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1. Introduction

The foundational idea of the metric space (MS), autonomously conceived by a French
mathematician Fréchet [1], serves as the cornerstone for fixed point theory. The concept of h-metric
spaces (b-MSs) was introduced by I. A. Bakhtin in 1989. However, it was Czerwik [2] in 1993 who
formally defined and studied 5-MSs in more detail. By replacing the traditional triangle inequality
with a more relaxed “b-metric inequality”, Bakhtin introduced a generalized MS capable of
accommodating a wider range of distance structures. Leveraging this groundwork, Jleli et al. [3]
subsequently expanded the MS concept by introducing ¥ -metric spaces (¥ -MSs), a flexible structure
incorporating both b-metric and standard MS. This innovative approach has proven fruitful in fixed
point theory and holds significant potential for future advancements in functional analysis
and topology.

Capturing the notion of distance between points, this concept allows fixed point theorems to set
forth conditions under which specific mappings within MS. The first result in this theory, the eminent
Banach contraction principle (BCP) [4], was begun by Stefan Banach in 1922. Wardowski [5]
introduced a novel contraction concept, termed the Y-contraction, alongside a corresponding fixed
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point (FP) theorem. This groundbreaking work expanded the boundaries of the BCP. By generalizing
the contraction mapping framework, Wardowski’s contributions have significantly advanced the field
and enriched its applicability across diverse mathematical domains. The study of FP theory for
set-valued mappings has been a focal point in nonlinear analysis since Nadler [6] initiated the
concept. He gave the idea of set-valued contraction and established an FP theorem for set-valued
mappings. Building upon this foundation, researchers have delved into various extensions and
generalizations. For instance, Berinde et al. [7] extended the result of Nadler [6] by introducing
set-valued almost contraction in the foundation of complete MSs. Afterwards, Altune et al. [8,9] gave
the thoughts of set-valued T-contraction and set-valued almost I'-contraction to obtain FP results for
set-valued mappings. Ali et al. [10] introduced a generalized set-valued T-contraction in the situation
of b-MSs and obtained FPs of set-valued mappings.

The BCP has been generalized in different ways, as in [11]. A primary focus of research has been
extending BCP to non-self-mappings S : U — YV, where (U,V) is a couple of subsets of a MS
(Q,d). Unlike standard contraction mappings, these mappings do not necessarily possess FPs.
Instead, the objective is to identify points {* € U whenever d({*,S¢*) = dist(U,V), where
dist(U,V) = inf{d({,3) : { € U, 3 € V}. These points are termed the best proximity points (BPPs) of
mapping 7. Fan [12] introduced a foundational theorem on best approximations in 1969. Building
upon this work, Sadiq Basha [13] established necessary and sufficient conditions for identifying
points that achieve the minimum possible distance between two sets for specific types of mappings. In
this context, Omidvari et al. [14] and Sahina [15] investigated BPP results for non-self mappings
satisfying Y-contractions. Abkar et al. [16] presented existence theorems for BPPs of set-valued
contraction in MSs. This work represents a significant extension of Nadler’s classical FP theorem [6]
to the setting of set-valued mappings. Subsequently, Debnath [17] discussed the existence of a BPP
result for set-valued YT-contractions. Under the umbrella of MS topology, Patel et al. [18] established
BPP results for set-valued almost Y-contractions. De La Sen et al. [19] studied optimal fuzzy best
proximity coincidence points for cyclic contractions in non-Archimedean fuzzy metric spaces.
Lateef’s [20] recent work pushed the boundaries within F-MS, establishing BPP results for
generalized contractions and coupled BPPs under an arbitrary binary relation. The work of Albargi et
al. [21] focuses on demonstrating the existence of BPPs for Y-contractions in the setting of #-MS.
For a more in-depth discussion of these concepts, see [22-27].

The current investigation focuses on the concept of set-valued almost Y-contractions in the
background of #-MS and to demonstrate BPPs for the aforementioned contractions. By generalizing
existing contractive conditions, our research unifies and extends upon seminal works by Banach [4],
Wardowski [5], Nadler [6], Berinde et al. [7], Altun et al. [8, 9], Abkar et al. [16], Debnath [17] and
Patel et al. [18] in the background of classical MS. Moreover, our results encompass and generalize
key theorems of Jleli et al. [3], Asif et al. [22], Lateef [20], Albargi et al. [21] and Isik et al. [26] in the
framework of ¥-MS as a consequence. The practical utility of our theorems is illustrated through a
concrete example.

2. Preliminaries

Czerwik [2] introduced the idea of b-MSs by altering the triangle inequality inherent in
standard MSs.
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For all £,v, 3 € Q and for some b > 1,

d(,3) < b[d(,v) +d(,3)].

Jleli et al. [3] unveiled a captivating generalization of MS, known as ¥ -MS.
Let = be the collection of functions f : (0, +c0) — R such that

(&) forallt;,1, € (0,+00) suchthatt; < t, = f(t;) < f(tr),
(&) for {t,} € (0,+00), lim ¢, = 0 and lim f (#,) = —oo are equivalent.
Definition 1. [3] Let Q # 0 and d : QxQ — [0, +o0) be a distance function such that

) d({.3) =0 = (=3,
(i1) d(£,3) = d@,0),

(ii1) for every (u,)‘:’:1 C Q with (u;,u,) = (£,3), we have

p-1
d(£,3) > 0= f(d(&3) < f(z d(u, Mz+1)] +5.
1=1

for all (£,3) € QxQ and for p € N with p > 2. If there exists a combination (f,) € Z X [0, +00)
satisfying the aforementioned properties, then d is referred to as an - metric on €, and the
combination (Q, d) is termed an F-MS.

In the setting of MS, Stefan Banach [4] gave the concept of contraction mapping in this way.

Definition 2. [4] Let (Q2,d) be a MS. A mapping S : Q — Q is said to be a contraction mapping if
there exists some constant A € [0, 1) such that

d(S¢,83) < Ad(¢,3)
for all £,3 € Q.

Theorem 1. [4] Let (Q2,d) be a complete MS and S : Q — Q be a contraction mapping, then S has a
unique FP.

Wardowski [5] introduced a novel contraction concept, known as Y-contractions, which expanded
upon the traditional contraction mapping framework. This innovative approach led to the development
of innovative FP results within the context of complete MSs.

Definition 3. Denote by ¥ the collection of all continuous functions T from the positive real numbers
to the real numbers satisfying the following conditions:

(Cy) forall #1,1, € (0, +00) suchthatt; < 1, = Y(t;) < Y(t,),
(rp) for {z,} C (0, +00), lim ¢, = 0 if and only if lim Y (#,) = —co,

(T3) there exists k € (0, 1) such that li%I *Y(@) = 0.
t—0*

A self mapping § : Q — Q is termed as an T-contraction if there is a function Y € V¥ fulfilling
((1)—(3) and a positive constant w > 0 such that

d(SZ,53)>0=w+T(d(S{,53) < T(d(,3))
forall £,3 € Q.
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Theorem 2. [5] If (Q,d) is a complete MS and S : Q — Q be a mapping fulfilling the criteria of an
T-contraction, then S has a unique FP in Q.

The subsequent discussion employs the following notation. Let K(Q) denote the set of all non-
empty compact subsets of Q and CB(Q) the set of all non-empty, closed, and bounded subsets of €2.
Given U,V € CB(Q), define

H(U,V) = max {SUP D(Z, V), sup D3, ‘LI)} :
leU 3V

where D(, V) = inf,eq d({, 3). The H is called Pompeiu-Hausdorfl metric with respect to d.
Nadler [6] pioneered the concept of set-valued contraction in MSs in such a manner.

Definition 4. [6] Let (Q2,d) be a MS. A mapping S : Q — CB(Q) is termed a set-valued contraction
if there exists a constant A € [0, 1) satisfying

H(S¢,S3) < Ad(L,3)

forall £,3 € Q.

Theorem 3. [6] Let (Q,d) be a complete MS and S : Q — CB(Q) be a set-valued contraction, then
S has a FP.

Berinde et al. [7] gave the idea of set-valued almost contraction in MSs in this fashion.

Definition 5. [7] Let (Q,d) be a MS. A mapping § : Q — CB(Q) is said to be a set-valued almost
contraction if there exist some constants A € (0, 1) and L > 0 such that

H(SZ,83) < Ad({,3) + LDG, S 0),

forall £,3 € Q.

Theorem 4. [7] Let (QQ,d) be a complete MS and S : Q@ — CB(Q) be a set-valued almost contraction,
then S possesses a FP.

Later on, Altun et al. [8] added the following condition (('4) with ((';)—((’;) and defined the concept
of set-valued Y'-contraction in this way.

(C4) Y(@nf U) = inf T(U) for all U c R*.

Let @ represent the collection of all functions Y pleasing the axioms ((')—(Y4). Clearly, ® is a
subset of . Examples of functions within @ include

e T (t) = Int, for positive ¢,
e T,(#) = t+ Int, for positive ¢,
o V(1) = —%, for positive ¢.

If we define Y4(¢) = Int forr < 1 and Y4(¢) = ¢ for r > 1, then T4 € P\ O.

Definition 6. [8] Consider a MS (2,d) and § : Q — CB(Q). We define S as a set-valued Y-
contraction if there exists a positive number w > 0 and a function Y € ® such that for all £, 3 € Q,
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H(SZ,853)>0=w+TH(SL,S53) < T, 3).

Theorem 5. [8] Let (Q,d) be a complete MS and S : Q — CB(Q) be a set-valued Y-contraction,
then S has a FP.

Altun et al. [9] also introduced the notion of set-valued almost T-contraction as follows:

Definition 7. [9] Let (Q,d) be a MS. A mapping S : Q — CB(Q) is termed a set-valued almost
Y-contraction if there exist some constants w > 0, L > 0 and a function Y € ® such that for all
{,3€4,

H(SZ,S3)>0=>w+T(H(SL, S3) <1, 3)+ LDG,S ).

Theorem 6. [9] Let (QQ,d) be a complete MS and S : Q — CB(Q) be a set-valued almost Y-
contraction, then S has a FP.

Consistent with the approach of Sadiq Basha [13], consider U and V as non-empty subsets of the
MS Q. We introduce the following subsets of U and V:

Uy = { €U : there exists 3 € V such that d(Z,3) = dist(U,V)},
Vo = {3 €V :thereexists £ € U such that d(,3) = dist(U,V)}.

Definition 8. [13] Let U/ and V are non-empty subsets of MS Q. If

d({1,31) = dist(U,V) ~
d ({2, 3) = dist(U,V) } = d(1,6) =d G 3)

for all £1,{, € U and 3,3, € V, then the combination (U, V) is said to satisfy the P-property.
Additionally, (U, V) is said to satisfy the weak P-property if for all {1,{, € U and 31,3, € YV, the
following holds

d({1,31) = dist(U, V)

d (&2, 32) = dist(U,V) } =d({1,0) <dGi3).

It is well known that in a MS, every pair (U, V) satisfy P-property also satisfy the weak P-property.
Abkar et al. [16] presented an elegant study of the following result concerning pairs of sets satisfying
the P-property.

Theorem 7. [16] Given two non-empty, closed subsets U and V embedded in the complete MS (€, d)
such that Uy # O and the combination (U, V) satisfies P-property. Given a set-valued contraction
S : U — CB(V) with the property that S{ €V for all { € Uy. Then S has a BPP.

The subsequent theorem establishes the existence of a BPP for set-valued Y-contractions, as
explored by Debnath [17].

Theorem 8. [17] Given two non-empty, closed subsets U and V embedded in the complete MS (Q, d)
such that Uy # O and the combination (U, V) satisfies weak P-property. Suppose S : U — CB(YV)
be a set-valued (-contraction such that S{ €V for all { € Uy. Then S has a BPP.
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Patel et al. [18] established BPP theorems for set-valued almost Y-contractions in the context
of MSs.

Theorem 9. [18] Given two non-empty, closed subsets U and V embedded in the complete MS (Q, d)
such that Uy # 0 and the combination (U, V) satisfies weak P-property. Assume that S : U — CB(V)
be a set-valued almost Y-contraction such that S{ € Vo,V { € Uy. Then S has a BPP.

Lemma 1. [26] Let (Q,d) be F-MS and U,V € CB(Q). Then

(1) D, V) <d(,3) forany 3€ V and € U,

2) DL, V) < H(U,V) for any { € U,

(3) if V is compact, thenfor any { € U, there exists a point 3 € V such that d({,3) < H(U, V).
In the context of ¥-MSs, Lateef [20] established BPP result for contraction mappings.

Theorem 10. [20] Given two non-empty, closed subsets U and V embedded in the F -complete -MS
(Q, d) such that Uy # O and the combination (U, V) satisfies P-property. Suppose S : U — V be a
contraction mapping such that S (Uy) € Vy. Then S has a BPP.

Albargi et al. [21] demonstrated the existence of BPPs for Y-contractions within the setting of ¥ -
MSs.

Theorem 11. [21] Given two non-empty, closed subsets U and V embedded in the F -complete -MS
(Q,d) such that Uy # O and the combination (U, V) satisfies P-property. Suppose S : U — V be an
Y-contraction such that S (Uy) € Vy. Then S has a BPP.

3. Main results

Definition 9. Given non-empty closed sets U and V in an ¥-MS (Q, d). A set-valued mapping S :
U — 2V is said to be set-valued almost Y-contraction if there exists a function Y € ¥/® and the
positive numbers w > 0 and L > 0 such that

H(S{,83)> 0= w+ T(H(SE,S3) < Y(d(,3) + LIDG, S§) — dist(U,V))) 3.1)

forall £,3€ U.
If Y(#) = Int for positive t and U = V, then every set-valued almost contraction is a set-valued
almost Y'-contraction.

Theorem 12. Given two non-empty, closed subsets U and V embedded in the F-complete F-MS
(Q, d) such that Uy # O and the combination (U, V) satisfies weak P-property. Assume that S : U —
K(V) be a set-valued almost ('-contraction such that S € Vo, V¢ € Uy. Then S has a BPP in U.

Proof. Let € > 0 be fixed and (f,5) € ¥ X [0, +00) be such that the condition (iii) of Definition 1 is
satisfied. By (&), there exists 6 > 0 such that

O<t<do= f(t) < f(e) - pB. (3.2)

Let ¢, be an arbitrary element of U and 3o € Sy € Vy. Using the definition of V|, we can choose
{1 € Uy such that d (&1, 30) = dist(U, V). If 39 € S, then O
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dist(U, V) < D (1,S8) <d (1, 30) = dist(U, V).

Hence D ({,S 1) = dist(U, V), so {; is a BPP of S. Now assume that 3, ¢ S ;. By the hypothesis
that S £; is compact, we can find an element 3; in S {; such that

0<d@Bo,31) <H(SH,SO).
Combining condition (';) with the previous inequality yields

Y (dBo,31) < T(H (S, SE))
< T (d (o, 1) + L(D({1,S8) — dist(U,V))) — w

=T (d (£, {1) — w. (3.3)
Since 3; € S, € V), there exists ¢, € U, such that

d($r,31) = dist(U,V).

Therefore, by using weak P-property, we have

d(£1,4) < d(30,31)- (3.4)
Form the inequalities (3.3) and (3.4), we obtain

T (d(£1,42) <Y (d R0, 31)) < Y (d (o, 41) — w. (3.5)
If 3, € S{, then

dist(U, V) < D({,88) < d (8, 31) = dist(U, V).

Hence D ({,S &) = dist(U, V), so &, is a BPP of §. On the other hand, if 3; ¢ S¢,, then by the
assumption that S ¢, is compact, there exists an element 3, in S ¢, such that

0<dG1,3) <H(S,58).
By (), we have

T(dG1,3) <THSEH,SH))
<Y (d(1,8) + L(D(G,$8) - dist(U, V) — w

=T(d(,0H) - w
< Y (d (4o, 41) - 2w. (3.6)

Since 3, € S& C V), there exists {3 € U, such that

d ({3, 32) = dist(U,V).
Consequently, applying the weak P-property, we obtain

d($2.83) <dGi3). (3.7)
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Form the inequalities (3.6) and (3.7), we obtain

T (d(£2,83) <T(dBGi,32) < T (d (&, 1) — 2w. (3.8)

Proceeding inductively, we construct two sequences {{,,} and {3,} in U, and V), respectively, which
satisfy 3, € S, € Vy and d ({41, 3,) = dist(U, V),V n € N. Also,

Y (d (&ns Gne1)) < Y (d Bu-1530)) < T (d (o, £1)) — nw. (3.9)

Then d (£, {uv1) > 0,V n € N. By evaluating the limit as n — oo, we obtain lim,,_,, T (d ({,, uv1)) =
—o0. Applying ( T, ), we obtain
}Lrgod({n, Zur1) = 0.

Forthwith, using (('3), there exist k € (0, 1) such that

lim d (g, Lns) Y (d (s £nr)) = 0, (3.10)

From the inequality (3.9), for each n € N, we have

d G &) Y (d (s G01)) = d G L) X (d (L0, £1)) S =1 (L Lnit) 0 < 0. (3.11)
Taking n — oo and using (3.10), we have
lim nd ({m §n+l)k =0.

Therefore, there exists a positive integer n; such that nd ({n,§n+1)k < 1 for every n > n;. This
implies that

1

d(é{n’ Z;rH—l) < 1 (312)
nk
which yields
m—1 m—1
1
Z d(Gis Ginn) < Z o
for m > n > n;. Since )7, ﬁ is a convergent series; there exists n, € N such that
m—1 1 oo 1
0<Zﬂ7<zﬂ7<a m>n>n. (3.13)
i=n i=1

Hence, by inequalities (3.13) and (), we have

(o)

m—1 1
f(z d((b(iﬂ)] < f[Z m) < fle)-p (3.14)

i=1

for m > n > n,. Employing the condition (iii) of Definition 1 and the inequality (3.14), we obtain
m—1
d (Gl >0, m>n>m = f(dnln) < f[Z d(g,aﬂ)) +B < f(o).

AIMS Mathematics Volume 9, Issue 12, 33800-33817.



33808

Condition (%) implies that the distance among consecutive terms, d ({,,, {,,) < €, form > n > n,.
Consequently, the sequence {¢,} is Cauchy within U, a subset of U. Given the completeness of (€2, d)
and the closedness of U, there exists an element {* € U such that the sequence {{,} is convergent to
7, that is,

lim d(g, ) =0. (3.15)

Repeating the above process, using the inequality (3.9), standard proof techniques establish that the
sequence {3,} 1s Cauchy within V. The completeness of V, guarantees the existence of an element
3" € V such that the sequence {3,} converges to 3*. Using the fact, d ({11,3,) = dist(U, V),V n € N,
we have

lim d (1, 3,) = d(¢",3") = distU, V).
By (3.1), we have

TH(SE,SE) < TG+ LD, SE) - dis(U,V))) —w
< T &)+ LD, SE) —dist(U, V),

which implies by (1), we have
H(S¢,SC) <d (&, )+ L(D(*,S¢E,) — dist(U, V) — w. (3.16)
Now by (%) and (3.16), we obtain

Jdist(U, V) < f(D(,58) < f(D(,S8) +H(SE,SE)
<fD,S8) +d (6 )+ LD, SE) — dist(U, V)
< f(A+D)d(( 30 +d (& $) — Ldist(U, V).

Taking limit n — oo, we obtain D ({*, S {*) = dist(U, V). Consequently, {* is a BPP of §.
As a corollary to Theorem 12, we have the following result.

Corollary 1. Given two non-empty, closed subsets U and V embedded in the ¥ -complete F-MS (Q, d)
such that Uy # O and the combination (U, V) satisfies P-property. Assume that S : U — K(V) be a
set-valued almost (-contraction such that S{ € Vo, V¢ € Uy, then S has a BPP in U.

Corollary 2. Given two non-empty, closed subsets U and V embedded in the ¥ -complete F-MS (Q, d)
such that Uy # O and the combination (U, V) satisfies weak P-property. Assume that S : U — K (V)
be a set-valued (-contraction such that S{ € Vy,V{ € Uy. Then S has a BPP in U.

Proof. Take L = 0 in the Theorem 12. |
A direct corollary of the preceding theorem is the following:

Corollary 3. Given two non-empty, closed subsets U and V embedded in the ¥ -complete F-MS (Q, d)
such that the set Uy is non-empty. If the combination (U, V) satisfies weak P-property ( P-property)
and S : U — K(V) is a set-valued almost contractions, that is
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H(S¢,83) < Ad(Z,3) + L(DGB, S Q) — dist(U,V)) (3.17)

for some A € [0,1),L > 0 and for all £,3 € U provided S¢ C V, for all { € U, then S admits
aBPPin U.

Proof. Considering Y (f) = Int, for ¢+ > 0, every contraction fulfilling (3.17), is a set-valued almost
T-contraction. Therefore, in light of Theorem 12 (Corollary 1), S has a BPP in U. O

Corollary 4. Given two non-empty, closed subsets U and V embedded in the ¥ -complete F-MS (Q, d)
such that the set Uy is non-empty. If the combination (U, V) satisfies weak P-property (P-property)
and S : U — K(V) is a set-valued contraction, that is

H(S{,83) < Ad({,3)
for some A € [0, 1) and for all £, 3 € U provided S¢ € V, for all £ € U, then S admits a BPP in U.
Proof. Take L = 0 in the Corollary 3. O

Example 1. Let Q = R and d(£,3) = |£ — 3| for all £,3 € Q, then (Q,d) is a complete ¥-MS with
f() = Int, fort > 0 and 8 = In1. Given two closed subsets of Q, U = [2,3] and V = [-1,0], it
is evident that dist(U,V) = d(2,0) = 2. Moreover, U, = {2} and V, = {0}. Thus, the combination
(U, V) adheres to the P-property and weak P-property. Define S : U — CB(V) as follows:

(-3} ifge(g,s]
S¢=q{-1} if¢=2

{0} otherwise.

Clearly, S (Uy) € Vy and S is not the set-valued Y-contraction. Define
Intr ifr<1
1) = .
t otherwise.

Subsequently, we demonstrate that the condition, for all £,3 € U with H(SZ, S3) > 0, implies that

w+ V(H(SE,S3) <Y(d(,3) + L(D@G, SO —dist(U,V))).

We have the following cases:
Case 1. Let( € (%,3] and 3 = %, then forw = 1 + In4, L > %, we have

>3,
m+T(%)s §—§'+L(f—1):T('{—%‘+L(?—2)).

Case 2. Let 3 € (%3] and ¢ = %, then forw = 1 + In4, L > 2, we have

> 5
5

w+ T[] <
4

R

Case3.Let/ ¢ (%3] and 3 € [2, %) then forw = 1+1In3%,L > 3, we have
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oet(2) sieenD) =l e (3]

Case 4. Let3 e (%, 3] and { € [2, %) then forw =1+ 1In %,L > 2, we have

3 1 5
m+T(Z) <I =3+ L) = Y(¢ =3l + L(5 = 2))-

CaseS.Let{ =3 and3 € [2, %) then, forw = 1,L > 1, we have
5 5
m+T(1)s'3—§'+L(1):T '3—§|+L(3—2) .

Case 6. Let3=2and{ € [2, %) then, for w = 1, L > 2, we have

fyre- 3ol

Hence, the mapping S fulfills the conditions of Theorem 12 and Corollary 1 for all £, 3 in U, where
w lies within the interval (0, 1 +1n4] and L > 2. Consequently, S possesses a BPP in U, which is equal
to 2. Notably, the mapping S exhibits discontinuous behavior.

By incorporating condition ($4) into Theorem 12, the compactness requirement of K (V) can be
relaxed to the closedness and boundedness of CB(V). The following theorem explores
this generalization.

5

w+ Y1) < §—§

Theorem 13. Given two non-empty, closed subsets U and V embedded in the F -complete F-MS
(Q,d). If the combination (U, V) satisfies weak P-property and S : U — CB(YV) is a set-valued
almost Y-contraction with (" belonging to ® in such a way that S{ C Vo, ¥ £ € Uy, then S admits a
BPP in U.

Proof. Let € > 0 be fixed and (f,8) € F X [0, +o0) be such that (iii) of Definition 1 is satisfied. By
(%), there exists 0 > 0 such that

0<t<6=> (1) < f(&) - B. (3.18)

Let {o € Uy and 39 € S € V. Using the definition of V,, we can choose {; € U, such that
d((y,30) = dist(U,V). If 3y € S, then O

dist(U, V) < D(£1,881) < d (&1, 30) = dist(U, V).
Hence D ({1,S8¢)) = dist(U,V), so {; is a BPP of S. Now assume that 30 ¢ SZ;. Since S¢ is
closed, it follows that
0<D@G0,S81) <H(S,S4).
By ('), we conclude that

T (D R0, 5¢1) < T (H (S, S)
<Y (d (o, {1) + LD (&1, S 4o) — dist(U,V))) — w
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=T (d ({0, {1) — w. (3.19)

Note that D (39, S 1) > 0, so, by (T4), we can write

T(D B0, SE1) = 3ierslgl T (D (30,3)) -

Consequently, considering the aforementioned property and inequality (3.19), there exists an
element 3, € S¢; such that

T (d 30,31)) < T (d (o, 1) —w. (3.20)
Since 3; € S, € V), there exists ¢, € U, such that

d (gz, 31) = diSt(qx[, (V)

Therefore, by using weak P-property, we have

d(&1,8) <dGo,31) - (3.21)
Form the inequalities (3.20) and (3.21), we obtain

T (d(&1,82) <1 (d Bo, 31)) < Y (d (Lo, 1) — w. (3.22)
If3, € ng, then

dlst((L{, (V) < D({255£2) < d((Z’ 31) = dlSt(q/[, (V)
Hence D ({,,5 &) = dist(U, V), so {, is a BPP of §. On the other hand, if 3; ¢ S¢,. Since S¢; is

closed, we obtain

0<DG1,S8) <H(SE,S580).
By (1), we have

T(DG1,SH) <TH(SE,S0)
<Td(1,8)+ L(D(LH,SE8) — dist(U, V) —w
=Y(d({1,0) - w
< T (&, ) — 2w. (3.23)

Since D (31, S ¢;) > 0. Applying condition (('4) to inequality (3.23), we can find 3, € S ¢, such that

T (dGi1,32) <Y (d (o, 1) — 2w. (3.24)
Since 3, € S& € V., there exists {3 € U, such that

d (§3, 3) = dist((Ll, (V)

By virtue of the weak P-property, it follows that
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d($2,83) <dGi,3). (3.25)
Form the inequalities (3.24) and (3.25), we obtain

T (d(£,43) < T(dB1,32) < T (d (4o, $1) — 2w. (3.26)

Through successive steps, we generate sequences {{,} and {3,} in U, and YV, respectively, which
satisfies 3, € S, € Vy and d ({41, 3,) = dist(U, V), ¥ n € N. In addition

Y (d (G Gne1)) < X Ad -1, 30)) < T (d (o, £1)) — nw. (3.27)

Then d (¢, 1) > 0,V n € N. By evaluating the limit as n — oo, we obtain lim,, ., T (d ({5 {ur1)) =
—oo. Applying ( T, ), we obtain
lim d (¢, £y41) = 0.

Now, using (1’3), there exists k € (0, 1) such that

lim d (£, &) Y (d (G 1)) = 0. (3.28)

From the inequality (3.27), for each n € N, we have

d (Lns &u))* C(d (Las Lni1)) = d (L L) Y (d (L0, 1)) < —1d Ly i) 0 <0, (3.29)
Taking n — oo and using (3.28), we have
lim nd (&, {ue1)* = 0.

Therefore, there exists a positive number n; provided that nd ({,, {ml)k < 1 for every n > n;. This
implies for n > ny,

d (G Gnet) £ —5 (3.30)

§\~| —-

which yields

m—1

m—1
PRCIDED) -

=n

for n < m. Since }}2| - is a convergent series, then there exists 7, € N such that

m—1 oo
1 1
O<Zﬂ7<2m<6, m>nznp. (331)
i=n i=1

Hence, by inequality (3.31) and (&), we have
m—1 00 1
f(z d(éhém)] < f[Z 117) < fle)-p (3.32)

i=1
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for m > n > n,. Employing the condition (ii7) of Definition 1 and the inequality (3.32), we have

m—1
A l) > 0, m>n>my = f(d (G dn)) < f[Z d(g,-,g,-+1)) +B < fe).

Condition (&) ensures that the distance between any two distinct terms of the sequence {{,} is smaller
than € for sufficiently large indices m and n and d ({,,{,) < €, for m > n > n,. Consequently, {,}
forms a Cauchy sequence within U, which is a subset of U. Given the completeness of (€2, d) and the
closedness of U, there exists an element * € U such that {{,} is convergent to *, that is,

lim d(£,, ") = 0. (3.33)

By iteratively applying the procedure outlined above and utilizing inequality (3.28), the sequence
{3,} can be shown to be Cauchy within the V and by closeness of V, 33" € V such that lim,_,, 3, = 3".
Given that the d ({41, 3,) = dist(U,V), ¥ n € N, we have

lim d ({41,3,) = d (£",37) = dist(U, V).

By following the same procedure as in the proof of Theorem 12, we can conclude that *
isaBPPof §.

Corollary 5. Given two non-empty, closed subsets U and V embedded in the ¥ -complete F-MS
(Q,d). If the combination (U,“V) satisfies P-property and S : U — CB(V) is a set-valued almost
T-contraction with X' belonging to ® in such a way that S C V for all { € U, then S admits a
BPP inU.

Corollary 6. Given two non-empty, closed subsets U and V embedded in the ¥ -complete F-MS (Q, d)
such that Uy # 0 and the pair (U, V) satisfies weak P-property. Assume that S : U — CB(V) be a
set-valued Y-contraction such that S €V for all { € Uy. Then S has a BPP in U.

Proof. Take L = 0 in Theorem 13. |
A special case of the preceding theorem yields the following result:

Corollary 7. Given two non-empty, closed subsets U and V embedded in the ¥ -complete F-MS (Q, d)
such that the set Uy is non-empty. If the combination (U, V) satisfies weak P-property ( P-property)
and S : U — CB(V) is a set-valued almost contractions, that is

H(S¢,S3) < Ad(,3) + L(DB,S ) — dist(U,V)) (3.34)

for some A € [0,1),L > 0 and for all £,3 € U provided S¢ C V, for all £ € U, then S admits a
BPP in U.

Proof. By setting Y(¢) = In¢, for positive ¢, it is evident that any contraction fulfilling the conditions
of (3.34) constitutes a set-valued almost T-contraction. Consequently, Theorem 13 (Corollary 6)
guarantees the existence of a BPP for § in U. O

Corollary 8. Given two non-empty, closed subsets U and V embedded in the F -complete F-MS (Q, d)
such that the set Uy is non-empty. If the combination (U, V) satisfies weak P-property ( P-property)
and S : U — CB(V) is a set-valued contractions, that is
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H(SZ,S3) <4d(,3)

for some A € [0, 1) and for all £, 3 € U provided S¢ € Vy, ¥V € Uy, then S has a BPP in U.
Proof. Take L = 0 in the Corollary 7. O

4. Connections to existing literature

4.1. Results in F -metric spaces

(1) By assigning a unique element from set V' to each element in set U, the set-valued mapping
S U — CB(V) is reduced to a single-valued mapping S : U — V. Moreover, setting L = 0 in
Theorem 13 yields a result equivalent to that of Albargi et al. [21].

(2) Reducing § : U — CB(V)to S : U — V, and subsequently setting L = 0 and choosing
T(#) = In(¢) for positive ¢ in Theorem 13, leads to a result corresponding to the work of Lateef [20].

(3) Equating sets U and V as Q reduces the concept of BPPs to that of FPs. Furthermore, reducing
S:U—-CB(V)toS : U - U and setting L = 0 recovers a primary result of Asif et al. [22] from
Theorem 13.

(4) Considering U = V = Q, L = 0, and defining Y(#) = In(z), for positive ¢ yields a result
equivalent to that of Isik et al. [26].

(5) By setting U = V = Q, L = 0, and defining Y(¢) = In(¢), for positive ¢, while also reducing
S:U->CB(V)toS : U — V, we derive the principal theorem of Jleli et al. [3] as a special case of
our main Theorem 13.

4.2. Results in metric spaces

In this subsection, considering f(¢) = Int, for positive f and § = In 1 in Definition 1, the concept of
¥ -MS reduces to the classical MS. Consequently, we derive the following results:

(1) Our primary Theorem 13 directly implies the leading results of Patel et al. [18].

(2) Setting L = 0 in Theorem 13 recovers the principal result of Debnath [17].

(3) By taking L = 0 and Y'(#) = Int, for positive #; the concept of set-valued Y-contraction simplifies
to set-valued contraction, yielding the leading result of Abkar et al. [16] as a corollary of Theorem 13.

(4) Equating sets U and V as Q in Theorem 13, transforms the BPP problem into a FP problem,
recovering the main result of Altun et al. [9].

(5) Setting U =V = Q and L = 0 in Theorem 13 reproduces the theorem of Altun et al. [8].

(6) Choosing U = V = Q and defining T (¢#) = In¢, for positive #, allows us to derive the main
theorem of Berinde et al. [7] as a special case of our Theorem 13.

(7) By setting U = V = Q, L = 0 and defining V() = In¢, for positive ¢z, we obtain the main
theorem of Nadler [6] as a consequence of our Theorem 13.

(8) Finally, by setting U =V = Q, L =0, and reducing S : U - CB(V)to S : U — V, we
recover the main theorem of Wardowski [5] from our Theorem 13, which is itself a
generalization of BCP [4].
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5. Conclusions

In the context of #-MSs, a novel concept of set-valued almost Y-contractions is presented in this
paper and established the BPPs for the aforementioned contractions. By generalizing existing
contraction conditions, our findings integrate and extend numerous distinguished results from the
literature, including those of Banach [4], Wardowski [5], Nadler [6], Berinde et al. [7], Altun et
al. [8,9], Abkar et al. [16], Debnath [17], and Patel et al. [18] in the setting of classical MS. We also
obtain the prime results of Jleli et al. [3], Asif et al. [22], Lateef [20], Albargi et al. [21] and Isik et
al. [26] in the framework of ¥ -MS as a consequence. A concrete example demonstrates the practical
application of our theorems.

The outcomes of this study pave the way for future investigations into the BPP theory for fuzzy
mappings in the context of #-MSs. Moreover, exploring the potential of our results in addressing
real-world problems such as fractional and ordinary differential equations is a promising avenue for
further research. Additionally, examining the interplay between our findings and the emerging field of
orthogonal #-MSs offers exciting opportunities for future advancements.
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