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type evolution equation were derived using the improved generalized Riccati equation and generalized
Kudryashov methods. This equation is now widely used in soliton theory, nonlinear wave theory,
and plasma physics to study instabilities and the evolution of plasma waves. Using these methods,
combined with wave transformation and homogeneous balancing techniques, we obtained concise and
general wave solutions for the Painlevé-type equation. These solutions included rational exponential,
trigonometric, and hyperbolic function solutions. Some of the obtained solutions for the Painlevé-type
equation were plotted in terms of 3D, 2D, and contour graphs to depict the various exciting wave
patterns that can occur. As the value of the amplitude increased in the investigated solutions, we
observed the evolution of dark and bright solutions into rogue waves in the forms of Kuztnetsov-Ma
breather and Peregrine-like solitons. Other exciting wave patterns observed in this work included the
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study of solitons, nonlinear waves, and plasma physics.
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1. Introduction

Nonlinear evolution equations are partial differential equations (PDEs) used to simulate the
temporal development of a physical process or system. These equations can be found in all branches
of pure and applied sciences, engineering, and social sciences. The most popular among these PDEs
include the Navier-Stokes equation [1], Korteweg-de Vries equation [2], Camassa-Holm equation [3],
Estevez-Mansfield-Clarkson equation [4], Boussinesq equation [5], Jimbo-Miwa equation [6], Burgers
equation [7], and Kadomtsev-Petviashvili equation [8]. Solitons are known for their outstanding ability
to balance the effects of dispersion and nonlinearity, to maintain their stability, and to travel over a long
distance without experiencing severe distortion. These characteristics have made solitons an effective
tool for data transfer in optical communication. Dispersive solitons, also known as optical solitons,
are one of the main components of high-speed fiber optic communication systems. Furthermore,
understanding the theory of solitons may be used to regulate and improve difficult situations, such
as preventing coastal erosion, maximizing wave energy extraction, and developing efficient wave
forecasting techniques [9, 10]. Rogue waves are space-time solitary waves with a large amplitude that
can inflict significant and unanticipated damage to people and valuable assets in and near coastal areas.
This has prompted scientists to investigate the fundamental physics of rogue waves and to develop
methods for predicting and preventing rogue wave incidents [11-14].

The generalized (3+1)-D Painlevé-type nonlinear evolution equation (3DPTE) has been developed
recently as a model for solitons and related wave phenomena. Based on an assumption of soliton
dispersion, Mohan et al. [15] proposed an equation that controls the parameters in rogue waves and
related dynamical structures. The new equation is as follows:

Gxxxy T C1qy + CZ(QQx)y + C3Gxx + C4qy = 0, (11)

where ¢ = ¢g(x,y,z,t) and ¢y, 2, c3, and ¢4 are assumed to be real constants. Also, x,y, and z are
spatial variables and ¢ is time. This new and unique generalized equation can be used in soliton theory,
theory of nonlinear waves, and plasma physics to represent the evolution of instabilities and plasma
waves; see [15] for more details on the significance of this new equation and its uniqueness compared
to existing equations in the literature. The equation is integrable according to the Painlevé integrability
test. It can also have localized solutions such as solitons, lumps, breathers, and others [16].

Many scientists have now focused their attention on investigating the solutions to this equation and
other underlying physical phenomena associated with it; for example, various unique methodologies
have been developed to obtain solutions to this equation and prove its integrability. Some reviews
are as follows: The exp(—®(£))-expansion and tanh-function methods have been used to produce
various solutions to the 3DPTE [17]. The N-rogue generalized wave expression for extraction of
solutions using the modified Hirota technique was fully studied in [18]. Exponential rational function
solutions have also been obtained for the 3DPTE model via the generalized exponential function
technique [19]. The integrability and soliton solution have been obtained using the novel bilinear
Bicklund transformation and Hirota bilinear form methods [20]. Rogue wave solutions with center
parameters have been derived through the generalized direct formula scheme [21]. Moreover, using
the Hirota bilinear method, the one, two, and three solitons for the 3DPTE have been extracted [22].

There are many novel approaches for solving nonlinear evolution equations, ranging from
numerical, semi-analytical, and analytical methods. Moreover, some of the most commonly utilized
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numerical schemes are the probabilistic numerical scheme [23], the Bayesian numerical methods [24],
the energy methods for free boundary problems [25], the modified method of approximate
solutions [26], the novel mesh-free methods [27], the empirical inter-scale finite element method [28],
the semi-analytical method of lines [29], and the nonstandard finite difference method [30]. However,
this study focuses on solitary wave techniques for deriving exact solutions to nonlinear PDEs. Popular
examples of these techniques include the modified simple equation technique [31], the rational function
technique [32], the exponential function technique [33], the extended tanh-function approach [34],
the generalized hyperbolic-function scheme [35], the generalized Kudryashov technique [36], the
improved Sadar subequation methods [37,38], the auxiliary equation technique [39], the generalized
Riccati equation techniques [40], the modified Jacobi elliptic function method [41], the extended
direct algebra methods [42, 43], and others. Now, motivated by the above techniques for deriving
solitary wave solutions of the 3DPTE, we will use the improved generalized Riccati equation (IGRE)
method [43] and the generalized Kudryashov (GK) method [44] to derive more concise and generalized
solitary wave solutions for the new generalized 3DPTE equation. The IGRE method is efficient and
reliable for producing succinct and more general hyperbolic and trigonometric function solutions to
nonlinear PDEs, while the GK method is robust in establishing succinct and general rational and
exponential function solutions to nonlinear PDE:s.

The remaining sections of this paper are organized as follows. In Section 2, a brief description is
given of the procedures of the IGRE and GK methods. In Section 3, the two methods are applied to
derive solitary wave solutions of the Painlevé equation. In Section 4, graphs of some selected solutions
are plotted to illustrate various soliton structures. Finally, Section 5 contains the conclusions for the

paper.
2. Description of the IGRE and the GK methods

This section briefly describes the IGRE and GK methods for solving general nonlinear PDEs
(NPDEs). The two improved methods are developed based on the fact that the solutions of many
nonlinear equations can be represented by a finite series of tanh functions. This acted as a motivation
to Fan in [34] to replace the tanh function with the solution of the Riccati equation:

Q') = m+Q&), 2.1)

where m is a parameter to be determined. This idea yielded various solitary wave solutions for the
NPDEs. Apart from the different forms of the periodic and singular solutions, the sign of m in the
Riccati equation also determines the number and type of traveling wave solutions for the NPDEs. In
the same vein, Kudryashov [45] proposed his method by replacing the tanh function with the solution
of Eq(2.7). These methods proved to be robust and reliable methods for finding different solutions
of the NPDEs. The IGRE method provides the solution of the NPDEs using the generalized Riccati
equation in Eq (2.5), and the GK method is based on the idea of representing the solution of nonlinear
equation by a finite series of rational functions. Now we are going to provide the detail procedures for
the IGRE and GK methods for solving general nonlinear NPDEs. For any given NPDE of the form:

M(qa (]z, q,\n qx,ta Qxx, o ) = O’ (22)
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we apply a wave variable of the form & = a;x + ayy + a3z + ast, where ay, a», as, a, are constants, and
then let u(¢) = g(x,y, z,t). This will convert Eq (2.2) into an ordinary differential equation:

N(u,u'(¢),u”(£),...) =0, (2.3)

du(&) W(E) = du(é)

where u'(¢) = d = a2

and so on. We next assume that the solution of Eq(2.3) is of

the form: N
u@ = > biQ'(&), (2.4)
i=0

where b; for all i = 1,2,..., N will be determined later with by # 0, and N will be calculated using
the homogeneous balancing method (HBM), that is, by balancing the highest derivative term with the
nonlinear term in Eq(2.3). As the next step in the IGRE method, the function Q(¢) is assumed to
satisfy the following generalized Riccati equation:

Q'(€) = mQ*E) + miQE) + my, (2.5)

where myg, m;,s and m, are constants. Equation2.5 has many solutions; see [37] for the different
solutions of Eq (2.5).

Alternatively, as the next step in the GK method, the solution of Eq(2.3) is assumed to be of
the form: » .
2i=o i)
20 [2®)
where b; (i = 0,1,...,P) and f; (j = 0,1, ..., Q) will be determined later such that b # 0 and f, # 0.
The integers P and Q will be calculated using the HBM. Moreover, the function €(¢) is assumed to
satisfy

ué) = (2.6)

Q&) = QX&) - Q). (2.7)
It is not difficult to see that the function

1
Q&) = T+ exp@ (2.8)

satisfies Eq (2.7). Details on the GK method can be found in [44].

The two methods described here will be applied to derive new wave solutions to the 3DPTE in the
following section. These methods have proved to be effective for analyzing a wide range of traveling
wave solutions for nonlinear PDEs, including exponential, rational, trigonometric, and hyperbolic
function solutions with interesting wave profile patterns. This is the primary basis for their selection in
this work.

3. Applications of the IGRE and the GK methods

This section contains a range of wave solutions for the 3DPTE in Eq(1.1) using the IGRE and
the GK methods. We begin by transforming Eq(1.1) into a nonlinear ordinary differential equation
(NODE) via the following wave transformation:

ué) = q(x,y,z,1), &=aix+ay+asz+ast. 3.1)
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Then, we have
2
a%cw" + ayaycoun’” + arascu” + a§c4u” +ajarcy (') + a?azu(“) =0. (3.2)

Next, we determine the values of the balance numbers N, P, and Q using HBM to implement the
methods described in Section 2.

3.1. Solitary wave solutions using the IGRE method

In this section, the IGRE method is used to obtain solitary wave solutions to the 3DPTE. Now,
balancing the terms u® with (1), we get N = 2. By putting N = 2 into Eq (2.4), we have

w(E) = by + b1 Q&) + b (€). (3.3)

Substituting Eq (3.3) into Eq(3.2) by using Eq(2.5) and setting the coefficients of Q'(£) to zero, we
obtain the equations:

Qo(f) : Sa?azblmgmlmz + a?azblmomi’ + 16a?a2b2mgm2 + 14a?a2b2m(2)m%
+ alazboblczmoml + 2a1a2b0b2czm(2) + alazb%CQm(z) + a%blqmoml + 261%b2€3m(2)
+ a2a4blclm0m1 + 2a2a4b261m8 + Cl%b]Cﬂ’l’lle + 2a§bzc4m(2) =0,

Ql(‘f) : 16a?a2b1mém§ + 22a?a2b1m0m%m2 + a?azblm‘lL + 120a?a2b2m(2,m1m2
+ 3061?612172"101’11? + 2a1a2b0blczm0m2 + alazboblczm% + 6a1a2b0b2czm0m1
+ 3a1a2b%c2m0m1 + 6a1a2b1b2c2mé + Za%b]c3m0m2 + a%blc3m% + 6a%b2c3m0m1
+ 2612614b1€117’£0mz + Clza4b1€1m% + 6a2a4bzclmom1 + 2a§blc4mom2 + a§b164m%
+ 6a§bzc4mom1 =0,

Qz(f) : 6Oa?a2b1m0m1m§ + 15a?a2b1m?m2 + 136a?a2b2m(2)m22 + 232a?a2b2mom%m2
+ 1661?6121927’]’141t + 361]612[70[9102”117’)’12 + 861]612[701?26‘2}710”12 + 4a1a2bobzczm%
+ 4a1a2b%czm0m2 + 2a1a2b%c2m% + 15a,a,b1b,comom, + 6a1a2b§c2mg 34
+ 3afb103m1m2 + 8afb203m0m2 + 4a%b203m12 + 3ayasbiciymimy + 8arasbrcymoms 34)
+ 4a2a4b2c1mf + 3a§b1c4m1m2 + 8a§b2c4m0m2 + 4a§b2c4mf =0,

Q3(§) : 4Oafa2b1m0mg + SOafazblm%mé + 440a?a2b2m0m1m§ + 130a?a2b2mfm2
+ 2a1a2boblczm§ + 10a;a>bobrcomim, + 5a1a2b%czm1m2 + 18ajarb1bycomomy
+ 9a1a2b1b2czm% + 14a1a2b§czmom1 + 2afblc3m§ + 10a%b2c3m1m2 + 2612614b1C1m%
+ 10aasb,c1mym; + 261%1’)16‘4171% + 1Oa§bzc4m1m2 =0,

QY& 60a;iarbymym; + 240a; abymom; + 330a;asbymim; + 6a,arbobycym’
+ 3a1a2b%czm§ + 2layarb1bycomim, + 16a1a2b%czm0m2 + 8a1a2b§czm%
+ 6a%bZC3m% + 6a2a4b2c1m% + 6a§b2c4m§ =0,

Q&) : 24aiabym; + 336alaybymym; + 12a,a:b1bycam; + 18ayasbscomymy = 0,

Q%) 120d3arbym} + 10ayazbicoms = 0.
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Upon solving the above equations using Maple, we obtain the following solution:

—12m?a? b
bo = by, by = by, bz—#, my = — 12

o) 12moa;

, My =my, mp=mp, da =d,

3.5
o 1152ataymom3 + 144atasbocam; + 144a3csm + 144a ajcams + abics (3-5)
=

144m§alcla2

We consider the following two cases.

2 2
Case 1: Whe ‘ 2 > 0. Substituting Eq (3.5) into Eq(3.3) and using the solutions of
Eq (2.5), we obtam the following hyperbolic function solutions for PDE (1.1):

2
26‘2

(576a momg - a4b2c2m2) (tanh( \/—576mom2 + :ﬁ (a1 x + ary + azz + aqt + C)))
271

q1 =

48m2a CH 3.6)
48b0m2a cy + a“bzczm2
48m2a CH ’
2.2 2
(576a?m0m§ - a‘l‘bfcgmg) (coth (i \/—576m0m2 + :ﬁ (@1x + ary + asz + ast + C)))
= 48midSe, (3.7)
48bgmsale, + ajbicsm;
48m2a o) ’
1
qs =

2
| 576 P2
24m3a? (cosh (i2 S76d;momy bics mgmf 2 (a1x + ary + azz + aat + C)))
2

.. 1 576a mom2 b2 2 A 3
576isinh | — (alx + axy + a3z + ast + C) |ajmom;,
12 msay

2
1 576a Tmom; — bics ;
+ 288 ] cosh| — > (alx + ayy +aszz+ast + C) at Mo,

12 msa;
X 5 ’
1 576a* mom2 b2
+ 24b0m2a cylcosh| — 4 [— o (alx + ayy + asz + ast + C)
12 msd;
1 576a{mom3 — bic3
— 576a‘]‘m0m§ —isinh| — 4 [— 02 i (alx +ay+aszz+ast+C) b2 b%c%
12 msa;

(3.8)
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1
q4 =
m m 2.2
24c¢, (cosh (é —% (a1x + ary + asz + ast + C)) — 1) al
271
1 576a* mom2 b2 3
288 cosh| — 4 |— 1 (alx + ayy +asz + ast + C) at mom2 +288a? | Mo,
12 m5a;
X 1 576aimom; — bic3 )
+ 24 cosh| — +[— > (alx +ayy+aszz+ast+C)la boczm2 - 24bom2a CH
12 msa;
22
- bic;
3.9
1
: - 4 3 2.2 2
cosh(ﬁ A /—% (a1 x + axy + azz + aqt + C))
271
a m m 2 2
[cosh (f A / 576d) 02 f he (a1x + apy + asz + aqt + C)) - 1)m2a CH
2 1
4
1 576a Tmom3 — bics i 4
12| cosh 13 2 o (a1x+a2y+a3z+a4t+ O) || ajmom;
a
4 3.10
1 576a{mom3 — bic; ) 5 (3.10)
+|cosh|—+[- > (a1x+a2y+a3z+a4t+C) ayboc,m;
48 msa;
2
X 1 576a mom2 b2 B NE
— 12| cosh 13 oy (a1x+a2y+a3z+a4t+C) a;moym;,
24
2
) 1 576a mom2 b2
- b0m2a1c2 cosh (alx + ayy +asz + ast + C)
48 mga‘l1
1
+ 3aymom; — ——=bic;
a,mom; — T
AIMS Mathematics
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1

de =

2
576 —b3c?
24msa 2(psmh(lz,/ %(a1x+a2y+a3z+a4t+C)) ) s
271

2 4 3
D ampni,

1 576aimom3 — bic3
288 | cosh| — +/—
12 m%a4

2
(alx + ary + azz + ast + C)]]

(576a mom2
+ —_

(P +S2)\/ 576at mom2 bic;

1 576a Tmom3 — bics 4 o
X cosh| — (a1x+a2y+a3z+a4t+C) pa,m;
12 maa’}
% 2
1 576a Tmom; — bics 5 5 )
+ 24| cosh| — (alx +axy + azz+ast + C) || p aibocam;
12 maa’}
1 576a tmom; — bics
+288s%a’ m0m2 + 48 sinh | — > (alx + axy + a3z + ast + C) | psay boczm2
12 msd,

- 24p2a%boczm% + 24s a2b002m2 + 288p at NI

3

1 576a mom2 b2 5 5 o
+ sinh (a1x+a2y+agz+a4t+C) psb - p°bic;
12 mga‘l1
(3.11)
1 bic; 2
q7 =bg + | 24m cosh 7 —576mom; + % n (a1x + axy + azz + ast + C) |mpaib, /
1
bicl 1 bic3 )
—576mym, + sinh| — 1 [=576mom, + (a1x + ayy + a3z + ast + C) [mya;
msay 24 msay
1 b3
+ bicy cosh| — 4 |=-576mgm, + (i x+ay+aszz+ast+C)
24 maat
2
bZ 2
2 1 P 4.6
—[6912mg | cosh | — 4 [=576mom, + —— (alx +ayy + a3z + ast + C) || mya] /
24 mzal
2
bic3 1 bic; 5
—576mom, + —= 2 ginh| — =576mom, + ——= (a1 x + axy + a3z + ast + C) | mya;
msay 24 msay
2,
1 bic3
+ bicycosh| — + [-5T6momy + ——= (a1 x + axy + azz+ ast + C)
24 msay
(3.12)

AIMS Mathematics
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2

2

2

. 1 bic)
qs =by + | 24my sinh ﬁ —576mym, + 2

1

(a1 x + axy + azz + aqgt + C)] mza%bl]/

2.2

bics
—576mym, +
msa

24
271

2

2

+b inh —1 -576 + 12
C> S1In moim
: 24 2 mza

2

1

h|— ! -576 + 2
cos moim
24 O gt

(a1 x + axy + azz + agt + C)]

.| . 1 bic;
—6912mg | sinh | — 4 [=576mom; + ——;
24 m2a*

2

2

2

1

2.2

(a1 x + axy + azz + agt + C)] mza%

271

2
(alx + ayy + azz + ast + C)D

4 6

2

bics
—576mom, + —=
msa

24
271

2

1
Z cosh [

bicy
—576mom, + —
msa

2

2

2

1

(a1 x + axy + azz + agt + C)] mza%

. o C2,
+ bycy sinh 7 —=576mom, + % (a1 x + ay + azz+ aqgt + C)
mya,
(3.13)
. |1 bic; 2
qo =by + | 24my sinh | — 1 [=576momy + ——= (a1 x + axy + a3z + ast + C) |myaib, /
12 maa’}
1 bic3
b,c;, sinh - —576mom, + — (a1x + ary + azz + agt + C)
mya,
1 bic
+ mza1 1 + cosh| — 4 [-576mom, + — (a1 x+ay+aszz+agt+C)
12 msa;
b2c?
—576mgom, + 2 24
mya,
(3.14)
2.2

21 .. 1 blcz
— | 6912my [ sinh T —576m0m2+m

2.2

b inh ! 576 + bi&
inh|—+[— —
1C2 S 12 Moty 2a4

271

271

(a;x + a)y + azz + ast + C)]

2
(a1 x + axy + azz + aqt + C)]]

46
mza1]/

2

bic;
—576mom; + 24
mya;

2
2

AIMS Mathematics
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2

2
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1
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1 b
qi0 =bo + [24m0 cosh (E \/—576m0m2 +

2

2

2

b 2 h _1 —5 ;6 + 102
Cy COS nom 5
: 12 2 msa

1

2.2

c
2(124 (a1 x + axy + azz + aqgt + C)] mza%bl]/
24

(a1 x + axy + azz + aqt + C)]

2 1 bic;
—16912mg [ cosh| — 4 |=576mom, +
12 mai

2

2
2

2
2

4
1

+mod2li + sinh b bic3
2ai|i+ sin 576mym, + o]
12 msd,
bic

576m0m2+
msa

(a1 x + axy + azz + aqt + C)]]

(3.15)

1
b[Cz cosh [E \/ 576m0m2 +

2

2

2

1

46
m2al]/

2

2
(Cll)C + ayy + azz + ast + C))]

(alx +a)y +azz+ aqst + C)]

2

2
2

2
2

4
1

of. . 1 bic;

+ mpay | i+ sinh | — 4 [=576mym; +
12 m2a1
bic

X 1 [—=576mym, +
msa

(alx + ayy + a3z + ast + C)]] C2,

1
g1 =bo — 192m§ [sinh[& \/—576m0m2 +

byc;
X |cosh|1/48 4 |[-576mym, + o]
msa

24
2

+

6m2 1

1 bzc
=576momy + —=
6 msa

2

4
1

2.2

271

1
h
[cos [48

2.2

2
©
o3 (a1x + ay + azz + aqt + C)
a
24

2
(a1 x + axy + azz + aqt + C)]] m%af/

b3c?
—576mgom;, + %
n,a,

2
(a1x + axy + azz + ast + C)]]

X cosh ! 576 + bi&
— 4 [|=576mym, + —=
48 T m2d

1
12

AIMS Mathematics

—-576mym, + —=

2 2

12
2 4
271

2.2

271

1 bic;
X byc, sinh =576mom, + —=
48 mia?

(ajx + a)y + azz + ast + C)J

2.2

(alx + ayy + azz + ast + C)]
271

(&)
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. 1 bcl
+ 4my sinh & —576moym, + 2

271

(a1 x + axy + azz + aqgt + C)}

1 bc?
X cosh| — 1 [=576mom, + (a1 x + ayy+azz+aqgt + C) bl/
48 m2a*

271

2
1 b202 1 172c2
—576mom; + cosh| — 4 |-576momy + —= (alx + ayy + azz + ast + C)
6 m%a 48 m

2“1

(3.16)

2.2

1 1 bsc
+ —— X bjcy sinh | — 4 | -576mqm, + 2—24 (a1x + apy + azz + aqt + C)
6m2al 48

244

1 b’c?
X cosh| — + |=576mom, + 12 (a1x + ay + a3z + agt + C)
48 msa’}

L | s76 Lt
- + L2
12 ottt msay

Case 2: When 576mgm, — ‘2—;24 > 0. In this case, the following trigonometric function solutions can be
271
obtained by substituting Eq (3.5) into Eq (3.3) and using the solutions of Eq (2.5).

2
2C2
tan( \/576m0m2 - Z;ai (@1X + ary + asz + ast + C))) — 48bymsajc, — bics
271
72 = 48m2a o)
5 (3.17)
1 576a% mom2 b% % 4 3
576 (tan| 5, # (a1x + axy + azz + agt + C) || ajmom;
2

B 48m2a Ch ’

2
22
cot (i \/576m0m2 — 5 (@x + agy + asz + agt + C))) bic} - 48bgmidic, — bic
271

qi13 =
48m2a CH
5 (3.18)
576 | cot | M( t+C 4 3
54 3 a X + azy + azz + ast + C) || ajmom;
271
48m2a ) ’
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1
qi4 = — )
5764 mom3—b3c’
24m3a? (cos (% % (a1x + ary + azz + ast + C))) Cs
271
2
1 [576aimom; — bic3 a3
— 288 cos - o] (a1x + ayy + azz + ast + C) || a;mom;
mya,
1 576a‘1‘m0m§ — b%c% A 3
+ 576sin| — (a1x + apy + azz + ast + C) |aymom,
12 m2at
24
X
2 b
5 5 1 576a‘1‘m0m; - b%c%
- 24bymyajcy | cos| — 3 (a1 x +ay +azz+ast +C)
12 msa;
|1 [576atmom? — b33
+ 576a‘1‘m0m§ —sin T L 5 i 12 (a1x + ary + a3z + agt + C) b%c% - b%c%
mya,
(3.19)
1
qis =
576} mom3—bic3
24c¢, (cos (ﬁ % (a1x + ary + asz + ast + C)) - l)mga%
1 |576a{mom] - bic; 4 3 4 3
288 cos T o (a1x + axy + azz + ast + C) | a;mom; + 288a;mom;,
24
X 1 [576aimom; — bic; s ) ’
+ 24 cos| — (a1x + axy + azz + ast + C) |aybocom;
12 m2a*
2t
22 )

(3.20)
1
916 = 2 2
atmom3 —b2c2 a*mom3 —b2 2
192miatc, (cos (ﬁ A/ % (a1x + ayy + azz + ast + C))) [(cos (ﬁ % (@1x + ay + azz + agt + C))) - l)
4

1 |576atmom3 — b2c3 . 5
2304 | cos ws\ 24 (a1x + axy + azz+ ast + C) || ajmom;,

8 msa;

4
1 576a‘|‘m0m§ — bfc% ) )

+192|cos| =\ | ———F 7 (@x+ay+az+at + O)|| atbpcam;

48 msaj

X 4 3 2.2 2 s
1 576aimom; — bic; 4 3
—2304|cos| — —_— (a1x + axy + azz + ast + CO) || ajmom;
48 m;ay
2
) s 1 576a‘1‘m0m§ - b%c%
= 192bymyaicy|cos| = |[———F 57— (@x + ayy + a3z + ast + C)
48 msa)
+ 576atmom; — bich
(3.21)
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2.2
m,a;

q17 =by — 12
69}

1 e

-

144 m2a?

)2 - )

2C2
2my (p sin (11—2 \/576m0m2 - % (a1 x + ary + azz + aqt + C)) + s)

b2 2 b2 2
Ly [576mogm, — == cos| L& +[576momy — 12 (a1 x + ary + asz + ast + C)
12 msay 12 msay

|

1 b1C2

. b2 2
2m, (p sin (% \/576m0m2 - ﬁ (a1 x + ary + azz + aqt + C)) + s)

-

2C2
2my, (p sin (11—2 \/576m0m2 - % (a1 x + ary + azz + agt + C)) + s)

22
1 big
Ta2 2.4
144 m2q?

) - )

2.2
1 _ bicy 1 _
=P \/576m0m2 e cos ( > \/576m0m2

b2c?
ﬁ (a1x + a)y + azz + ast + C)

2 2
24 msay

by,

) 1 b1C2
+

1
q1s =bo — 6912m; (cos [ﬁ \/576m0m2 -

— byc;p cos

— 24myg cos

bic
\/576m0m2 -

2.2
172

4
1

m%a sin [ﬁ

2.2

1
2 4
244

2
)
—— (a1 x+ ay + a3z + ast + C)

. b2 2
2m, (p sin (% \/576m0m2 - # (a1 x + ary + azz + aqt + C)) + s)

46
m2a1/

1 bic
576m0m2 —
msa

1
ﬁ 576m0m2 —

2.2

172
—— (a1x

2a4

271

ﬂ 5767”10]”12 -

AIMS Mathematics

bic
\/5767]107’/12 -
m

2.2

172
4
1

2
Sa

22
162
2 4
244

2.2

2
2.4
271

(a1x + ary + asz + aqst + C)] my

+ apy + asz + aqgt + C)]

(a1 x + axy + azz + aqgt + C)] mza%bl/

in| — +[576 bics
sin| — moh, —
24 T g

1 bic
- b]C2 COS ﬁ 576m0m2 - a

2
172
2.4
271

2

(a1x

2.2

2.4

(a1 x + axy + azz + agt + C)] my
24

+ ay + asz + aqt + C)]

A 2 2
24 msay

(3.22)

[\

2
ay

(6]

(3.23)

2
a;
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g9 =by — 6912m} (sm[ 576mym, —

2
2.2

& 4.6
ﬂ(a1x+a2y+a3z+a4t+C) m,a,

/

271

bic 1

24

\/ 576mym, — 2 7 COS [

2
m2

\/ 576mym, —

2.2
2—24 (a1 x + axy + azz + aqgt + C)] moya
24

2
1

(&)

2

2

|1 bicy
+ by sin ﬂ 57617101712 - W

2

(a1 x + axy + azz + agt + C)]
1

(3.24)

2

+ 24mo sin| - «[576 bi&
Mo SIN | — mom», — ——
0 24 orre m2a4

2

2
(a1x + azy + a3z + aqt + C)] mzafbl/
1

2

b1 c2
S COs
m>a

1
24

2
2

\/576’1’101’]’12

576 b6
Mo, —
0 2

2.2

(a1 x + axy + azz + aqt + C)] mza%

271

2

2

|1 byc;
+ b1C2 sSin ﬁ 5761’1’10}’}12 - Iy

2

(a;x + a)y + azz + ast + C)]
1

5 1 bICZ
G20 =bo — 48mg | cos - 576mom; — -y

b%c% 11
576mom2 a 12

12 m2a*

2

2.2

2.2
msa;

/

2
(a1x + apy + asz + aqst + C)J]

271

2.2

576 - 12
mohi
0rrt2 a4

(a1 x + axy + azz + aqt + C)]
24

26‘2
éblcz cos (1/12 \/576m0m2 - :1‘2—; (a1x + axy + azz + aqt + C))

(&)

22
162
4
1

576m0m2 -

12 2

1.2
m, a,

(3.25)

2

-2 —1 576 - 1%
nigp COS mom
0 12 o2 m2a4

2
2.2

blc 1
; sin 7

576m0m2 -~
271

12

2
(a1x + azy + a3z + aqt + C))bl/

1
2.2

5 6 - 12
]16mom
0112 2 4

271

(a1x + a)y + azz + ast + C)]

Lhics cos(1/12\/576m0m2 - e

2 2
(alx + ary + asz + aqt + C))

22
byc;

4
1

576m0m2

12 msa
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. 1 2,02
g1 =bg — 48mé [sm [ﬁ 576mom; — 2—24 (a1x + apy + a3z + agt + C) m%a%/
29
2
bzc% 1 2 2
— 1 [576mym, — L2 cos|— 576mym, — (alx +ayy +aszz+agt +C)
12 2 4 12 m2 1
2.2
Lbycsin (1/12 \576momz = K% (@ix + ary + asz + aat + C)) .
2
n, al
2.2
$T6moms — 12
12 ot miat
271 (3.26)
1 b2 2
— 2my sin T 576m0m2— 2 (a1x+a2y+a3z+a4t+C) bl/
1 l)2c2
576mom; — — 1 |576mom, — (alx +ayy +aszz+agt +C)
12 m2 1
22
ll—zblcz sin (1/12 A /576m0m2 bz (alx + apy + a3z + ast + C))
- 1,2
m, a,
bic3
576mom; —
12 o2 m%a‘l1
2
o1 i
q» =by — 1921’}10 sin 4_8 576mgm, — 7 (ajx+ ary + asz + ast + C)
24
1 2.2 >
X | cos T 576mym, — 2—24 (a1x + ayy + azz + ast + C) m%a%/
24
2 2
P22 1 2.2
576mym, — 12 Z | cos T 576mom, — % (a1x + apy + azz + ast + C)
msay 29
262
bicy sin(4l 576mym )cos (ﬁ /576mgm; — % (a1X + ary + azz + ast + C)) e
i 271
6m,a?
bic;
- E 576m0m2 - m%a‘]‘
inl ! bics I b3
+ 4my sin yr 576momy — —— (a1x + azy + asz + ast + C) | cos 1 576momy — —— (a1 x + azy + asz + ast + C) b./
8 mya, 8 24
2
bc? 1 bc?
576mom, — cos| — 4 [576mym, — 7 (ajx + ay + aszz + ast + C)
mza1 48 msaj
2L2 (32
bicy sin(4l 576mgm, — :"2;4 (a1x + apy + azz + aqst + C)) cos( A /576m0m2 ‘2{; (a1x + apy + azz + aqst + C))
271 2 1 .
+
6m2af
1 bicl
- E 576m0m2 - m%a?
(3.27)
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3.2. Solitary wave solutions using the GK method

This section will use the GK method to provide different solitary wave solutions of the 3DPTE in
Eq (1.1). Now, balance u® with (u')* in Eq(3.2)to get P = Q + 2. If we let Q = 1, then P = 3, and
from Eq (2.6), the solution takes the following form:

_ bo+ 0,06 + by Q*(€) + b (€)
Jo+ fiQ(E) '

If we substitute Eq (3.28) into Eq(3.2), using Eq(2.7) and equating the coefficients of Q'(¢) to zero,
then we obtain the following algebraic equations:

Q&) —ajambofy fi + aiab: fy — aibocsfy fi + atbicafy — avanbiea fy fi + aranbobicaf;

- a2a4b001f03f1 + a2a4b]clf(;l - a§b0c4f03f1 + a§b164ﬁ =0,

QX&) : 15aiarbof; fi + 1laiarbofs fE — 15aiasb, fy) — 11aiasb, f; fi + 16aiasby fy' + 3aibocsf; fi
— atbocsfy [T = 3aibicsfy + aibicsfy fi + datbyeafy + 3ajabiesfy fi + ararbyer fof
= 3ayasbobicaf; — 3arasbobicafy fi + 4arasbobycafy + 2arasbicaf; + 3arasboc f; fi
— ayazboc, fi [} — 3arashici fy + aryazbic, fi fi + dasashyc, fy + 3aibocafi fi — asbocs fif?
—3a3bicyfy + asbicaf; fi + daibyesfy =0,

Q&) = 50ajarbofy fi — 55aiarbofy fi — 11aiasbofof; + 50aiazb, f) + 55aiaxb, f; fi
+ 11aiarb f5 ff — 130aiasby fy — alarbs fy i + 8lajasbs ) — 2aibocs f; fi + Satbocs fy f1
+atbocsfof; +2aibicsfy — Satbicsfy fi — aibicsfifE — 10atbycsfy + 11aibycsf; fi
+9a1bscs fy = 2aaabyen fi fi + 2arasbiger fi + 2a1aabobies fi + Sarasbobiea fy fi
= 3ayarbobicafoft — 10a1asbobacy f; + 2a1asbobaca fy fi + 9arazbobscaf; — Sayazbicyf;
+aiapbicyfy fi + 9arasbibyesfy — 2arashoc f; fi + Sarasboc, fi ff + arasboc, fo f}
+ 2a2a4b101fé - 5a2a4b1c1f03f1 - a2a4b1c1f02f12 - 10a2a4b201fo4 + 11a2a4b2c1f03f1
+ 9azasbscy fy — 2a3bocafy fi + Sasbocafy [T + azbocafof; + 2a3bicafy
= 5a3bicaf; fi — asbicafy fi = 10a3bacsfy + 11ashacaf; fi + 9azbseafy =0,

QY &) 1 60aiarbof; fi + 80aiarbofi fi + 25aiarbofo f + aiarbof; — 60aiasb, f; — 80aiarb, f; fi
—25aiayb fi ff — a@iasby fof? + 330aiasbs fy) — 125a3arby fi fi + 11a@;asbs f3 f}
— 525aia;bs fy) + 149ajarbs f fi — datbocsfy fi + atbocsfof; + ajbocs f}
+daibiesfy fi = aibicsfi ff = aibiesfoff + 6atbacs fy = 29aibacs fi fi + Najbacs f ff
—2latbsesfy +29absesf; fi — avanbicsfo fi— 3avanbierf? — 2a1a0bob e fi
+ 7611612]9017102]00]012 + aldzboblczf]3 + 66116121701926‘2]%3 - 8a1a2b0b2czf02f1 - 2611£12bobzczfofl2
— 2lajabobscaf; + 13aiabobscafy fi + 3aiabicaf; — dajabicafy fi — arabicafof?
—2lajayb byesrf; + 13ayasbibycr fifi + 16aia:b1bsca fi + 8ayasbscy fi — 4arashoc: ff7
+ 61261417001f0f13 + a2a4b001f14 + 4a2a4b1c1f03f1 - a2a4b101f02f12 - 612614[?16‘1fof13
+ 6ayasbc fy — 29ayashyc, fy fi + Uazasbye, fo fi — 2lazaghse, fy + 29arasbse, f; fi
—4asbocsfy fL + asbocafof; + azbocaf, + 4asbicafy fi — asbicafs fi — asbicafofi
+ 6a3bacy fy — 29aibycafy fi + 1lasbycy fofi — 21aibsesfy +29a3bseq fs fi = 0,

u(é) (3.28)
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Q&) :  =24alabof; fi — 36aia:bofy fT — 14aiarbofof; — aiasbof)! + 24aiaxb, fy) + 36a;a:b, f; fi
+ 14aiarb, f ff + aiaxb, fof; — 336a,a:b, fy + 486aiarbs fy fi — 151ajarby f f1
+5aiarbs fof; + 1164aiaybs fy — 1149a3arbs f3 fi + 155aiarbs fo 7 — 2t bocs fo f:
—atboesf}! + 2aibicsfy fi + aibicsfof; + 18aibacsfs fi — 3laibacs fy ff + Satbycsfof?

+ 12atbsesfy — 69aibses f; fi + 35aibses fy fT + avaobyer f; — darasbobicafy fi

— ajaybobicarf + 6aiabobyca fifi + 2a1a0bobacy fo fE + 12a1a0bobscy f; — 33aiazbobscafifi
+ Sayarbobscy foft + 3ararbicsrfy fi + avasbicyfoft + 12a1a0b1bacy f; — 33aiazbibyer fi fi

+ Sayasbibycy fo fE — 36a1a0b1bser f; + 30aiazbibseafy fi — 18aiazbseafy + 15a1a0biearfy f
+25a1a:brb30a f; — 2arashoc fof; — arashocy f} + 2axashici fs ff + arasbic fof;

+ 18a2a4b2clfo3f1 - 31a2a4b2c1f02f12 + 5a2a4b2c1f0f13 + 12a2a4b301f6‘ - 69a2a4b3c1f§f1

+ 35ayagbse, fi fT = 2a5boca fof ) — a3bocaf; + 2a3bicafy f + asbicafo i + 18azbycaf; fi

= 3lazhyeafy fI + Sasbacafof) + 12a5bsca fy — 69asbseaf;y fi + 35asbscafy fi = 0,

Q%&) 1 120aiayby fy — 600a;asbsf; fi + 500a;arbr f2f — T5aiarbs fof; + aiasbyf — 1080aiarbs f;
+2800a3asbs f; fi — 1225aia,b3 f5 fE + T19a;asbs fo f; + 20aibycs fo 7 — 15atbyesfof)
+aibyesfi! + 40aibscs f5 fi — 85aibscsfy fT + 19aibscs fofy + 20a1a0bobseafs fi
— 15a1axbobscafo fi + arasbobscaf + 20aiazbi1bycy fy fi — 15ai1a0b1bacr fo f
+ alazblbzcsz + 2Oa1a2b1b3czfo3 - 7Oa1a2b1b3cho2f1 + 18a1a2b1b3czfof12 + 10a1a2b§czf03
- 35a1ab30af3 i + Yayanbicy fo fi — S5aianbabscyf; + 53ajasbybseafy fi + 18arazbies fy
+ 20ayasbyc, fi fT = 15asashacy fo i + arasbye, f} + 40arasbse f fi — 85axasbsey f5 ff
+ 19asasbscy fof; + 20a3baca fo [T — 15a5bacafof; + asbacaf; + 40azbscyf; fi
— 85a3bscafy fi + 19a3bscafo ) = 0,

Q&) : 240aiayby f; fi — 600aiarby fs £ + 250aiarbs fo f; — 15aiazby f; + 360a;arbs f;)
—2760aia,bs f; fi + 3050a;axbs f5 ff — 635aiarbs fof; + 16aiarbsf! + 10aibycs fo f}
—3abycsf; + 50atbscsfifi — 4Tatbsesfof + daibscsf; + 10aiarbobscs fof?
= 3ayarbobscrf} + 10aazb byca fo f — 3a1asbibacy f; + 40aiazb bseafy fi — d4arazbibscafof?
+dayarbibyerf} + 20a,ab50a fy i — 22a1ab5ea fo fi + 2a1a0byea f; + 30arazbybsca f;

— 119a,aybyb302 f3 fi + 3Tarasbabsea fofi — 39a1anbser fy + 4layarbiesfs fi
+ 10a2a4bzclfof13 - 3a2a4b2c1f14 + 50a2a4b301fozf]2 - 47a2a4b3clfof13 + 4a2a4b3c1f14
+10a3baca fof; — 3asbrcaf! + 50asbscafs fi — dTasbscafofi + dasbscyf) =0,

Q%&) : 240aiarby f5 ff — 300aiarby fof; + 50a,axbaf; + 960aiarbs f; fi — 3060aiarbs f; f1
+ 1600a’arbs fof; — 130aiarbs f}! + 2aibycs fy + 28aibscsfo /7 — 10atbsesf) + 2ajabobsca f;
+2a1a3b1bycy 7 + 26a,azb1b3ca fo f — 10ajazb bseaf; + 13ayasbicy fof — Sararbserf?

+ 66aa,byb30: f3 i — 85a1abybscafo fi + 9aranbabsey f] + 21ajazbics f; — 90a arbies fy f
+ 3layarbscrfoff + 2arasbye, f + 28azashsc fof; — 10azashsc, f} + 2a3byeaf;
+28aibscafof? — 10a3bseqf) = 0,
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Q&) 120aaby fof] — 60aiarbsf; + 1080a;arbs f3 fE — 1620a;asbs fo i + 330a;asbs f) + 6atbses f}
+ 6a,a;bibscs f; + 3arabserf; + 48aiarbabses foff — 21aiasbabsesfi + 49a arbies fy fi
- 69a1a2b§czfof12 + 8a1a2b§C2f13 + 6a2a4b3clf14 + 6a§b3c4f14 =0,

Q&) . 24aarb,f! + 576a by fof; — 336aiarbsf} + 12aia:bybsca f; + 38aianbicy fof?
— 18ajaybicaf; = 0.

Using a symbolic software package to solve the above equations, one gets the following sets
of solutions:

Set 1.
b, (a?az + a%c3 + arascy + a§c4)
by = 2da s bi==by, by=0by, b3=0, fo=fo
142
12f0a% (3.29)
fl = 09 Cr = — .
b,
Set 2.
_bifo 3 B B B B 3
by = o by=b, by=0, b3=0, fo=/fo, fi=f, aa=c. (3.30)
1
Set 3.
b, (a?ag + a%c3 + arascy + a§c4)
by=0, by =- 3 , by=by, b3=-D,
, 12aja; (3.31)
&)
= 0’ = 2—’ = .
Jo h 12a1 Cr =0
Set 4.
b - Jo (afaz +adlcs + mager + G§C4) ~ -12d}ar fo + alas fi + aics fi + arasci fi + aseafi
0o— = B 1 == B
a|crar aca
1243 (fi = fo) 1241 fi
b2=1—, by = - ! ., fo=Jfo. fi=h, c=c.
C C
(3.32)

Substitute the solutions obtained from Set 1 into Eq (3.28) to obtain the following solutions for Eq (1.1)
as

by _ by by (a?a2+a%c‘3 +apascy +a§C4)
(1+e(a1x+azy+a3z+a4r))2 14ela1 x+agy+azztayr) 12&?&2 (3 33)
q23 = . .
fo
Similarly, substituting the solutions from Set 2 into Eq (3.28), we have
b b fi ,
(l+e(a1x+a—2ly+a31+a4t) + %) (1 + e(a1x+a2)+a3z+a4t)) (3 34)
24 = .
q (foe(a1x+a2y+agz+a4t) + fO + fl)
Again, substituting the solutions obtained from Set 3 into Eq (3.28), we get
1 _ by + by _ bz(a?a2+a%03+aza461+a§C4) (1 + e(a1x+azy+a3z+a4t)) az
(1+e(a]x+a2y+a3z+a4t))3 (]+e(£t1x+a2y+a3z+a4t))2 12(1+e(a'x+”2y+“32+“4’))a2a? 1
25 =
1 b2C2
(3.35)
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Lastly, substituting the solutions obtained from Set 4 into Eq (3.28), we obtain

2 2 3 d 3 3 2. f d 2. £
_ 1245 fi 12a7(f1-/0) —12aja; fo+aja fi+ajcs fi+arascy fi+azes fi (1 " e(a|x+azy+a3z+a4t))
(1+e(alx+a2y+a3z+a4t))302 (1+e(a1x+a2y+a3z+a4t))202 (]+e(a]x+azy+a32+ll4f))a]Czaz

o = (foe(a|x+azy+a3z+a4l) + fo + fl)

3 2. a2
(fo(ala2+a1c3+a2a4cl+a3c4) ) (1 + e(a1x+azy+a3z+a4t))
ajcray

(foe(a1x+u2y+a3z+a4t) + fO + fl)
(3.36)

4. Graphical results and discussion

This paper derives traveling wave solutions for the newly introduced 3DPTE in Eq(1.1) by using
the IGRE and GK methods. We have obtained four different rational exponential function solutions
for the considered equation using the GK method. These exponential rational function solutions are
entirely different from three exponential function solutions reported in [22]. Hence, the exponential
rational function solutions are new and have never been reported in previous studies. Using the IGRE
method, we have obtained a total of twenty-two trigonometric and hyperbolic function solutions and
mixed trigonometric and hyperbolic function solutions. These solutions are more succinct and general
than those reported in [17-21]. Additionally, the majority of the derived solutions in this study are
hyperbolic and trigonometric functions that may result in different periodic structures. Periodic soliton
disturbances in optical fibers help us comprehend ultra-short pulse lasers and long-distance optical
communication networks. Furthermore, trigonometric and hyperbolic functions, as well as complex
structures, have a vital role in determining optical characteristics. Thus, the proposed solutions
may have numerous potential uses in nano and optical fibers. Solutions with cotangent hyperbolic
functions are specifically relevant to magnetic polarization since they may be found in the Langevin
function. Tangent hyperbolic functions can be employed in special relativistic and magnetic moment
computations. Hyperbolic secant solutions are known to be useful in laminar jets [46].

Moreover, using different x,7 domains, we have studied the wave propagation profiles of the
proposed solutions as displayed in 3D, contour, and 2D plots at different time levels. Since rogue
waves are space-time solitary waves with a large amplitude, we varied the wave amplitudes of the
displayed solutions in our simulations to report 3D, contour and 2D graphs of some of a range of
solutions. Figure 1(a,b) shows Kuztnetsov-Ma-like breathers at a, = 2.5, a4 = 3.5, and Figure 1(c)
shows a Peregrine-like soliton a4 = 5.5 for the solutions ¢;. The same is demonstrated using contour
plots in Figure 1(d—f), while Figure 1(g—i) displays 2D plots of the solution ¢, at different time levels.
Figure 2(a) demonstrates the dark wave propagation for solution g,, as the amplitude is increased from
ay = 02toay = 4.2 and a, = 8.2, and we obtain two different breather solitons in Figure 2(b,c).
The corresponding contour and 2D graphs are also shown in Figure 2(d-i) for the soliton solution g,.
Figure 3(a) shows the bright-soliton wave profile at a; = —0.2 and at a4 = —4.2 and a4 = —9.2, and we
recovered Kuztnetsov-Ma-like breathers shown in Figure 3(b,c). Figure 3(d—i) are the corresponding
contour and 2D plots for the solution ¢3. Figures 4 and 5 represent the kink soliton profiles for the
solution g4 in 3D, contour, and 2D plots at different amplitudes.
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(a) The 3D graph at aq = 2.5 (b) The 3D graph at as = 3.5 (c) The 3D graph atas = 5.5
(e) The contour graph at as = 3.5 (f) The contour graph at as = 5.5
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(g) The 2D graph at as = 2.5 (h) The 2D graph at a4 = 3.5 (i) The 2D graph at a4 = 5.5

Figure 1. The evolution of breather solitons profile for ¢,(x, y, z, f) by setting C = 1, a; = 0.8,
az = 02, a) = 1, Cy) = 03, my = 12, myp = 32, b] = 02, bo = 02, andy == 1 at as = 25,
ay = 35, and ay = 5.5.
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(a) The 3D graph at a4 = 0.2 (b) The 3D graph at as = 4.2 (c) The 3D graph at aq = 8.2

(d) The contour graph at a4 = 0.2 (e) The contour graph at as = 4.2 (f) The contour graph at a4 = 8.2
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(g) The 2D graph at a4 = 0.2 (h) The 2D graph at ay = 4.2 (i) The 2D graph at a, = 8.2

Figure 2. The evolution of dark wave into breather-like soliton profiles for g,(x,y, z, ) by
setting C= 05, a = 02, ar = 1, as = 02, mgy = —0.2, mp = 03, Cy = 05, b() = 02, bl = 02,
andy=z=1atas =0.2,a4 =4.2,and a4 = 8.2.
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(a) The 3D graph at ag = —0.2 (b) The 3D graph at ay = —4.2 (c) The 3D graph at ay = —9.2

(d) The contour graph at a4 = —0.2 (e) The contour graph at a4 = —4.2 (f) The contour graph at a4 = —9.2

7 7Yy ~ oy
AN AN\ /N 7\
1/ \\\\ e ///\)\/\‘ \a I\ \)/ \
FTAAN A A
/ \ AV ! \
/] Vi \ / v \
VIR Py AR S
1 1 ‘\\\\’.J / / \ §\J \ t /I J.\"’ \ \
1 W PR Ao
/ \ / /]y \ / \
1] Vi o\ / / \
/ \ I/ \ / \
oy W I e ARAR Vo
//// \.Jx\ﬂ\ / 7 3\‘2\ \ // 1 //7_’\ \ \
i \ L AR ARV AN
1L NN /7y O\ / / N
7 NN I SO { 4 o
Y NN /S HEARSN A N
== > = e A S~ - - -~
== 1 === ~=3 —_——r e —— 4
-20 -10 10 -20 -10 0 10 -20 10 10
=1l ——=2——13] [==t=01——102——103] [==t=01——102——103]
(g) The 2D graph at ag = —0.2 (h) The 2D graph at a4 = —4.2 (i) The 2D graph at a4 = -9.2

Figure 3. The evolution of bright-wave soliton profile into breather wave profiles for
q3(x,y,z,t) by setting C = 1, a; = 0.2, a3 = 1, a, = 0.001, ¢c; = 0.5, my = 0.4, m, = 0.2,
by =02,by=3,andy=z=1atay =-0.2,a4 = -4.2,and a4 = -9.2.
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(a) The 3D graph at as = —0.2 (b) The 3D graph atas = —1.2

(c) The 3D graph at as = 2.2

-10

(d) The contour graph at as = —0.2

(e) The contour graph atas = —1.2

(f) The contour graph at a4 = —2.2
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(g) The 2D graph at ag = —0.2 (h) The 2D graph at ay = —1.2 (i) The 2D graph at ay = -2.2

Figure 4. The evolution of kink soliton profile for gs(x,y, z, f) by setting C = 1, a; = 0.2,

a; =001,a, =1,¢c, =105, my =04, my, =0.2,b; =0.2, by =3, p =0.8, s =2.18, and
y=z=1latas=-02,a4 =-1.2,and ay = -2.2.
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(a) The 3D graph ataq = —0.2 (b) The 3D graph atas = —1.2 (c) The 3D graph at as = —2.2

(f) The contour graph at ay = —2.2

(d) The contour graph at a4 = —0.2 (e) The contour graph atas = —1.2
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(i) The 2D graph at ag = —2.2

(g) The 2D graph at as = —0.2 (h) The 2D graph atas = —1.2
Figure 5. The evolution kink soliton profile for g4(x,y, z,f) by setting C = 1, a; = 0.2,

as = 01, ay = 1, Cy) = 05, mgy = 09, myp = 02, b1 = 03, b() = 3, andy =z=1at ayg = —0.2,

asg = —1.2, and asg = -2.2.

In addition, Figures 6 and 7 represent the evolution of bright solitons to different forms of breather
waves in 3D, 2D, and contour plots as the amplitudes are varied. Figure 8(d—i) shows the evolution
= 3.2, and a4 = 6.2, This

of different periodic soliton patterns for the solution g7 at a4 = 0.2, a4
Volume 9, Issue 11, 32366-32398.
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type of soliton perturbations help us to understand ultra-short pulse lasers and long-distance optical
communication networks.

(a) The 3D graph at as = —0.2 (b) The 3D graph at as = 3.2 (c) The 3D graph at as = 9.2

(d) The contour graph at as = —0.2 (e) The contour graph at as = 3.2 (f) The contour graph at as = —9.2
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(g) The 2D graph at a4 = —0.2 (h) The 2D graph at ay = —3.2 (i) The 2D graph atay = -9.2

Figure 6. The evolution of bright soliton profile into breather wave profiles for g»(x, y, z, t)
by setting C = 1, a) = 02, as = 01, a) = 1, Cyr = 04, mgy = 09, my = 01, b1 = —0.3, bo = 3,
andy=z=1atay; =-0.2,a4 = -3.2,and a, = -9.2.
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(a) The 3D graph atas =2 (b) The 3D graph ata, =9 (¢) The 3D graph at a4 = 34

(d) The contour graph at aq = 2 (e) The contour graph at as = 9 (f) The contour graph at a4 = 34
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(g) The 2D graph at a4 = 2 (h) The 2D graph atay, =9 (i) The 2D graph at a4 = 34

Figure 7. The evolution of bright soliton profile to breather wave profiles for ¢,s(x, y, z, f) by
setting C = 1, a, = 18, a) = 1, as = 32, cp = 8, Cy) = 4, c3 = 4, Cq = 3, f() = 06, f1 = 05,
0,=0.1,andy=z=1latas=2,a4 =9, and a4 = 34.
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(d) The contour graph at a4 = 0.2

(e) The contour graph at a4 = 3.2 (f) The contour graph at as = 6.2
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(h) The 2D graph at a4 = 3.2

(i) The 2D graph at a4 = 6.2
Figure 8. The evolution of multiple-wave soliton profile for g;7(x, y, z, f) by setting C = 1,
a) = 04, as = 01, ay = 1, Cyr = 03, mgy = 04, nyp = 02, bl = 03, b() = 3, p= 17, q = 218,
andy=z=1atas =0.2,a4 =3.2,and a4 = 6.2.

Figure 9(d-i) shows the evolution of dark wave solitons into breather waves at ay
as = 9, and a4 = 44 for the solution ¢3.

= 2,
We also noticed that the solutions obtained using
the GK method require larger amplitudes before they are transformed into different forms of rogue

waves that include the Peregrine soliton and Kuztnetsov-Ma breather. All wave profiles presented
AIMS Mathematics
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in this study are based on assigning appropriate values to the free parameters listed in each figure’s
caption.

(a) The 3D graph atas =2 (b) The 3D graph atas =9 (¢) The 3D graph at a4 = 44

(d) The contour graph at as = 2 (e) The contour graph atas =9 (f) The contour graph at a4 = 44
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(g) The 2D graph at a4 = 2 (h) The 2D graph ata, =9 (i) The 2D graph at a4 = 44

Figure 9. The evolution of dark soliton profile into breather wave profile for |g.3(x, y, z, 1)
by settingC = 1,a, = 1.8,a;, =09,a3 =32,¢c,=2.1,¢;, =08,¢c4, =3,¢c3 =2.1,b, = 1,
b;=6,f=05,0,=0.1,andy=z=1ata, =2,a4, =9, and a, = 44.
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5. Conclusions

This study investigated diverse wave solutions for the newly introduced 3DPTE using the IGRE
and GK methods. We derived various wave solutions for the 3DPTE based on wave transformation
and the homogeneous balancing method. The solutions included rational exponential, trigonometric,
and hyperbolic function solutions. The 3DPTE is considered to have various applications in soliton
theory, nonlinear waves, and plasma physics including the evolution of plasma waves and instabilities.
We studied the wave propagation phenomena in the derived solutions using 3D, 2D, and contour plots
by assigning appropriate values to the real variables. We studied the wave instabilities of the recovered
solutions by varying the value of the wave amplitude. We observed the transformation of dark and
bright solitons into different forms of rogue waves that include Peregrine soliton and Kuztnetsov-Ma
breather as we increased the value of the wave amplitude. Other intriguing wave patterns in this work
include the kink and multi-wave profiles.

This research on the 3DPTE and recovered solutions should significantly advance wave instabilities
in soliton theory. It can also be used in preventing coastal erosion and ensuring marine safety,
maximizing wave energy extraction, developing efficient wave forecasting techniques, and many
other important application areas for this equation. In addition, most of the derived solutions in
this study are hyperbolic and trigonometric functions providing periodic structures. Ultra-short
pulse lasers and long-distance optical communication networks are obtained by periodic soliton
disturbances in optical fibers. Moreover, a vital role in determining optical properties can be found
from trigonometric and hyperbolic functions and complex structures. Therefore, the proposed solutions
can be potentially applied to nano and optical fibers. Cotangent hyperbolic function solutions are
specifically relevant to magnetic polarization because they may be found in the Langevin function.
Tangent hyperbolic function solutions can be utilized in special relativistic and magnetic moment
computations. Applications in laminar jets can be studied using hyperbolic secant solutions. Finally,
the used methods proved to be efficient techniques for investigating a wide range of traveling wave
solutions for the 3DPTE.

Therefore, we strongly recommend these methods for the studies and beyond. Investigating the
chaotic behavior and fractional aspects of the 3DPTE will be an intriguing future direction utilizing
more efficient methods.
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