 (h) = (—3 - —3) = ) =D+ ) (—) h =1, (3.54)
0x 0y /lsum H,Z:l ! 2
For M7 (h), according to (3.20),
2
M (h) = vi(h) + K5, (v (h) - Kfz(h)( ) + K (WMZ(h). (3.55)

Returning our attention to (3.50), substituting Kj, (h), Kg,(h), Ki,(h), and K, (h) into (3.50) yields

My(h) = Y (h) + Ya(h) + Ys3(h) + Ya(h) + Ys(h) + Ye(h) + Yo(h) + Ys(h), (3.56)
where
- W(h) _ .
Yi(h) = - “_1 " (h) +vi(h),
— Wt (h
Ya(h) = ( ?‘Eh;Kgl(hnK;(h)) vi(h),
01
1 (Wg,(h) _ . N
Ys(h) = 3 (mwm - Kzz(h)) i (),
1( Wi
Y4<h)—g(— OJEh; Kiy(h) + K <h>)<v1<h>>
Ys(h) = ( Wmﬁhi Koi(h) + KL(h))M;(h),
01
~6<h>—( (”Eh; 12<h>—Kfz(h))vf(h)M;m),
v _ Wi (h) +01)\2
Ys(h) = W, M (h))%,
— Wt (h
Ys(h) = [— Wo_fh;( n () +2vf (h)) + K (h)] M; (h).
01
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In the followmg, we will give an expression for M4(h) by evaluating Y;(h), (i =1,---,8).
For Y, 1(h), substituting (3.5) and (3.51) into Y 1(h) yields

- 1
Yi(h) = 7 v4(h)+v4(h)
ad . . i N . o
=> [ U(z) (-1) [(—1)-/—1](2h—1)l+f-1+d;j(§) (-1) [(—1)-’—1](2h—1)’“]
i+j=1
oo | D (1)"+1
= —dy + - dij + inje1 | h - 1)*
;‘ 2+ ,-Zgéo, T izéo, g (3.57)
i+2j+1=k i+2j+1=k+1
(1)
+ 0 |5 ) g |@h= 1
k=m+1 i>0,>0,
i+2j+1=k

2 —dy + Z YL(0Rh =1+ 3 Yia(k)2h - 1),

k=m+1

From (3.57), we can obtain
deg (Y (h)) =m+ 1. (3.58)

For Y,(h), substituting (3.54) and (3.6) into Y (k) yields

vi(h)

?z(h)z(Kgl(h)HZh—l) 1(h>) 1 (3.59)

= Ya1(h)Yas(h).

Inserting (3.54) into 721 (h) yields

m+1 1 i+j—1 1 i+j-1
v. _ - S P i+j-1 S TR i+]
Y1 (h) = H}Z;l lcij(—l) (z+])(§) Qh - 1Y 4 ch(=1) (z+])(§) (2h - 1)+,l
= [zk ] Z( et Z (—1)“(:1.1.] (2h — 1)
k=0 i+j=k i+j=k+1 (360)
k i
) ST DD -1
k=m+1 i+j=k
£ Vok@h— D+ Y Vaak)2h - 1)
k=0 k=m+1
From (3.60), we can obtain
deg (Yay(h)) = m + 1. (3.61)
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Similarly, we have
deg (Y2 (h)) = deg (Gua(h)) = m -
Plugging (3.60) and (3.62) into (3.59) yields
deg (Yz(h)) = deg (Y21(h) + deg (Yaa(h) =

Substituting (3.53) and (3.6) into 73(h) yields

_ 1 2h — 1 vy
Ys(h) = (_E »(h) — 5 z(h)) ik )1 vi(h)
= Ya1(h)Y3a(h) Y33 (h).

Inserting (3.53) into 731 (h) yields

m—

Ya1(h) = Z

k=0

Dk+1
i+j=k+1 i+ j=k+2

_l_

k(k + 1 |
(2: ) > (—1)1-1193](2/1—1)"

k=m i+j=k+ 1

m—1

£ Vaa(@h— D + ) Yook - D

k=0 k=m

From (3.65), we can obtain
deg (Ya1(h)) = m

Similarly, we have

deg (Yxa(h)) = deg (Gaa(h)) = m -

deg (?33(}1)) = deg (533(}1)) =m
Substituting (3.65) and (3.67) into (3.64) yields

deg (V3(h)) = deg (Y31()) + deg (Y5a()) + deg (Y33(h))
=3m- 1.

For Y4(h), substituting (3.52) and (3.6)into Y,(k) yields

. 1 vt 2
Vah = <K + @ = DK} ) S

= Y1 (W)Y (h)Yas(h).

k(k+1) Z (_1)i-1b7j+w Z (_1)"-11;;].] (2h - 1)

(3.62)

(3.63)

(3.64)

(3.65)

(3.66)

(3.67)

(3.68)

(3.69)

AIMS Mathematics Volume 9, Issue 2, 3957-4013.



3988

Inserting (3.52) into 741(h) yields

— 1
V() = 2 (Knh + @ = DK ()
m-2
S D R+ 1k +2) NG DR 3(k + 1)(k + 2) )
B k= 0[ 2 6 z+2]z;c+2 121 2 6 i+2];k+3 ailj“
NG DX (k + D(k + 2)(k +3) .
2 6 ZJZH - (3.70)
D! k(e + 1)(k + 2
N Z (2'<)1 (k + )( +2) Z lZ}}(Qh—l)
k=m—1 i+2 j=k+2
m-2
£ YaaCh =D+ 3 i)k - 1)
k=0 k=m—1
From (3.70), we can obtain
deg (Yar(h)) =m - 1. (3.71)
Similarly, we have
deg (Yso(h)) = deg (Y3o()) + deg (Yz3(h)) = 2m — 1, a7
deg (743(h)) = deg (?3301)) =m .
Substituting (3.70) and (3.72) into (3.69) yields
deg (Ya(h)) = deg (Yai(h)) + deg (Yia(h)) + deg (Y3 (h)) = 4m - 2. (3.73)
Inserting (3.22) and (3.25) into Ys(h) yields
Ys(h) = (K- (h) + (2h — DK (h)) M;®)
: e 285 on -1 (3.74)
= Hy(h)Hy(h).
From (3.61), (3.47), and (3.74), we can obtain
deg (Y5(h)) = deg (Hai(h)) + deg (Hia(h)) = m + 1+ 2m — 1 = 3m. (3.75)
Plugging (3.23) and (3.25) into 76(h) yileds
Vo) = ( - Kinh - @h = DK 52 MO e
0 12 " (3.76)

= Ys1(W)Yer(h)Ye3(h).
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For ?61 (h), we have

m—1
= ~ (=D*k(k + 1) =Dk + 1 _
Ye1(h) = 2H3; = Z [T Z i2) BT Z Ainji1
k=0 i+2j=k+1 i+2j+1=k+2
=DMk + Dk +2) (—DFk(k + 1)
. - > amlen-ne YR Y | en- 1
i+2j=k+2 k=m i+2j=k+1
m—1
2 Y Yeu(k)(2h— 1) + Z Ye12(k)(2h — 1),
k=0 k=m
(3.77)
From (3.77), we can obtain
deg (Y51 (h)) = m (3.78)
Similarly, we have
deg (Yoa(h)) = deg (Hia(h)) = 2m — 1, 579)
deg (?6301)) = deg (ﬁ33(h)) =m .
Substituting (3.77) and (3.79) into (3.76) yields
deg (Y5(h)) = deg (Ye1(h)) + deg (Yea()) + deg (Yes(h)) = 4m — 1. (3.80)
Inserting (3.25) into Y1(h) yields
M; (h
Y5(h) = ( )M+(h) = Hp(h)M3 (h). (3.81)
By direct calculation, we have
m+1 (—l)k m—1
UNOEDY i D b= ( Vi(k)2h = 1) + > Va(k)(2h - 1)’<)
k=1 i+2]+ 1=k k=0 fe=m (3.82)
X Z R(K)(2h — 1),
k=1
From (3.82), we can obtain
deg (M5 (h)) = 2m. (3.83)
Hence, we have
deg (Y7(h)) = deg (Ha(h)) + deg (M3 (h)) = 2m — 1 + 2m = 4m — 1. (3.84)
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For Yg(h), substituting (3.12) and (3.6) into Yg(h) yields

Ys(h) = = Ku) + 2vi(m) + K7, (h) | M5 (h)

M +(h)
-1

2h -

= [(K7, () + 27 () + 2h = DK} ()] 5
= Y1(h)Yga(h).

Plugging (3.12) and (3.6) into Yg, (k) yields

Yai(h) = Hu(h) = ayy + Y SROQh -1+ > T(hy2h - 1)
k=1

k=m+1

From (3.86), we can obtain
deg (?81(]’1)) =m+1.

Substituting (3.55) into Ygz(h) yields

Yio(h) = 27—

R (I ( +( )’
== TR 5 - K 5

= Yg21(h) + Ygo0(h) + Y82,3(h) + Y82,4(h)-

By direct calculation, we have

+ h m+1 _1 k
Yoou(h) = 2‘}2(_)1 = Z {( 2k) Z 12]+1}(2h - D

i+2j+1=k

Thus,
deg (Ygz,l(h)) =m+ 1.

Similarly, we have

OIS
Yioalh) = K3y (h) - 22— = > | =
k=0

i+ j=k+1
Thus,

deg (Ygzg(l’l)) =2m - 1.

1
[V§(h)+ 21 (Wvi(h) - Kfz(h)( T()* + Ky (M5 (h)

L MG
+ K -

m—1
aa }S(—DF%ﬂcM—J%-zﬂgxmah—lﬁ
k=0

(3.85)

(3.86)

(3.87)

(3.88)

(3.89)

(3.90)
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Similarly, we have

1 + VT(h) + 1 + 7
Ygo3(h) = _EKlz(h) : vi(h) = —EKlz(h)G42(h)H33(h)

2h—1
m=2[
(—l)k+1(k+ Dk +2) (—1)k+1(k+ Dk +2) x
= (Z k1 Z ajn;+ Sk+2 Z Ajer| 2R =1)
0L i+2 j=k+2 i+2j+1=k+3
1R (ke + 1Dk +2) A
+ o | Z alyy| @h= D) x Y &k)Q2h— 1) ZR(k)(Zh -k,
k=m—1 | i+2 j=k+2 k=0
Thus,
deg (Yso5(h)) = 3m — 2. (3.91)
Similarly, we have
+ +( ) + 7
Y82 4(h) - K11(h) —1 - K]](h)H42(h)

§

-1 m—1
( ViRICh = 1 + 3 Va2~ 1) ) [Z U2 — 1) + (Z Vi(k)(2h — 1)

k

1l
(=)

k=m

m—1
+ > Va@h = 1) Y &2k - 1)’<].
k=0

k=m

Thus,
deg (Ysp4(h)) = 3m — 1. (3.92)

Substituting (3.89)—(3.91) and (3.93) into (3.88) yields
deg (Ya(h)) = max{deg (Yo,1(h)) , deg (Yzoo(h) , deg (Yio3(h),

(3.93)
deg (Yso4(h)} = max{m + 1,2m - 1,3m —2,3m — 1} =3m — 1.
Inserting (3.87) and (3.93) into (3.85) yields
deg (Ys(h)) = deg (Ysi(h)) + deg (Ysa(h)) = m + 1+ 3m — 1 = 4m. (3.94)

Plugging (3.58), (3.63), (3.68), (3.73), (3.75), (3.80), (3.84), and (3.94) into (3.56) yields
deg (M(h)) = max { deg (Vi)  deg (Va(h)  deg (Va(h) , deg (Fah)  deg (Vs(h)  deg (Vo(h).

deg (V). deg (Va() }

=max{m+1,2m,3m—1,4m —2,3m,4m — 1,4m — 1, 4m}
= 4m.

(3.95)

Thus, according to Lemma 1 together with (3.95), system (3.1) has at most 4m limit cycles bifurcated
from the period annulus defined by {L;};c; by the fourth order Melnikov function, multiplicity taken
into account. O
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In this part, we consider the piecewise polynomial Hamiltonian system (3.1) with m = 1,2. Before
giving the main results, we first introduce the following two lemmas, which are calculated directly
from Theorems 2-5.

Lemma 6. When m = 1, we have
1 1
M,(h) = —ag, + (—ag1 + Ea]_l) 2h-1)+ EaTl(Zh - 1>

1 _ _ _
—bgy + by, —ag, (afy — ay — ag) | 2R = 1)

1
+ Ebn + dy; (a5, + a3) | (2h = 1.

2
Ms(h) = ) A@h =1,
k=0

where

1

- - + - - - |3+ + | + -
Ao = —cqy — ag(=bg; + byy) — ajy | by, + ag, (alo - 5“11)] )

1
+ - + (7t + — - — +3\2(,,— - -
Ayl =—cy + 5011 + agy(by; — bl + byy — by + byy) + (agy) (ay; — agy — ay)
+ + _l P _b+ _ + + _1 -
Ay 2“11 Gy — Ay o1 ~ 901|410 2“11 )

1 2
Ay = ECE +ag; (b, — by + byy) — (ag)) (ag, + ayy) + (ag, + ayy)

1 _
by, + ayg, (afo - Eau)] .

4
My(h) = )" A2h = 1),
k=0

where
Ap = Agi + Apa,
A=A +Ap+Ai+A+Ags,
Ay = Ay +Axp + Ay + Ay + Ass,
Az = Az + Az,
1
Ay = _Zcﬁ(agz + ay),
and

i _ _ _ _ 1 _
Ag = —dy; + ag(cyy — o) + (=by; + by) [_bgl - ag, (a;ro - 5“11)] 5
_ 1 _ 1 _
Ap = ay {—a& (=by, + byy) + (a;ro - Ean) |:_bgl — ag, (aTo - 5“11)]} >

1 _ _ _ _ 5, o _ _
Ay = —dj, + Ed” +ak (cyy — ¢1y + cop — €11 + o) + (ag)) (=by, + byy — byy),
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_ _ _ |
Ay = (=bg; + bjy — by, + by — by) [_bgl - ay, (“To - 5“11)] )
+ - - - + + [+ 1 _ + + |+ 1 _ ’
Az = +2aq,(ay, — ag — ay) | by + ag; |ajo — 5‘111 +|=bg; — ag; |ajo — 5“11 )
~ 1 1 _
Ay = ap {_ECS] — ag (=bg, + by; = byy) — (ag, )2(032 + ) + (ag, + ay) [b& + ay, (a]+0 - Ean)]} )

1 _ B B 1 _ 1 _
A5 = (afo - Ean —dy — azo) {_agl(_bgl +bjp) + (afo - Eau) [_b(J)rl - ay, (afo - Ean)]} )

1
+ + .+ + + +3\2 + + +
Azr = zdy) + ag (¢ — ¢y + ¢3) + (ag) (=by + byy = Dyp),

2
1
Ay = (=bg, + b}, = by, [_bgl - ay, (aTo - Eaﬁ)] ,
1 _ _
Az = —2ag,(ag, + a5y) | by, + ag, (afo - Ea“) + Zcflalo,

1 _ B B 1
A = (“To - 5“11 — Qg — azo) {_Ecgl — g (=bg, + by} — byy) — (a{;l)z(agz + dy) + (ag, + ay) [by,

1 _
+ag, (“To - 5“11)]} .
+ + + + + + 1 _ + + |+ 1 _
Azs = (—ag, — ay) { —ag (=by; + bip) +|ajy — 5‘111 —by, — ag; | ajo — 5“11 5

1 + + 1 - - -
Az = 7€11 |10 ~ 5411~ dop ~ dao |

1
2
Az = (=ag, — ay) {_Ecgl = agy(=bg, + by} — byy) = (ag,) (ag, + azy) + (ag, + ayy) [by; + ag; (aj,

|}

Lemma 7. When m = 2, we have

3
Mi(h) = )" A2h =1,

k=0
where

Ag = —ay,,

+ 1
Al = —ay + Ea“,

1, 1 _ 1°_

Ay = 5“11 - ZaZI 4“03’

1 1

AIMS Mathematics Volume 9, Issue 2, 3957-4013.



3994

4
Mo(h) = ) A2k = 1,
=0
where
Ay = —by, — ag,ay,

1
_ + - + oo+ - - -+
Ay = —by + Ebll — ag(ajy — ay — apy) + Ealoall’
1

| _ 3 _ 1 _ _
Ay = Eb;rl - Z(bZI + bys) — agy [_agz —ay + 1(030 +ap)| + Eafl (ajy — az — ag);

1 1 3 _ _ 3
Az = —Z(b; +bgs) + Say [—a$2 —day + 1(030 +ap)| = Za& (a3 + apy),

2

3
Ay = ga;rl (a3, + apy).

M;(h) and M4(h) are expressed in the following three cases.
Case 1: When aj, =0, aj, + aj, # 0, we have

4
Ms(h) = )" A2h = 1),
k=0

where
_ _ _ _ 1 _

Ag = —cyy — ag(=by, + byp) +aj, [_bgl — ag, (aTO - 5“11)] )

A=A +Ap + A,

Ay = Ay +Axp + Ay + Ay,

Az = Az + A3z + Asz,

A_§(+++ lb+_+_+_+ l— -

4= az) +ap) 771 Aoy | —Ggp — Ay T 2(%1 +ap)| (s

and

1
_ — - — 2, — _ _
Ay = —cg + Ecn — gy (=bgy + by — by, + byy = byy) + (ag) (ay; — ayy — agy)s

1 B _ |
A = (airo - 5“11 — Gy — Agp) [_b(J)rl - a(J)rl (afo - 5“11)] >

1 1 B R _ _ _
Ay = =cf) — Z(CZI +¢3) — g, [_bgz + b} = by + Z(bm + by, — by, + b3p)

2

I _
[_b(J)rl - a(J)rl (a;ro - 5“11)] ;

2

(1 1 _ _
A =a {_bﬁ — gy | —a — ag, + 5(021 + dg3)

b

b

3
2 _ _ _ _
Ay = (ay)) [_@0 — Gy, =y — Qg + 5(‘130 +ap)

1 ~ ~ B 1 1 _ _
An = (a;ro - 5“11 —dy ~ aoz) {Eb;rl — ag [_agz —ay + E(aﬂ + dp3)

1 B 3 _
Aoy = [_agz —az + Z(aZI +ag3) + Z(a30 +dpp)
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1 3 3
Az = 1 (c31 +coz) = a01( ~bgy + by, — by + byy) + E(agl)z(agro +ap,),

1 3 1 1 _ _
Az = [_ gy — dyy + (a21 +ag;) + (a30 +ap,) {2 11— dg [—a& — ) + E(aZI + dgs) }’

I _
_b& - a(J)rl (airo - 5“11)] .

Case 2: When a3, + a}, = 0, aj, # 0, we have

3
Az = Z(a§0 +ap,)

4
Ms(h) = ) A@h = 1,

=0
where
- + - - - + + |+ 1
Ao = —cqy — ag(=bg; + byy) + ajy | —by; — ag; |ajy — 5“11 )
A=A +Ap+ApB + A,
Ay = Ay +Ap + Az + Ay + Ags + Ay,
Az = Az + Azp + Azz + Azy + Azs + Asg,
Ay = Ay + Ay,
and

1 ~ _ _ _
Ap = —cg + S~ ag (=bgy + big = bgy + by = by),
1 _ _ _ — —_

A = Eairl(—bm + big) + (ag)(ay, — ay — apy),
1

(1 1 _ 1 B
Az = a {Eb;rl + 5“?1 (afo - 5“11) - ay, [_ago —ag, + E(azl + dg3)

b

1 B _ |
A = (airo - 5“11 — lyy — dgp) [_b(J)rl - a(J)rl (afo - 5“11)

2

| 3
Ay = ECT (C21 +Co3) — [ by, + by — b3y + Z(b03 + by = by + b)),

1
_ + + + - - - + ot - - -
Axp = 5“11(_[701 + bio — by + by — byy) — agiay (ay; — ayy — ag,),

2

1\ (1 1 1 _ o
Aps = (a;ro_ 5 _azo_aoz){zb;rl 54 (alo 2“11)‘“31 [—6132 —ay + E(GZI + d3)

I _
[ 01 a(J)rl (a;ro_ian)]’
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Az = (am) [ — Gy, — ay — Qg + §(a30 +ap)|,

1 1 _ _
Aoy = alO{ —(by, +byy) + Ea;rl [—a& — ay + 5(‘121 + agp3)

3

1 3
Ag = [_aoz ay + (a21 + ag;) + (a30 +ap)
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1 3
Az = v (31 +cg3) — Zagl(_b53 + by = b3y + by),

)

1 3 _ _
Az = Eaﬁ [_bgz + by — by + Z(_ba} + by, — by + by)

b

3
_ + o+ + + - - - -
Azz = —agay, [_azo —dyp —dy — a3t 5(030 +ap)

1 +\2¢,,— - -
Az = Z(au) (ay, — ay — agy),

1 _ B B 1 1 1 _ _
Aszs = (afo - 5“11 — Ay — aoz) {_Z(b& +bgy) + Eafl [—082 — ) + E(aZI + dgs)

1 1

1
+ + |+ - + + +
{Ebu + 5“11 apy — 5“11 —ag, [~ag, — ay

+ + l - - 3 - -
Az = |—ag — ay + Z(a21 +agp;) + 1(030 +ap)

2

3 1 _ _ 3 _ _
Aq = ga;rl(_b(% + by — by +b3) + Z(aﬂ)z [_ago — gy — dy; — gz + 5(030 +adpy)

1 _ _
+§(a21 + a03)

b

)

1 1 1 _ _
{_Z(bgl + byy) + saj, [_a:)rz — ay + 5("21 + dg3)

1 _ 3 _ _
Ap = [—a32 —ay, + Z(a21 + ay) + é_l(a30 +ap,) 7

Case 3: When a3, + aj, = 0 and af, = 0, we have

3
Ms(h) = > A2h— 1),
k=0

where
- + - - - + + + 1
Ao = —cgy — ag (=g, + byy) + ajy | —by, — ag, |ajy — 5“11 )
A=A +Ap + A,
Ay = Ay +Axp +Axz + Aoy,
Az = Az + Az,
and

1 — — — — 2 — — —
A= —cj + S he agy(=bgy + by = by + by = byg) + (ag) (ay; — azy — agy),

2

1 _ _ 1 _
Az = (a;ro - 5‘111 — dyy — Agp) [_bgl - a(J)rl (a;ro - Eall)] )

(1 1 _ _
A =a {Ebﬂ — ag, [_‘l;o — ag, + 5(021 + dg;)

1 1 B R _ _ _
Agy = ECTI - Z(CZI +¢g3) — ag, [_bgz + by — by + Z(bo3 + b1, — by + b3 |,

2

3
2 _ _ _ _
Ay = (ay)) [_350 — Ggy — ay — Gy + 5(030 +ap)
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1 ~ ~ _ 1 1 _ _
A = (C’fo T 5% T Ay T aoz) {Ebﬁ - ag, [—a& —a + E(azl + a03)]} ’

1 _
[_bgl - agl (a;ro - 5“11)] )

+ + L _ - 3 -
Axg = |—ap —ay + Z(aZI +ag) + 1(430 +ap)

1 3
Az = 7 (c31 +¢p3) = Zagl(bfz +b3),

| _ 3 3 1 1 _
Az = [—a& — dy + Z(aZI +ag) + Z(%o +ap) {Ebﬁ — ay, [—a& — ) + 5(“21 + a03)]} .

Case 1: When aj, =0, aj, + aj, # 0, we have

6
My(h) = ) A@h =1,
k=0

where
Ag = Agi + Ao,
A=A +Ap+Ap +As+Ais + A,
Ay = Ay +Agpy + Az + Apy + Ags + Age + Aoy,
Az = Az; + Az + Azz + Azy + Azs + Azg + Asg,
Ay = Ay +App + Ay + Ayg,
As = As; + Asy,
_ 3 + + 1 + +
Ag = 1(030 +ap,) _g(czl +C3) |
and
- 1 + - - - - + + + 1
Ao = —dy, - 5“01(_001 + ¢1g) + (=bgy + b1o) | —boy — agy | ajo — 5“11 .

_ 1 _ 1 _
Ap = ay {_agl(_bgl +bjy) + (a;ro - 5“11) [_bgl — ag, (a;ro - 5‘111)]} >

1 _ _ _ _ _ _
Ay = (_dgl + Edn) — ag(=cg; + €1y = Cgp + €} — Cy) + (ag, )2(_[702 + by — byp),

1 _ _ _ _
Ap = (_bgl +agaj, — 50316111) (=bg, + by — by, + by} — by),
1
Az = 2ay, — 2ay, - 2ay,) [aglbgl + (031)2 (afo - Eaﬁ)l )
| 2
Al = [_bgl - agl (a;ro - Eafl)] )

~ 1 1 _ _
Ais = ay {_5631 + (=ag, (=by, + by, — byy)) + (ag, )’ —(ag, + ayy) — E(aZI + dg;)

2
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1 1 1
A = {—a&(—b& +bjp) + (afo - Eaﬁ) [_b(J)rl —ay (afo - Eaﬁ)]} [airo - 5“1_1 — (ay + ag)
3 3 3 3

+ + + + - - - -
—ag (—Cop + € — €39 — 1003 + chz - ZC21 + 1030)] ;

b

1 1 1
Ag = (Edﬂ - Zdo3 - ZdZI) +
+32 + + + 3 - 3 - 3 - 3 - +\3/,,— - - -
Axn = (ag) (=bg, + by — by — §b03 + Eblz - EbZI + §b3o) + (ag)) (ay; + ag; — azy — apy),
1 B 33 3 3
An = (b?)—l — agayy + 5“51“11) (_bgz + by — by — Zbo3 + ZbIZ - ZbZI + Zb3o) ;

1 _ _ _ _ _
Ay = [aa—lbgl + (031)2 (afo - 5“11)] [—2(azy + agy) — 2(ay; + agy) + 3(az + ap)],

4

1 _
_agl (a;ro - Eall)]} )

I _ _ _
Ag = [a1+0 - 5“11 — (ay + ap,)

_ 3 3 3
Ass = ay {_CTI - Za&(_ba} + by, — by, + byy) + 5(031)2(61;0 +aj,) + Z(a;ro +aj,) [~by,

1
{36t (a4 1 - 0 + @

I _
—b& - a& (afo - Ean)]

1
{-ai-ot,+ 10+ (4t - g0 ) -0

| _
X —(ag, + ay) + 5(021 +dg3)

2

|
—(ag, + a3) - E(aZI + 303)] +

| _. . 3 _

|
—ag, (airo - 5“11)]} )

1 1 3. 3. 3. 3
Az = (—_d& - _dgl) - ‘181(—1053 + ZCTZ - 261+ 7C30) +

3
4 4 4 4 E(a(-;l )2(_b8—3 + b-l'—Z - b;l + b;—O

3 1
3 —
Az = —(ay)) (a3, + ay,) + Z(_b& + by, = by, + by)(=by, — agaj, + Eaglall)’

9

_ _ |1 3
Asz = (2ay, — 2a5) — 2ay,) [Zagl (b3, + bg3) + Z(agl)z(a;ro +aj)

b

1 B 1
Az = 3(az +ap,) [a(J)rl by, + (ag, )’ (a;ro - Eall)] s Azs = dyg [—g(c’% +¢g3)

I _ _ _ 1 3 3
Aszg = [a;ro ~5n T (a3 + ap) {ZCTl - Zagl (=bgs + biy — b3y + b3) + E(agl (a3 + ayy)

I _
_b(J;I - a(J;I (a;ro - 5“11)]} )

P -3

3
+Z(a§0 +aj,) X

1
{36t aibiz 1= 05

| _
"‘(031)2 [—(ag, + a3) _5(021 +ag) |+

1 1 _ _
—bg; — ag, (airo - 5“11)] [—(082 +dy) + 5(021 + dg;3)
1 1 _
X {_agl(_bgl +biy) + (aTo - 5“11) [—b& — ag, (airo - Eau)]}} ;
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_ _ _ _ 1 3
Ay = [2(ay + agy) — 2(ay; + ags) + 3(az + apy)] [Z“Sl(bi +bgy) + Z(a&)z(a;o +ap)|,

b

1 _ B B 1
Agp = [afo - 5“11 — (ay + ap) [_g(ci +¢p3)

1 3
{Zcﬁ - Z“(J)rl(_b& + by, = by, + b3,

1 _
_bgl - agl (a;ro - 5‘111)]} )

3 1 | _
Ay = Z(a;ro +aj,) {_Ecgl — ag,(=bg, + by — byy) + (ag, )? [_(a82 + ) — i(am + dg;)

f

1
_g(cgl +¢p3)

1 _ 3 _ _
A43 = [—(a;o + aa—z) + Z(azl + 003) + Z(Cl3o + 6112)

3 3
+§(a81 )2(a;0 +ay,) + Z(‘I;o +ay,)

1

1
+|=by, — ay, (afo - Eaﬁ)] [_(agz +ay)) + 5(‘61 + dg3)

b

1 _ _. 3 _ _
As) = [—(a;o +ag) + 7@+ ag) + 7 (ax + dy)

3 3 3 3
Asy = Z(C‘;o +ap) {Zcﬁ - Zagl(_bgs + by — b3y + b3) + 5(031)2(";0 +ap) + Z(agro +ap)

|
—bgy, — ag, (afo - 5“11)]} .

Case 2: When aj, + aj, =0, af, # 0, we have

X

5
Ma(h) = > Aw2h = 1),
k=0

where
7 13 14 10 5
Ag = Ag +Ap, Al = ZAlj,Az = ZAzj,A3 = ZA3J',A4 = ZAM,AS = ZA5j9
= = = =y =
and
- 1 + - - - - + T 1 _
Ao = —dy, - 5“01(_%1 + ¢1g) + (=bgy + byo) | —bgy — agy | ajp — 5“11 ,

Ao = a5+ ) + = ) |85 = i (et - 5|

Ay = —dg; + %dl_l + %“D(—Cal + Cg) = gy (=€Gy + €Ty = Cop + €1y = €39) + (@) (=byy + by — byy),
Ay = (=by; + byp) (%bﬂ + %ah (afo - %“Il) +ag, (a;o +ag, — %agl - %053)) ;

Az = (=bg, + agajy - 5“31“?1)(_1731 + by — boy + by = by,

Ay = 2ayy — 2ay, - 2ay,) [aglbgl + (ag,)’ (airo - %aﬁ)] J

1 2
A5 = [_b(J)r] - a(J)r] (a]+0 - Ean)] )
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_ 1 1 I _ -
Al = ayg {_EC& + (Eaﬁ(—b& + biy) — ag (=bg, + biy — b3, ) + (ag))? [_(5‘52 +ay) - E(aZI +dg3)

I )1 1 1 _ 1 _ _
+ (a;ro - 5“11) [Ebﬂ + Eaﬂ (airo - 5“11) — ay, (—(aaz +dy) + 5(421 + a03))]

2

1 _ 1 _ 1 _ _ _
Ay = {_agl (=bg; + bip) + (a;ro - 5“11) [_b(J)rl — ag; (a;ro - 5“11)]} [a;ro —5%n T (ay + ag,)

1 1 1 _
Ay = Ed;rl - Zdoa - ZdZI’

+

1 1 _ _
—bg; — ag, (airo - Eau)] [—(6132 + ) + §(a21 + dg;3)

b

1 3 3 3 3
_ + + + - - - + + + + - - - -
Ay = 5‘111(_001 + o = Cop €11 — Cp9) — g (—Cpp + €1 — €3 — Zcos + chz - ZCZI + 1630)’

_ _ _ 3.3 3 3
Ay = —agay,(=by, + by — byy) + (agl)z(_bgz + b} — by — 51903 + §b12 - §b21 + §b3o)7

3, — _ _ _
Ay = (ag)) (a5 + ag; — azy — ap),

_ _ 1 1 1 _ 1 _
Azs = (=by; + byp) [_Z(bgl +bgy) + Eaﬁ (—aéo — Qg + =ay + _003)] )

2 2
B B 11 1 _ 1 _ 1 _
Ay = (=bg; + bjy — by, + by} — byy) [Ebﬁ + 5“?1("?0 - 5“11) + ag (ay + ag, — 5“21 - 5“03)] >
1 B 33 3 3
Ay = (b(J)rl — agdj + 5“31“11) (_bgz + by — by — Zbo3 + Zb12 - Zb21 + Zb3o) ,
Asg = (2ay; — 2a5 — 2ay,) _la;—lb+1 - la;r1a+1 ay — =ay, | - la+1b;rl — =ay,ag; | ay — l‘11_1
0 0 2 0 2 0 0 2 2 0 2 0 0 2

1 1 _
+(ag, )? (_a;o — ag, + 5“21 + 5“03)] )

1
Ag = [aglbgl + (031)2 (afo - Eaﬁ)] [—2(a3 + agy) — 2(ay; + apy) + 3(ay, + ap)],

1 1 1 1 _ 1 _ 1 _
Ario=2 [_b& — ag, (afo - 5“11)] [Ebﬁ + 5“?1 (afo - 5“11) + ay, (a(J)rz + a5y — 5“21 - 5“03)] )
1 + 1 + + + + 3 + + + + + + o+
A = ay Zcu + Eau(_boz + by — by) - Zam(_bm + by, — by, + b3y) — agay;

X

1 _ 1 1
= e |-305 + 030 + 3 (a0

+ + 1 -
—(ag + ay) — 5(‘121 + agp) 3 5

+

1 1 1 1 _ _
Ebﬁ + Eaﬂ (airo - 5‘111) — ag, (—(aéz + ;) + E(a21 + a03))]

1

1 _ _
+§(021 + 003))

X

1 _
—(ag, + ay) + §(a21 + agp3)
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say — (ay + apy)

A2,12 = [GTO - 3

1 1
{=3eti 30000 + o) = a5 + 07, 83

1 _\|1 1 1 _
+ (a;ro - 5“11) [Ebirl + Eafl (a;ro - Eau)

1 1 _ _
—bg; — ag, (afo - Eall)] [—(6182 +ay) + §(a21 + agp)

| _
"‘(“31)2 [_(agz + dy) — E(a2l + agp;)

+

2

1 _
—agy, (_(agz +ay) + 5(021 + ao3))

1 B 3 B 1 _
Az = [_(ago +ag) + Z(azl +ag) + 1(030 +ap) {—a&(—b& +bjp) + (a;ro - 5“11) (=D

1 _
_a(J)rl (a;ro - Eall)]} )

1 1
A31 = —Zda—g - Zd;—l’
1 33 3 3 3 3 3 3
Az = Ea;rl (=cop + 1y — ¢y — Zcos + chz - ZCQI + 1030) - agl(_zc& + ZcTz - ZC% + ZC;O)’
Ay = | 2@t 2=l + by — b3y + bly) — aiaty (<biy + bty — bl — 2bis + 2byy — b3y + b3
33 = 2“01)( 03 + b1y — by + b3y) — agyay,(=bg, + by 20 203"‘212 221"'2 30)

1 _ _ _
+Z(afl )2(_[902 + by, - bzo)] )

3 _ _ _ -
Az = _Eaﬂ (ag))*(a3; + agy = a3y — apy),
+ + - - - 1 + + 1 + + + 1 _ 1 _
Ass = (=bg; + by — by + by = by) _Z(bZI +bg3) + S| T T dop T 5y + 5do3 )|
3 _ 3 _ 3 _ 3 1 1 _
Az = (=bgy + b}y — b3y - Zb03 + Zblz - ZbZI + Zb3o) [Ebﬁ + Eaﬂ(afo - 5“11)
+ + 1 1 _
+ay (ay + agy = 5%~ 5003) ;

3 1 _
Ay = Z(_b53 + by, = by + b3)(=by; — agaj, + 5“31“11)’
1 1 1

_ _ _ 1 _ 1 _
Asg = (2ay; = 2ay, — 2ay,) Zaflbfl + Z(afl)z (a{'o - 5“11) - 5“?1“31 (—aéo —ag + 5%t zaos)

1 1 1 _ 1 _
+Za81(b§1 +bgy) — 5“?1“31 (_a;o —ag, + 5“21 + 5“03)] )

1 1 1 1
_Eairlbgl - Eairla;)rl (a;ro - 5“11) - Eaglb;rl

1 B 1 _ 1 1 _
—Qaha& (alo - 5“11) + (081)2 (_a;o — ag, + 5“21 + 5“03)] )

1 _
Az10=2 [_b(J)rl — agy, (a;ro - 5“11)]

1 1 1 1 _
_Z(b; + by;) + 5“?] (—a32 — ay + 5“21 + 5“03)] )

1. | 1 _ I i 1 _ 1 _ 2
Asn = §b11+§a11 dio = 51| T doy {dop + oo ~ 51 ~ 503
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_ 1 3 1
Az =4y {_g(cgl +cg3) + gaﬁ(—b& + by, — by +byy) + Z(airl)z

X

+ + 1 _ -
—(ag + ax) + 5(‘121 + dgp)

+ + 1 -
—(ag + ay) — 5(“21 +ag) |+

X

1 1 1 _ _
_Z(bgl + by3) + Eaﬂ (_(agz +ay) + E(aZI + aos))]} )

1 _ B B 1 1 3
Asnz = [a;ro - 5“11 — (ay + ap) {ZCTI + 5“?1 (=bg, + byy — byy) — Zagl(_b53 + by, — by, + b3,

+ o+
—dp1dy

1 1 1
+ (a1+0 - —a”) [—Z(b& +bgy) + §a1+1 (=(ag, + a3)

| _
~(ag, + 030)5(021 + ag3) 5

1

1 1 1
+ Ebﬂ + Eah (a1+0 - 5“1_1) - ay, (_(a:)rz +ay) + E(agl + 053))

|

X

1
—(ag, + ay) + E(C’El + 363)]} )

2

1 _ 3 3 1 1
Asza = [_(‘l;o +ag) + Z(aZI +ag) + 1(430 +ay) {_Ecgl + (_aﬂ(_bgl +byy) — ag (=bg, + by, — by, )

1 _ _ 1 _\[1 1 1 _
"‘(af)rl)z [—(a& +ay) — 5(“21 + “03)] + (a;ro - 5“11) [Ebﬂ + 5“?1 (afo - 5“11)

1 B 1 1 _ _
—ag, (_(‘182 +ay) + 5(‘121 + ao3)) + [ =by, — ag, (a;ro - Ean)] [_(‘132 +ay) + 5(‘121 + ‘103)] }’
1 3 3
Aq = Eaﬂ (—ZC& + ZCTz - ZC; + cho)’

3 1 3. 3 3 3 _
Ay = _Eaglaﬂ(_b& + b7, — by, + b3y) + Z(ah)z(_bgz + by — by — §b03 + §b12 - §b21 + 51930)’

3 2 — — _ —
Ay = Z(afl) ag, (a3, + agy — ayy — ap,),

33 3 3 1 1 1 _ 1 _
Agy = (=bg, + by} — by — Zb03 + ZbIZ - ZbZI + Zb3o) [_Z(bgl +bgy) + Eaﬁ(_a;o —ag, + 5921 + 5“03)] )

1 1 _ 1 _ 1 _
Eb;rl + Eafl(afo - 5“11) +ajo(ay + ag, — 5“21 - 5“03)

b

3
Ays = Z(_b& + by, — by + b))

A46 = (261;1 - 2a50 - 26162)

1 1 1 1 _
_ga;rl(bgl + by;) + Z(aﬂy (—a§o —ag + 54y + —a03)] )

2 2
_ _ _ o1 1 1 _
Agy = [-2azg + agy) — 2(ay; + agy) + 3(azy + ap)] [Za;rl by, + Z(a;rl)z (a;ro - 5“11)

1 1 1 1 1 1 _ 1 _
_§a1+1a81 (_ago — ag, + 5“21 + 5“03) + Za(+)1 (b3, + bg3) — Eaﬂa& (_a;o — ag, + 5“21 + 5“03)] )
1 1 1 1 1 1
Agg =2 [Ebﬁ + Ea;rl (afo - Eaﬁ) + ay, (a(J)rz + )y — Eagl - 5“53)] [_Z(ba + by

1 1 1 _
+§af1 (—a& — ) + 5“21 + 5“03)] )
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1 3
{-gieh v s Jatoo 40, 05+

1 _ _ _
Agg = [afo - 5“11 = (ay + ag) 3

1 | _ | _ 1
+Z(af1)2 [_(agz + dy) — 5(021 +ap) |+ [_(agz +dy) + 5(021 + dg;) [_Z(b;l + by;)

1 | _
+§“T1 (—(6182 + ) + E(GZI + 003))]} )

1 B 3 B 1 1
Agqr0 = [_(‘150 +ag,) + Z(am + ag;) + Z(a3o +ap) {ZCTI + Ea;rl(_bgz + b7, = b,

3
+ + + + + + o+
——dag(=bg3 + b1, — by + b3y) — agay,

4
+ 1 _ 1o, + 1. + + 1 -
+{a — Ean _Z(bZI +by3) + 5“11 —(ag, + ay) + 5(021 + ags)

1 1 1 _ | _ 1 _ _
Ebﬁ + Eafl (afo - 5“11) — ay, (_(agz +dy) + 5(021 + 003))] [—(a& + ) + 5(021 + dg3)

1 _
—(ag, + ayy) - 5("21 + dg3)

+

3 1 _ _ _ _
Asy = §(0T1)2(—b33 +bi, = b3y + b3 + §(a1r1)3(az1 — A3 + az +ap),

3
Asy = Z(_b83 + by, — by, + b, ) > )

1 1 1 _ 1 _
—Z(b& + byy) + saj, (_a;() — Ggy + 50y + _%3)] )
1
Asy = [2(a3 + agy) — 2(ay; + ags) + 3(az + apy)] [_gah(bgl + by,

1 1 _ 1 _
+Z(af1)2 (—030 —ag, + 5“21 + 5“03)] )

1 1 11\
Asy = [_Z(b;1 +bg3) + 5“?1 (—a82 —ay + 5%t 5“03)} ’

| B 3 B 1 3
Ass = [_(‘130 +ag) + Z(aZI + ag;) + 1(030 +ap) {_g(‘f; +c3) + ga;rl (=bys + by, — by + by,

+

| B 1
—(ag, + ay) + 5(021 + agp3) [—Z(b& + by,

1 _
—(ag, + ay) — 5(021 + dg3)

1
+Zm;f
+lcfr (—(a+ +a5,) + l(a_ + a, ))]}

et 02 T o) + 5y + dg3) [ ¢ -

Case 3: When aj, + aj, = 0 and aj, = 0, we have

4
My(h) = > A2h— 1),
k=0
where

5 9 8
Ag = Ap +Ap, Al = ZAlj,Az = ZAzj,A3 = ZA3]',A4 = A4 +Agp,

J=1 J=1 J=1
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and

1 B ~ - ~ 1 _
Ao = —dy; — 5“8] (=co1 + €10) + (=B + byp) [_bgl — dg (‘ZTO - 5‘111)] ’

1 1
Ap = ay {_agl(_bgl +bjp) + (a;ro - 5“1_1) [_b(J)rl — ay, (a]+0 - Ea]_l)]} ,

1 _ _ _ _ _ _
Ay = (_dgl + Edu) + —ag, (—cy; + Clo — Cp + €11 — C) + (031)2(_[902 + b1y — by),

_ 1 1 _ 1 _ 1 _
A = (=by; + byp) (Ebfl + ay, (a;o +ag, — 5321 - 5“03)) + (=by; + agayy — 5“51“11)
X (=bg; + biy — by, + by} — byy),

+

) ) ) 1 1\
Az = 2ay; — 2ay, — 2ag,) [agl b(J)rl + (‘181 )2 (a;ro - Ean) _b(J)rl - a(J)rl (a;ro - 5“11)] )

B 1 1 B 1
A =a {_5081 — ag,(=bg, + by; — byy) + (ag, )? [_(agz +ay) — 5(021 + 003)] + (a;ro - Eall)

X +

1 1 1
=by, - ag, (_(a:)rz +dy) + 5(051 + 053)) —bgy; — ag, (a;ro - Eaﬁ)} [—(ag, + a3)

o

1 _ 1 _ 1 _ _
Ars = {_031(_b81 +byy) + (airo - Ean) [_bgl — ay, (afo - Eau)]} [afo - 5“11 — (ay + ap)

1

b

1 | 1 3 3 3 3 _
Ay = Edﬁ - Zd03 - de — gy (—cgy + €1} = €39 — 1003 + chz - ZCZI + ZC30)’
33 3 3 _ _ _ _
Ay = (031)2(_b32 + by — by - §b03 + Eblz - §b21 + 51730) + (a&)}(azl + dgy — azp — dp,),
_ B |1 1 _ 1 _
Ay = (=bg; + bjy — by, + by — by) [Ebﬁ +ag (ay + ag, — EaZI - 5%3) ,

1 _ 3 _ 3 _ 3 _ 3 _
Ay = (bgl —agaj + 5“31“11) (_bgz + by — by - Zbos + Zblz - ZbZI + 211930) ’

b

T R
A25 = (26111 — 2a20 — 2a02) [—Ea&bﬁ + (aa—l)z (—a;() - agz + 5‘121 + 5‘103)

1 _ _ _ _ _
Age = [aa—lbgl + (agl)z (afo - 5“11)] [—2(a3 + agy) — 2(ay, + agy) + 3(az + apy)],

1 1 1 _ 1 _

Ay =12 [_bgl — apy, (a;ro - 5‘111)] [Eb;rl +ag, (6182 +dy) — 5“21 - 5“03)] ,
_J1 + 3 + + + + +

Agg = a4 =C1 — 1001(_[903 + by, — by + b3) +

; :
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1 ~ _ 1
Ay = [a;ro ~5n T (ay + apy) {_5081 + —ag (=bg, + by — by

1 1 1 1
+(a81)2 [_(agz +dy) = 5(‘61 + 063)] + (a1+0 - 5“1_1) [Ebfl - ay, (_(032 +dy) + 5(051 + 063))]

1 _
~bgy — ag, (afo - Ean)] } +
+ + + + 1 _ + + | + 1 _
—dg (=bg; + biy) + |ajy — Ean —bgy — ag, (aj — Eau )

1 1 3 3 3
Az = —ngs - ngl - agl(—zc& + ZCTz - chl + chro) + E(a&)z(_b& + by, — by + by,
3 _ 3 _ 3 _ 3
Az = (=bg, + by — by - Zb03 + ZbIZ - Zb21 + 1

|
" —(azy + ag,) + Z(aZI +dg3)

| _
—(ag, + az) + E(aZI + dgs)

3 _ _

|1 1 1 _
b30) [Ebh +ag (ay + ag, - 5“21 - 5“03)] )

3 1 _
Az = Z(_b& + by, = by + b3)(=by; — agaj, + 5“31“11),

_ _ _ _ 1 1 _ 1 _
Aszy = [-2(ay + agy) — 2(ay; + ags) + 3(az, + apy)] [—ia&bh + (031)2 (—aZO —ag, + 5“21 + 5“03)] )

2

1 1 _ 1 _
Ass = [Ebﬂ + ag, (a(+)2 +ay - 5“21 - ans)

b

’

B 1
Azs = aj [—g(c; +¢p3)

1 3
{_Ch - Zagl(_b& + by, — by + by

1 _ _ _
Ay = [a;ro - 5“11 = (ay + ap,) 1

+

1 | _ 1 _ _
Ebh — ay, (_(a(J)rz +ay) + 5(021 + aos))] [_(agz +dy) + 5(“21 + a03)]} )

1 B 3 B 1
Asg = [—(aéo +ag,) + Z(aZI +agp;) + 1(030 +ap) {_5031 + (=ag,(=bg, + by} = by))

1 1 1
+ (afo - Eaﬁ) [Ebﬂ — ay, (—(aéz +dy) + 5(‘51 + 053))]

2

1 3
{ZCTI - 1031(_[933 + by, — by, + b3,

}

Theorem 6. Consider the piecewise polynomial Hamiltonian system (3.1) with m=1. By using the up
to the fourth order Melnikov function, the following statements hold.

1
+(aél)2 [_(a:)rz + dy) — E(agl + dg;3)

1 _ 1 _ _
+ [_bgl — ay, (afo - 5“11)] [_(agz +ay) + 5(021 + ag;)

1
N _ _ _
Aq = [‘110 — zay; — (ay + ap)

b

2

1
g v

1 _ 3 _ _
A42 = |:—((1;0 + (18—2) + Z(aZI + (103) + Z(a30 + au)

1 1 B 1 _ _
+ [ibﬂ - ag, (_(‘132 +ay) + 5(021 + 003))] [—(aéz + ) + 5(%1 + dg;3)
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(i) If the first order Melnikov function M (h) is not zero identically, then for sufficiently small |e| > O,
system (3.1) has at most 2 limit cycles bifurcated from the period annulus {L},c;, multiplicity taken
into account. Moreover, this maximum is achievable.

(ii) If M (h) = 0 and M,(h) # O, for sufficiently small |€| > 0, system (3.1) has at most 2 limit cycles
bifurcated from the period annulus {L,},c;, multiplicity taken into account. Moreover, this maximum is
achievable.

(iii) If M(h) = M,(h) = 0 and M5(h) # O, for sufficiently small |e| > 0, system (3.1) has at most 2
limit cycles bifurcated from the period annulus {Ly},c;, multiplicity taken into account. Moreover, this
maximum is achievable.

(iv) If Mi(h) = My(h) = Ms(h) = 0 and My(h) # O, for sufficiently small |e| > 0, system (3.1)
has at most 4 limit cycles bifurcated from the period annulus {L},c;, multiplicity taken into account.
Moreover, this maximum is achievable.

Proof. According to the expression for M, (h) in Lemma 6, we know that

2
M) = ) A2k =1,
k=0

where

1
+
_all.

- + _
A() = —dy;, A1 = —ay + Ea“, A2 = 5

Letay, = 0, aj, = 2, aj, = 2. Denote
8 = (agy, ag;), 60 = (0, 1).
Then, through direct calculation, we have
Ap(69) =0, A1(69) =0. Ax(6p) =1 #0.

Further more,

0(Ao, A1) ‘ 1 0
det ——————(dp) =

day,, ag,) ’ -1
It follows that Ay, A; can be taken as free parameters. We can obtain that system (3.1) has 2 limit cycles
for m = 1. The proof of (i) is completed.

According to the expression for M,(h) in Lemma 6, we know that

‘:19&0.

2
Mo(h) = )" A2k =1,
=0
where
Ao = —by, — al_Oa(J;I’
Ay = by + Ebﬁ — ag (ayy — ay — ag,)

1
+ + o+ +
Ay = Ebn +ag, (ag, + ay) .

AIMS Mathematics Volume 9, Issue 2, 3957-4013.
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Letaj, = 0, b5, = 1, b}, = 2. Denote
5 = (b, b)), 6 = (0,2),
Then, through direct calculation, we have
1
Ag(0) =0, A1(69) = 0. Az(60) = 3 #0.

Further more,

0(Ap, Ay)
a(by,, by,)

1
=—— #0.
2?&

-1 0

det (00) = ‘ 0

=

It follows that Ay, A; can be taken as free parameters. We can obtain that system (3.1) has 2 limit cycles
for m = 1. The proof of (ii) is completed.
According to the expression for M3(h) in Lemma 6, let aj, = 0, bj, = 0, ¢}, = 2, ¢], = 1. Denote

0= (C(;laca—l)’ 50 = (0’ 1)

Then, through direct calculation, we have
1
Ag(B0) = 0, A1(8) = 0, Ax(60) = 5 #0.

Further more,

det ————(6p) =
o) o 1
It follows that Ay, A1, A, can be taken as free parameters. We can obtain that system (3.1) has 2 limit
cycles for m = 1. The proof of (iii) is completed.

In the expression of My(h) in Lemma 6, letaj, = 0, b}, =0, ai, = 1, a}, = 1, ¢}, = -2, af, =
1, a7, =0, ay, =0, a, =0, a;, = -2, d; = 2. Denote

(Ao, A _
(Ao, 41) ‘1 O‘:l;to.

6 = (dy, d(J)rl’ diy. cip), 60 = (0,-1,2,4).
Then, through direct calculation, we have
AO((SO) =0, A1(5o) =0, Az(do) =0, Ag(do) =0, A4(5()) =—-1#0.

Further more,

-1 0 0 O
a(AO’Al’AZ’AS) 0 _1 0 0 1
det dg) = =—=%*0
N gy dgyedioe) ™ Tl 0 10T
0 0 b

It follows that Aj, A, Ay, A5 can be taken as free parameters. We can obtain that system (3.1) has 4
limit cycles for m = 1. The proof of (iv) is completed. O
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Theorem 7. Consider the piecewise polynomial Hamiltonian system (3.1) with m=2. By using the up
to the fourth order Melnikov function, the following statements hold.

(i) If the first order Melnikov function M,(h) is not zero identically, then for sufficiently small |e| > O,
system (3.1) has at most 3 limit cycles bifurcated from the period annulus {L},c;, multiplicity taken
into account.

(ii) If M1(h) = 0 and M,(h) £ O, for sufficiently small |e| > 0, system (3.1) has at most 4 limit cycles
bifurcated from the period annulus {Ly},c;, multiplicity taken into account.

(iii) If M1(h) = M,(h) = 0 and M5(h) # O, for sufficiently small |e| > 0O, system (3.1) has at most 4 limit
cycles bifurcated from the period annulus {L;},c;, multiplicity taken into account.

(iv) If M(h) = M,y(h) = M3(h) = 0 and M4(h) # O, for sufficiently small |e| > 0, system (3.1) has at
most 6 limit cycles bifurcated from the period annulus {L},c;, multiplicity taken into account.

Proof. According to M (h) in Lemma 7, letaj, = 1, aj, = 2, a5, = 4, ay; = 4, al; = 4, a;, = 4.
Denote

6 = (ag;» agy, ajy), 0o = (0, 1,4).
Then, through direct calculation, we have
AO(éo) = 0’ A1(60) = 05 A2(6O) = O, A3(60) = —2 7& O_

Further more,

-1 0 O
0(Ap, A1, A 1
dot 2A0AuAD) o0 1oy oof=Lao
dagy, agy» a7) o o i 2
2

It follows that Ay, A1, A, can be taken as free parameters. We can obtain that system (3.1) has 3 limit
cycles for m = 2. The proof of (i) is completed.

According to M,(h) in the Lemma 7, letaj, = 0, aj, = 1, a3, = % aj, = % b, =1, a,=1, aj, =
0, a5,=0,ay,=0,0b5=2,by;=2,b,=2,ay,,=2,a,=2, aj, = %, al, = % Denote

0= (b&,b&,bﬂ,b&)’ 60 = (0,1,2,2).

Then, through direct calculation, we have

3
Ap(09) =0, A1(69) =0, Ax(6p) =0, A3(00) =0, As(dp) = 3 # 0.

Further more,

-1 0 0 O
0(Ap, A1, Az, Az) 0 -1 0 O 1
dt 6 = - —— 0
g bbby 0 "0 0 b0 TRY
0O 0 O —i

It follows that A, A, A, A3 can be taken as free parameters. We can obtain that system (3.1) has 4
limit cycles for m = 2. The proof of (ii) is completed.
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According to the M3(h) in the Case 1, letaj, = 0, b, = 0, b}, = 2, a;, = 1, ¢}, = 2, ¢;, =
2, cy=2,al,=1,c;=14,a;, =2, a3,=2,a(, =2, ayy=1, a;, = -1, a;, =0, a3, =0, a;, =
2, ag, =2, a3, =2, aj, = 2. Denote
6 = (Cal, ca—la C-{-]’ C;])’ 60 = (O, 27 27 2)-
Then, through direct calculation, we have

Ap(09) =0, A1(09) =0, A(69) =0, A3(09) =0, As(dp) =3 # 0.

Further more,

-1 0 0 O
0(Ap, A1, Ay, Az) 0 -1 0 O 1
dt 5 = = —— O
oo P70 0 L 0|87
0 0 0 -1

It follows that Ay, Ay, A,, A3 can be taken as free parameters. We can obtain that system (3.1) has 4
limit cycles for m = 2 in Case 1.

According to M3(h) in Case 2, Letaj, = 0, b;, = 0, a;, =0, ¢, =2, aj, =2, by, =1, b}, =
L ag =0, a5, =0, a5 =0, ag; =0, a5, =0, a;, =0, bg; = %’ b, =1, b3, = %’ by, =1, aj, =
0, a;; =0, a3, =0, ag, =0, by, =1, by, = %’ C3 =2, €5 =2, ¢3 =2, bjy =0, by, =0, by, =
0, b3, =0, by, =0, bj, = %, b3, = 0. Denote

6 = (Co1> Co15 €115 €31)> 00 = (0,1,2, 1),
Then, through direct calculation, we have
3
Ao(d0) = 0, A1(60) = 0, A2(0) = 0, A3(60) =0, As(do) = 1 # 0.

Further more,

-1 0 0 O
0(Ag, A1, Az, A3z) 0O -1 0 O 1
det dp) = =——=*90
) ‘?(C(;l’cgl’ch’C;l)( ” 0 0 % 0 ?
0O 0 O —i

It follows that Ay, A, Ay, A3 can be taken as free parameters. We can obtain that system (3.1) has 4
limit cycles for m = 2 in Case 2.

According to M3(h) in Case 3, Letaj, = 0, b}, =0, a;, =0, ¢, =2, bf;, =0, ¢5;, =2, ¢; =
2, ¢, =2, ¢j; = 2. Denote

8 = (cp> Cor»€11)s 60 = (0, 1,2).
Then, through direct calculation, we have

Ap(69) =0, A1(69) =0, Az(69) =0, A3(69) = -1 # 0.
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Further more,

-1 0 O
0(Ap, A1, A 1
det(_o—jf)(ao) =10 -1 0of===#0.
gy s €1y) o o L 2
2

It follows that Ay, A1, A, can be taken as free parameters. We can obtain that system (3.1) has 3 limit
cycles for m = 2 in Case 3. The proof of (iii) is completed.
According to My(h) in Case 1letal, = 0, b, =0, a;, =0, dj; =2, ¢}, =0, dp; =4, d5; =

4, dy =4, apy=1,ay,=1,a;,=2,b5;=0,b,=0, b5, =0, b5, =0, a3, =0, al, =0, a5, =

0, a;; =0, a;,=0, a}, =0, aj, =2, a}, =2, c;, =4, cj; = 4. Denote
6 = (dyy, dg» iy, dgss ajg, c11)s 60 = (0,1,4,-4,3,0).
Then, through direct calculation, we have
Ao(60) = 0, A1(60) = 0, A2(60) =0, A3(60) = 0, A4(do) =0, As(do) =0, As(dp) = =3 # 0.

Further more,

-1 0 0 0 O O
0O -1 0 0 0 O
0(Ap, A1, Az, Az, As, As) 0o o L 0 0 o0 3
det d0) = 2 - — 0
) dy,, dy,, dy, dgy, ay, Cﬂ)( X 0 0 0 _‘l‘ 0 0 32 7
O 0 0 0 -1 0
0 000 032

It follows that Ay, Ay, A, Az, As, As can be taken as free parameters. We can obtain that system (3.1)
has 6 limit cycles for m = 2 in Case 1.
According to My(h) in Case 2, Let aj, = 0, by, =0, a;, =0, aj, =1, bj, =0, ¢;; =0, ¢}, =

0, by, =1, b,=1,d;,=2,¢c,=1,cly=1,c,=1,¢c;;, =1, ¢y =1, b,=1, b, =1, by, =
Lby=1,a,=1,a],=2,a,y=1,a,=-1,d;=-4d;, =4, c;=1,c,=1,¢;, =1, 5, =
Lc,=1,¢,=0,¢c,=1,d5,=-3,a3,=2,a,=2,¢;,=-1,a5,=0,a5, =0, a;, =0, ag; =
0, bl =0, b],=0,b5,=0,b,=0,b5,=0,b,=0, b; =0, b, =0, b5, =0, b5, =0, cj, =
0, c3, = 0. Denote

6 = (d(;pda-]ad-;]’ dg3’c83)’ 60 = (09 1a 1’ _2a 1)'
Then, through direct calculation, we have
1
Ao(60) =0, A1(69) =0, Ay(69) = 0, A3(d9) = 0, A4(60) = 0, As5(S0) = 3 # 0.

Further more,

-1 0 0 0 O
0O -1 0 0 O
0(Ap, A1, Ay, A3 A 3
det(,)(‘(i_owl df di “3)(50): 0 0 3 0 0===#0
b b b 9c
01> “01° *11° %03° “03 0O 0 0 _i 0
0 0 0 0 -3
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It follows that Ay, A1, Ay, A3, A4 can be taken as free parameters. We can obtain that system (3.1) has 5
limit cycles for m = 2 in Case 2.

According to My(h) in Case 3, letaj, = 0, b}, =0, a;, =0, b}, =0, d;, =2, ¢, =0, ay, =
0,aj,=-1,d;=0,d,,=0,d5,=4,a;, =0, a, =0, 5, =4, ¢j; =4, ¢];, = 0. Denote

6 = (dy;» d(J)rl’ dfl’ d(J)r3)’ 0o = (0,1,0,-4).
Then, through direct calculation, we have
Ao(60) =0, A1(6p) = 0, Ax(69) =0, A3(60) = 0, A4(60) =1 #0.

Further more,

-1 0 0 O

0(Ap, A1, Az, Az) 0O -1 0 O
Ny g diyedgy "0 0 10| TR

0 0 0 -

It follows that Ay, A, Ay, A5 can be taken as free parameters. We can obtain that system (3.1) has 4
limit cycles for m = 2 in Case 3. The proof of (iv) is completed. O

Use of Al tools declaration
The authors declare they have not used Artificial Intelligence (AI) tools in the creation of this article.
Acknowledgments

The corresponding author is supported by the National Natural Science Foundation of
China (11931016).

Conflict of interest

The authors declare that they have no conflict of interest.

References

1. X. Chen, M. Han, Number of limit cycles from a class of perturbed piecewise polynomial systems,
Internat. J. Bifur. Chaos, 31 (2021), 2150123. https://doi.org/10.1142/S0218127421501236

2. X. Chen, T. Li, J. Llibre, Melnikov functions of arbitrary order for piecewise smooth
differential systems in R" and applications, J. Differ Equ., 314 (2022), 340-369.
https://doi.org/10.1016/j.jde.2022.01.019

3. J. Giné, J. Llibre, K. Wu, X. Zhang, Averaging methods of arbitrary order, periodic solutions and
integrability, J. Differ. Equ., 260 (2016), 4130—4156. https://doi.org/10.1016/j.jde.2015.11.005

4. M. Han, On the maximum number of periodic solutions of piecewise smooth periodic equations
by average method, J. Differ. Equ.,7 (2017), 788-794. https://doi.org/10.11948/2017049

AIMS Mathematics Volume 9, Issue 2, 3957-4013.


http://dx.doi.org/https://doi.org/10.1142/S0218127421501236
http://dx.doi.org/https://doi.org/10.1016/j.jde.2022.01.019
http://dx.doi.org/https://doi.org/10.1016/j.jde.2015.11.005
http://dx.doi.org/https://doi.org/10.11948/2017049

4012

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

M. Han, V. G. Romanovski, X. Zhang, Equivalence of the Melnikov function method and the
averaging method, Qual. Theory Dyn. Syst., 15 (2016), 471-479. https://doi.org/10.1007/s12346-
015-0179-3

M. Han, L. Sheng, Bifurcation of limit cycles in piecewise smooth systems via Melnikov function,
J. Appl. Anal. Comput., 5 (2015), 809-815.

M. Han, J. Yang, The maximum number of zeros of functions with parameters
and application to differential equations, J. Nonlinear Model. Anal., 3 (2021), 13-34.
https://doi.org/10.12150/jnma.2021.13

J. Huang, Y. Jin, Bifurcation of a kind of 1D piecewise differential equation and its application to
piecewise planar polynomial systems, Int. J. Bifur. Chaos Appl. Sci. Engrg., 29 (2019), 1950072.
https://doi.org/10.1142/S021812741950072X

J. Ttikawa, J. Llibre, D. D. Novaes, A new result on averaging theory for a class of discontinuous
planar differential systems with applications, Rev. Mat. Iberoam., 33 (2017), 1247-1265.
https://doi.org/10.4171/RMI/970

G. Ji, Y. Sun, Bifurcation for a class of piecewise cubic systems with two centers, Electron. J. Qual.
Theory Differ. Equ., 46 (2022), 1-12. https://doi.org/10.14232/ejqtde.2022.1.46

W. Liu, M. Han, Limit cycle bifurcations of near-Hamiltonian systems with multiple
switching curves and applications, Discrete Contin. Dyn. Syst. Ser. S, 16 (2022), 498-532.
https://doi.org/10.3934/dcdss.2022053

X. Liu, M. Han, Bifurcation of limit cycles by perturbing piecewise Hamiltonian
systems, Int. J. Bifur. Chaos Appl. Sci. Engrg., 20 (2010), 1379-1390.
https://doi.org/10.1142/S021812741002654X

S. Liu, M. Han, Bifurcation of limit cycles in a family of piecewise smooth systems
via averaging theory, Discrete Contin. Dyn. Syst, Ser. B, 13 (2020), 3115-3124.
https://doi.org/10.3934/dcdss.2020133

S. Liu, M. Han, J. Li, Bifurcation methods of periodic orbits for piecewise smooth systems, J.
Differ. Equ., 275 (2021), 204-233. https://doi.org/10.1016/j.jde.2020.11.040

S. Liu, X. Jin, Y. Xiong, The number of limit cycles in a class of piecewise polynomial systems, J.
Nonlinear Model. Anal., 4 (2022), 352-370. https://doi.org/10.12150/jnma.2022.352

J. Llibre, A. C. Mereu, D. D. Novaes, Averaging theory for discontinuous piecewise differential
systems, J. Differ. Equ., 258 (2015), 4007-4032. https://doi.org/10.1016/j.jde.2015.01.022

L. Sheng, S. Wang, X. Li, M. Han, Bifurcation of periodic orbits of periodic equations
with multiple parameters by averaging method, J. Math. Anal. Appl., 490 (2020), 124311.
https://doi.org/10.1016/j.jmaa.2020.124311

H. Tian, M. Han, Limit cycle bifurcations of piecewise smooth near-Hamiltonian systems
with a switching curve, Discrete Contin. Dyn. Syst. Ser. B, 26 (2021), 5581-5599.
https://doi.org/10.3934/dcdsb.2020368

Y. Xiong, M. Han, Limit cycle bifurcations in discontinuous planar systems with multiple lines, J.
Appl. Anal. Comput., 10 (2020), 361-377. https://doi.org/10.11948/20190274

J. Yang, Limit cycles appearing from the perturbation of differential systems
with multiple switching curves, Chaos Solitons Fract., 135 (2020), 109764.
https://doi.org/10.1016/j.chaos.2020.109764

AIMS Mathematics Volume 9, Issue 2, 3957-4013.


http://dx.doi.org/https://doi.org/10.1007/s12346-015-0179-3
http://dx.doi.org/https://doi.org/10.1007/s12346-015-0179-3
http://dx.doi.org/https://doi.org/10.12150/jnma.2021.13
http://dx.doi.org/https://doi.org/10.1142/S021812741950072X
http://dx.doi.org/https://doi.org/10.4171/RMI/970
http://dx.doi.org/https://doi.org/10.14232/ejqtde.2022.1.46
http://dx.doi.org/https://doi.org/10.3934/dcdss.2022053
http://dx.doi.org/https://doi.org/10.1142/S021812741002654X
http://dx.doi.org/https://doi.org/10.3934/dcdss.2020133
http://dx.doi.org/https://doi.org/10.1016/j.jde.2020.11.040
http://dx.doi.org/https://doi.org/10.12150/jnma.2022.352
http://dx.doi.org/https://doi.org/10.1016/j.jde.2015.01.022
http://dx.doi.org/https://doi.org/10.1016/j.jmaa.2020.124311
http://dx.doi.org/https://doi.org/10.3934/dcdsb.2020368
http://dx.doi.org/https://doi.org/10.11948/20190274
http://dx.doi.org/https://doi.org/10.1016/j.chaos.2020.109764

4013

21.J. Yang, L. Zhao, Limit cycle bifurcations for piecewise smooth Hamiltonian systems with
a generalized eye-figure loop, Int. J. Bifur. Chaos Appl. Sci. Engrg., 26 (2016), 1650204.
https://doi.org/10.1142/S0218127416502047

22.J. Yang, M. Han, W. Huang, On Hopf bifurcations of piecewise planar Hamiltonian systems, J.
Differ. Equ., 250 (2011), 1026—-1051. https://doi.org/10.1016/j.jde.2010.06.012

23.P. Yang, Y. Yang, J. Yu, Up to second order Melnikov functions for general piecewise
Hamiltonian systems with nonregular separation line, J. Differ. Equ., 285 (2021), 583-606.
https://doi.org/10.1016/j.jde.2021.03.020

24.F. Li, P. Yu, Y. Liu, Y. Liu, Centers and isochronous centers of a class of quasi-analytic switching
systems, Sci. China Math., 61 (2018), 1201-1218. https://doi.org/10.1007/s11425-016-9158-2

25. W. Hou, S. Liu, Melnikov functions for a class of piecewise Hamiltonian systems, J. Nonlinear
Model. Anal., 5 (2023), 123—145. https://doi.org/10.12150/jnma.2023.123

@ AIMS Press

AIMS Mathematics

©2024 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

Volume 9, Issue 2, 3957-4013.


http://dx.doi.org/https://doi.org/10.1142/S0218127416502047
http://dx.doi.org/https://doi.org/10.1016/j.jde.2010.06.012
http://dx.doi.org/https://doi.org/10.1016/j.jde.2021.03.020
http://dx.doi.org/https://doi.org/10.1007/s11425-016-9158-2
http://dx.doi.org/https://doi.org/10.12150/jnma.2023.123
http://creativecommons.org/licenses/by/4.0

	Introduction
	Expressions of any order Melnikov functions
	The number of limit cycles of a piecewise polynomial system

