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1. Introduction and preliminaries

In the past few decades, fixed point theory was developed by a large number of authors, especially
in metric spaces, which can be observed in [1-6]. In 1993, Czerwik [7] initiated the concept of
b-metric spaces. Later, many authors proved fixed point theorems in b-metric spaces [8-10].
However, the general metric notion was introduced by Branciari [11] in 2000, the so-called Branciari
metric. The notion of generalization of Branciari b-metric spaces was introduced by George et al. [12]
in 2015. Johnsonbaugh [13] explored certain fundamental mathematical principles, including
foundational topics relevant to fixed-point theory and discrete structures, which underpin many
concepts in fixed-point applications. Younis et al. [14] introduced graphical rectangular b-metric
space and proved fixed point theorem. Younis et al. [15] presented graphical b-metric space and
proved fixed point theorem. Younis et al. [16] presented graphical extended b-metric space and proved
fixed point theorem. Younis et al. [17] proved fixed points results using graphical B
c-Kannan-contractions by numerical iterations within the structure of graphical extended b-metric
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spaces. Younis et al. [18] presented a fixed point result for Kannan type mappings, in the framework
of graphical b-metric spaces. Younis et al. [19] introduced the notion of controlled graphical metric
type spaces and proved the fixed point theorem. Haroon Ahmad et al. [20] developed the graphical
bipolar b-metric space and proved the fixed point theorem.

The following preliminary is given for better understanding by the readers.

Let (7, 0) be a metric space. Let A denote the diagonal of the Cartesian product 7" X 71°. Consider a
directed graph Q such that the set V(£) of its vertices coincides with T°, and the set &(L) of its edges
contains all loops, i.e., E(Q) 2 A. We assume Q has no parallel edges, so we can identify 2 with the
pair (V(Q), E(L2)). Moreover, we may treat 2 as a weighted graph (see [13], p.309) by assigning to
each edge the distance between its vertices. By 27!, we denote the conversion of a graph £, i.e., the
graph obtained from £ by reversing the direction of edges. Thus, we have

EQH = {3, 0)(0, ) € Q).

The letter Q denotes the undirected graph obtained from Q by ignoring the direction of edges.
Actually, it will be more convenient for us to treat Q as a directed graph for which the set of its edges
is symmetric. Under this convention,

EQ) = Q) UEQ™. (1.1)

We call (V', &) a subgraph of Q if V' € V(Q),E < EQ) and, for any edge (), 0) € E,9,0 € V.

If ¥ and o are vertices in a graph Q, then a path in  from ¢ to o of length r(r € N) is a
sequence (),_, of v + 1 vertices such that ¥y = #,9 = o and (¥,-1,9;) € EQ) fori =1,...,v. A
graph Q is connected if there is a path between any two vertices. 2 is weakly connected if, treating all
of its edges as being undirected, there is a path from every vertex to every other vertex. More
precisely, Q is weakly connected if Q is connected.

We define a relation £ on 7" by: (90 ), if and only if there is a directed path from } to o in 2. We
write 1, k € (3P0 ) if n, k 1s contained in some directed path from # to o in Q. For | € N, we denote

[0]19 = {o € T : there is a directed path from ¢ fo o of length [}.

A sequence {J;} in 7" is said to be Q-term wise connected if (,$0,) for all £ € N. Further details one
can see [21-25].

Definition 1.1. Let 1" be a nonempty set endowed with a graph Q, N > 1 and o : T X T —> [0, +00)
satisfy the assumptions below for every ©,0 € T':

(T1) o(¥,0) = 0if and only if ¥ = o
(T2) o(9,0) = o(0, B);

(T3) (P, n,¢ € (IPT)g implies o(F, o) < N[o(F, ) + 0(p, w) + o(w, )] for all distinct points
p,w e TP, o).

In this case, the pair (1, 0) is called a graphical Branciari N-metric space with constant N > 1.
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Example 1.1. Let 7 = 8 U U, where 8 = {0, 1, . i} and U = [1,2]. Define the graphical Branciari

5705 3
N-metric space 0 : ' X 1" — [0, +0) as follows:
o(¥,0)=o(c,®) forall #,0 €7,
o(d,0)=0 < I =o0.

and
0(0,3) =0(3,3) = 0.2,
0(0,3) = 0(3,1) = 0.02,
00,7 =0(3,7) =025,
o(9,0) = | — o?, otherwise.

equipped with the graph Q = (V(Q), E(Q)) so that T’ = V(Q) with E(Q)).

Figure 1. Graphical Branciari X-metric space.

It can be seen that the above Figure 1 depicts the graph given by Q = (V(Q), E(Q)).
Definition 1.2. Let {0} be a sequence in a graphical Branciari X-metric space (1, 0). Then,

(S1) {9;} converges to 9 € T if, given € > 0, there is {y € N so that o(¥;,9) < € for each { > {y. That
is, lim;_,e 0(;, ) = 0.

(82) {U;} is a Cauchy sequence if, for € > 0O, there is {y € N so that o(9;, ) < € for all {,m > (.
That is, limg 0 0(F¢, U) = 0.

(S3) (7, 0) is complete if every Cauchy sequence in T is convergent in 1.

Definition 1.3. (see [8]) A function Q : (0,+00) — R belongs to .7 if it satisfies the following
condition:

(F1) Q is strictly increasing,

(F2) There exists T € (0, 1) such that limy_,o+ 'Q(F) = 0.
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In [8], the authors omitted Wardowski’s (F2) condition from the above definition. Explicitly, (F2)
is not required, if {a@,};ayv 1s a sequence of positive real numbers, then lim;_, .. @, = 0 if and only if
lim;_, ;o Q(a;) = —oo. The reason for this is the following lemma.

Lemma 1.1. IfQ : (0,+00) — R is an increasing function and {a;};en C (0, +00) is a decreasing
sequence such that lim;_, .., Q(a;) = —oo, then lim;_, . a; = 0.

We can also see some properties concerning Qy , and Q; .-

Definition 1.4. (see [9]) Let N > 1 and € > 0. We say that Q € ¥ belongs to Fy . if it also satisfies
(Qxy) ifinf Q = —oc0 and ¥, o € (0, 00) are such that £ + QNRY) < Q(o) and £ + QNo) < Q(n), then

€+ QN*Y) < QRo).

In [10], the authors introduced the following condition (F4).

(Q'N[) if {ashzen C (0, +00) is a sequence such that £ + QNRa;) < Qan—y), for all { € N and for some
€ >0, then { + QN*a;) < QN"Ya,_,), for all { € N*.
Proposition 1.1. (see [8]) If Q is increasing, then (%) is equivalent to (ﬁ;%)).
Definition 1.5. Let (T, 0) be a graphical Branciari N-metric space. We say that a mapping I : T — T
is a Q-Q-contraction if
(Al) II preserves edges of Q, that is, (¥, o) € E(Q) implies (I19,110) € E(Q);
(A2) There exists € > 0 and Q € Fy ¢, such that

VYhoeT, (3 o)e&EQ), oIV Ilo) > 0= €+ QNo(I19,I10)) < Q(o(?, 0)).

Chen, Huang, Li, and Zhao [24], proved fixed point theorems for Q-contractions in complete
Branciari b-metric spaces. The aim of this paper is to study the existence of fixed point theorems for
Q-contractions in complete Branciari b-metric spaces endowed with a graph Q by introducing the
concept of Q2-Q-contraction.

2. Main results

Theorem 2.1. Let (1,0) be a complete graphical Branciari 8-metric space and Q € Fy,. Let II :
T — T be a self mapping such that

(C1) there exists ¥y € T such that ITY, € [1?0]19, for some 1 € N;

(C2) I is a Q-Q-contraction.
Then II has a unique fixed point.

Proof. Let 9y € T be such that [T, € [290]19, for some [ € N, and {1} be the /7-Picard sequence with
initial value #y. Then, there exists a path {O'i}gzo such that ¥y = o, [1Yy = o and (oi_1, 07) € E(Q) for
i=1,2,3...1. Since 7 is a Q-Q-contraction, by (A1), ([Io_,I1o;) € EQ) fori = 1,2,3...1. Therefore,
{ITo}l_, is a path from [Toy = IT9y = & to [Ioy = p*Py = ¥, of length I, and so ¥, € [ ],
Continuing this process, we obtain that I7¢c}_, is a path from IIoy = II*0y = 9, to [l =
SIS ¥;41 of length [, and so, ¥, € [ﬁg]lg, for all £ € N. Thus {,} is a Q-term wise connected
sequence. For any ¢y € 1’, set ¥, = 101,y = 0041, 0,), and By = 0(Fr42,F;) with yy = o(F1, )
and By = o(1},, ¥). Now, we consider the following two cases:
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(E1) If there exists ¢y € N U {0} such that 9, = 9,1, then we have I19,, = ;. Itis clear that ¥ is a
fixed point of /7. Therefore, the proof is finished.

(E2) If 9; # U041, for any £ € N U {0}, then we have y, > 0, for each { € N.
€+ QN1 1194.1)) < Qo(F¢, Fr11)),
Q(Nys+1) < Qyy) — ¢, forevery { € N.
By proposition 1.1, we obtain
QRy ) <QRYy) - €, VZ eN. .1

Furthermore, for any € N, we have

QNY) <QRTy,) = E < QNP yp0) =20 < -+ < Qlyo) — L. (2.2)
Since lim;,(Q(yo) — {{) = —co, then

lim Q(N%y,) = —oo.

From (2.1) and ((F1)), we derive that the sequence {8574}2’;1 is decreasing. By Lemmal.l, we derive
that ‘

}Lngo(xgyg) = 0.
By (F2), there exists f € (0, 1) such that
}LIEIO(N{YJQ(&{V;) =0.
Multiplying (2.2) by (N¢y,)" results
0 < LNy + (Ry)'QNYY,) < (Ry)'Q(yp), YL €N,
which implies lim;_,. £(N¢y,)" = 0. Then, there exists ¢; € N such that {(X¢y,)' < 1, ¥ ¢ > ;. Thus,

Ng’)/g < {i], V{ > f]. (23)

Therefore, the series i, N'y; is convergent. For all /, w € N, we drive the proof into two cases.
(a) If w > 2 is odd, we obtain

Q(ﬁ§+3, ﬂ() < NQ(ﬁ{Ha ﬂ§+2) + NQ(&G% ﬁ(+1) + NQ(ﬁ{Ha 19(),

0V s, U7) SN0(Dis, Drin) + No(Fpin, V1) + No(F i1, )
<N20(D s, O¢1s) + R0 (D4, 9¢13)
+ Nzg(ﬂgﬁ, ﬂ§+2) + N?’{H + N)’{’
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Consequently,

Q(ﬂ§+wa ﬂg) SNQ(ﬁGw, ﬂ§+2) + NQ(0{+25 29{+1) + NQ(ﬂgﬂ, ﬂg“)

N20F 10> Fg14) + N20(I44, F13)
+ ng(ﬁgw, Vrio) + Nyer + Ny,

N OO 10, Fra6) + 8 Veus + Nypaa + N2y3
+ N27’_{+2 + Ny + Ny,

-l w1 w1 w3
<N Yit+p-1 + N2 Yito—2 T N2 Yi+w-3 T N2 Yi+w—4
o3 2
+ R Y5+ o+ Ny + Ny + Ry
w+l 2] w=1 w=2
SN 2 y§+w—l + N2)/4“+a)—2 + N 2 Y§+w—3 + N 2 7§+w—4
w3 3 2
+ R8T Vs o+ N2y + N2y,
1 -1 -2
SN“H— ’}/{+w—l + Nw7§+w—2 +N¢ 7{+u)—3 + N¢ 7§+w—4
-3 3 2
+ R Vs + o+ Ny + Ry,

1
<L _
SRz

1
o+ Ny + REyp)

-1 2 -3
(Ngw Yiro-1 T Nere Yetw-2 T N+ Yi+w-3

(b) If w > 2 is even, we can obtain

0014, 0) < K014, Fp2) + VoD 12, V1) + Ro(F i1, U).

Furthermore, we conclude that

AIMS Mathematics

<RT 0O tain I rarn) +

Q(ﬂ{er’ ﬂ{) SNQ(’}HM 19{+2) + Ng(ﬂﬁb ﬁgﬂ) + NQ(ﬁgﬂ’ ﬂ{)
N0 100 Oera) + R 0O pia, Dpaz) + N0 i3, Fp42)
N0 10, Viv6) + NYris + Nyra + Ry05 + N2y

w=2 w=2 w=2
N7 0O rir Vrrwr—2) N 2 Verw3 + N7 Vevoa

w4 w4
N T Vs R T Yoo+ o+ Ny + Ny,

w=2 w=1 w=2
SN 2 Q(ﬁ_[ﬂm ﬁ(+w—2) + N2 Yi+w-3 +N72 Yi+w-4

w=3 w=4 3 2
N2 Vs R T Yoo+ o+ N2y + K2y,
1

3 4
@(N{m Yero-3 N0
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o Ry + ROy)

{+w-1
o
2

SNJQ(04+w,ﬂg+w—2) + (2 Z N'yi
i=Z

w=2 1 = i
Sx 2 ﬂ§+w_2 =+ @ ZN')/I
i=Z

Since B, > 0, we can assume that 8, > 0, V{ € N. By a similar method, replacing y, with g, in (2.3),
there exists ¢, € N such that

1

which implies lim;_,., 8?8, = 0 and lim;,, 8, = 0. Together (a) with (b), for every w € N, letting
{ — oo,

Q(ﬁnwp, ﬂ{) — 0.

Thus, {¥,},en 1s a Cauchy sequence. Since (7, 0) is complete, there exists #* € 1" such that lim,_,, ¥, =
J*. Now

Qo1 I10)) < €+ Qlo(I19,I10)) < € + QNo(I19,I10)) < Q(o(F, 0))
holds for all #, o € 1" with o(I1#, I10) > 0. Since Q is increasing, then
o118, Ilo) < o(F,0). 2.4)
It follows that
0 < 0(Fss1, T9") < 0(F;,9") = 0 as { — oo.

Hence, 4" = I19*. Suppose that ¥* and o™ are two different fixed points of /7. Suppose that, /19" =
9 # 0" =1lc* and (¥, 0.) € E). Then

+ QRo19",I107)) < Q(o(¥", 0")) < ANo(¥, 07)) = QReU19", I107)),

As { — oo, which implies ¢ < 0, a contradiction. Therefore % = o*. Hence, /1 has a unique fixed
point in 7'. O

Next, we prove common fixed point theorems on complete graphical Branciari &-metric space.

Theorem 2.2. Let (1,0) be a complete graphical Branciari N-metric space with constant 8 > 1. If
there exist £ > 0 and Q € Fyy, such that A,I1 : T — T are two self mappings on 1 and satisfy

(HI) for every® € T, (4, AY) € E(G) and (3, [19) € E(G);

(H2) II and A are generalized G-Q contraction

AIMS Mathematics Volume 9, Issue 11, 32945-32961.
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{+ QoA IT0)) < Q(&10(, o) + Ro(3, AD) + co(o, IT)), (2.5)

forany &,8,c€ [0, 1) withé + 8+ ¢ < 1,88 < 1, and
min{o(AY, I10), o(, 0), 0(F, AD), 0(0, [10)} > O for any (4, 0) € E(G). Then A and Il have a unique
common fixed point.

Proof. Let ¢y € T. Suppose that AYy = ¥, then the proof is finished, so we assume that A%y # .
As (99, Athy) € E(G), so (P, ) € E(G). Also, (P, 119) € E(G) gives (H,19,) € E(G). Continuing
this way, we define a sequence {##;} in 1" such that (9}, #;,1) € &E(G) with

Aty = Dojy1,
111 = Dajo, (2.6)
i=0,1,2,---.

Combining with (2.5) and (2.6), we have

C+ Q0(D41, Dajs2)) = € + Q(o(AD, [T15.1))
< Q(€10(Bh, Thjr1) + Vo(thy, Athy) + co(Daji1, IT1442))
= Q(&10(T5, Dajr1) + Ro(Dy, Baje1) + c0((Pajr1, Djan)).

Let A =(&+N8)/(1-0),0 < A< 1since & +N+c¢ < 1. Using the strictly monotone increasing property
of Q,

+N
o((Pj1, Thisa)) < §11 — 0(thy, thiv1) = A0y, Poie1).
Similarly,
+N
(D542, This3)) < fll . o(hjr1, Bhyra) = A0(Daji1, Pajr2).
Hence,

o((F¢, r11)) < A0(F¢-1,9), ¢ € N.

For any £ € N, we obtain
(9, 9:1)) < A0(Fp_1,9;) < X000, 1) < -+ < A0(Fo, O).
Notice that

4+ QRo(91,193)) = €+ QNRo(AYy, AD,)) < Q(o(Py, V),
C+ QNo(D2,94)) = € + QRe(T9,1173)) < Q(o(F1,193)).

Since Q is strictly monotone increasing, we have
1
o(9,13) < gQ(ﬁo, %),
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1 1
o(th, ) < gQ(ﬁl,l%) < @Q(ﬂo,ﬁz)-

By induction, we obtain

00, Vri0) < (Po,1h), L € N.

xéQ

We consider the following two cases:
(i) Let m = { + w, if w is odd and w > 2, we have

oWz, D) <Ny, V1) + 001, i2) + 0(Fpi2, V)
<NRo(F¢, V1) + No(F i1, Vpyn) + NZQ(ﬂmy, Vr13)
+ N20(13, 914) + R0, O)
<Ro(F7, Fga1) + No(Fz41, Oz42) + N20(F sy, Dia3)
+ R20(Wei3, 1a) + N0, 0&5) +N0(@is, Uz16)

1n 74

-+ N Q(ﬁm 2, m— l) + N Q(ﬁm 1s m)
SNﬂ{Q(ﬁo, 1)+ KA o(%, 91) + N2 209, )
+ NZ/I’ZHQ(T%, ) + R3/1£+3Q(190, ) + R o(, 9)

N 200, 9) + NT A" o(0, 91)
s(mé“ +RZA? LRI 4 e RIT A0, )
F AT K2 L RS 4 1 R Do, 9)
SR+ K222 £ R 1 e R+ Do, 9))
<SRA( + RS2 1 R 4 R+ D)o, 9)

m-4

- N7 A
<N —N/lz(l + Doy, )
1 —N3Z2@
<N, W(l + Doy, ).

(i) Let m = { + w, if w is even and w > 2, we have

Q(ﬁ{, ﬂm) SN(Q(Q?(, ﬁ{+1) + Q(ﬂgﬂ, 19§+2) + Q(ﬁ§+2, ﬂm))
<R, O1) + 8B i1, Oi2) + R20(Fnays Dr43)
+ 8200743, Dr4a) + N20(O s, )
ng(ﬁ(, ﬂ{+1) + NQ(ﬁ[+la 79_{+2) + NZQ(ﬁnwa 79[+3)
+ R20(0¢43, Opsa) + N 0D rra, Opis) + N0 s, Oras)
S 0B £ (0
<KAo, 1) + KA 0(3y, 91) + N2 A2 0(F, )
+ R2A0(0, 91) + KA 0(90, 91) + R A 0(0, 1)

m—{—
+--+ N

m—{-2
2 Q(ﬁm—2 ) ﬁm)

2 m—4 me2 -3 -2
A Q(ﬂo’ﬁl)"'x A Q(ﬂo, 2 Q(ﬂm—Zaﬁm)
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(NS + RZAS2 LR 1 R N8, 9))
F AT K2 L RIS 4 R )00, )

m—{-2

+N 2 Q(ﬂm—Z’ﬂm)

(RS + RZAS2 L R3S 1 LRI+ Do, 31) + BT 0(Fnas )
N1+ R+ R 4 e RN+ Do, ) + K77 002, Ph)
1= N# /1111—4“—2
<N TN (1 + Do, 9) + R 40(9, 3,)
R
Sxﬂ{~l_—w(1 + Do, 91) + R ~C0(Fo, %)

Asm,{ — oo, o(¥;,%,) — 0 for all w > 2. Hence, {J,} is a Cauchy sequence in 7. Since (7, ) is
complete, there exists 3 € 1" such that

éligg 0(9;,3") = 0.
Suppose that o(A37,3") > 0, then
C+ Q(o(A3", Dhir2)) < Q€107 Phjr1) + Ro(, A3Y) + co(Phjr1, Dajr2))-
Using the strictly monotone increasing property of Q, we get
0(A3", i) < 160G, Do) + No(", A3") + co(Pjir, Dajin)).
We can also see that
0(A37,37) < N[0(AF", thisa) + 0(Daj42, Thir1) + 0(Phaje1,3)]-

It follows that

(13", < lim info(Ay", 93,

< lim sup o(A3", $is2) < No(3", A3Y).

j—o0

1

Hence, ¢ < N which is an absurdity. Therefore, 0(A3",3") = 0. Similarly, we can obtain /73" = 3".

Therefore, we have

Suppose that ¢ and o™ are two different common fixed points of A and /7. Suppose that, AY* = 9" #
o =1lo* and (¢*, 0%) € &G). Then,

{+ Qo(9",0") = € + Qlo(AY", I1o™))
< Q& 0, o) + Ro(9*, AY") + co(o™, I[1o™))
= Q(&10(9°,0") + Ro(,9%) + co(a™, 07)).

Using the strictly monotone increasing property of Q, (1 — &1)o(9*,0*) < 0, which is an absurdity.
Hence " = o”. m|
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Example 2.1. Let T ="V ¥, where ' = {% 1 €{2,3,4,5}}and ¥ = [1,2]. Forany #,0 € T, we
define o : "X T — [0, +00) by

o(¥,0) =o(o,®) forall #,0 €7,
0(d,0)=0 < I =o0.

and
oh h=eh b =othh=1
ot b= =1
ok b= -
o(9,0) = | — o?, otherwise.

7
1
7

Clearly, (7T, 0) is a complete graphical Branciari N-metric space with constant 8 = 3 > 1. Define the
graph Qby 8(Q) = A +{(3.).(3.$.(3.2).G. 1) (3. 5). (3.2, (2, 1), (2, D), (1, . (1, D}

Figure 2. Graph Q described in Example 2.3.

Figure 2 represents the directed graph Q. Let I7 : 7" — 7" be a mapping satisfying

m:{

Now, we verify that /7 is a Q-Q-contraction. We take 9 = }L elo=2¢€¢ ¥, and ¢ = 0.1. Then,
o(19,IIc) = o(3,4) = : >0 and

2

W= =
Y

RS
9 e

b

0.1 + 30(I19,I10) = 0.6 < 3.0625 = o(, 0).
LetQ : (0, +00) — R be a mapping defined by Q(7) = ¥, then it is easy to see that Q € %y . Therefore
€+ QN.o(I19, I10)) < Qo(d, ).

Hence, 7 fulfills the conditions of Theorem 2.1 and ¢ = % is the unique fixed point of /1.
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3. Applications

Consider the integral equation:

Hp) = ulp) + f: m(p, )0(p, He)de, p €[0,£1],6 > 0. (3.1

Let T = C([0,&,],R) be the set of real continuous functions defined on [0, &,] and the mapping /7 :
7 — 7 defined by

T(9(p)) = plp) + f m(p, )0(e, H)de, p € [0,&1]. (3.2)

0

Obviously, ¥(p) is a solution of integral Eq (3.1) iff ¥(p) is a fixed point of /7.

Theorem 3.1. Suppose that

(R1) The mappings m : [0,&] XR — [0, +00), 8: [0,£] X R — R, and u : [0,&,] — R are continuous
functions.

(R2) A€ > 0and N > 1 such that

-t
0, F()) — O, (@) < 4 %lﬁ(‘f}) —o(p)l (3.3)
for each ¢ € [0,&] and 9 < o (i.e., 3 ¢) < o(p))
(R3) [ m(p, p)dy < 1.

(R4) 39 € C([0.£).R) such that 9(p) < (p) + [} m(p. @), o())dlg for all p € [0,£1]

Then, the integral Eq (3.1) has a unique solution in the set {¢} € C([0,&],R) : 3(p) < Po(p) or Hp) >
Po(p), forall ¢ € [0, & ]}

Proof. Define o : "X T — [0, +0c0) given by

0@, 0) = sup [Hp) - o (p)f
pel0.£1]

for all &,0 € T. It is easy to see that, (T, 0) is a complete graphical Branciari N-metric space with
N> 1.Definell : T — T by

T(3(p)) = pu(p) + jj m(p, )0(p, Hp)de, p €[0,£1]. (3.4

Consider a graph Q consisting of V(Q2) := 7 and E(Q) = {(¢,o) € TX T : ¥p) < o(p)}. For each
9,0 € T with (¢, o) € E(Q), we have

\T9(p) — o (p)|* = ‘ f: m(p, ©)[6(¢, Hp)) — (e, o(p))]du ’
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a —£
< ([ w0y S0 = otpan)

-t
< S [ mepan)’ sup 1960 - oo

¥€[0,a]

< o(9, o).

Thus,
NoUT19,110) < e 'o(8, o),
which implies that
€ + In(No(I19, I10)) < In(o(F, 0)),

for each 4,0 € 7. By (R4), we have (¢, 1) € E(Q), so that [190]19 = {¥ € C(0,&],R) : Hp) <
Po(p) or F(p) > Py(p), forall ¢ € [0, &;]}. Therefore, all the hypotheses of Theorem 2.1 are fulfilled.
Hence, the integral equation has a unique solution. O

4. Application to fractional differential equations

We recall many important definitions from fractional calculus theory . For a function 9 € C[O0, 1],
the Reiman-Liouville fractional derivative of order 6 > 0 is given by

1 & [ 9e)de

— _ AR gy
[(&—-06)dtE Jy (t—e)étl D),

provided that the right hand side is pointwise defined on [0, 1], where [d] is the integer part of the
number 6, I" is the Euler gamma function. For more details, one can see [26-29].
Consider the following fractional differential equation

O + §(t, ) =0, 0<t<l, 1<n<2;

#(0) =9(1) =0, 4.1)
where f is a continuous function from [0, 1]XR to R and * D" represents the Caputo fractional derivative
of order n and it is defined by

ey 1 t9E(e)de
CTE-n) Jo (t—eyrErt

Let T = (C[O0, 1], R) be the set of all continuous functions defined on [0, 1]. Considerpo : "X T — R*
to be defined by

0,9 = sup [9(t) — & (D)

t€[0,1]
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for all ¥,79" € T. Then (7, 0) is a complete graphical Branciari 8-metric space with 8 > 1. The given
fractional differential equation (4.1) is equivalent to the succeeding integral equation

1
() = fo G(t, o)f(a, 9(e))de,

where
[ta-o)" ' (-0

0<e
T ’ -
Gt = {[t(l—e)]”(ln)

1
o) 0<t<e<l.

Define I7: T — T defined by

1
ITo(t) = f G(t. O)i(a, D(e))de.
0

It is easy to note that if 7" € I1 is a fixed point of /7 then 9" is a solution of the problem (4.1).

Theorem 4.1. Assume the fractional differential Eq (4.1). Suppose that the following conditions are
satisfied:

(S1) there exists t € [0,1], N € (0, 1) and 9,9 € T such that

-
[t #) — f(t,9)| < \/ ‘%wa) AL

forall® <& (i.e.,9(t) <& (1))
(S2)
1
sup f |G, ¢)|de < 1.
0

te[0,1]

(S3) 39y € C([0, 1], R) such that 9y(t) < fol G, o)f(q,d(e))de for all t € [0, 1].

Then the fractional differential Eq (4.1) has a unique solution in the set {# € C([0, 1],R) : ¥(t) <
Po(t) or 9(t) = (), forall t €[0,1]}.

Proof. Consider a graph Q consisting of V() := 7 and &) = {(#, %) € T X T : 9(p) < o(p)}. For
each 9,9 € 7 with (9,9) € E(Q), we have

2
\IT9(t) — ITY (D) =

1 1
f G(t, e)f(a, ¥(e))de - f G(t, ¢)f(a, 9 (¢))de
0 0

< fo 60, e>|de)2( fo 1 de)z

e’ N
< <[ - oo

f(a,9(e)) = (0,9 (¢))

Taking the supremum on both sides, we get
¢ + In(Ro(IT9, IT9)) < In(o(9,9)),

for each 9,9 € T. By (S3), we have (%, [1) € &), so that [190]19 = {¥ € C(0,1],R) : (1) <
Po(t) or Ht) > Fy(t), forall t € [0,1]}. Therefore, all the hypotheses of Theorem 2.1 are fulfilled.
Hence, the fractional differential Eq (4.1) has a unique solution. O
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5. Conclusions

In this paper, we have established fixed point results for Q-Q-contraction in the setting of complete
graphical Branciari N -metric spaces. The directed graphs have been supported by Figures 1 and 2.
The proven results have been supplemented with a non-trivial example and also applications to solve
Fredholm integral equation and fractional differential equation have also been provided.
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