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1. Introduction

The effects of complex functions are widely used in various fields of science, including physics,
mathematical mechanics, electrical engineering, biological mechanisms, chemistry, AC voltage
analysis, signal analysis, fluid dynamics, radio frequency transmission, and cell technology [1,2].
Additionally, fractional mathematics is a branch of mathematics that has been steadily refined over the
past three centuries [3,4]. In the 19th century, Riemann and Liouville defined differentiation as a
fractional order. Harmonic oscillators, hydrodynamics, optimal control, quantum physics, phase field
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systems, electromagnetism, and dispersion media are just a few of the fascinating and complex
phenomena that have been extensively modeled with fractional mathematics in recent decades.

Finding unique solutions to different kinds of differential and integral equations is the primary
focus of most academic journals. In 1922, the famous Polish mathematician Stefan Banach established
the Banach fixed-point principle, a powerful and important technique. Recently, many researchers have
investigated nonlinear fractional differential and integro-differential equations (NF/IDEqs) to
determine their existence and unique solutions. For example, Schaefer's fixed-point theory was used
in [5] to demonstrate the existence of a unique solution to fractional differential equations (FDEs).
In [6], the existence of a unique fractional fuzzy system was examined through the lens of metric fixed-
point theory. [7] introduces a nonlinear implicit random FIDE in the sense of the mean square and
discusses the uniqueness and existence of its solutions. In [8], sufficient conditions for solving NFIDEq
in complex space were provided. For additional analytical investigations, refer to [9—14].

Nevertheless, most fractional-order equations lack analytical solutions. Consequently, there has
been significant interest in developing numerical techniques for solving FIDE. Several scientists have
addressed the computational outcomes of these equations by employing strategies that manage them
in a more practical setting. In [15], a differential transform scheme was devised to address a set of
composite fractional oscillation problems. The Ritz approximation method was introduced in [16] to
obtain the solutions for fractional control equations. Moreover, numerous academics have proposed
robust computational strategies based on wavelet techniques for solving FDEs. For instance,
Chebyshev cardinal wavelets were applied in [17], the Haar wavelet method was used in [18], the
Euler wavelet method was introduced in [19], and the Legendre wavelet method was applied in [20].
Chebyshev wavelet operational matrices were also introduced in [21], while numerical techniques
based on wavelet functions and collocation approaches were suggested in [22-25].

Based on previous research mentioned in the existing literature, we want to present a qualitative
analysis to solve the following NFVIDEQs in complex space. Consider the problem:

DY () =W (1, QD) + A(®) [y £t () dr, 1€ T=[0a], (1)
with initial condition

2(0)=0+ ) [, 2(r) dr, (2)

where £ (t) is an unknown C' complex function, 2 : E —C, E cC, “DVis a Caputo derivative

with v € (0,1), 7 € Tsuch that r <t, Wand £ are known and continuous functions such that

W.:TXE — C, Z:T X T X E —C, the values of A(t) and B(t) arereal, and £, is prescribed

constant. To resolve problems (1) and (2), both theoretical and numerical methods are used.

The article investigates an unexplored area of fractional calculus and analyzes the existence and
originality of the solution. In addition, it is proposed to integrate the rationalization of the Haar wavelet
method (RHM) and the Euler polynomial (EP) approach into a new numerical technique. This method
is used to solve a first fractional model using variables specified on complex planes. The proposed
method uses the power series to develop a numerical solution that shows rapid convergence and
includes multiple terms that can be easily calculated. This methodology proves computational
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efficiency and makes it easy to implement in computer systems.

This article organizes its structure as follows: Section 2 covers crucial subjects. Section 3 outlined
the necessary conditions for the existence and uniqueness of a solution to problems (1) and (2). Section
4 presents the numerical approach for problems (1) and (2) using the Euler wavelet method (EWM).
Additionally, we provide a newly developed approach that merges the (RHM) with the (EP)
approximation. In Section 5, we discuss numerical problems linked to what we established in Section 4
to present the precision of the proposed technique and calculate the case's abs. error. Section 6 contains
the conclusion.

2. Basic concepts

We will elaborate on the definitions and preliminary information provided in this paper.
Definition 1. /26/ The Riemann-Liouville operator of order v > ois represented as:

1

v =
I’V (2) )

Jyz-wVw) du V>0,

where I'(:) represents the gamma function.
Proposition 1. /27] Caputo's operator is related to the (R-L) operator in the following manner:

1) D'I"V(z)= V(z), z>0;
@ (0) 2
2) "D V(z) = V(z) - Yroil—©@2 "5,

k! ’

Theorem 1. /28] Consider X be a Banach space. The set G < X of functions is relatively compact
if and only if it is bounded and equicontinuous.

Theorem 2. /28] In a Banach space, each contraction mapping admits a unique fixed point.
Definition 2. /29] The Euler polynomials of degree m are defined as:

570 (3) Es@ + Em(z) =227, 2z € [0, 1],

which can be constructed by the following generating functions

2072t tm
etil Ym=0Em(2) g

Proposition 2. /29] The Euler polynomials constitute a comprehensive foundation throughout the
interval [0,1].
Definition 3. /30] Degenerate Euler polynomials forn € Nare defined as:

E@.v)=3r, Z5i(}) @eS® k). Enr(v),

such that z(t) =u (t) + iv(t),(u);is a falling factorial sequence defined as (u); =u (u —
D...(u =1L+ 1), 1>1,and S@ is a Stirling numbers of the second kind.
Definition 4. /3/] Rationalized Haar functionh,, (t)form = 28 +k,f=1,2, ..,andk = 0, 1,2, ...,

2P 1, are defined by
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h(t) = HRPt-k), t € [0, 1),

where

1 O<t<1
9 —2)

1
H(t)= —1,E<t<1;
0, other wise.

3. Existence and uniqueness solution of NFIDEq

Before we begin our examination of the theoretical solution to the problems (1) and (2), we will
apply the (R-L) fractional integral operator to the problems (1) and (2) to transform it into the following
integral equation:

1

N@)=Qe+ L) J'OT_()(r) dr + r)

fy =)W (r, Q) +A®) [, E (s, Q(s)) ds)] dr.
3)

Consider these assumptions:

(C1) The function 2 : E — C is an analytical function;

(C2) For r,s € T,and 04,2, € C(T), there exists a non-negative constantp, g such that:
W, Q) -W(r, Q)| < plQ-Q,,
IE(rs S, Ql) - E(T, S, ‘Q‘Z)l < q I‘Ql - QZ')

(C3) For M,N € R", wehave Sup [A(t) +B(t)| < M, and Sup |2(t)| < N.

Ostst Ostst
This segment's primary goal is to establish the existence and uniqueness of solutions to NFVIDEq.
Theorem 1 helps to analyze the compactness of function sets, which is important for ensuring the
problem's well-posedness. Furthermore, Theorem 2 is critical for proving the solution's uniqueness
with the aid of certain fractional calculus properties.
In order to examine whether a solution exists for problems (1) and (2), consider the integral
operator ¥: (C(T), |l llo) = (C(T), [Ille0)-

Where
llx;llo = Sup|x; ()|, Vx; € C(T),
teT
such that
(PO)(t) = 0, + B(t fT.Q d+iftt “‘1[W Q) + At jrr Q d]d
() = 2o+ B() ; (r) dr O 0(-r) (r, 2(r)) + A(t) Ou(r,s, (s)) ds| dr.

Now, we will proceed to present the following theorems:
Theorem 3. Under conditions (C1)—(C3), the problems (1) and (2) possess at least one solution.
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Proof. Here's how we are going to approach the proof:
Step 1. Suppose that we have a sequence of solutions {Qy}xey that converges to £ in C(T) for
some t € T, and by the aid of Theorem 1, we have:

W0, (0) — ¥ (0] < 1B(D)] f |2 (r) - Q)] dr
0

b [ @0 000 w0000 o

+ % Jyt -0 A [[1Z @ s, () - E (55, ()| ds]dr.

So,
Sup [(#2)() - (P)O] < [MT+ - + 22 ] sup 1) - 001
Thus,
I(P2) (@) - (PO Dl = @ (M, 0) [|2¢ () - 2D |l o5
where
_ pTV MqTV+
Q(M,v) = MT+ r(v+1) r+2)"

From (C1), we have ||[¥2k(t) - PQ(t)|]|lo — 0,as K — oo. This implies that¥is a continuous

operator on C(T).
Step 2. Our goal here is to show that¥ transforms bounded sets into bounded sets in C(7)such

that ¥: B, — C(T), where B, is a closed bounded convex subset of C(T) such that B, =
@) € €M) : IRl <a,a > 0}.

Forall 2(t) € B,, we have
W0 (0] < 12 + B0 f ()| dr
0
+ v j (t-D)1 |W(r, Q@) - W(r, 0)] dr

I“()f(t V" |AD)] U |Z (1,8, Q(s) - E (1, 5,0)| ds|dr

F( ) f (t-0)' 1 |W(r, 0)| dr
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+ —— [J(t-0'TA®)] [ 12 (s, 0)] dsdr.

r'(v)

For ay,by >0, set Sup |[W(r,0)| < ay ,and Sup |Z(r, s, 0)| < by.
Thus, we have

(PN+ag) TV + (@N+bg) TVH1
rw+1) rw+2)

l(®PQ2) Ol < 2] + MNT +

So,
I(P2) (O)|le < p, forall t €T,
where

(PN+ag)T? N (gN+bg) TV

H= 9]+ MNT + r(w+1) r(w+2)

Thus, forall 2 € B,, wehave ¥ B, c B,.
Step 3. We will show that Wis completely continuous on C(T).
For 2 € By, and 0, ,6, € T suchthat 6; <t<6,,

|(¥ 2)(61) - (Y 2)(6)] < 161 -6, 1A () N

1 t
o) fo (61 -1)P71-(0,-1)™ ) [W(r, Q)| dr
6,
—_— _ U1
@ by, G0 W em)ler
1 02 t
e 91«ﬂl-o“*-(ez-o“;n_L|z(n&gu;n|dsdr
1 6, 9 vt 0 - t - 0 ded
+m 0 ((61-1)"""-(6; -1) )Jolu(r,s, (s))l s dr
1 92 -1 ‘ -
+m ‘. (61 -1) L |Z (1, s, Q(s))| ds dr,

(¥ 2)(61) - (¥ 2)(6)] < [61-6;] 12 ()N

1
— 2 _ v gy_gy
+ gD 126007+ 61 - 6]

1
r'(v+2)

+ [2 (6, - 6,)""" + 67 - 67].
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So, we obtain|[¥ 2 (6,) - ¥ 2 (62)|lcc — 0, asQ; — Q,, and hence ['P E:l] be equicontinuous

forall 2 € B,.

By Theorem 1,Wis relatively compact, and hence it is completely continuous. From Schafer’s
theory, see [32], we have validated that at least one solution exists for problems (1) and (2) on C(T).
Theorem 4. Under the conditions (C2) and (C3), the problems (1) and (2) provide a unique solution if

Q(M,v) < 1.

Proof. According to fixed point theory, it is evident that £ (t) is a solution to the problems (1) and (2)
only when 2 € C(T) becomes a fixed point of the operator ¥.
For 0, ,Q, € C(T) , we have

(w0 (6) — (¥2,) ©)] < 1B f 12,(r) - (1) dr
0

1

+ r@) fot(t -V W (@, 24(1) - W(r, Q,(r))] dr

o [y £V O [[]12 (5, 0105 - E (5, Q)1 Jdr

So, according to Theorem 3, we have

PT'U MqT'U+1
r(v+1) r(v+2)

Sup (% 2)(®) - (¥ )0 < [MT+ | -sup 1oy (®) - 2201,

Thus,
(¥ 2)(@) - (P 2)Dllee = @ M, ) [[21(8) - 2(D) |l oo

For Q(M,v) <1, ¥ becomes a contraction mapping. So, according to Theorem 2, Yhas a fixed
point, which guarantees the uniqueness of the solution for problems (1) and (2).

4. Numerical approximation for solving problems (1) and (2)

This section introduces a modified method for solving the NFVIDEq after presenting a
computational approach based on the Euler Wavelet Method (EWM).

4.2. Euler wavelets method
The Euler wavelet of degree m denoted by ¥,,,,(2), and defined on the interval [0,1] as:
n

o a-1 -
Pom(@) = 22 By 24 Z-nt 1), 2 S Z < o4 @)

where n=1,2,..2% ' o € Z*,and m=0, 1, .. N -1.
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1, m = 0;
Em (2) = 2 (™! (m!)2 Z (5)
where E,, (z)is the Euler polynomial defined in Definition 2.
A function z (t) can be expressed in terms of Euler wavelets as a truncated series given by
ZO)=Ths Zmizb Mam P (0, (6)
= H' ¥ (1), (7)
where HTis the coefficient vector defined as
T_
HT=[hyo oy e B By e gy o o Bge s hgen | (8)
Using Eq (6), we obtain
1,0 a-1 _ 1,5 -
Bij= [, Wy (D z(t) dt = X3, XhZ6 ham J; Pam(®) W) z(t) dt,
vt _ .
= 12‘L=1 217;,1=%) hnm yrlti‘n > (9)
where
- 1. )
Yam = Jo Prm (1) P55 (1) 2(2) dt.
¥(t) in Eq (7) is Euler function vector, which is defined as
q’(t) = [lillo 5 lpll 9 seesy lpl(N—l) 5 lpzo g ey q:JZ(N—l)I lilza—l 0> ,,,’tpza_l (N—l)]' (10)
So, we can formulate a system of matrices as
BT=H"T, (11)

. T . x .
with g = [,310 s Bi1 s s ,31(N—1) s B20 5 s ﬁZ(N—1):ﬁ2“-' 0 5 e Boaci (N—l)] , and I'= [)/fén mxy’ 5@

matrix of order M =2%"1 N, and is given by:
r=[j¥@. 9@ d

Similarly, we can approximate the function of two variables F(t, s) in terms of Euler wavelets as
F(t,s)=W(t) F¥(s), (12)

where F is a matrix of order m x m given by:

F=r[[} ]} Fts) ¥ @) ¥(s) ds| r

AIMS Mathematics Volume 9, Issue 11, 32138—32156.



32146

The EW vector W(t), defined in Eq (10), can be determined as
[, ¥ (V) dv =FW (1), (13)

where F is M X M dimensional matrix.
Now, we can define the fractional integration of ¥(t) as

'Y () =F'¥(b), (14)

where FY is M X Mdimensional matrix.
So, from Definition 1, and Eq (12), FVobtained as follows:

=5 (rj))o [t-v" v @) dv) T (o) dif T (15)

Numerical solution for solving problems (1) and (2) using EWM:
We will convert problems (1) and (2) to a set of algebraic equations by implementing the EWM.
We will approximate the following functions with the aid of Eqs (10)—(12) as follows:

Let
D' () =HI ¥ (@), 0<v<l, (16)

such that
00) = UTY (1), (17)
W(t, Q) =% F. (18)

Integrating Eq (16) and using Eq (14), we obtain
@) =UTY (O)+HTFP ¥ ()= UT+HT F) Y (t)= Y7 (¢) - H,, (19)
where
H, =U+(F")TH,.

The integral part of problems (1) and (2) can be defined as
t 1 A
j Z(t,r1,Q(r)) dr= J PT() FP(r) WT(r) Hy dr
0 0

=yT(t) FH, - f 1‘1’(7“) YT (r)dr
0

=9I (t)FrH,
= 9T(t) Hs, (20)
which implies that
Hy, = U+F +1(t) Hs. (21)

AIMS Mathematics Volume 9, Issue 11, 32138—32156.
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Equation (21) is a linear system of m =2%"'N algebraic equations. By plugging the value of H, into
Eq (19), the approximate solution of problems (1) and (2) can be computed numerically.

4.3. Proposed technique for solving problems (1) and (2)
4.2.1 Rationalized Haar Wavelet Method (RHW)

RHW is considered to be one of the essential categories among the various kinds of
wavelets [22,23]. We can enlarge any function u(x) as defined by Definition 4 as:

u(x) = Yg=oex he (), (22)

where
e = 21 [Ju(@) h(2) dz = 2 <w, by > h,.

For i = 1,2, ..., 1, the level of wavelet is2¢,ris a translation parameter.
Equation (22) could be expressed as

u(x) = YiZoer he (x) =" h(x), (23)
where
T'=ley,eq1, .., €n1l, andh(x) = [ho(x) , hy (%), ..., Ay ()]

Also, any function v(X, y) of two variables in a complex space can be similarly approximated by RH
functions as

e

v(xy) = ZR55 X950 ewe hie (xY) =€ h(x.y), (24)
where
~ T
e’ = [eoo > €01 5 +s en-l,n-l]
T
h(x,y) = [hoo s hot s ..o hn+1,n—1](n_1)x(n_1) x,y),
where
hice (X, y) = hie (%) he (¥), (25)
the coefficients ey, are given by:
_ (v (), hie (3))
T eyl (26)

Consider 2,,(t) be a sequence of functions derived iteratively from problems (1) and (2) as
T t -
CDY 2 (t) = Do+ B (&) J; 2y () dr + W (t, Qg (A (D) [ E (X, Qny (1)) dr,

Assume

AIMS Mathematics Volume 9, Issue 11, 32138—32156.
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Foy(®)=W (t, Qpq (t))a

and

Gnoq (L, D) =Z(t,,1, Q(1)).

Then, we have
CDY 2oy (8) = Do+ B (©) fy Qnoa (1) dr +Fiy () +A(0) [y Gnog (L0 dr. (27)

Consider Q,, be the orthogonal projection with the following property (see [18]),

Jy @n (@01 () dr = TE FRZH en i (0), (28)
where
Y GV G)
T @I
fot Qn (2o (1)) dr = XI5 XRZ5 X350 eike hye (6 1), (29)
where

ey = (E (71, 2n-1 (1)), hge (7))
ikt e (E)I1Z

Equation (27), with the assistance of Eqs (28) and (29), will be:

n-1 n-1 n—-1
€D 0,(6) = 0 + B (© ety () + ) ey hy (0
i=1 k=0 k=0
+2 () XI5 YR Xkeco €ike hee (8 1). (30)

4.2.2  Euler polynomial approximation

The fractional derivative part of problems (1) and (2) can be approximated by using the Euler
polynomial approximation as follows:
Lemma 1. Consider the fractional derivative of a complex function 2 (t) € C[0,1] with respect to
Euler polynomials as:

D20 () = 5 |2 () Dat Ee (a(®), b(®) + E, (b)), (31)

where
a(t) =Re(Q (t)),andb(t) = Im (2 (t)).

then, we have

AIMS Mathematics Volume 9, Issue 11, 32138—32156.
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D=k o Theo () (£) Wns @ () 8% (6, @) - wp iy + @ (1),

where

ons @ = 7 [ €101 B 6 G0)

Proof. As per Definition 1 and Proposition 1, applying I to both sides of formula (31) results in

2(0) 1
"(271 (t) - Z‘;{l 3 k! t -5

2 17 (250 () (MDnmt Ee (@ (©), b(0) + En (b (9]

According to Definition 3, we obtain

n £ k
0 1
0 (®) - ;%tk— DD Y ()(E) MWnea (@482 D (bO)+Eb(©)]

o
I
o
a
I
o
e}
I
o

+ 1m0 Jo -1 En (b (1) .

Set

Wy y (t) = ZI"(U) f (t-uw)’~ ! En (b (ﬂ)) du,

and

Wo—tp (1) = Zrl(v) fot(t - )’ Epx (b (W) du.

Therefore, as per Lemma 1, Eq (30) can be expressed as

n n k
2.0=0+ > > > () (F) Daa(a®), 570 D - iy (©) + wny ©)
=0 k=0 g=0
10 cu i O+ ) e (©
i=1 k=0 k=0

+A(t) Xt RZo XhZo eike hie (6 1). (32)

Lemma 2. The suggested technique has a convergence rate of orderO (M?(2d)™M).

Proof. Using Lemma 1, assumption (C3), and putting d < 2 , we get the proof. (See [8]).

AIMS Mathematics Volume 9, Issue 11, 32138—32156.
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5. Numerical experiments

This section will numerically conduct the proposed method for solving problems (1) and (2) to
validate the theoretical work. To validate the approach and assess its effectiveness, we pose two
problems that satisfy the assumptions (C1)—(C3).

Problem 1. Consider the following: NFVIDeq

D% (t) = — + 2 f e "+ 0 (r) dr,
0

with the initial condition 2 (0) = 2.
Here we have v=0.8,1(t)=t%EZ (1, Q (r) =e ™ *D 0 (r), B(t) =0, and the known

4620

function W (t, Q (t)) = S

is employed to guarantee that the exact solution will be

0 (t) =eV3it 4 1. Also, we have that P = 0.6, g = 0.87 .

PTY MqTW'l
r (v+1) riv+2)

So, we have MT + =0.864 < 1. According to Theorem 2, we conclude that

Problem 1, has a unique solution.

Using EWM and our proposed method, we have assessed and presented the estimated solutions
inTable 1 with t € [0,1], as t=0.1:0.1:1, byselecting two distinct 7 valuesas 7 = 10, and
71 = 20. Figure 1 shows the numerical solutions using the suggested technique for 2,,(t) together with
its magnitude abs (2 (t)) and the argument arg( (t)) at 7= 20.

Table 1. Shows the absolute errors in problem 1's exact and approximate values by using
EWM and the proposed method at i = 10 and @i = 20.

=10 =20
" EWM The proposed method EWM The proposed method
0.1 245x101° 222 x1071° 1.04 x 107! 4.04 x 10
0.2 8.45x 10712 432 x 10712 1.28x 10710 2.32x 107"
0.3 1.36 x 107! 1.54 x 107 5381012 1.36x107"
0.4 8.53x 1071 6.04 x 10°1° 3.19 x 1071 5.46 x 10712
0.5 1.17x 107 7.25x 10710 8.35x 10712 8.93 x 10712
0.6 2.86 x 10712 1.39 x 10712 5.18 x 10711 3.47 x 101
0.7 928 x 10713 8.23x 101 437 <101 6.45x 107"
0.8 1.84 x 101 3.39x 1013 4.03x 10712 7.02 x 10713
0.9 3.53x 1012 2.28x 107" 2.38 x 10713 1.39 x 1071
1 1.09 x 101 5.04 x 10713 1.22x 101 7.43 x 1071
AIMS Mathematics Volume 9, Issue 11, 32138—32156.
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abs(s2 (1))

@

an

Figure 1. Approximate solutions for Problem 1 by utilizing the magnitude of the solution
in (I) and the argument of the solution in (II) through the proposed method atfi = 20.

Problem 2. Consider the following NFVIDeq:

D% 0 (t)= Cost?e?™ dr,

t t
J1+02(b) " fo

with the initial condition 2 (0) =0.
The known function W (t,0 (t)) used to ensure the exact solution given by 0Q(t) =

L _ 5 v v+ 1
M, as we shown in Problem 1, the condition MT + PT MarT = 0.893<I. So, this
Vi+td3+tant r(v+1) rv+2)

problem has a unique solution.

Table 2. Shows the absolute errors in problem 2's exact and approximate values by using
EWM and the proposed method at i = 10 and @i = 20.

=20 =30
i EWM The proposed method EWM The proposed method
0.1 8.37x10"*  9.17x 10" 31110 514 %1012
0.2 1.28x 10712 2.06 x 10712 3.53x 10712 3.42 x 10713
0.3 4.02 x 107 1.45 x 107! 6.73 x 101 3.84 x 10715
0.4 1.46 x 107 6.18 x 107! 3.02 x 107! 4.01 x 1072
0.5 7.83x10°  7.03 x 1072 7.94x 107 7.12x 10712
0.6 6.25x 10 3.94 x 1071 2.89x 1012 991 x 10"
0.7 2.05x 101 947 x1071 7.37 x 10713 1.74 x 1077
0.8 8.47x 101  241x 10 8.28x 10713 6.47 x 1077
0.9 1.19x 10 6.18x 1077 14510 311 x 107"
1 3.38x 1017 8.03 x 1077 836 x 10 832 x 107"
AIMS Mathematics Volume 9, Issue 11, 32138—32156.
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abs(s2 (1))
arg(s2 (1))

) an

Figure 2. Approximate solutions for Problem 2 by utilizing the magnitude of the solution
in (I) and the argument of the solution in (II) through the proposed method atfi = 30.

Table 2 shows the approximate solutions for problem 2 at t=0.1:0.1:1, and by taking
71 =20, 7 = 30. Figure 2 shows the numerical solution by the proposed technique at 7 =30 by the
aid of u=Re (2 (t)),v=1Im (2 (t)), the magnitude, and the argument of the solution.

6. Conclusions

In general, the FIDEq solution is hard to study, especially if the unknown function is complex.
We present the existence and uniqueness results of the solution for NFVIDEq in the given problem by
applying the fixed-point theorem of Banach space with the contraction mapping principle and some
properties of fractional calculus. In addition, we analyze the approximate solutions for solving
NFVIDEq in problems (1) and (2), utilizing the EWM to a matrix representation that aligns with a
system of algebraic linear equations. We demonstrate that this method is both highly efficient and
effective. On the other hand, this research employs a novel approach by using Euler's polynomial
method to construct the rationalized Haar wavelet method (RHM), which takes the form of convergent
series with easily computed terms in the bases of Euler polynomials and Haar wavelet functions. In
Section 5, we present two examples of numerical calculations using MATLAB R2022b. These
mathematical calculations are the last stage in supporting the theoretical study. The problems supplied
show the differences between exact and numerical solutions for various values of n. Furthermore, the
absolute errors in every problem are shown in Tables 1 and 2. Figures 3 and 4 substantially converge the
precise and numerical solutions. Based on what exists, we can deduce that increasing the value of n
results in a longer time to attain t — 1. When compared to the EWM, the proposed method gives more
accurate numerical answers. Therefore, we can conclude that the suggested method is very good at
finding exact numerical solutions and cuts down on processing time while keeping accuracy high. Also,
the suggested approach is particularly effective and significantly reduces the time required for
calculations while maintaining precision. This study's findings add to the existing literature on the topic,
particularly for applied researchers in the sciences and engineering.
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Figure 3. The disparity that exists in the precise, approximate solutions of EWM and the
proposed method of Problem 1 at i = 10 and i = 20in (I) and (II), respectively.
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Figure 4. The disparity that exists in the precise, approximate solutions of EWM and the
proposed method of Problem 2 at i = 20 and fi = 30in (I) and (II), respectively.

As a future work, we can explore the proposed numerical method to fractional integro-differential
equations in higher-dimensional complex spaces, which are crucial for modeling multi-variable
systems in physics and engineering. Also, we can make a comparative study of the proposed method
with other advanced numerical techniques such as finite element methods, boundary element methods,
or more recent machine learning-based approaches to determine which techniques offer better accuracy
and computational efficiency.
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