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Abstract: Meta-analysis is a statistical technique used to process an overall summary estimation, and
the technique of meta-analysis is mostly used in medicine, social science, and psychology. In this
manuscript, we aimed to combine the techniques of the Bonferroni mean (BM) operator based on
circular Pythagorean fuzzy (CPF) sets, called the CPF Bonferroni mean (CPFBM) operator, and CPF
weighted Bonferroni mean (CPFWBM) operator and described their special cases with the help of two
parameters, “s” and “t”, and some describable properties of them are also proposed. Further, we present
the evaluation technique based on distance from average solution (EDAS) technique and the proposed
operators. Moreover, we use some examples to show the flexibility and dominance of the proposed
operators by comparing the proposed methods with some existing techniques.
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1. Introduction

One of the most preferable and valuable techniques is called meta-analysis [1], which is a
statistical tool used to combine and evaluate the results from various independent studies on a particular
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topic or research question. The technique of meta-analysis [2] is a very suitable procedure for depicting
vague and problematic information, but utilizing the technique of meta-analysis under the
consideration of the classical set theory is very complex and vague because the range of crisp set is
very limited. Further, the decision-making procedure is also used for finding the best optimal among
the collection of alternatives, where the MADM technique is an important part of the decision-making
process, and is also used for evaluating the required results under the concern criteria [3]. During the
decision-making process, many experts have lost a lot of information because of limited information,
such as zero and one. For this, Zadeh [4] proposed the fuzzy sets (FSs) with a truth function, such as
Fgu (L)) € [0,1], where Fgy: X — [0,1] . Moreover, in dealing with uncertain and unreliable
information, the technique of truth function is not enough to resolve some complex problems. Further,
the falsity function also plays an essential role in many complex problems because of their features.
For this, Atanassov [5,6] derived the intuitionistic FSs (IFSs), which is a very flexible and reliable
theory for managing vague and unreliable information, where the truth function and falsity function
are a major part of the IFSs with a condition that the sum of the duplet will be contained in the unit
interval. Further, the idea of FSs is a special case of the IFSs, and due to these features, many
applications have been designed, such as aggregation operators [7,8], hybrid operators [9,10], and
decision-making problems [11,12].

The function of truth grade and the function of falsity grade have a lot of potential to cope with
vague and uncertain information with the condition that the sum of the duplet is contained in the unit
interval; however, in the presence of the following kinds of pair, (0.6,0.7), the IFSs have not worked
feasibly because 0.6 + 0.7 = 1.3 ¢ [0,1]. For this reason, in 2013, Yager [13] proposed the
Pythagorean FSs (PFSs), where the structure of PFSs is the same as the structure of IFSs, but the
condition of both techniques are different such as the sum of the square of the duplet will be contained
in unit interval: 0.6% + 0.72 = 0.36 + 0.49 = 0.85 € [0,1]. The technique of PFSs is very wide due
to their condition, where the IFSs and FSs are the special cases of the PFSs. Further, Deveci et al. [14]
discussed the survey on recent applications of PFSs. Moreover, Mandel and Ranadive [15] exposed
the decision-theoretic rough set based on PFSs. Additionally, Perez-Dominguez et al. [16] evaluated
the CODAS technique for PFSs and their applications. Further, Alkan and Kahraman [17] presented
the CODAS technique for PFSs with application in supply chain management. Moreover, Sun and
Wang [18] exposed the distance measures for Pythagorean fuzzy information processing. Additionally,
Calik [19] presented the AHP and TOPSIS techniques based on PFSs and their application in Industry 4.0.

IFSs contained the truth function and falsity function with a condition that the sum of the duplet
will be contained in the unit interval, but it is also possible to involve a new function, called the radius
function between truth and falsity grades. Therefore, Atanassov [20] presented the technique of
circular IFSs (CIFSs) with three different functions with the same range, called the truth function,
falsity function, and radius function, with a condition that the sum of the duplet will be contained in
the unit interval. Many applications have been proposed by different scholars: example, decision-
making problems for CIFSs [21], divergence measures for CIFSs [22], distance measures for CIFSs [23],
and similarity/entropy measures for CIFSs [24]. Further, Bozyigit et al. [25] presented the technique
of circular PFSs (CPFSs) by modifying the condition of the CIFSs such as that the sum of the square
of the duplet will be contained in the unit interval. Further, the CPFSs contain the technique of truth
function, falsity function, and radius function, which is wider and more reliable than the existing
techniques, such as FSs, IFSs, PFSs, and CIFSs, which can cope with vague and unreliable information
in genuine life problems. Further, Ali and Yang [26] derived the technique of Hamacher operators for
CPFSs.
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Keshavarz Ghorabaee et al. [27] proposed a new technique, called the EDAS method, known as
evaluation based on the distance from average solution, which is mostly used for evaluating the best
optimal among the collection of information. Further, Klement et al. [28] proposed the idea of
triangular norms, which contained different types of norms and their geometrical representations.
Additionally, the Bonferroni mean (BM) operators [29] were proposed based on algebraic norms,
which are used for aggregating the collection of information into a singleton set. Furthermore, Xu and
Yager [30] proposed the BM operators for IFSs. Moreover, Xia et al. [31] evaluated the BM operators
for generalized IFSs. Additionally, Liang et al. [32] derived the BM operators for PFSs and their
applications. Further, Yang et al. [33] exposed the BM operators for PFSs based on triangular norms.

After the overall discussion, we observed that the model of circular Pythagorean fuzzy sets is very
reliable and dominant because of the: The model of FSs to the model of CIFSs is the part of the CPF
sets. Further, we also noticed that the model of Bonferroni mean operators and weighted Bonferroni
mean operators are not proposed yet based on CPFSs, which are used for the aggregation of a finite
number of information into a singleton set. The major problem is that up to date no one has derived
the BM operators for CPFSs. Further, we also noticed that the EDAS method has not been proposed,
which is a very reliable technique for evaluating some complicated and vague information. The major
themes of this manuscript are listed below:

1) To propose the technique of the CPFBM, CPFWBM and describes their special cases using
two parameters, “s” and “t”. Some describable properties are also proposed for the above techniques.

2) To present the technique of the EDAS technique for the CPFSs.

3) To show the flexibility and dominance of the proposed operators by comparing the proposed
methods with some techniques.

This manuscript is arranged as follows: In Section 2, we describe the prevailing notion of CPFSs
and their operational laws. Moreover, we discuss the technique of the BM operator for any collection
of non-negative integers. In Section 3, we propose the CPFBM operator, and CPFWBM operator and
describe their special cases using two parameters, “s” and “t”. Some describable properties are also
proposed for the above techniques. In Section 4, we present the technique of the EDAS technique for
the CPFSs. In Section 5, we use some examples to show the flexibility and dominance of the proposed
operators. In Section 6, we compare the proposed method with some existing techniques to enhance
the worth of the proposed theory. Some remarkable statements are given in Section 7.

In this section, we describe the prevailing notion of CPFSs and their operational laws. Moreover,
we discuss the technique of the BM operator for any collection of non-negative integers.

2. Preliminaries

In this section, we describe the prevailing notion of CPFSs and their operational laws. Moreover,
we discuss the technique of the BM operator for any collection of non-negative integers.

Definition 1. [25] A CPFS P on fixed set X is explained below:

P = {(x, Fan (L)), Gpp (L)), Hpp (L)L) € X}. (1)
Here, the representation of the truth grade and falsity grade with radius are follows, such as

Fen (L)), Gy (L)) , and Mg, (L)) , satisfying 1< Fpy(L£) <1, 0<Ggy(L) <1 with
(IFBM(Lj))2+((GBM(Lj))ZS1. Further, for convenience, the simple name of the pair
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(FEu (L)), GEy (L), HEy (L)) is called CPFN, such as P, = (Fgy, (L)), GEy (L)), HEy (L)), 0 =
1,2, ..,0.

Definition 2. [26] Consider three CPFNs, P = (Fpy (L)), Gpy (L)), Hpy (L)) , Py =
(Fhw (L)), G (L)), Mgy (£))), and Py = (Fgy (L), G (L)), HEy (£7)) with 4, thus

[ Eb ) + (B3 e — (P (2)” + (30",
P, @y P, = k G%?M(Lj) * (G'BM(L]): ) (2)

J (Fba, ()" + (W2, (£))” = (Hhy (£1) * (W3 (L)

©)

P P, =
1 @rey P2 = (GBM(L]) * GBM(L])

H:ll?M (L)) = HJZBM (L)
IF%?M (L)) * IFLZ?M (L,

P @ P = | [(@hy ()’ + (62 (D))" — (G (4))” * (63 (L)’
H113M (L)) = HBM (L))

J(FBM(LJ)) + (Fau (L)) = (Fhag(£))” * (F M(LD)Z)
) 4)
Fau (L)) * Fop (L)), \
by @ren Py = | A (E D)+ (3 (ED)’ — (Ghy (L)’ * (G (L))’ 5)
k\/(H%M(Lj))%(H%M(LJ)) — (b (£))” + (M3 (£)° )

(AP)ry = (J 1= (1= (Fame)?) (@), 1 (1 (HBM(LJ))Z)A), (6)
(AP) ey = (J 1= (1= Fan D))" (Com D), (Hsu (z:j))l), (7)
(P = ((IFBM(LJ))A,J 1-(1- (@BM(LJ))Z)A,(IFBM(LJ))A) 8)

(PY), oy = ((IFBM(LJ))A,J 1 (1= @awcn)?) J1-(1- (HBM(LJ))Z)A) ©)
Definition 3. [26] Consider a CPFN, such as P = (Fgp (L)), Ggas (L)), Hpp (L)), We have
SP) = ((Fan (L)’ = (Gam (L)) * (Ham (L))" € [-1,1], (10)

H(P) = ((IFBM(Lj))Z + (GBM(Lj))Z) * (HBM(Lj))Z- (11)

Called score value and accuracy value with a condition that is if S(P;) > S(P,), then P, > P,; if
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Definition 4. [29] Consider P, Q > 0 with a collection of non-negative integers a,(c = 1,2, ..., ),
thus

1
P+Q

1
BMP'Q(al,az, ...,a(p) il o) ?9 ,ab ag . (12)
o+0

Called BM operator.
3. CPF bonferroni mean operator

In this section, we compute the technique of CPFBM operator and CPFWBM operator. Further,
we discuss some basic properties of the above-proposed operators, called idempotency, monotonicity,
and boundedness.

Definition 5. Consider s, t > 0 with a collection of CPFNSs,
P, = (Fgu (L)), GZa (L), HEy (L)) (0 = 1,2, ..., ).

Thus,

S+t
CPFBM*(Py, Py, .., Py) = [w(;n[ B B P (13)
*0

CPFBMS*(Py,P,, ..., P,

)TCN w(tp 1)

[eaﬁe B ®PY ] - (14)

Called CPFBMS* Operator for t-norm and t-conorm.

Theorem 1. Consider s, t > 0 with a collection of CPFNSs,

B, = (Fu (L)), GEp (L), HEy (L)) (0 = 1,2, ..., 9),

thus, we prove that the aggregated theory of the above operators is again CPFN, such as

(1_ 0= (1= (3 )™ (IFgM(L]'))ZS)w—ny(S“)'

o#6

t

L\ 2(s+0)
CPFBM®*(Py, Py, ""P‘P)TN = \/1 - (1 - ng 1 (1 - (1 - (GgM(Lj))Z)S (1 B (GgM(Lj))Z)t>w((p_l)> ' (15)

a0
t

<1 12 0o (1 - (5w £))” (HgM(Lf))Zs)m>2<s+n

o6
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t

P N\2(s+t)
N\25 )25\ elw-D
(1— 2ot (1= (P2 e))™ (Fu2h) ) ) .

o0

CPFBM*(Py, Py, .., Py) . = ,/1 -~ <1 o | (1 -(1- (GZM(LJ'))Z)S (1 - (GgM(Lj))z)t>W_U> - (16)

o#6

\/1 ) (1 ) ﬁﬂ:l <1 B (1 - (Hgm(Lj))z)s (1 — (HgM(Lj))z)t>¢(<p—1)>

o0

Proof. Using mathematical induction, we prove the above theory, such as if

Ps = ((IFZM(LJ))S,J 1-(1- (GgM(Lj))Z)S.(Hgm(ﬁj)f),

P§ = <(F195'M(Lj))t'\/1 - (1 - (GgM(Lj))z)t’(HgM(Lj))t)

Thus, we combine the above two information with the help of product rules, such as

t
)

PS @ Py = /(Fg’”(”))s * (Fow () J 1= (1= (62 )?) + (1= (GzM(z:j))Z)t'\.
k (130, (£)))° = (14 (2))

Further, we use the addition technique, we have

\/1 — 761 (1 — (Fgu (L))" + (FgM(Lj))Zt)'

o#0

o0 o0

B o-1 (P ® Pg) = JHZ,H (1 — (1 — (@gM(Lj))Z)S . (1 - (Gfm(Lj))Z)f> :

\jl —T1156-1 (1 — (W, (L))" * (HgM(Lj))2t>

o#6
Finally, by mathematical induction, we have, if ¢ = 2, such as

®lo-1 (Ps ® P5) = (P @ Py ® (P5 ® P§)

og+6

/ J 1— (1= (Fhu(£))™ * (B @D))™) * (1= (Fam(L))™ * (Fha(£))™), \
- ‘ J<1 — (1= (Gh@))’) + (1~ (GéM(Lj))Z)t) x (1 — (1= (G2 @))’) + (1~ (GEM(LJ))Z)t>, |

J 1= (1= (Wb ()" (2, (£))) # (1= (W2, (D)™ + (HEy (L))
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The proposed theory holds for ¢ = 2, if we have done the above theory for ¢ = w, such as

@(:ﬁ:l P ® Ptg) =

o6

Jl_

%ot (1= (P D)™ « (Fu ) ),

og#0

[156-1
o+6

<1 B (1 _ ((GgM(Lj))2>S * (1 - (GZM(ﬁf))Z)t)

\]1 —[156=1 (1 — (Mg, (£))” + (HgM(ﬁj))2t>

o+0

Then, we prove it for ¢ = w + 1, such as

DepL, (P @ PY) = (@ae (R ® Pé)) D (DYy (B ® Ph11)) © (D4ey (PS11 ® PY)).
o+0 o+6
Where,

— e

1= | ] (1= (Fguen)™ = (Rt en)™),

IS
I

g, 1

oF

(1 ~(1- (GgM(Lj))Z) «(1- (Ggare))’) )

S

1

5

@?,9=1 P& Pcf)+1) =

o+0

(1 - (g0 D)™ + (g L))

06 1
og+0

and
j1— 20 (1- (B ()™« (P ()",
o+0
@3’,921 (PS1 ® P§) = JH?:,a:l(l—( (G“’“(LD)) (“(Ggm“ﬂ)z)t)'
o* o+0
j1— ‘;{gzl( — (HgE L)) * (Hgm(ﬁf))u)
o+6
Then,
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w+11 (PS ® P§)

g+6

(Rt cp)™ = (P ) ).

:]e

g—

q

&
—_
|
— e

2
q
RS
Il
o

:]Sg
qq
X

(1 —(1- (65 @))) + (1~ (@5 w))’) )

Q
[Sa)
1l
ey

(1 - (150 )™ = (g () ™)

Q
1%
D a

(1 - (P ()™ « (Pt e))™),

e
2 0
—_
|
q
§ S
o |l
ot

(1= (1= (@gu))?) «(1- (G83" @) )

(1= (g (L)) » (Hgi £))™)

(1 - (e )™ « (Fow@n) ),

—_
|

Q

Q <

e e

A

#
ggm
[
|
q
Q
# D e
o |l
Juy

jali1<1 (1- (Ggiren)?) (—(GgM(Lj))Z)t>,

o0

|

jl_alil(l (M5 L)) *(H-HgM(L]))>
)
j1 - jjl (1- (Faar )™ ([FgM(Lj))Zt)‘
o
U (1- (1~ 2u@)’) = (1 - (@8 en)’) ),
o6
jl_jj (1 - (Mg )™ « (Mgt )™
s

The proposed theory is held for ¢ = w + 1. Then,
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j 1= (s (1 OBy« (tucen))

ag#0

rp(;—n( 6= 1(P5®P5)> Hﬁ,9=1(1—(1—(«;gM(Lj))Z)S(l—(@,%M(Lj))z)t)m,

o0

w/ (A A CE)

g0

Hence,

i
s+t

CPFBMPR(P,,P,, ...,P,) =

<p(<p D <@ﬁ9 1 (5 ® P§)>

(1 1% (1 - (B3 ()™ (P (Lj))zs>m>2(s+t).

g#0

i
s+t

1- (1 — 501 (1 ~ (1~ (65w 2))?) (1 - (@gM(Lj)f)t)“’(‘”l'”) N

o#0

(1—H?,e=1(1—(H§M(LD) (Hhu(sn)”) )

og+6

The proposed theory holds for all values of ¢. Similarly, we evaluate the remaining part using the
same procedures, such as

t

(10 (1= ) stuten) )

ag#60

CPFBMS't(Pl'PZ' ""P(P)TCN - \/ ( Hog ! (1 B (1 Bl (GgM(Lj))Z)S <1 h (GgM(LJ'))Z)t)MD) )

o0

\/1 ) <1 ) 69 ! (1 - (1 - (HgM(Lj))z)s <1 — (HgM(Lj))z)t)w(w_l)>

%0

Theorem 2. Consider s, t > 0 with a collection of CPFNs P, = (F, (L)), GGy (L)), HEy (L)) (0 =

1,2, ...,¢), then
1) Idempotency: If B, = P = (Fgp (L)), Ggp (L)), Hpp (L)), then

CPFBM**(Py, Py, .., Py) = P = (Fap (L)), Gp (L)), Hpp (£))).
CPFBMS*(Py, Py, ..., B,) =P = (Fgn (L)), G (L)), Hp (£))).

2) Monotonicity: If P, < Py thatis Ffy (L)) < F'5u (L)), G5u (L)) = G5y (L)), and
Hpy (L)) < Hgp (L)), thus

CPFBM**(Py, Py, ...,P,), < CPFBM**(P{,P;, .., ;).

AIMS Mathematics Volume 9, Issue 10, 28273-28294.
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CPFBM®(Py, Py, ..., P,).. . < CPFBM** (P}, P}, ..., P;)

TCN'

, .., @) be the permutation of P,(c = 1,2
= CPFBM**(P,",P;", ..., P,")

v = CPFBM** (P, Py, ., Py") .

(mos (Fgy (L)), max,(Ggy (L)), mo@,(HEy (L)) ) and
P* = (max, (Fgu (L)), mo@s (G (L)) ), maxy (Hgy (£))) ), thus

P~ < CPFBMSt(Py,P,, ..., P,)
P~ < CPFBM*t(Py, P,

3) Commutativity: Consider P," (o = 1,2

, 0, @), thus
CPFBM®*(Py, P, ..., P,)

CPFBM**(Py, Py, ..., P,).

4) Boundedness: Consider P~ =

< P*.
TN

Po) ey < P

Further, we simplify the supremacy and validity of the proposed theory by discussing their special
cases with the help of parameters.

Case 1: When t — 0, then

(1 — (P (£))’ ))_
lom,(CPFBM*(Py, Py, ..., P,), = (1 (1~ (1 - (€ c))’) )%f _ [ (@¢_, Ps ]1
(1 HE (L))" ) )i

ES

-2, (1 - (3 M(Lj))zs)ays.

I

lom,oCPFBMS* (P, P, .., P,), = (1 (1-(1- (&g D)) )q’) = s (@ B

1
N

ry——
Called the generalized CPF averaging (GCPFA) operator.
Case 2: Whens =1and t - 0, thus

_\

lom,_oCPFBMY*(P,P,, ..., P,

1 —T12-, (1 - (Fam (L)) )i \I

-1GBym (L]))“’

= %(GBZ:l Pa)-

— (Hg (Lj))z)%

AIMS Mathematics
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RS

J 1-T1Y., (1 - (Fgw(£))°)
(M5, GEm(L))?,
(M5, HZp (£))*

lom,_,(CPFBMYt(Py,P,, ..., P

,\.
)I = 5(69?:1 Pcr)-

This is called the CPF averaging (CPFA) operator.
Case 3: Whens =2 and t — 0, thus

1
4

(1 -y, (1- (FgM(Lf))“)%) ,

j 1- <1 -me, (1-(1- (GgM(Lj))Z)Z);) :

(1 -me, (1- (HgM(Ln)“)i)

NIR

lom,oCPFBM?(Py, Py, ...,P,) =

sl

B

(1 ~Me. (1- (FgM(Lj))4)3’> .
j 1- (1 -ne(1-(1- (GgM(Lj))Z)Z)%> .
j 1- (1 -mg, (1-(1- (Hgm(ﬁj))z)z)%>

Called the CPF square mean (CPFSM) operator.

[T

lom,oCPFBM?¢ (P, Py, ..., P,). . =

= [>(@4., (PJ)Z)]?

S

Definition 6. Consider s, t > 0 with a collection of CPFNs,

B, = (Fu (L)), GEp (L), HEy (L)) (0 = 1,2, ..., 9),

thus

Ts+t
CPFWBMSt(Py, Py, ..., Pp) = l"’(“’l” (@ﬁ et (WeP)S ® (wepg)t)>

g#0

1
CPFWBM**(Py, Py, ..., P,) .\ = l‘”(‘p_l) (@ﬁ'e_l ((WsPy)* @ (WePp)")
o0

This is called the CPFWBM** operator with weight vector w,; € [0,1] and Zﬁzl w, = 1.

AIMS Mathematics
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Theorem 3. Consider s, t > 0 with a collection of CPFNSs, P, = (Fgy, (L)), GEy (L)), HEy (L)) (o =

1,2, ..., ), thus we prove that the aggregated theory of the above operators is again CPFN, such as

CPFWBM®(Py, Py, ...,P,) . =

o6

1\ 26+
1- (1 Mooy (1- (1= (1= (68u))*)) (1-(1- (@gM(,cj))z)we)t)m’)) ,

o#6

CPFWBMS*(Py, Py, ..., By) . =

o6

1 (1 “I1%,-, (1 -(1-(1- («;gM(Lj))Z)W”)S (1-(1- (Ggm(Lj))z)We)t)

\/ 1_<1_ ?'9:1<1_(1‘(G§M(Lj))zwa)s(1_(GgM (Lj))ng)ty(q,_l)) |

1

1

1\ 2(s+0)
- (1 ~MM8m (1= (1= (1 - (80 )?)") (1= (1 - (uﬂgM@j))z)wg)t)M)
o0

1

1 \2(s+D)
2(s+t)
»

o#6

jl - (1 - Hf,6=1 (1 - (1 - (GgM(Lj))ZWG)S (1 - (GgM(L]'))ZW9>t><P(¢—1)> ‘

j 1- (1 ~M4e, <1 - (1= ()™ ) (1- (HzM(Lj))zwe)t)Wn

o0

Proof. Omitted.

1

>z(s+t)

(19)

(20)

Theorem 4: Consider s, t > 0 with a collection of CPFNs P, = (Fgy, (L)), GEy (L)), HE, (L)) (0 =

1,2, ..., ), then
1) Idempotency: If B, = P = (Fgp (L)), Ggpr (L)), Hpp (L)), then

CPFWBMS*t(Py, P,, ""Pw)m = P = (Fpn (L)), Gy (L)), Hpp (L))

CPFWBM®*(Py, Py, ..., By). . = P = (Fom (L)), Gpu (L), Hpp (£))).

2) Monotonicity: If P, < P; that is F%,,(Lj) < F*3, (L), G, (L) = GZ;,(L)), and

Hpgp (L)) < Hpy, (L)), thus

CPFWBM®t(Py, Py, ..., P(,,)TN < CPFWBMS*(P;,P;, ...

CPFWBM®*(Py, Py, ..., R,). ., < CPFWBM>* (P}, P;, ...

’ P(;)TN

'P$)TCN'

3) Commutativity: Consider P,* (o0 = 1,2, ..., @) be the permutation of P;(c = 1,2, ..., ¢), thus
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CPFWBMS*t(Py, P,, ...,P(p)TN = CPFWBM*t(P,", P,", ...,P(p*)TN

CPFWBMSY(Py, Py, ..., B,). = CPFWBM(P,", Py", ., P,") .

4) Boundedness: Consider P~ = (magog([FgM(Lj)),maxJ(GgM(Lj)),ma(p(,(]]-]]gM(Lj))) and

Pt = (maxg(ngM (Lj)), moQ, (G%M (Lj)), maxU(H-HgM (Lj))), thus

P~ < CPFWBM®**(Py, Py, ..., P,) < P*

< P,

P~ < CPFWBMS*(Py, Py, .., P,) . . <

Proof. Omitted.
4. Evaluation based on distance from average solution for proposed theory

The major theme of this section is to expose or construct the technique of the EDAS procedure
based on the initiated operators. For this, we compute the following procedure, such as

Step 1: Design the matrix by including the terms of CPFNS by assigning to each attribute 8" in every
alternative o, such as

P11 P12 LR le
Pyi Py o Pop

pM=[pPy] = i G (21)
Pypi Ppy - Pom

The representation of the weight vector is as follows, such as W = (wq, w,, ..., w,,)T with Z‘g’:l wj = 1.

Step 2: Consider the technique of the CPFBM operator, we expose the average solution, such as

t

d 2(s+t)
N\ 28 N\ 25\ele-D
(1_ Z,9=1(1_([F5M(L])) ([Fg’M(L])) ) ) )
o+6

_t
2(s+t)

CPFBMS'(Py, Py, ... B,) = (22)

o#0

j1<1“?61(1<1<G%Mw>>2>5<1<@zmw>>2>t>“;”>

t

o0

Step 3: Compute the value of PDA and the value of NDA in the shape of a matrix, such as

maX(O,(Xi]‘—cﬂVg))

AVg (23)

?Dcﬂag ==
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A AVg—Xij
NDA,, = maX(O c(m]: X ])) (24)

These techniques will be used for truth, falsity, and radius functions.

Step 4: Derive the technique of weighted summation according to the technique of PDA and NDA,
such as

S:Pi = Z]I‘Izll Wj fPDcﬂo-g, (25)
SN; = X wi N'DAzp. (26)

Step 5: Compute the normalized values according to the values of SP, and SN;, such as

SP;

NSP;, = max G’ (27)
SN
Step 6: Derive the appraisal values based on the above information, such as
AS; =~ (NSP + NSM). (29)

Step 7: Rank all alternatives, to examine the best optimal.

Moreover, we discuss the supremacy of the above technique by evaluating some examples with
the help of the above technique. For this, we discuss the problem of the classification of the CPF meta-
analysis and its application.

5. Classification of the Circular Pythagorean fuzzy Meta-analysis and its applications

In this section, we describe one of the most preferable and dominant techniques or applications
called meta-analysis, which is a statistical technique used to evaluate or analyze the data from multiple
independent studies for a particular topic or research question. In this application, we concentrate on
using the initiated operators and methods to evaluate the above problems. For this, we consider the
problem of meta-analysis and find the major key steps involved in meta-analysis, such as

1) Data Extraction “A1”.

2) Pooling of Effect Sizes “A2”.

3) Assessment of Heterogeneity “A3”.

4) Publication Bias Assessment “A4”.

5) Subgroup Analysis and Sensitive Analysis “A5”.
We have some attributes, such as growth analysis, social impact, political impact, environmental
impact, and internet resources. For this, we compute the following procedure, such as

Step 1: Design the matrix by including the terms of CPFNS by assigning to each attribute 8" in
every alternative ot", see Table 1.
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Table 1. Representation of the CPF matrix.

Gl G2 G3 G4 G5
Al (0.8,0.5,0.3)  (0.81,0.51,0.31) (0.82,0.52,0.32) (0.83,0.53,0.33) (0.84,0.54,0.34)
A2 (0.4,0.3,0.1)  (0.41,0.31,0.11) (0.42,0.32,0.12) (0.43,0.33,0.13) (0.44,0.34,0.14)
A3 (0.7,0.6,0.3)  (0.71,0.61,0.31) (0.72,0.62,0.32) (0.73,0.63,0.33) (0.74,0.64,0.34)
A4 (0.6,0.50.4) (0.61,0.51,0.41) (0.62,0.52,0.42) (0.63,0.53,0.43) (0.64,0.54,0.44)
A5 (0.5,0.4,0.2) (0.51,0.41,021) (0.52,0.42,0.22) (0.53,0.43,0.23) (0.54,0.44,0.24)

Step 2: Consider the technique of the CPFBM operator, we expose the average solution, such as

AV, = (0.9945,0.4674,0.8303),

AV, = (0.9952,0.4775,0.8439),

AV; = (0.9959,0.4876,0.8565),

AV, = (0.9964,0.4977,0.8681),

AVs = (0.9969,0.5078,0.8788).

Step 3: Compute the value of PDA and the value of NDA in the shape of a matrix, see Tables 2 and 3.

Table 2. Positive distance matrix.

(0,0.0695,0) (0,0.0679,0) (0,0.0663,0) (0,0.0647,0) (0,0.0632,0)
(0,0,0) (0,0,0) (0,0,0) (0,0,0) (0,0,0)
(0,0.2834,0) (0,0.2773,0) (0,0.2713,0) (0,0.2656,0) (0,0.2601,0)
(0,0.0695,0) (0,0.0679,0) (0,0.0663,0) (0,0.0647,0) (0,0.0632)
(0,0,0) (0,0,0) (0,0,0) (0,0,0) (0,0,0)
Table 3. Negative distance matrix.

(0.1956,0,) ( 0.1861, ) (0.1766,) (0.1670,0,) (0.1574,0,)
0.6387 0,0.63269 0,0.6264 0.6198 0.6131
0.5978, 0.5880, 0.5684, 0.5586,

(0.3582,) (0.3508,) (0'57(?;':;;437') <0.3370,> (0.3305,)
0.8795 0.8696 : 0.8502 0.8407
0.2961,0, 0.2866,0, 0.2770, 0.26742,0, 0.2577,0,

( 0.6387 ) ( 0.6326 ) (0,0.6264) ( 0.6198 ) ( 0.6131 )
0.3967,0, 0.3871,0, 0.3774, 0.367,0, 0.3580,0,

( 0.5182 ) ( 0.5142 ) (0,0.5096) (0.5046) ( 0.4993 )
0.4972, 0.4875, 0.4681, 0.4583,

(0.1443,) (0.1414,) (0'47g 3’&11387') <0.1361,> (0.1336,)
0.7591 0.7511 : 0.7350 0.7269

Step 4: Derive the technique of weighted summation according to the technique of PDA and NDA
based on the weight vector (0.2,0.2,0.2,0.2,0.2). Tables 4 and 5.
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Table 4. Weighted information based on the Positive distance matrix.

SP, (0,0.0845,0)
SP, (0,0.082,0)
SP; (0,0.080,0)
SP, (0,0.0790,0)
SPe (0,0.0773,0)

Table 5. Weighted information based on the Negative distance matrix.

NP, (0.3967,0.1005,0.6868)
NP, (0.3871,0.0984,0.6800)
NP, (0.3774,0.0965,0.6731)
NP, (0.367,0.0946,0.6659)
NPy (0.3580,0.0928,0.6586)

Step 5: Compute the normalized values according to the values of SP, and SN;, see Table 6.

Table 6. Normalized matrix of information.

NSPNSN; (0,0,0)
NSP,NSN, (0,0.0204,0.0098)
NSP.NSN, (0.9514,0.0399,0.0200)
NSPNSN, (0.9269,0.0586,0.0304)
NSPNSN; (0.9025,0.0765,0.411)

Step 6: Derive the appraisal values based on the above information, such as
SV, = 0.0,8V, = 0.0,8V; = 0.0181, 8V, = 0.0260,SV; = 0.0303.
Step 7: Rank all alternatives, to examine the best optimal, such as
SVs > 8V, > SV, > SV, = SV,.

The most prominent decision is §Vs, according to the technique of the EDAS method, which is
represented by the “Subgroup analysis and Sensitive Analysis”. Further, we show the flexibility of the
proposed theory by using the proposed operators without the EDAS method to evaluate the dominancy
and flexibility of the proposed operators. For this, we consider the information in Table 7.

Table 7. CPF matrix of information.

Gl G2 G3 G4 G5
Al (0.8,0.5,0.3) (0.81,0.51,0.31) (0.82,0.52,0.32) (0.83,0.53,0.33) (0.84,0.54,0.34)
A2 (0.4,0.3,0.1) (0.41,0.31,0.11)  (0.42,0.32,0.12) (0.43,0.33,0.13) (0.44,0.34,0.14)
A3 (0.7,0.6,0.3) (0.71,0.61,0.31) (0.72,0.62,0.32) (0.73,0.63,0.33)  (0.74,0.64,0.34)
A4 (0.6,0.5,0.4) (0.61,0.51,0.41) (0.62,0.52,0.42) (0.63,0.53,0.43) (0.64,0.54,0.44)
A5 (0.5,0.4,0.2) (0.51,0.41,0.21) (0.52,0.42,0.22) (0.53,0.43,0.23) (0.54,0.44,0.24)
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Further, we evaluate the support of any two CPF values based on distance measures. Thus, we
have

SL =S.L =0.7333, SL, =S. =0.9333, SL, =S} =09, SL =51 =0833, Sk =5% =
0.8333, S1, = SL, = 0.7666, S = S, = 0.9, SL, = S}, = 0.9, SL. = SL, = 0.8333, SL = S&, =
0.8666.

SZ =S2,=0.7333, S% =S2 =0.9333, S% =52 =09, S& =52 =0.833, S% =S% =
0.8333, S2, = S2, = 0.7666, SZ = S2, = 0.9, S2, = S%, = 0.9, S% = S, = 0.8333, S = S2, =
0.8666.

S3, =53, =0.7333, S3, =53, =0.9333, S3, =53, =09, S5 =53 =0833, S&, =53, =
0.8333, S3, = S3, = 0.7666, S3. = S3, = 0.9, S3, = S3, = 0.9, S3, = S3, = 0.8333, S3, = S3, =
0.8666.

Sk =Sk =0.7333, Sf, =54 =0.9333, Sf, =S4 =09, S&L =54 =0833, Sk =54 =
0.8333, S%, = S& = 0.7666, Sk = S&, = 0.9, S%, = S& = 0.9, S% = 5% = 0.8333, S& = S&,
0.8666.

S3, =8P, =0.7333, S, =53, =09333, S, =S5, =09, S =52, =0.833, S, =53, =
0.8333, S3, = S5, = 0.7666, S5 = S2, = 0.9, 53, = S, = 0.9, S, = S2, = 0.8333, 5. = S2, =
0.8666.

Thus, by using the above values, we find the following information, such as
7,1 = 0.2018, 7,5, = 0.1896, 7,5 = 0.2018, 7,, = 0.2033, 7,5 = 0.2033.
Ty, = 0.2018, 7,5, = 0.1896, 7,5 = 0.2018, 7,, = 0.2033, 7,5 = 0.2033.
733 = 0.2018, 75, = 0.1896, T35 = 0.2018, 73, = 0.2033, 755 = 0.2033.
T4, = 0.2018, 7,4, = 0.1896, 7,5 = 0.2018, 7,, = 0.2033, 7,5 = 0.2033.
Ts; = 0.2018, 75, = 0.1896, 753 = 0.2018, 75, = 0.2033, 755 = 0.2033.

Moreover, using the technique of the CPFBM operator, we have the following aggregated values,
such as

z; = (0.9945,0.46748,0.8303), z, = (0.9952,0.477,0.8439), z; = (0.9959,0.4876,0.856), z, =
(0.9964,0.4977,0.8681), zs = (0.9969,0.5078,0.8788).

Thus, we consider the technique of score values, such as
S(z;) = 0.6399, S(z,) = 0.6435, S(z3) = 0.6458, S(z,) = 0.6469, S(z5) = 0.6468.
Finally, we have the following ranking values, such as
S(z4) > S(z5) > S(z3) > S(zy) > S(zy).

The most prominent decision is $V, according to the technique of the CPFBM operator, which is
represented by the “Publication Bias Assessment”. Further, we compare the proposed theory with some
existing techniques for evaluating the supremacy and validity of the proposed theory.
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6. Comparative analysis

The main theme of this article is to evaluate the supremacy and flexibility of the proposed method
and proposed operators by comparing their ranking values with the obtained values of existing
techniques to enhance the worth of the initiated theory. For this, we consider some existing techniques:
Ali and Yang [26] derived the technique of Hamacher operators for CPFSs. Furthermore, Xu and
Yager [30] proposed the theory of BM operators for IFSs. Moreover, Xia et al. [31] evaluated the
technique of BM operators for generalized IFSs. Additionally, Liang et al. [32] derived the technique
of BM operators for PFSs and their applications. Further, Yang et al. [33] exposed the BM operators
for PFSs based on triangular norms. Finally, using the information in Table 7, the comparative analysis
is listed in Table 8.

Table 8. Representation of the comparative analysis.

Methods Score values Best optimal
Ali and Yang [26] S(z4) > S(z5) > S(z3) > S(z3) > S(z,) S(z4)
Xu and Yager [30] No No
Xiaetal. [31] No No
Liang et al. [32] No No
Yang et al. [33] No No
CPFBM operator S(z4) > S(z5) > S(z3) > S(z,) > S(zy) S(z4)

The most prominent decision is §V,, according to the technique of the CPFBM operator, which
is represented by the “Publication Bias Assessment”. Further, the existing techniques have failed
because of ambiguity and limitations, where the proposed theory of Xu and Yager [30], Xia et al. [31],
Liang et al. [32], and Yang et al. [33] are the special cases of the proposed theory. The limitations of
the existing models are described below:

1) Aliand Yang [26] derived the technique of Hamacher operators for CPFSs. The models for the
Hamacher operators are very flexible and dominant because of their features. According to the
theory of Ali and Yang [26], the ranking values are listed as follows: S(z,) > S(z5) > S(z3) >
S(z,) > S(z;). Once more, the proposed model is different from the existing technique
because it is computed based on the Bonferroni operators.

2) Xuand Yager [30] proposed the theory of BM operators for IFSs, which is a special part of the
proposed theory. The technique of BM operators for IFSs cannot evaluate the CPF kind of
information, because the condition of CPF sets is more general. The three functions are the part
of CPFSs, but in the case of IFSs, we have just two functions, which is the special case of the
derived theory.

3) Xiaetal. [31] evaluated the technique of BM operators for generalized IFSs, which is a special
part of the proposed theory. The technique of BM operators for IFSs cannot evaluate the CPF
kind of information, because the condition of CPF sets is more general, where the three
functions are the part of CPFSs, but in the case of IFSs, we have just two functions, which is
the special case of the derived theory.

4) Liang et al. [32] derived the technique of BM operators for PFSs and their applications as part
of initiated operators, since this technigue contains only two functions, but the proposed model
is the modified version. This is because they contained three functions, and if we ignored the
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radius function form the CPFSs, then the proposed theory will be converted to the existing
models.

5) Further, Yang et al. [33] exposed the BM operators for PFSs based on triangular norms as part
of initiated operators, since this technique contains only two functions, but the proposed model
is the modified version. This is because they contained three functions, and if we ignored the
radius function form the CPFSs, then the proposed theory will be converted to the existing
models.

Thus, after our long analysis, we concluded that the proposed model is superior and more general than
the existing technique in coping with vague and uncertain information. Hence, the proposed model is
more reliable and more general than the existing information.

7. Conclusions

The major themes of this manuscript are listed below:

1) We propose the technique of the CPFBM operator, and CPFWBM operator and describe their
special cases with the help of two parameters, “s” and “t”. Some describable properties are also
proposed for the above techniques.

2) We present the technique of the EDAS technique for the CPFSs.

3) We show the flexibility and dominance of the proposed operators by comparing the proposed
methods with some existing techniques.

In the future, we will discuss the novel technique of circular picture fuzzy sets and their extensions.
Further, we will develop some new techniques for aggregation operators [34], similarity measures [35],
and different kinds of methods [36]. Finally, we will discuss their application in artificial intelligence [37],
data science [38], and decision-making theory [39] to enhance the worth of the proposed methods.
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