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1. Introduction and motivation

The Bernoulli numbers are defined by the exponential generating function:

Yy e
ey—l_z_;ann!.

For their wide applications to classical analysis (cf. Stromberg [47, Chapter 7], number theory
(cf. Apostol [3, §12.12]), combinatorics [44, §3.4] and numerical mathematics (cf. Arfken [5]), these
numbers appear frequently in the mathematical literature (see Comtet [17, §1.14], Graham et al. [26,
§6.5] and Hansen [27, §50]).

There exist numerous interesting properties (cf. [2, 4, 8, 13, 24]); in particular, about recurrence
relations (cf. [1, 21, 30, 37]), reciprocities (cf. [12,25,41,42,49]), convolutions (cf. [14-16, 22, 34]),
multiple sums (cf. [10, 11, 19, 32]) and combinatorial applications (cf. [6,31,35,38]). A few of them
are recorded here as examples:

e Arithmetic sums
m n

(m+ 1)y (n+1
=y T B._,.
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e Binomial recurrences

o|Be= -1y'B,, n>0;
k=0
n-2 n

kBk = —I’lan_l, n2= 3;

k
k=1

n Bk — Bn+1 ’ n>0.
e klI2+n—-k n+1

e Convolutions of the Miki type (cf. [12,22,34,36,40])

-1 -1
BB O\BiBey
- Z ( e H/B,

+1 ng_
ZBkBg_k—zz_;(k_i_l) kt2 —(€+1)Bg.

e Riemann zeta series

e

1 (1-2MBy, ,
- - Y T

2
k=1
i D' Z(1=2""NBy, ,,
k=1

The aim of this paper is to examine and review systematically explicit formulae of Bernoulli
numbers. Among known double sum expressions, the simplest one reads as

_ (-1) DN (ED(
EMWELIEEAD W]

We observe that when the upper limit n is replaced by m > n, the last formula is still valid. Letting
Q(m, k) be the connection coefficients

we have the following formula (see Theorem 1) with an extra parameter m:

- Z Q(m, k), where m > n.
k=0
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Three remarkable formulae can be highlighted in anticipation as exemplification (see
Eqgs (2.20), (3.14) and (4.1)), where for m = n, the last two identities resemble those found respectively
by Bergmann [7] and Gould [24, Eq (1.4)]:

Z,:‘J(J"‘l)() mEnz
Z Zm: l)kl(‘ )j, m>nz>1.

=1 =k

The rest of the paper will be organized as follows. In the next section, we shall establish several
representation formulae of B, by parameterizing known double sums with m. Then in Section 3,
by examining equivalent expressions for Q(m, k) and another connection coefficient w(m, k), we shall
prove further explicit formulae for Bernoulli numbers. Finally, the paper will end in Section 4, where
more summation formulae will be shown.

Throughout the paper, we shall frequently make use of the following notations. Let N be the set of
natural numbers with Ny = {0} U N. For n € N and an indeterminate x, the shifted factorial is defined
by

n—1

(X)o=1 and (x), = ]_[(x +k) for neN.
The harmonic numbers H,, are given by the partial sums H, = >};_, %, where n € N.
2. Double sum representations

Denote by [y"']¢(y) the coefficient of y” in the formal power series ¢(y). Recall the exponential
generating function of the Bernoulli numbers

(e8]

B, ,
ey)ilzzﬁy'

n=0

Expanding this function into the series

y In{l + (¢ - D)} i (-1

e>—1 ey —1

we get, for m > n, the following expression

m

. o — 1j m o
Bo= Y D1y = 'Z< Lo = Y ey san,

j:O : j=0

where S,(n, j) is the Stirling number of the second kind

1Y 1 i
Ss(n, ])—n‘[y](e ) T;(_l)rk(’i)kn' 2.1)

J! J:
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Therefore, we have established, by substitution, the following explicit formula.

Theorem 1 (m, n € Ny with m > n).

NG CD G e (CDE ()
B”:ZZj+1(/J<)k :Zkzj+1(ljc)'

k=0  j=k

This fundamental result will be the starting point for us to examine explicit formulae of Bernoulli
numbers. When m = n + 1, the corresponding formula can be located in Jordan [29, §78, Page 236].
Instead, its m = n case is well-known; that can be found in Cook [18], Gould [23, Eq (1)] and [24,
Eq (1.3)], Higgens [28], Quaintance and Gould [43, Eq (15.2)].

2.1. Connection coefficients Q(m, k)

Define the coefficients Q(m, k) by

o (=DF ()
Q(m, k) := —1" 2.2
(m, k) ,Z;‘ Tl 22)
We can rewrite the basic formula in Theorem 1 as
B, = Z K'Q(m, k), where m > n. (2.3)
k=0

Lemma 2. For m > k, the coefficients Q(m, k) satisfy the recurrence relations:

(=D (m
Qm. k)~ Qm ~ 1.k) = —— 1(k), (2.4)
1k
Qm, k) — Qm,k— 1) = kl) (m;’ 1). (2.5)

Proof. The first one (2.4) follows directly from the definition of Q(m, k). The second one can be done

as follows
_NEDHA, sy GV
Q(m’k)—Q(m,k_l)_Z]_'_l(k)-l_Z J+1(k—1)

Jj=k

which confirms (2.5) after having evaluated the binomial sum

2407

O
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In addition, the lower triangular matrix

Q= [Q(l’ j)]]gi,jsm

with diagonal elements

is invertible. We can determine its inverse explicitly by
[( l)J( )1 +2i+ij
Jjoo1+j

Similar to the formula in Theorem 1, we have the following three variants.

1<i,j<m

2.2. Formulae of Fekih-Ahmed [20]

Proposition 3 (m, n € N).

“ moo vkl
Bn=an+IZ( 2 (2) "2 (2.6)
k=1 j=k
_ m m (_l)k—l ] |
e ;kn; JG+ 1)(k)’ m>n>2; 2.7)
_ N S k 2_]+1 ]
Bn_;kn;( b j(j+1)(k)’ mznz2. (2.8)

Among these formulae, the first two reduce, for m = n + 1 and m = n, to Fekih-Ahmed [20, Egs (5)
and (6)], respectively.

Proof. According to (2.5), we have, for m > n > 1, the following equalities:

:i K'Q(m, k)

k=1

:Zm: (m+l)k"1 Zml K'Q(m, k — 1)
k=1

k=

=(=D"m+ D" + i i( l)kl( i )
k=1

Simplifying the last line

m+1 m (_1)](—] i
B, = " >n>2 2.
=KD (k_l), (mzn>2) (2.9)
k=1 i=k—1
and then reformulating it as
Bn_’"“ i(l)"lz+1’
= o @i+ 1)
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we confirm (2.6) under the replacements “m — m — 17 and “i — j—17.
Observe further that for m > n, the double sum vanishes

2K D=
k=1 j=k
which is justified by the finite differences
Z(_l)kkn—l Z( ) Z( 1) ( )kn 1 —
k=1 =k

Then (2.7) and (2.8) follow respectively from the difference and sum between Eq (2.10) and that in
Theorem 1. O

k .
D (]JC) =0, (m=nx2), (2.10)

Besides (2.10) and the formula in Theorem 1, we also have the following counterparts.

Theorem 4 (m, n e Nwithm >n > 1).

 CDA() B n=0;

Z )(): "= @.11)
By, n=1.

j=k
' B,+ 1B, n=0;
() { o =2 (2.12)

zBl’H—l’ n=; 1'

Ms

Proof. In accordance with the binomial relation

(li) ) (J; 1)_ (ki 1)’ (2.13)

we can write the sum in (2.11) as “A + B”, where

k=0 k

m . m (_1)k_1 J
b= Z j+2 k-1

k=0 k

Replacing the summation index j by i — 1 in “A”, we can reformulate it as follows:

m m+1(1)k
kZ: Z l+1()

i=k+1

j ’"+1(1)k m+1 ) k"
Z; Zz+1() Z(_)k+1

Recalling Theorem 1, we deduce the expression

m+1
k"
_ _ 1y
A =B, kéo( 1) Sk (2.14)
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When n > 1, applying first the partial fractions and then making the replacement “j — i — 17, we

can rewrite “B” as
Zm: (DY (j+1
= G+DG+2D\ &

J=k k=1 j=k 2
m+1 . m m+1 .
i (=D*(i
— _ § kn+1 E )
4 (k) - A0 (k)
=k+1 k=1 i=k+1

By appealing to Theorem 1 and (2.10), we reduce the last expression to the following one:

m+1 m+1 kn+1 m+1
B=B,, + Z( 1" - Z( DT = (2.15)
Putting together (2.14) and (2.15), we find that
A+ B=B,+ By,
which is equivalent to the expression in (2.11).
Similarly, by making use of (2.13), we can write the sum (2.12) as “C + D”, where
:Z’": i( 1>k(1+1)
o =T
_ Z’": Z’": (- ( j )
k=1 —k
Replacing the summation index j by i — 1 in “C”, we can manipulate it as follows:
m m+1 m+1 m+1 m+1
H)-Sr g o
= =y (-1
]Z‘ A i+ 2\k ; —i+2\k Z k+2
Evaluating the first sum by (2.11), we obtain the expression
m+1
B, + B, — 1 2.1
C =B, + By Z()k+2 (2.16)

We can analogously treat “D” as follows:
Z’”l Z (—1)**! (j+1)
- k(]+1><1+3) k
1 S o (CDR T e (—DF
_E;k —j+3\ & _Ezkn Zj+l

m
k=1 =k

(%)
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1 m . m+1 (—l)k . 1 m i m+1 (—l)k .
EPILEPY s e 2 SH)

i=k+1 k=1 i=k+1

Applying (2.10) and (2.11), we can further simplify the last expression

_ Bn+1 + Bn+2 1 o kn+1 i kin
D=———=-3 (— ) Z -1k

m+1
k

_ n+1+Bn+2 Z( 1 o

Finally, putting (2.16) and (2.17), we arrive at

3Bn+1 + Bn+2

C+D=B,+ ,
2

which proves the second identity (2.12).

2.3. Four variants with k being shifted

2.17)

Furthermore, there are four similar sums that can be expressed in closed forms in Bernoulli numbers.

Theorem 5 (m, n € N).

(-1
Z(k+1) Zz+1

i

Proof. The first one (2.18) is deduced from (2.9) under the replacement “k — k + 1.
By splitting the sum in (2.19) into two, then making the replacements “i — j— 1, k — k —
the former and “k — k — 17 for the latter, we can confirm the second identity (2.19) as follows:

NEEDWIH
- Y z<:§‘{(;':i) ()
DW=

= =k k=1 i=k-1

= B, m>n>2;

k
>k+2y Z( DA L m=n>2

Lo (D (i
Z(k+1)zl+2k—3n+1, m>n>1;

WO (=DF(
Z(k+2) —— ()= 1= Bt Bur. mznz1l.

(2.18)

(2.19)

(2.20)

(2.21)

1” for
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i=k k=1
n+l) - B, = B,,1.

m m m+1 nm+1 (—l)kj
-Se£5) SR
= (B,

According to (2.13), we can write the third sum in (2.20) as “E + F”, where

o (it 1
E_kzzol(k”) : i+1(k+1)’
~ m . m (_1)](1 i
F_kzz(;(k+2) it 1 (k+l)

The sum “E” can be evaluated by

(k+2)
£= Y T 2l
3 _ (k+2)y (m+ 1
_kzz(;( e (k+1)
B = (1) © B fm+1 i1
_i:o(i);( 1)(k+1)(k+1) .

Because the above inner sum results in zero for 2 < i <
corresponding toi =1 and i = 0:

mooo Nk
E:n+Z( D (’": 1):n+Hm+1. (2.22)

n, there remain, for “E”, only two terms

k=1 i=k—1
m m (—l)k(l)
=) k+1)" ) -
kZ:; ;; i+1\k
S S (—l)k(i) SR
=) (k+1) - -
; ; i+1\k ; i+1
Evaluating the former sum by (2.18), we find that
F =B, — Hy1. (2.23)

Then the third identity (2.20) follows by putting (2.22) and (2.23) together.
Finally, for (2.21), write that sum as “G + H”, where

oS (Y
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~ m . m (_1)k—1 l
H_kZ:;‘(k+2) Z i+2 k+1)'

i=k

By making use of (2.18) and (2.7), we can evaluate

G_m+1k 1nm+l (_1)k—1 ] oy 5
—Z( + )Zj-i-—lk = Hy42 — Dy,

< (=D*! (i+1)
— G+DE+2)\k+2

m+1 m+1 .
(_1)k+1 (])

— kn+l
24 2 il

j=k

H= Z(k +2)r!
k=0

m+1

1
= B4 _Z]-I-—l =1+ By — Hyso.

=1

It follows consequently that
G+H=1-B,+B,,,

which coincides with the right-hand side of (2.21).

3. Further explicit expressions

In this section, we shall first prove a binomial identity. Then it will be utilized to derive equivalent
expressions for the connection coefficients (m, k) and w(m, k). These equivalent forms will be useful

in proving further explicit formulae for Bernoulli numbers.

3.1. A binomial sum identity

We begin with the following binomial identity.

Theorem 6. For two indeterminates x,y and m,k € Ny with m > k, the following algebraic identity

holds:

i (X =
= T+ -x+y+))

m

Z{ (x — D N (x = K1 }
A +y+m=—i A=x+y+DI+y—k+iin
Z’":{(x—mﬂ—k)k . (x = k)i }
(L +y—k+ i (L=x+y+D(L+y—k+i))

Proof. We prove the theorem by examining the double sum

X L (ke D(x =iy
S := ; ZA(:, j), where A, )= it

m
J=i
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For the given A’-sequence below, it is routine to check its difference

/1/ _ (x - l)k

= X=X = NG, ).

O =i+ Dt /
Therefore, we can manipulate S by telescoping as follows:
IR CUEDIDI R EDI Ty
i=k j=i i=k j=i i=k

which can be restated as

(X — i)k (x =)
S = - . 3.1
25{(whl <1+y—i+mnﬂ} G-1)

i=

Alternatively, for another A”-sequence, we have

173 o— (x - l)k+1
(L+y—i+ st

A= = =x+y+ DAG, J)).
Hence, we can reformulate S analogously as follows:
m J 17 m /1 ’ /ll/

m J
S=> Y AG J)—Zzl_ﬁyﬂ] Zl—x+

j=k i=k j=k i=k j=k y+‘]

which can be rewritten explicitly

S (X = k)i (x = J = D
S = E — . 3.2
j:k{(l—x+y+j)(1+y—k+j)k+1 (1—X+)’+j)()’)k+1} 3-2)

By relating (3.1) to (3.2), we derive the equality

Z Dk Z (X = ©)ir1
A ry—itmy G A-x+y+ HI+y—k+ e

— D (x = Jj = Drst
pan ()’)k+1 Z (I =x+y+ DO

_ Z (x =
L (T=x+y+ A+

which is equivalent to the expression in the theorem. O

When x = y = 0, Theorem 6 reduces to the crucial identity used by Komatsu and Pita-Ruiz [31,
Eq (27)].

AIMS Mathematics Volume 9, Issue 10, 28170-28194.
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From this, we deduce the equivalent expressions below

m+l

D\
Q(m, k) = ( ) m" Z(1+ml)k (3.3)

- l)k+1

This leads us to the following formula which reduces, for m = n, to Munch [39] (cf. Gould [24,
Eq (1.8)], Quaintance and Gould [43, Eq (15.7)]).

Theorem 7 (m >n=>1).

3.2. Connection coefficients w(m, k)

Consider the difference

[ (=) (=0)
Zk Z{(2+m - z])k G +m—ki)k+1}

px0 (=i

1 i—k l)k+1
“ N A= A (1 =i
=N here A, = ——— 2%
; Z,; PR S,

We infer that the formula in Theorem 7 is equivalent to the following one.

Theorem 8 (m > n > 2).

m m ( _ m+1)
=K ) (3.4)
k=1 i=k i-1
Its special case m = n can be found in Gould [24, Eq (1.9)], Quaintance and Gould [43, Eq (15.5)]
and Shanks [45]. However, the formula produced by Komatsu and Pita—Ruiz [31, Eq (2)] is incorrect.
The last formula can be rewritten as

= > K'w(m,k), (3.5)
=1
where the connection coefficients are defined by

m

w(m, k) =

—_—

m m+1
A-iyr & (1)
—2+m-i) S m+1 (i'_nl)

AIMS Mathematics Volume 9, Issue 10, 28170-28194.

(3.6)



28182

It is obvious that the matrix of the connection coeflicients

Wy = [w(, j)]lsi,jSm

with diagonal entries
(__1)k+1
k(k+1)

is lower triangular and invertible. It is not difficult to check that its inverse is given explicitly by

w(k, k) =

= 1>J“( )<2z j+i)

1<i,j<m

Observing further that
w(m. k) = Z )=

o (vm— D
we can prove the following interesting lemma.
Lemma 9. The connection coefficients satisfy the properties:

e Relations between Q(m, k) and w(m, k)

wm, k) = Qo k — 1) = Mt
! 3.7
_ (=m)y '
Qm, k) = wim,k +1) + ——— Gl
e Recurrence relations: m,k € N
( l)k—l
wim, k) — wim, k—1) = *k 1)( ) (3.8)
k) — -1,k) = & 3.9
w(m, k) — w(m ’)_m(m+1)k' (3.9)
e Equivalent expression: m,k € N
w(m, k) = Zml Sl (’) (3.10)
G+ DS '

Proof. The recurrence relations (3.8) and (3.9) follow by combining (3.7) with (2.4) and (2.5). The
equivalent expression displayed in (3.10) is obtained by iterating (3.9), which has already appeared
in (2.7). ]

The connection coefficients Q(m, k) and w(m, k) are related to the harmonic numbers in the
following manners.

AIMS Mathematics Volume 9, Issue 10, 28170-28194.
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Proposition 10 (Equivalent expressions: m, k € N).
k i m i

m+1 =Dfm+1
Q(m, k) = H, = , 3.11
(. k) = Hina Z ( i ) Z];i+1(i+1) G1D

k-1 i m i

(-1) (m (=D (m
k) = H, = . 3.12
w(m, &) = Hpur = +;i(i+1)(z’) Zi(i+1)(z‘) (3.12)

Proof. By iterating the relation (2.5) k-times, we find that

S =Difm+1
Q(m, k) = Qm, 0) + ) —( . )
— i i
which becomes the first expression in (3.11) since Q(m,0) = H,,.;. The second expression in (3.11)
follows by the inverse pair

B S (=1 n 1 - 1 (n
_; l_ (l) and 5_;(—1) (l_)H,

Analogously, by iterating the relation (3.8) k-times, we have that

k—1 (_1)! m
wm, ) = wim 1)+ )z
i=1

which gives the first expression in (3.12) since w(m, 1) = H,,.; — 1. The second expression in (3.12)
follows by another inverse pair

o D m 1 < i m
Hyy =1 = Zl(l+1)() dm—;” (l.)(H,-H—l).

O
We have therefore the following four explicit formulae.
Theorem 11 (m, n € Ny).
m 1 i 1 i
B=Y )(”.” ) v, m>nz0; (3.13)
— i+1\i+1 =
& (=17 fm) ¢
Bn = kn’ >nz= 2, 3.14
Z i+ D\i) & e (314)
B i(l)m”ikn >n>2 (3.15)
n = . s mz=nz z; .
— i+1\i+1 e
axm=n) Sh D m )
B, =(-1)'———= k", >n>0. 3.16
=1 n+1 i=0i+1i+1zz(; me=n ( )
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In the last line, y stands for the logical function with y(true) = 1 and y(false) = 0. When m = n, the
first identity recovers Bergmann [7] (cf. Gould [23, Eq (5)], [24, Eq (1.10)]), and the two variants (3.15)
and (3.16) reduce to Gould [24, Eqs (1.11) and (1.12)]. In addition, we remark that when m > n, (3.15)
is substantially the same as (3.13).

Proof. The first two identities follow directly by (3.11) and (3.12). In comparison with (3.13), the third
identity (3.15) is equivalent to

m+1
1 1yl = 111’"”) oo,
Z( )( )(+) D=1 ( )

j=1

because for m > n > 1, the order m + 1 of the differences is higher than the polynomial degree n — 1.

By means of the binomial relation
n+1 n n
= + s
()= () C)

~ m (_1)1’ m i m ( 1) .
B"_i: i+1(i+1)2kn z+1( )Zk

k=0 i=0

we can rewrite (3.13) as

Recall that the power sum Yico 7Lk results in a polynomial of degree n + 1 in j with the leading
coeflicient being equal to —. We can evaluate the second sum above in closed form as follows:

_ (_l)m Am+1 xn+1

m+1 n+1
'

. nl B
=(-D m)((m =n).

x=0

This confirms identity (3.16) and completes the proof of Theorem 11. m|

3.3. Fartial fractions

Consider the partial fraction decomposition

(X)[ Z (=1)/*¢ (5)(1 +m+ j)
(I +m+xX), l+m+x+j ¢ '

In the above equation, letting “x — —i, { - k” and “x - 1 —i, { — k— 17, we have, respectively, the
two equalities:

- (=1 (k)(1+m+j)

Atm=—ij S l+m—i+jy\ &
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(L=t _ v D fk=1\(m+
Q+m—i) = l+m—i+j\j—1\k—=1)

Substituting them into (3.3) and (3.6), respectively, then manipulating the double sums by exchanging
the summation order, we derive the following equivalent expressions in terms of harmonic numbers.

Proposition 12 (m, k € Ny).

k .
kN1 +m+
Q(m, k) = Z(_l)]+k(j)( k J){H1+m—k+j - Hj}, m>k>0;
j=0
Lo k= 1\(m+
w(m, k) = Z(—I)J+k(j _ 1)(]( _ 1){Hl+m—k+j - Hj}, m>k>1.
j=1

Consequently, we find two further explicit formulae involving harmonic numbers.

Theorem 13 (m, n € N).

Ms EMS

I+m+
1)j+k( )( ’Z J){H1+m—k+j -H;}, m>n>1;

k

‘ m+j
Z( 1)J+k( _ 1)(k ~ 1){H1+m—k+j ~Hj}, m>n>2.
j=1

>~
Il

1

4. More summation formulae

We are going to review, finally in this section, more summation formulae involving harmonic
numbers and Stirling numbers of the second kind by intervening with an extra integer parameter m.

4.1. Harmonic numbers

There exist two formulae expressing B, in terms of harmonic numbers, that are quite different from
those in Theorem 13.

Theorem 14 (m > n > 1).

ol ;1 _ 4.1)
_ n k-1t 1
= DK =D) (k_l)Hl,
k=1 i=k
2 4 H < i
B, = i —1 e
n+1lei+ k_]( ) (k) 4o
- - 4.2)
2 & e i\ H
— k}’l+ 1 k—1 1
n+1 ; ;( ) (k)l +1
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When m = n, the second formula (4.2) recovers Gould [24, Eq (1.4)].

Proof. Recalling the generating function

_In(l -
Zsz I1( y)
-y
we can proceed with
e —In{l1 - (1 —€")}
B, = n![x" =n![x" X
e e BEPTay pay s gt

n![x"] Z Hie"(1 — %! m>n

which results in the first formula (4.1).
The second formula (4.2) is a variant of (4.1), which can be verified by making use of another
generating function

i Hi . _I0°(1-y)
S 2

In fact, we can similarly extract the coefficient as follows:

B,

nl[x"]—

21n%{1 = (1 — &)}
2x(e*—1)

m

H, .
— 2n![x"] Z (1 =&Yy m>n
— I+ 1

—2n![x"] Z 11-:1_1 Z(—Dk(;)e’“
i=1 k=1

N i k=1t n+1
o

n![x"]

k=

4.2. Stirling numbers of the second kind

Here we offer three formulae containing the Stirling numbers of the second kind, extending those
by Shirai [46, Theorem 6 and Corollary 7] (cf. Morrow [38, Eq (1.5)]).
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Theorem 15 (1 # O and m, n € N with m > n > 0).

m+1
B —Z( 1>f((’ 1)) 21+ J. ), (4.3)
m+1 j m+2)
B, = _12( / o) Sa(n+ jv ), (4.4)
m+2
B, =~ “ﬁﬂ(giﬁl)) 2+ s J)- (4.5)
J

When m = n, the first formula (4.3) can be found in Gould [23, Eq (11)], [24, Eq (1.5)] (see also
Luo [33], Quaintance and Gould [43, Eq (15.10)], Shirai [46, Theorem 6]). Two variants (4.4) and (4.5)

withm=nand A =n+ % are due to Shirai [46, Corollary 7].

Proof. Recall the exponential generating function

(e -1y < X' .
, = ——So(n+ j, ).
J! ; (n+ !

We can extract the coeflicient

m
3
0

1

( 1)’( )[X"”](e 1y

J=

(1] = 1)) (’)
w2, iy
- ()=(77))

— j j+1)

“ (m + .
B,=n! > (-1y (e — 1)
n;( )(]+ )[x 1"~ 1)

= Zm:(—l) (’7:11)5 »(n +
= Jo J)s
j=0

('7)

Evaluating the last sum

we get the expression

which proves the first formula (4.3).
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The second sum (4.4) can be evaluated as follows:

Z iy n (")
J=1 (Tl)

Sz(l’l + j, J)

2 e a1y
=n![x'] g(—l)f(’?:lz)@ /x b(e; Ly
-5, ”'(m_f)[xﬂ]g(—ly(mj =
_B, n(m_+12)[xn](l_e 1)m+1’

because the last coefficient vanishes, thanks to the fact that m+ 1 > n and the constant term of (1 — ex;l)
is equal to zero.

Finally, writing

A+j+1 14 j+1
P 1’
we can reformulate the third sum in (4.5) as
m+2
Jnu+1+1> (1) )
Z( D= G Sa(n+ Jj, j)
J
n m+2 (m+13)
- YA +
— 2. )( g Sa(n+ j, j)
J=1 ]

nm+3) %S ('"”)
+(n_mZ<—>( S i

The first term on the right equals B, in view of (4.4). The second term on the right vanishes again,
which is justified analogously as follows:

m+2 m+2)
J

Z( > )2<n+j,j>

m+2 X i
_(n—l)'Z( 1)f(n+J)( )[ ()

j=1
| s ]m+2 e —1\j
= n(n — D[x"] Z( 1)( ) )( - )

m+2 i
+(m+2)(n - 1)! x"]Z( 1)J(’7+ 1)(e ;1)1
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e’ — 1)m+2

= n(n — 1)![x"](1 -

~(m+2)(n - DI(1 - ; 1)m”(ex; 1).

O
4.3. Two formulae of Todorov [48]
Theorem 16 (m > n > 2).
__n N i1 1!
Brjhlgenzmzm i) (4.6)
. n = 1 = (=D (i
_2n—12kn Z 2t \k)’
k=1 i=k
nowe o, e (=DEH =1
B, = -l : : 4.
2”—1;k ;; 20 \k—-1 “.7)

The special case m = n—1 of the first formula (4.6) was found by Worptzky [50] (see also Carlitz [9,
Eq (6)], Garabedian [21], Gould [23, Eq (2)], [24, Eq (3.22)]). Instead, the variant (4.7) reduces, for
m = n, to Carlitz [9, Eq (5)].

Proof. By making use of the algebraic identity

F(x):= {ehzil - 1}_{6)2 1 1} - ljrxex’

we can extract the coefficient

2" -1
— B, = *'IF (%) = [+']
n! 1
1
—_ 11
= —[x ]—_ 1=
= —[x"1] (2111)1( - 1) l+m>n>0

i=1

m )1 1 l' .
Z i Sa(n—1,10),

i=1
which proves the first identity (4.6). Analogously, we have

2m — 1 -1
—B, = [X"]F (x) = [xH]
n! 1+ e*

- [xn_l]{ 1 —11-6"‘}

2

= >”[xn1{ “ e - [mEad]

i=1
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m

i=1

By invoking the expression

(=1 (i
Satmiy =Y & (l.)j",
=AY,

we can further manipulate the last sum

)y

i=1 k=1
(=1 G i1,
:; 2i ;(k—l)kl

-

D S (i)
i2 1k '

Il
—
>~

This confirms the second formula (4.7).

_1yi-l
Z %{ﬂszm — Li)+ G = DISy(n—1,i - D},

1 DR A ([ (i 1)
R N (R

O

The formulae in Theorem 16 imply the following results, that recover, for m = n — 1 and m = n, the
two formulae due to Todorov [48, Egs (8) and (9)] (see also Gould [24, Eq (3.23)] for the former one).

Theorem 17 (m > n > 2).

J
n m+1
B,=———— —k!
2m+l(Qn — 1) Z( ) (j+ 1

=0 k=0

Proof. By means of the binomial transform

we can reformulate the sum in (4.6) as
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m_j
_ n PIVARY L A P
‘2m+1(2n—1)zz( D (j+1)k ’

which confirms the first identity (4.8). The second one (4.8) can be done analogously by applying
another binomial transform

Author contributions

Nadia Na Li: Computation, Writing, and Editing; Wenchang Chu: Original draft, Review, and
Supervision. Both authors have read and agreed to the published version of the manuscript.

Acknowledgments
The authors express their sincere gratitude to the three reviewers for the careful reading, critical
comments, and valuable suggestions that contributed significantly to improving the manuscript during

revision.

AIMS Mathematics Volume 9, Issue 10, 28170-28194.



28192

Contflict of interest

Prof. Wenchang Chu is the Guest Editor of special issue “Combinatorial Analysis and Mathematical

Constants” for AIMS Mathematics. Prof. Wenchang Chu was not involved in the editorial review and
the decision to publish this article. The authors declare no conflicts of interest.

References

1.

10.

11.

12.

13.

14.

15.

16.

T. Agoh, Shortened recurrence relations for generalized Bernoulli numbers and polynomials, J.
Number Theory, 176 (2017), 149—173. https://doi.org/10.1016/j.jnt.2016.12.014

T. Agoh, K. Dilcher, Convolution identities and lacunary recurrences for Bernoulli numbers, J.
Number Theory, 124 (2007), 105-122. https://doi.org/10.1016/;.jnt.2006.08.009

T. M. Apostol, Introduction to analytic number theory, Undergraduate Texts in Mathematics,
Springer, 1976. https://doi.org/10.1007/978-1-4757-5579-4

T. M. Apostol, A primer on Bernoulli numbers and polynomials, Math. Mag., 83 (2008), 178—190.
https://doi.org/10.1080/0025570X.2008.11953547

G. Arfken, Bernoulli numbers, Euler-Maclaurin formula, In: Mathematical methods for physicists,
3 Eds., Orlando: Academic Press, 1985, 327-338.

A. T. Benjamin, J. Lentfer, T. C. Martinez, Counting on Euler and Bernoulli number identities,
Fibonacci Quart., 58 (2020), 30-33. https://doi.org/10.1080/00150517.2020.12427550

H. Bergmann, Eine explizite darstellung der bernoullischen zahlen, Math. Nachr., 34 (1967), 377—
378. https://doi.org/10.1002/mana.1967.3210340509

L. Carlitz, Generalized Bernoulli and Euler numbers, Duke Math. J., 8 (1941), 585-589.
https://doi.org/10.1215/S0012-7094-41-00850-5

L. Carlitz, Remark on a formula for the Bernoulli numbers, Proc. Amer. Math. Soc., 4 (1953),
400-401.

L. Carlitz, Multiplication formulas for generalized Bernoulli and Euler polynomials, Duke Math.
J., 27 (1960), 537-545. https://doi.org/10.1215/S0012-7094-60-02751-4

Y. Chen, Multiple convolutions on Bernoulli numbers, Euler numbers and Genocchi numbers, Pure
Math., 14 (2024), 433-443. https://doi.org/10.12677/PM.2024.142042

W. Chu, Reciprocal formulae for convolutions of Bernoulli and Euler polynomials, Rend. Mat.
Appl., 32 (2012), 17-74.

W. Chu, P. Magli, Summation formulae on reciprocal sequences, Eur. J. Combin., 28 (2007), 921—
930. https://doi.org/10.1016/j.€jc.2005.10.012

W. Chu, C. Y. Wang, Convolution formulae for Bernoulli numbers, Integr. Transf. Spec. Funct., 21
(2010), 437-457. https://doi.org/10.1080/10652460903360861

W. Chu, X. Y. Wang, Reciprocal relations for Bernoulli and Euler numbers/polynomials, Integr.
Transf. Spec. Funct., 29 (2018), 831-841. https://doi.org/10.1080/10652469.2018.1501047

W. Chu, R. R. Zhou, Convolutions of the Bernoulli and Euler polynomials, Sarajevo J. Math., 6
(2010), 147-163. https://doi.org/10.5644/SIM.06.2.01

AIMS Mathematics Volume 9, Issue 10, 28170-28194.


https://dx.doi.org/https://doi.org/10.1016/j.jnt.2016.12.014
https://dx.doi.org/https://doi.org/10.1016/j.jnt.2006.08.009
https://dx.doi.org/https://doi.org/10.1007/978-1-4757-5579-4
https://dx.doi.org/https://doi.org/10.1080/0025570X.2008.11953547
https://dx.doi.org/https://doi.org/10.1080/00150517.2020.12427550
https://dx.doi.org/https://doi.org/10.1002/mana.1967.3210340509
https://dx.doi.org/https://doi.org/10.1215/S0012-7094-41-00850-5
https://dx.doi.org/https://doi.org/10.1215/S0012-7094-60-02751-4
https://dx.doi.org/https://doi.org/10.12677/PM.2024.142042
https://dx.doi.org/https://doi.org/10.1016/j.ejc.2005.10.012
https://dx.doi.org/https://doi.org/10.1080/10652460903360861
https://dx.doi.org/https://doi.org/10.1080/10652469.2018.1501047
https://dx.doi.org/https://doi.org/10.5644/SJM.06.2.01

28193

17

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.
28.

29.
30.

31.

32.

33.

34.

35.

36.

. L. Comtet, Advanced combinatorics, The Art of Finite and Infinite Expansions, Springer
Dordrecht, 1974. https://doi.org/10.1007/978-94-010-2196-8

F. Lee Cook, A simple explicit formula for the Bernoulli numbers, College Math. J., 13 (1982),
273-274.

K. Dilcher, Sums of products of Bernoulli numbers, J. Number Theory, 60 (1996), 23—41.
https://doi.org/10.1006/jnth.1996.0110

L. Fekih-Ahmed, On some explicit formulas for Bernoulli numbers and polynomials, arXiv, 2012.
https://doi.org/10.48550/arXiv.1106.5247

H. L. Garabedian, A new formula for the Bernoulli numbers, Bull. Amer. Math. Soc., 46 (1940),
531-533. https://doi.org/10.1090/S0002-9904-1940-07255-6

I. M. Gessel, On Miki’s identity for Bernoulli numbers, J. Number Theory, 110 (2005), 75-82.
https://doi.org/10.1016/j.jnt.2003.08.010

H. W. Gould, Explicit formulas for Bernoulli numbers, Amer. Math. Mon., 79 (1972), 44-51.
https://doi.org/10.1080/00029890.1972.11992980

H. W. Gould, Table for combinatorial numbers and associated identities: Table II, Edited and
compiled by Jocelyn Quaintance, unpublished work, 2010.

H. W. Gould, J. Quaintance, Bernoulli numbers and a new binomial transform identity, J. Integer
Seq., 17 (2014), 14.2.2.

R. L. Graham, D. E. Knuth, O. Patashnik, Concrete mathematics, 2 Eds., Massachusetts: Addison-
Wesley, 1994.

E. R. Hansen, A table of series and products, Prentice-Hall Inc., 1975.

J. Higgins, Double series for the Bernoulli and Euler numbers, J. London Math. Soc., 2 (1970),
722-726. https://doi.org/10.1112/jlms/2.Part_4.722

C. Jordan, Calculus of finite differences, 2 Eds., Chelsea Publishing Company, 1950.

M. Kaneko, A recurrence formula for the Bernoulli numbers, Proc. Janpan Acad. Ser. A Math. Sci.,
71 (1995), 192—-193. https://doi.org/10.3792/pjaa.71.192

T. Komatsu, C. Pita-Ruiz, Several explicit formulae for Bernoulli polynomials, Math. Commun.,
21 (2016), 127-140.

T. Komatsu, B. K. Patel, C. Pita-Ruiz, Several formulas for Bernoulli numbers and polynomials,
Adv. Math. Commun., 17 (2023), 522-535. https://doi.org/10.3934/amc.2021006

Q. M. Luo, A new proof of the formula for the Bernoulli numbers, Int. J. Math. Educ. Sci. Technol.,
36 (2005), 551-553. https://doi.org/10.1080/00207390412331336229

Y. Matiyasevich, Identities with Bernoulli numbers, 2006. Available from:
http://logic.pdmi.ras.ru/~yumat/Journal/Bernoulli/bernulli.htm.

M. Merca, Bernoulli numbers and symmetric functions, RACSAM, 114 (2020), 20.
https://doi.org/10.1007/s13398-019-00774-6

H. Miki, A relation between Bernoulli numbers, J. Number Theory, 10 (1978), 297-302.
https://doi.org/10.1016/0022-314X(78)90026-4

AIMS Mathematics Volume 9, Issue 10, 28170-28194.


https://dx.doi.org/https://doi.org/10.1007/978-94-010-2196-8
https://dx.doi.org/https://doi.org/10.1006/jnth.1996.0110
https://dx.doi.org/https://doi.org/10.48550/arXiv.1106.5247
https://dx.doi.org/https://doi.org/10.1090/S0002-9904-1940-07255-6
https://dx.doi.org/https://doi.org/10.1016/j.jnt.2003.08.010
https://dx.doi.org/https://doi.org/10.1080/00029890.1972.11992980
https://dx.doi.org/https://doi.org/10.1112/jlms/2.Part_4.722
https://dx.doi.org/https://doi.org/10.3792/pjaa.71.192
https://dx.doi.org/https://doi.org/10.3934/amc.2021006
https://dx.doi.org/https://doi.org/10.1080/00207390412331336229
http://logic.pdmi.ras.ru/~yumat/Journal/Bernoulli/bernulli.htm
https://dx.doi.org/https://doi.org/10.1007/s13398-019-00774-6
https://dx.doi.org/https://doi.org/10.1016/0022-314X(78)90026-4

28194

37. H. Momiyama, A new recurrence formula for Bernoulli numbers, Fibonacci Quart., 39 (2001),
285-288. https://doi.org/10.1080/00150517.2001.12428736

38. G. J. Morrow, Bernoulli number identities for associated Stirling numbers and derangements,
Australas. J. Comb., 88 (2024), 22-51.

39. O. J. Munch, Om Potensproduktsummer, Nord. Mat. Tidsskr., 7 (1959), 5-19.

40. H. Pan, Z. W. Sun, New identities involving Bernoulli and Euler polynomials, J. Combin. Theory,
Ser. A, 113 (2006), 156—-175. https://doi.org/10.1016/j.jcta.2005.07.008

41. C. Pita-Ruiz, Carlitz-type and other Bernoulli identities, J. Integer Seq., 19 (2016), 16.1.8.
42. H. Prodinger, A short proof of Carlitz’s Bernoulli number identity, J. Integer Seq., 17 (2014),

14.4.1.

43. J. Quaintance, H. W. Gould, Combinatorial identities for stirling numbers, World Scientific, 2016.

https://doi.org/10.1142/9821

44. J. Riordan, Combinatorial identities, New York: John Wiley & Sons, 1968.
45. E. B. Shanks, A finite formula for the Bernoulli numbers, Amer. Math. Monthly, 59 (1952), 496.

46. S. Shirai, K. Sato, Some identities involving Bernoulli and Stirling numbers, J. Number Theory, 90
(2001), 130-142. https://doi.org/10.1006/jnth.2001.2659

47. K. R. Stromberg An introduction to classical real analysis, Belmont, California: Wadsworth, 1981.

48. P. G. Todorov, Explicit formulas for the Bernoulli and Euler polynomials and numbers, Abh. Math.
Semin. Univ. Hambg., 61 (1991), 175-180. https://doi.org/10.1007/BF02950761

49. P. Vassilev, M. V. Missana, On one remarkable identity involving Bernoulli numbers, Notes Number
Theory Discrete Math., 11 (2005), 22-24.

50. J. Worpitzky, Studien iier die Bernoullischen und Eulerschen Zahlen, J. Reine Angew. Math., 94
(1883), 203-232. https://doi.org/10.1515/crll.1883.94.203

@ AIMS Press

AIMS Mathematics

©2024 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

Volume 9, Issue 10, 28170-28194.


https://dx.doi.org/https://doi.org/10.1080/00150517.2001.12428736
https://dx.doi.org/https://doi.org/10.1016/j.jcta.2005.07.008
https://dx.doi.org/https://doi.org/10.1142/9821
https://dx.doi.org/https://doi.org/10.1006/jnth.2001.2659
https://dx.doi.org/https://doi.org/10.1007/BF02950761
https://dx.doi.org/https://doi.org/10.1515/crll.1883.94.203
https://creativecommons.org/licenses/by/4.0

	Introduction and motivation
	Double sum representations
	Connection coefficients (m,k)
	Formulae of Fekih-Ahmed fekih
	Four variants with k being shifted

	Further explicit expressions
	A binomial sum identity
	Connection coefficients (m,k)
	Partial fractions

	More summation formulae
	Harmonic numbers
	Stirling numbers of the second kind
	Two formulae of Todorov todor


