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1. Introduction

Fractional calculus broadens the scope of traditional calculus by extending the concepts of
differentiation and integration to non-integer, arbitrary orders. This mathematical framework is
particularly valuable for describing systems that exhibit memory and hereditary properties,
transcending the limitations of classical differential and integral calculus. Fractional derivatives,
which form the cornerstone of fractional calculus, offer a nuanced approach to capturing the dynamics
of processes where the past influences the present, a feature not adequately addressed by integer-order
derivatives [1-3]. These derivatives are instrumental in formulating fractional differential equations
(FDEs), which effectively model complex phenomena across various domains, including engineering,
physics, biology, and finance [4,5]. The adoption of FDEs allows for a more accurate representation
of behaviors such as viscoelastic material response, anomalous diffusion, and memory effects,
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underscoring the relevance of fractional calculus in complex system analysis [6—11].
This paper addresses two inverse source problems (ISPs) defined for the following space-time PDE:

m—1
DY w0+ Y @D ux,1) = —(=A"u(x, 1) + ~(=A"u(x, 0 + F(x,0),  (x,1) € Qp, (11)
=1

subject to boundary conditions
u(-1,0=0=u(l,t), te(0,7), (1.2)
with non-homogeneous initial conditions

u(x,0) =p(x), xe(-1,1), (1.3)
u(x,0) =v(x), xe(-1,1), (1.4)

where CDgi , stands for the Caputo fractional derivatives in time variable of order §;, 1 < &, < ... <
&) < & <2, and is defined by

t 2
2 d—h(T)
C i 24 d 1 dr?
D} h(t):=J; '—=h(t) = dr, t>0,
0.1 0t (2 ® re-¢)) @¢—-o5! i
0

where Qr 1= Q% (0,T7), Qe (-1,1),and aj, j=1,2,..,m~—1, m € N are positive real constants.
The Riemann-Liouville fractional integral of order &; > 0 in time is considered here and is defined as:

1 ! _
) /0 (t — D)5 h(t) dr &> 0.

J§ h(r) =

Here, (—A)"/? and (-=A)™/? denote the fractional Laplacian operators of orders 1 < ; < 1, < 2 in
the spatial domain. These operators are defined through the spectral decomposition of the Laplacian.
Consider {1,,%,} as the eigenvalues and eigenfunctions, respectively, associated with the Helmholtz
equation for the Laplacian operator in domain €2, subject to Dirichlet boundary conditions on 9Q:

~AX, = L, in Q,
(1.5)

Y, =0, on 0Q.
- 2
A straightforward calculation shows that 4, = (%T) . Consequently, it follows that

Yn(x) = sin(%(x +1)), VYn20.

Define the operator
Q’IQIJD = _(_A)m/Z — (_A)”Z/z’ l<n <m<2,

on Q for N .
h € Dom(Qy™) = {h = > e € LX(Q): )l < °°} = Fmm,
n=1 n=1
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and

[ee)

Q)" h(x) = - Z i) with 4, = 3"+ 3”7 vn=1,2,.. (1.6)

n=1

Note that the set i, (x)n = 1% constitutes an orthonormal basis for L>(Q). It is evident that HMr
Hilbert space, is a subset of L?(Q). This Hilbert space is equipped with the inner product (-, -), which
denotes the conventional inner product in L*(Q):

<l/l, V>’f{”l~”2 = <Q7B’772u’ QTAIWZV%

and induced norms

00 1/2
> 2 2
Ml = 1QY ™ Vlr2c) = (Z PHONTAES) ) :
n=1

For instance, H*® = [2(Q), H"' = H'0(D), and H>? = H*(D)NH'0(D), all of which have equivalent
norms. The dual space of H" for n;,m, > 0 is denoted as ", which corresponds to the dual
space (H""2)*. The notation (/, ) represents the action of 4 on a bounded linear functional y within
FHmn1 Tt is found that """ is also a Hilbert space, characterized by the norm

o 1/2
[—— (Z 52K, wn<x>>*|2) .
n=1

Additionally, if 4 € L*(Q) and y € JH{m7 | then (hy ). = (h, ), as illustrated in ( [12], Chap. V). Now,
we are going to discuss two ISPs for the given system (1.1)—(1.4).

1.1. Inverse Source Problem-I (ISP-I)

In this ISP-I, we focus on a source term defined as F(x, ) = f(x). To thoroughly analyze the space-
dependent source term f(x) alongside u(x, t), we require additional information commonly referred to
as an over-specified condition, presented as

ulx, T) = d(x), xeQ. (1.7)
A classical solution to the ISP-I, namely a pair of functions {u(x, ), f(x)}, satisfies the conditions that
T f(x) € CQ), Qr = QX [0,T], Q € [-1,1], " u(x,1) € CQr), @4 u(,n € CQ),
tzf‘)*ff‘chg‘iJu(x, -y € C([0,T]), and tzf"*ff‘chgiJu(x, ) e (0, 7], j=12,..,m—1 meN. Our

investigation will cover the existence and uniqueness results for the solution of the ISP-I under specific
assumptions about the given data.

1.2. Inverse Source Problem-II (ISP-II)

In this ISP-II, we examine a source term defined as F(x, ) = ¢g(¢) f(x, t). To fully reconstruct the pair
of functions u(x, t), g(t), additional information, commonly referred to as an over-specified condition,
is required and is provided by

1
/ u(x,ndx = E@), te][0,T]. (1.8)

1
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We define a classical solution for the ISP-II as the set {u(x, 1), g(t)}, where

4(t) € CIO, T1, 7% u(x, 1) € C(Qr), @™ u(, 1) € C(Q), 7D u(x, ) € C(10, T1)

and

tzgﬁgj—chgitu(x, JecC(o, 1), j=1,2,...m—-1, meN,

We aim to demonstrate that, under specific conditions applied to the given data, a unique classical
solution for the ISP-II exists.

The ISPs involving FDEs are a significant area of research in applied mathematics and physics.
These problems aim to determine unknown parameters or inputs in a system governed by fractional
derivatives, which generalize classical integer-order derivatives to non-integer orders. FDEs are
particularly useful in modeling processes with memory effects and anomalous diffusion. Solving ISPs
in this context involves techniques to reconstruct hidden information from observable data, often
leading to applications in fields such as engineering, finance, and biology. Huntul et al. [13, 14]
considered the IP of recovering the time-dependent source term for time fractional pseudoparabolic
equation. The two ISPs for the time FDEs are studied in [15, 16]. Direct and ISPs involving the
estimation of specific parameters using numerical techniques for a multi-term time FDE are examined
in [17]. Li et al. [18] investigated the well-posedness and long-term asymptotic behavior of
initial-boundary value problems for multi-term time FDEs. Lin et al. [19] studied the three
dimensional meshfree analysis for time-Caputo and space-Laplacian fractional diffusion equation.
The governing equation under consideration involves a linear combination of Caputo derivatives in
time with decreasing orders in the interval (0, 1) and includes positive constant coefficients. The
discussion focuses on ISPs involving the determination of a time-dependent source term for
higher-order multi-term FDEs that incorporate the Caputo-Fabrizio derivative [20]. The direct and
ISPs for integro-differential equations involving generalized fractional derivatives, along with
appropriate over-specified conditions, are discussed in [21-23]. The ISP for a class of multi-term time
FDEs with non-local boundary conditions is examined in [24]. Ilyas et al. [25] focused on examining
two ISPs related to a multi-term time-fractional evolution equation that includes an involution term,
bridging the characteristics of both the heat and wave equations. Suhaib et al. [26] examined an ISP to
identify a time-dependent source term in a multi-term FDE, incorporating a non-local dynamic
boundary condition and an integral-type overdetermination condition. The ISP of determining both
diffusion and source terms simultaneously in a multi-term FDE is studied in [27]. Ilyas et al. [28]
considered an ISP for a diffusion equation involving a fractional Laplacian operator in space and
Hilfer fractional derivatives in time with Dirichlet zero boundary conditions.

The rest of the paper is organized as follows: in this section, we provide the definition of the
multinomial Prabhakar and Mittag-Leffler functions and describe several of their properties. In
Section 3, we formulate the solution of ISP-I, investigate the existence and uniqueness results for
ISP-I, and present the ill-posedness of ISP-I. In Section refISPII, we present the solution of ISP-II,
discuss the existence and uniqueness results for ISP-II, and also discuss the ill-posedness of ISP-II.
We also provide some examples related to ISP-I and ISP-II. In the last section, we present the
conclusion.
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2. Prabhakar and Mittag-Leffler functions

In this section, we will define the multinomial Prabhakar and Mittag-Leffler functions and discuss
some of their important properties.

Definition 1. [29] Fory > 0, n; > 0, z; € C,i = 1,2,...,m, m € N, the multinomial Prabhakar
function is defined as

m
I;
o Z;

6 - @
E(m,nz ..... qm),y(Zl, 22y s Tm) = Z Z . _ ,
=1

e A e R
120, 1,0 F(?’ + Uili)

1

where (0); denotes the Pochhammer symbol
O =006+1D..6+k-1), keN, o¢,=1.
Theorem 1. [30]Let1 >y > > ...>n,>0,0<mdé<y<l,andz; >0, i=1,2,..,m. Then

Eé

M11250eer Um)s)’(zl’ L2y eeey Zm) € CM?,

where CMF represents the complete monotone function.

In the special case 6 = 1, the Pochhammer symbol yields (1)k = k! and Definition 1 is the
multinomial Mittag-Lefller function which is defined as follows:

Definition 2. [31] Fory >0, n, >0, z € C,i = 1,2,....,m, m € N, the multinomial Mittag-Leffler
function is defined as:

m

li
| | i
i=1

E(’I1J72 ..... nm),y(zla L2y eees Zm) = Z Z (k, ll’ cees lm)

m b
k=0  Li+b+t.+ly=k
120, 0 F(V + Z Uili)
i=1
h k;l l K
where (k; 1, ....1,) = ————.
(s ees ) L)X X 1y
Moreover, note that
E¢ értn)y(215 225 s Zm) = Ee.. 0,600/ (Zms 05 225 21). (2.1)
Remark 1. Forz; # Oand 2 = Z3 = ... = z,, = 0, m € N, the multinomial Mittag-Leffler function
reduces to
00 k
4

Epnr (@150, 0) = > E, (). 2.2)

LAT(y +mk)
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Lemmal. [I8] Let0O <y <2and0 <n, < ..<n <1 be given. Assume that min/2 < u < mn,
u < larg(myt)| < &, and there exist K > 0 such that —K < —m;7"™™ < 0 and —K < —mp7t" < Q.
Then there exists a constant Cy > 0 depending only on u, K, n;, i = 1,2,...,m, and y such that

Co
e —— (Zms - 22, 20| < .
(11 =Tt =112,071),y \ St 1+ |z,
For convenience, we use the following notation:
. 7 m
8(7]1,112 ..... nm),)/(T9lJ]al-12’ ceey ,um) L Ty E(T]|,T72 ..... nm),y(_ﬂle ’ _ﬂZTTn’ ceey _ﬂmTT] )’ (2'3)

where y; >0, i=1,2,....,m, meN.
Lemma 2. [32] For n;,y,T,u; > 0, i = 1,2,....,m, m € N the Laplace transform of the multinomial

Mittag-Leffler function is given by

s ) i -
£{8(771JI2 ,,,,, nm),y(7§ﬂ1a "-a/Jm)} = 1f ‘Zﬂis 771‘ <1.
1+ Z s i=1
i=1
Lemma 3. [25] For n,B,v,t,u; > 0, i = 1,2,...,m, the Mittag-Leffler-type functions have the

following properties:

e ‘Dj . (E(m,m,...,r,m),l(T;,uh,uz, ---,,Um)) =T 7 Eg e 1=y (T3 115 M2, oecs i),

o ‘Dj . (ﬂ_ﬂE(m,nz ..... nmy—p+1(T5 15 2, wﬂm)) = TP E ) 1= (T5 11 125 oo i)
o *'DY . (Ty_lE(m,r]z,...,r]m),y(T;ﬂlnuZ, ---a,um)) = TPE g i) 1-p (T3 15 25 oees i)

* Jé:i (TY_IE(UIJIZ ,,,,, flm),V(T;:ul’/JZ’ -~-a/—1m)) = E(m,nz»n-’mn),l(T;/—11’/12’ cees M)

Lemmad. [32] For g € C'([a,b]) and n;,ji; > O, fori = 1,2, ...,m, we have

C
|g(T) * 8(7]1,7]2 ..... Mm)s11 (T;/Jla,UZ’ uum)l < /J_l ” g ||C1([O,T])7

where * represents the Laplace convolution and ||gl|c1o7 = sup |g(#)| + sup |g’(?)l.
t€[0,T] t€[0,T]

Lemma S. [32] Forn;,v,B,7,u; >0, i=1,2,...,m, m €N, we have the following relation:

77 % 8(771,n2,...,r],n),ﬁ(7;/«tl,/«tZ’ ooy /Jm) = r()’ + 1)8(771,772,...,7]m),ﬁ+y+1(T;/Jla,UZa ,/Jm)
Proposition 1. [32] The following identities hold for Mittag-Leffler functions:

2
b 87]1,3(7-;/11) = ﬁ - /-1187]1,3+T]1(T;/11)5
. . — 2_'72 .
® Sipran-n)3-n (T3 s 12) + (28 gy —n) 34m -2 (T3 1 M2) = Fa7s = 1Sy 3+ -m (T3 115 12),
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3. Inverse Source Problem-I

3.1. Formal solution of the ISP-1
The solution of the ISP-1 (1.1)—(1.4) and (1.7) can be written by using Fourier’s method:

u(t,x) = D TP, )= D fhal),
n=1 n=1

where 7,(¢) and f, are the unknowns and satisfy the following fractional differential equation:
m—1
CD‘gL T + Z a jCDii Ta0) = =, T(0) + (f(x), (X)), (3.1)
j=1

where 4, = (1,)"? + (1,)*>. Applying the Laplace transform and incorporating the initial
conditions (1.3) and (1.4), we obtain

m—1
a;si 1) P(x) Yn(x)
s(‘-f(’_l)<p(x) l//,,(x) Fl J > s(.fo—l)<v(x), l//n(X)>
L{Tn(t); S} m—1 + m—1
st+Za S5 — A, s§0+2ajs§f—/ln 550+Z,ujs§f—/ln
j=1 =1
m—1
Za G0 (@), Yal0))
= Ja

—+

m—1 ’
550 + Z/stff - A, s [st + Z,ujsgf - /l,,]
=1 =1

Due to Lemma 2, we obtain

m—1

Ty(1) = Ega(.r.){p(x), Yu(X)) + Z 4j6¢ gy-¢;+1 (1 )(P(X), Yn (X)) + Egn (.1 )(V(X), Y (X))

J=1

+ D 48s 2 (1 )V, YD) + Eg gy (1) F (O, Ya()), (32)

j=1
where & and (..r..) are defined as
g = (é:()a‘f() _62’-~-’§0 _‘fm—l) and (r) = (t’ /171’ ai,dn, ..., am—l)’

where f, = (f(x),¥,(x)). To calculate the space-dependent source term f,, we will employ the over-
specified condition (1.7), which leads to the following expression:

1
f, = m{@(x), Yn(X)) — (85,1(..r..)|t:r<p(x), Yn(X))

AIMS Mathematics Volume 9, Issue 11, 32734-32756.
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m—1
+ Z ajE¢ gy-g;+1 (1= (OX), Y (1)) + Eg (.1 )le=r (V(X), P (X))

J=1

+ ”Zi ajE¢ g2 1 )= (V(X), Ll'n(x»)}- (3.3)
=
Consequently, the solution to the ISP-I, specifically {u(x, ), f(x)}, is provided by
u(x, 1) = i(ag,l (1 (), Yn(2)) + mz_: 060,01 (1Y), Un(X)) + Ega(r- ) V(). Y ()
= =
+ mZ_: a;E¢ gy-g42( 1 )V(X), Y (X)) + Eg g1 (1) f (), %(x)))w,,(x), (3.4)
=

and

(o0

EEDY

24 B Crlr {@(X), Ya(X)) = (Sg,1(~-r-~)lzzr<p(X), Yn(X))

m—1

+ Z aj8§,§0—§j+l(“r-')lt:T(p(x)’ (X)) + 8§,2(~-r-~)lt:T<V(x)’ ()

J=1

m—1
+ 7 @ieaey2 1 ler (G0, () ). 35)
=1

Lemma 6. For g(.,t) € C*([-1, 1) satisfying g(=1,1) = 0 = g(1, ), we have

D
18, € —

< o plle ol

where

8a(0) = (g(x, 1), X, (x)). (3.6)

Proof. From the expression of g,(¢) given by (3.6) and integration by parts, we obtain

8 = ﬁ(g““(x, 1), X,(%)).

Using the Cauchy-Schwarz inequality, we have

1 y
|gnl < Wllg(")(x, DX Ol
which implies
nl < —> @ > DIl
18l |/l,,|2”g (x, Dl
where || X,(x)|| < D;. O

AIMS Mathematics Volume 9, Issue 11, 32734-32756.
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3.2. Existence of the solution of the ISP-1

In this subsection, we will describe the classical solution of the ISP-I under the given data. Before
proceeding further, we present the following lemma, which will be used to determine the continuity of
the series obtained by taking the Caputo fractional derivative of the series solution.

Lemma 7. (Lemma 15.2 [33], page 278) Let the fractional derivative CDgﬁxgn(x) exist for alln € N

and for every € > 0, the series Z gn(x) and Z CDgﬂxg,,(x) are uniformly convergent on the subinterval

n=1 n=1

[e, b]. Then N N
oy Z gu(x)) = Z ‘Dl g(x), 1>0,0<x<L.
n=1 n=1

Theorem 2. Let p(x), v(x), and ®P(x) satisfy the following conditions:
(1) p € CHQ) such that p(—=1) =0 = p(1).
(2) v € CHQ) such that v(-1) =0 = y(1).
(3) @ € C*(Q) such that P(-1) = 0 = d(1).
Then, there exists a classical solution of the ISP-1.
Proof. To establish the existence of a solution for the ISP-I, it is necessary to demonstrate the uniform
convergence of the infinite series related to the functions f(x), u(x,t), CDg‘L u(x, 1), and

CDg’;Ju(x, H, j=12,.,m—-1, m € N. Initially, we demonstrate that 7¢*%~!|f(x)| denotes a
continuous function. By utilizing Lemma 1 and Eq (3.5), we derive

o) |/ln| m—1
O {|q>,,|——| - |(|p,,|T é 4 § AT + lT' 0+ 3 v, T f)}
n=1 j=1

By Lemma 6, we obtain

m—1

| nl 17 124 i— 7 - 2 i
Téo+éi- 1|f(x)| <Z { |® ||Tfo+€z (”p ||T§/ 1+Zaj”p ||T§o 1+||y ||T.f/

n=1 j=1

Dy

m—1

£y aj||v"||Tf°)}. (3.7)
J=1

Since, 4, = ()" + (%)" and 1 < < 12 < 2, by (3.7), we can conclude that the series 750%™ f(x)|
converges uniformly for x € Q7. Consequently, by the Weierstrass M-test, the series T+~ f(x)|
represents a continuous function. Subsequently, we demonstrate that °*~!|u(x, )| denotes a
continuous function. Utilizing Lemma 1 and Eq (3.4), we derive the ensuing inequality:

00 m—1

Co
0l < ) o |(|pn|r X Z ajloalt™7 + vl + Z a6 +1£,1).

n=1

Due to Lemma 6, we obtain

(o8]

£ u(x, 1) < Z
i |2,P

2 (o +Za,||p"||rf° +||v"||rff+Za,||v”||f”°+||f"||tf°+‘ff SRR

j=1
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Based on (3.8), the uniform convergence of the #0*¢~'|u(x, )| is guaranteed due to the Weierstrass
M-test. Hence, we can say that the series #°*i~|u(x, f)| represents a continuous function.
Next, we will discuss the convergence of Q)" u(x, t). Due to (1.6), we have

Qyuen) = = > A T0X 0. Ay = A+ L (3.9)

n=1

From (3.8) and under the assumption of Theorem 4, we can concluded that the uniform convergence of
Q)" u(x, 1) is ensured. Next, we will investigate the uniform convergence of the corresponding infinite

series tzf(’*ff‘lchgi u(x, )] and $20*éi7! Ichi u(x, 1)|. Due to Lemma 7, we have

o0

c c
DY u(x,1) = DY T (0ipu().
n=1
In order to prove the uniform convergence of tz«ff’Jrff"lchf;O+ u(x, 1), we need to show that

20+é5-1 |CD§‘L T,(0)| is uniformly convergent. By Lemma 3 and Eq (3.2), we obtain the following
expression:

m—1

D (1) = Eg1ey (1) p(x), Yn(0)) + Z a;E¢1-¢,(.r.){p(X). Yu())
j=

m—1

+ Eamgy (V@YD) + ) a0 (. )(V(x), (X))

=1
+ 81 (1) (), Yal)).
By using Lemmas 1 and 6, we obtain

[Se]

PR Tl < 3

T |3(|Ip”(x)||t§’ +Zaj||p"(X)||f‘c° + IV ol

m—1
2 i—1
£ bl + L @l )
j=1

The series 120+~ IcDg‘l T,(1)] is bounded above. Hence, 120+4/7! ICDg‘i u(x, 1) is uniformly continuous
by the Weierstrass M-test. In a similar way, we can find that the series corresponding to
tz‘f(’*ff_lchgi u(x, 0, j=1,2,3,..,m— 1, represents a continuous function. O

3.3. Uniqueness of the solution of the ISP-1

In this subsection, the uniqueness of the solution of the ISP-I is discussed.

Theorem 3. Let {u(x, 1), f(x)} and {i(x, 1), f (x)} be two regular solution sets of the ISP-1. If u(xy,t) =
it(xg, t) for some xy € (—n, ), then

ulx,t) = u(x,t) = f(x)= f(x), x€(—mm) and (x,t)€ Qr.

AIMS Mathematics Volume 9, Issue 11, 32734-32756.
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Proof. Consider the following functions:

1 1
T,(1) = / u(x, O, (x)dx, and  T,(r) = / i(x, Y(x)dx. (3.10)
-1 -1
Applying CDgi » J=0,1,2,...,m -1, to both sides of the second equation in (3.10), we obtain
1
CDg’;JTn(t) = /1 CDgiJﬁ(x, O, (x)dx.

From (1.1), we obtain the following fractional differential equations:
°Df T.(0) == ,T.(0) + f- (3.11)
Using the Laplace transform and initial conditions (1.3) and (1.4), we have

m—1 m—1
To(0) = Tn(())(ag,l(..r..) + > jaf,fo_g,ﬂ(..r..)) ¥ T,;(O)(a,f,z(..r..) + > j8§,§0_§,+2(..r..))
J=1

Jj=1
+ fubesn (120).

Similarly, the following expressions of 7),(¢) from the first equations in (3.10) is obtained:

m=1 m—1
T,(0) = Tn(())(af,l(..r..) +>a jag,go_fﬁl(..r..)) ¥ T,;(O)(af,z(..r..) +>a jag,fo_gﬁz(..r..))
j=1 J=1

+f,18§,§0+1(..r..).
By using the assumption u(x, ) = ii(x, ), we have T,(t) = T,(¢) and hence

[iEeeri1 (1) = filbeen (1), = (fn - ﬂ) E¢ gy (r.) = 0.

Taking the Laplace transform, we get

(fn_fn) fn_f;l

=0, Res>0 =

=0, 3.12
w+ A, ( )

where s + Z uis® = w. By taking a suitable disk D; which includes only A, ; and using the Cauchy
i=1
integral theorem, integrating (3.12) along the disk, we have

fea = fk,l, for k=0.
In a similar way, by taking different disks, we can find that
foi = fu, forall keN.

Similarly, we can find that
fer = foan forall keN.

Hence, we have f(x) = f(x). O
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3.4. Ill-posedness of the ISP-1

In this subsection, we present an example to demonstrate the ill-posedness of ISP-1. Before delving
into the example, it is important to summarize a few pertinent observations.

Lemma 8. For A, > 0, the following result holds:

d
S &eiCr) = — A7 E g, (1), (3.13)
Moreover, for T > 0 the following estimate holds true:
T » C,
£ Eg gy ()] p=rdT < - (3.14)
0 n

where C, is a positive constant.

Proof. From Lemma 2, Eq (3.13) can be proved. To obtain the estimate of (3.14), we consider

T
/ 8§,§0("r~-)|r:rd7 = —% fOT %85,1(..r..)|,27d7
0
= (1 = 8gi(r)l=r).
This implies
T
1
/ Segy (1 )lp=rdT = /l_(l - /lntf08§,§o+l(--r--)|r:T)-
0 n

Due to Lemma 1, we obtain

n

T
C
/ Een (. )pmedT < ﬂ—l
0
The above inequality can be written as

C
8§’§0+1(..I"..)|t=]‘ < /l_l

n

O

The following example addresses the result concerning the ill-posedness of ISP-1. Considering the
initial conditions to be p(x) = 0 and ¥(x) = 0, and the final condition as

d(x) = \/%_k sin(%”(x + 1)),

where k € N, the following expression for f(x) is obtained:

- 1 km
= in(— D).
70 V4E¢ gyr1 (1=t Sm( 2 (et ))

By considering another final data @(x) = 0 and fixing the initial conditions as p(x) = 0 and ¥(x) = 0,
we obtain f(x) = 0. The two input final data have the following error in the L?-norm:

1

-1 VA
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Hence,
. 5 . 1
kl_l)ffloo D — D211y = kl_lgloo \/—/l—k =0. (3.15)

Additionally, the difference between corresponding source terms in the L?-norm is

1

||f— f||L2((—1,1)) = = .
(-1 V4Eegn (r)li=r

km
sin(—(x+1)
H —\/ﬂk8§’§0+1(..r..)l,=r ( 2 )

Using estimate (3.14), we obtain

v
If - Sz = Tk
which leads us to VI
. = ) A
Bim I = flleny > lim —= = 4o, (3.16)

1
Hence, based on Eqgs (3.15) and (3.16), we conclude that ISP-1 is ill-posed.

4. Inverse Source Problem-II

The solution of the inverse problems (1.1)—(1.4) and (1.8) can be written by using Fourier’s method:

u(t,x) = ) Tu(OW(),

where T,(¢) are the unknowns and satisfy the following fractional differential equation:
m—1
DS T+ Y a DY Tut) = =ATu(0) + (@) f (x, 0, Ya(1)). 4.1)
j=1

By using the Laplace transform and the initial conditions (1.3) and (1.4), we get

m—1

g&=D
S(§°_1)<p(x), lﬁn(x)> 2 ajs <P(X), l//n(X)> s(50‘1)<v(x), lﬁn(x)>
L{T,(0); s} = + *

m—1 m—1

550 + Z a;sti 550 + Z a;s% + 4, 550 + Zu‘,s‘ff + 4,

=1 j=1

m—1

(&j— 1)
a” COBO) oo

_l_

m—1 m—1

550 + Z,ujsf-" + A, 550 + Z,ujsff + 4,
= =1

Due to Lemma 2, we obtain

-1

To() = Ega(r )P0, Yu(0) + D @i8¢sy-,01 (1 )p(X), Yu(0) + Ega (1. ) (W), ()

J

3

I
—_
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m—1

+ 3 48 s-2 (1 )V, Y ()) + Egg, (1) + (g0 F (1), Y, ()). 4.2)

J=1

Hence, the solution u(x, f) is given by

m—1
u(x, 1) = Z(agl( 2@ + Y a8esr-e01(r- )00, Ua())
j=1

m—1

+ Eea )V, Un()) + D a8¢s-,2(1 )V, (X))

J=1

+ B 1)+ {010, 0) (), 43)
where ¢(?) is still to be determined.
5. The main results of the ISP-1I
In this section, we will discuss the main results for the solution of the ISP-II.

5.1. Existence of the solution of the ISP-II

In this subsection, we will present the existence of the solution of the ISP-II under certain
assumptions of the following theorem.

Theorem 4. Let the following conditions hold:

(1) p € C*H(Q) such that p(-1) = 0 = p(1).
(2) v € C*(Q) such that v(=1) = 0 = v(1).

1
(3) f(, 1) € CHQ) such that f(—1,1) = 0 = f(1,1). Furthermore / f(x,dx # 0, and
-1

1 -1
£, t)dx) <M,
-1

for some positive constant M,
(4) E € AC([0, T]) and E(t) satisfies the following consistency condition:

1
/ p(x)dx = E(1).
-1

Then, there exists a unique regular solution of the ISP-II.

Proof. To prove the unique existence of the time-dependent source term ¢(f), we will use the over-
specified condition (1.8), and then we have the following relation:

m—1
/ (CD*“ u(x, t)+ZaJCD€’;Ju(x,t)]dx = [CD‘“ +Za,Cfo ]E(t).
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From (1.1), we have
1 m—1
/ (AU 0+ ~APute )+ qf (v0)dx = DG E@) + ) ai D @),
- =1

which yields the following expression:

m—1

1 o0
q®) = [ / 1 f(x, t)dx] [c Df‘ LM+ Z a]CDgi L@+ Z nn{af,l(..r..)<p(x), wn(x)>
- n=1

-1

+ Z ;8¢ 21,01 ()P, Y () + Eg2 ()W), Un(0)) + > a8 gye,42( 1)

J

m—1

3

I\
—_

(v(0), Yu()) + / (t = T Egg, (. lime{q(0) £ (x, ), %(x))dr}(cos(mr)— 1)]. (5.1)
0

We let
oo m—1
T = Y mel e (- Hp(0va(0) + Y aes (-r-)p(), ()
n=1 j=1
m—1
+ Eear ) (V@) v () + D 46 eyg02(r (M), wn(x)>}(cos(n7r) ~1), (5.2)
j=1
and
K(t,7) = ) g, (1. ime{ £, ), 4a(x) Y(cos(nm) = 1), (5.3)
n=1

Hence, (5.1) becomes

1 m—1 t
q(t) = [/ fx, t)dx] [CDfo E@) + Z a]CDg-iJE(t) + 97 () + / q(T)K(t, T)dT]. 5.4
-1 0
Define the mapping S : C([0, T]) — C([0, T]) by

S(g(®) = q(), (5.5)

where ¢(t) is given by (5.1). First, we will show that for ¢(t) € C([0,T]), the mapping S(g(?)) is
well-defined and then, second, we will show that the mapping is a contraction.
Due to Lemmas 1 and 6, and Egs (5.2) and (5.3), we have

m—1
0T () <Z y |3(||p”<x>||rff v Zajnp"(x)nf‘o IV OO+ ) afly (). (5.6)
j=1
- oK< > S 5.7
=L
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From Eqs (5.6) and (5.7), we conclude that the series #0*¢~!|77(f)| and (¢ — 7)|K(t,7)| are bounded
above. Hence, by virtue of the Weierstrass M-test, #0*~!|77(¢)| and (¢ — 7)K(t, T) represent continuous
functions. Furthermore, we can have M, > 0 such that

|K(t,7)| < M>.

Hence, the mapping defined by (5.5) is well-defined.
Next, we will show that the mapping S(¢(?)) is a contraction. By virtue of Eq (5.4), we have

1 -1 '
0 - (D] = [ / (x, r)dx] { / K(t,lai(0) - q2(0ldr . (5.8)
-1 0
By the assumptions of Theorem 4, we obtain

max IS(q1(D) — S(g2())l < MM,T max lg1(7) — g2(7)I.

For T <

, where M| and M, are positive constant independent of n,
1M

_ < _
g;g’;”s(ch(t)) S(g2)lcqory < MleTgrSlg?;”Ch Plleqo,rs

which implies that the mapping S(.) is a contraction. Hence, the unique existence is guarenteed by
using the Banach fixed point theorem.
Next, we will prove that the regular solution u(x, 1) given by (4.3), QL™ u(x, 1), 0+ IcDg‘i u(x, 1),

and tzf"*ff‘lchgi ux,0l, j=1,2,..,m—1, m €N, represent continuous functions. From Eq (4.3),
we have

00 m—1
e, 01 = Y ([EeaCcr ) o0 a0 +| Y @8ec () {0, n0)
n=1 j=1

m—1
+ 82 r )@, 00| + | D a0 )00, ()|
=1

#[Bea )+ (a0 0,000 Juno.

By Lemmas 1 and 4, we have

00 m—1
CO ’’ — 144 =& s -
e, 01 = 37 22 (@I + 3 all” I + I ol
n " j=1

=1
-1

3

> a v ol + ||qf||),

~.
—_—

n=1 |/ln| ]—1 !
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m—1
+ ) aflo Gl + MilLfI) (5.9)
=1
The uniform convergence of the series involved in (5.9) is ensured by using the Weierstrass M-test.
Hence, we deduce that the series #0™%~!|u(x, ) represents a continuous function.
Next, due to (1.6), (3.8), and under the assumption of Theorem 4, we can show the uniform
convergence of Q)" u(x, t).
Similarly, we will show that the convergence of tzf(’*ff‘lchg(i u(x, 1) and (#0461 |CD§i ux, 0, j=
1,2,...m—1, m €N, represent continuous functions. ’ ’ O

5.2. Uniqueness of the solution
In this subsection, we will discuss the uniqueness of the solution of the ISP-II (1.1)—(1.4) and (1.8).
Theorem 5. The regular solution of the ISP-II is unique by satisfying the assumptions of Theorem 4.

Proof. We have already proved the uniqueness of the time-dependent source term ¢g(f) by using the
Banach fixed point theorem. It remains to prove the uniqueness of u(x, r). Let it(x, t) = u (x, 1) —uy(x, t),
where u;(x, t) and u,(x, t) are two solution sets of the ISP-II (1.1)—(1.4) and (1.8). Then, we have the
following relation:

m—1
DY ii(x,0) + Z a;fDf a(x,1) = —~(=A)"a(x,1) + ~(=A)"a(x,1), x € Qr,
j=1

with boundary conditions (1.2) and initial conditions:
it(x,0) =0, it,(x,0) =0, xe(=1,1). (5.10)
Consider the following function:

1
T.(t) = / i(x, Y, (x)dx. (5.11)

1

Taking the Caputo fractional derivatives CD€+J(.), we obtain the following fractional differential
equation:

m—1
DY T + ) a Dy Tt = =A,T(0) + A0 0.
=1

By using the Laplace transform technique, we obtain

m—1 m—1
To(0) = Tn(O)(af,l(..r..) + > jag,go__fjﬂ(..r..)) 4 T“',,(O)(af,z(..r..) > a jaf,go_fﬁz(..r..))
= :

j=1
+ gy () + (GO, D, Yn(x)).
By using the uniqueness of ¢(¢) and the initial conditions (5.10), we get
T.H=0, te[0,T]

Hence, we have
ul(x9 t) = l/l2(.x, t)

O
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5.3. Ill-posedness of the ISP-11

In this subsection, we will demonstrate the ill-posedness of the ISP-II. We present the following
example to illustrate the ill-posedness of ISP-II. In Equation (1.1), we consider two fractional
derivatives, thatis,a; =0, i =2,3,...,m — 1, and

I'G-£&1) I'G-£&1) o
k + a
TG-&-¢&) T(3-2&)
The initial conditions (1.3) and (1.4) are taken to be zero and the over-specified condition is given by

1 2-¢
4,17
/ ii(x, dx = ———
-1 T

Fon=2 84 (n/2)" + (n/z)m)zﬁ)) sin (g(x +1)).

Using Lemma 5 and Proposition 1, we obtain
i(x. ) = 1,26 sin (2
i(x,t) = At~*' sin (2(x + 1)).

The implicit expression for g(¢) has the following form:

1 -1 t
Wﬁ{ ﬂ%M4lﬁﬁﬁ®+mqﬂﬁ@+7®+/qwﬂmwﬂ
-1 0

where

A4 ( T3-¢&) I'G—-£&1) 44 m Mo
/f(x Hdx = (F(3 fo_&)+ el 2&)% +((7/2)" + (n/2) )rf),

¢ pfo MG -8 pga cpa _ AU G &) 5oy _
pC N Yeroer Do BO= 256 28y TOF
A G -¢&) G -&) 0—¢1 m 12\ &0
K(t’ T) (F(3 fo — fl) +a F(S 2§l)t§ + ((71'/2) + (7T/2) )ff )8{)‘:’{:1(..1’..)'[:1_7.

Consequently, we get
q(l») — t3—§o—§1.

Now, assume that we have another source term, i.e., f(x,). Hence, the solution related to f(x,1) is
u(x, ).
An error in L?(Q7) between two corresponding solutions is:

T 42, [T

~ ~ 2,

it — ull 2, = / it — ull 2oy dt < —/ 74 dt.
0 T Jo

This yields
. _ANT 34
et = ull 20 = 7r(3——g-“1)
Taking the limit as k — oo, one gets the ill-posedness of the ISP-II:
) _ T3-61
]11_{({10 iz — ull 2,y = G —£&) 131_{{)10 Ax = +o00.
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6. Examples

In this section, we will present some examples for the ISPs.

Example 1. As a specific example of ISP-I, we consider

o(x) = cos(g), V(x) = r(sngo) cos(%x), and  ®(x) = T sin(g(x +1)).

The coefficients of the series expansion of p(x), v(x), and P(x) for n = 1 are given by

4 cos (2 o
_ (2)’ v, = , and @, = Téo.
s —1

o= TG +Z0)

By plugging a; = 0 fori=1,2,3,...,m — 1 and using (3.3), we obtain

S . L T o9 R S| 6.1)
L Espe0+1(T5 A1) -1 ol ! IG5+ &) 0,2 1 .
Equation (3.2) yields the following expressions:
47 cos (3) o
T,(1) :ﬂz—_lafo,l(T; )+ —F(S n fo)afo,z(T; A+ f18§0,§0+1(T; A1), (6.2)

where fi is given in Eq (6.1). By substituting the previously derived expressions for f; and T (t), we
obtain the solution to the inverse source problem, namely f(x) and u(x, t), as follows:

) sin (g(x + 1)) (Tfo 47 CcOos ( ) £50

S (T ——8.,(T;A
8,50,§0+1(T§/11) -1 Sol( Ar) = G+ f) 502( 1))

_ (4mcos(3) 1%
u(x,t) = ﬁgfo (T3 4) + TG+ f )8&) (T 40) + f18§0§0+1(T A1) sm( (x+ 1))

Example 2. In this second example, the solution set u(x,t) and f(x) of the ISP-I is obtained by setting
ay=landa;=0,i=2,3,....m—1:

Jx) =

/4

sin(%(x+1)) (Tf" 4 cos (3) 150

—5 (T; ) — =———=& (T; 2 ))
8(50,50_51),§0+1(T;/11) 2 (£0.60=¢1).1 1 TS + &) (¢0.60—€1),2 1

47 cos (3) £

u(x,t) = (ﬁ&&) go-en1 (T5.1) + ma(go,fo—fl>,2(Téﬂl)

. T
+ 18 .c0-e080+1 (T /11)) sin (E(x + 1)).
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Example 3. For the specific case of ISP-II, we consider only one fractional derivative in Eq (1.1),

where a; = 0 fori =1,2,....,m — 1. The function f(x,1t) is given by

( I'3)
'3 —-¢%o)

and the initial conditions in (1.3) and (1.4) are set to zero. The over-specified condition is
f_ll u(x, Hdx = %. Using Lemma 5 and Proposition 1, we obtain

f(x, +((7r/2)”‘+(7r/2)”2)z50)sm( (x+D), n=1,

u(x, 1) = 12 sin(g(x +1).

The expression for q(t) given by (5.1) takes the form

-1

1 t
q(t) = [ f(x, t)dx] [CDgiJE(t) +7 (1) + / q(T)K(t, T)dT],
-1 0

where

1
[ e =23 s (" + w2
1

(3 = &o)
crfo ppn = MG g _
Do B0 = 53 A 7=
') m m
K(t,7) = (m—_&)) + ((/2)" + (/2 1), (t = T3 ).

In this case, we can find an explicit expression for q(t) given by

q(t) = 7.

Example 4. In this example of ISP-II, we take two fractional derivatives in Eq (1.1), where a; = 0,
i=2,3,....,m—1. Consider
I3 -
B-&) ta I'3G-¢&) o
TG-&-&) TG-2&)

The initial conditions (1.3) and (1.4) are taken to be zero and the over-specified condition is
f_ll u(x, )dx = 4’2%. Due to Lemma 5 and Proposition 1, we obtain

flx,0) = 84 (m/2)" + (n/z)"Z)rfO) sin (g(x +1)).

u(x,t) = 74 sin(g(x + 1)).

The implicit expression for q(t) has the following form:

1 -1 t
q(1) :[ f(x, t)dx] [CngJE(r)+aICD§1JE(t)+T(t)+ / q(T)K(t,T)dT],
-1 0

where

! 4 TGB-&) TG -&1) 4 1 o
/0f(x,t)dx—;(r(3_§o_§l)+ar(3 zgl)zf +((n/2)"+(n/2)")ﬁ),
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C-6) oo cpn poy o LO=E) o

‘DY E() = : = :
“ 0T AT (3 - 241)

Out T TG-&-&)

z_t( ré-¢) , TG-4) ,
T\LG—& &) T3 -2&)

Consequently, we get

7(n=0,

K(t,7) = 4 (/2™ + (n/z)m)rfO)af,gl (e |

q(l») — t3_§0_§].
7. Conclusions

In this article, two ISPs for a multi-term space-time fractional differential equation (FDE)
incorporating Caputo fractional derivatives with respect to time and a bi-fractional Laplacian operator
with respect to space are considered. The series solution for the ISPs is constructed by using the
eigenfunction expansion method. First, ISP-I is addressed, which determines a space-varying source
term from the over-specified condition, i.e., the given data at a specific time 7, along with the
solution. The series solutions, obtained through the eigenfunction expansion method using an
orthonormal set of eigenfunctions of the associated spectral problem, involve multinomial
Mittag-Leffler functions. The regularity of the solution is ensured under certain assumptions about the
given data and by utilizing results related to multinomial Mittag-Leffler functions. Additionally, the
uniqueness and stability of the solution concerning the given data are guaranteed in a similar manner.
These ISPs are shown to be ill-posed in the sense of Hadamard. The ISP-II is focused on recovering a
time-dependent source term from the over-determined condition of integral type, along with the
solution. The unique existence of a continuous source term in ISP-II is established using the Banach
fixed point theorem. Furthermore, the uniqueness of the solution is demonstrated using the
completeness of the eigenfunctions.
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