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Abstract: Let f be a set-ordered edge-magic labeling of a graph G from V(G) and E(G) to [0, p—1] and
[1, p — 1], respectively; it also satisfies the following conditions: |f(V(G))| = p, max f(X) < min f(Y),
and f(x)+ f(y) + f(xy) = C for each edge xy € E(G). In this paper, we removed the restriction that the
labeling of vertices could not be repeated, and presented the concept of magical colorings including
edge-magic coloring, edge-difference coloring, felicitous-difference coloring, and graceful-difference
coloring. We studied the magical colorings on the tree and proved the existence of four kinds of magical
colorings on the tree from a set-ordered edge-magic labeling. Further, we revealed the transformation
relationship between these kinds of colorings.
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1. Introduction

With the rapid development of quantum computing theory and quantum computer technology, the
traditional public key cryptosystem is facing great challenges [1-3]. Because of the difficulty in solving
the two NP-complete problems of graph coloring and subgraph isomorphism, topological graphs are
integrated into the cryptography field to resist quantum computer attacks [4-7], this means that NP-
complete problems can be solved in non-deterministic polynomial time, but no efficient deterministic
polynomial time algorithm has been found to solve such problems. Sedlacek first defined the magic
labeling of a graph [8], and his research stems from magic squares in number theory. Based on
Bloom and Golomb results [9], Wallis proposed the concept of edge magic total labeling in his
research on communication networks and radar pulse coding for assigned address [10]. Wang et
al. [11, 12] designed a topological coding consisting of topological structure and graph colorings. Yao
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et al. [13] arranged the colors of each edge and two end-vertices of a (p, g)-graph G in topological
matrix Tope = (X.E.Y)} . where X = (f(x), f()-  f@)) E = (fler). flex). . fley)).
Y = (f1), f(2), -+, f(y,)) are three vectors of real numbers, and matrix 7,4, distributes us at least
(39)! different number-based strings in total based on a coloring f. Therefore, if a topology has many
types of colorings and these colorings can be transformed into each other, the key space of topology
encryption will be increased.

In order to increase the diversity and space of topological keys, we extend the graph labeling and
the graph coloring in the mathematical function to obtain a coloring function with more restrictive
conditions, which is used to generate the encryption key and decryption key of the topological model.
According to the topological coding diagram, we give some methods of obtaining the topological key
by combining the graph base and graph operation. In addition, we generate large-scale graphs on the
basis of small-scale graphs for key generation, and study the relationship between graph labeling and
graph coloring in these models.

The graphs mentioned here are undirected, simple finite graphs. A graph with p vertices and ¢
edges is called a (p, g)-graph. A symbol [a, b] represents a set {x € Z : a < x < b} with a,b € N and
a < b. The number of elements of a set X is denoted as |X|, N(u) is the set of vertices adjacent with a
vertex u, and the number d(u) = |N(u)| is called the degree of the vertex u. If d(u) = 1 then the vertex
u is called a leaf. The notations and terminologies not mentioned here can be found in [14, 15].

Definition 1. Let G be a (p, q)-graph with a vertex bipartition (X,Y) holding V(G) = X U Y and
X NY = 0. Suppose that G admits a labeling f : V(G) U E(G) — [0, M], and f(P) = {f(w) : w € P}
represents a set composed of the coloring of all elements in set P. These are the following restrictions:

D1fvVG)l = p;

2) f(V(G)) € [0, p - 11, min f(V(G)) = 0;

3) fEG) = {f(xy) : xy € E(G)} = [1,p - 1];

4) max f(X) < min f(Y),

5) f(VG) U FEWG)) < [0,p +4ql;

6) f(x)+ f(xy) + f(y) = C for each edge xy € E(G);

7)f(x) = fWI + f(xy) = C; for each edge xy € E(G);

8) 1f(x) + f() = f(xy)l = C5 for each edge xy € E(G);

9)1f(x) = fOI = f(xy)l = C4 for each edge xy € E(G).

We call f a set-ordered edge-magic labeling if conditions 1), 2), 3), 4), 6) are met. If we allow that
there is at least a pair of vertices colored with the same color in the above, it means that f(u) = f(v)
for any two vertices u, and v € V(G) is allowed to be true. We will obtain four types of new colorings:

(1) f is an edge-magic coloring when conditions 5), 6) are met;

(2) f is an edge-difference coloring when conditions 5), 7) are met;

(3) f is a felicitous-difference coloring when conditions 5), 8) are met;

(4) f is a graceful-difference coloring when conditions 5), 9) are met.

The above Ci(i = 1,2,3,4) are constants, called magic constants, and these four colorings are
known as magic-type colorings.

Definition 2. The graph G obtained by adding a new edge uv ¢ E(G) is denoted as Gy, = G + uv,
u € V(G),v ¢ V(G). We call the process of obtaining the graph G, randomly adding leaf operation,
and say that G, is a leaf-added graph and v is a leaf of G. Let G be a (p, q)-graph, and leaf-added
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graph G, is the result of adding randomly m leaves to graph G, then G, is a (pa,qa)-graph, where
pa=p+mandqgsy =q+m.

2. Connections between the four colorings of trees

Lemma 1. Each tree admits a set-ordered edge-magic labeling defined in Definition 1.

Proof. Let the number of vertices and edges of tree T be p and ¢, respectively. Since the vertex of each
tree T can be divided into two parts X and Y, (X, Y) represents the bipartition of vertices of the tree T,
then X = {x;|i € [1,s]} and Y = {y;|j € [1,]} holding s + ¢ = |[V(T')| = p. Clearly, x; € X and y; € Y for
each edge x;y; of a tree T. Without loss of generality, we let f(x;) =i— 1 withi € [1,s], f(y)) =p—j
with j € [1,7], and f(x;y;) = s + j — i for every edge x;y; € E(T), so the labels of each vertex satisfy
the following relation,

J) < flr) <o+ < flx) < fO) < fOr-) <= < fO), 2.1)

so condition s — 1 = max f(X) < min f(Y) = s is true. In addition, we can find f(x;) + f(x;y;) + f(y:) =
i—-l+s+j—-i+p—j=s+p-—1forxy; € E(T). According to Definition 1, f is a set-ordered
edge-magic labeling of tree 7. An example for illustrating the proof of Lemma 1 (see Figure 1). O

I()—?—I 1—7)
Y4 X Ys y Y,

Figure 1. An example for illustrating the proof of Lemma 1.

Theorem 1. If a tree admits a set-ordered edge-magic labeling, then the tree admits edge-magic
coloring, edge-difference coloring, felicitous-difference coloring, and graceful-difference coloring, one
of which can be converted from the other magical colorings.

Proof. Below we show the proof process of the conversion between the edge-magic coloring, edge-
difference coloring, felicitous-difference coloring, and graceful-difference coloring. Let the above four
types of colorings be fi, f2, f3, and fi, and the relationship between the four colorings of tree 7T is given
below.

() & (2). Let fo(xi) = filxsr1-0), L) = fiG)), folxiy) = fi(xiy;). Since f; is an edge-magic
coloring, f satisfies f1(V (1)) U fi(E(T)) C [0, p + q] and fi(x;) + fi(x;y;) + fi(y;) = s + p— 1. We can
deduce that | f,(x;) = L)+ 2(xiy) = | [ilxee1-) = iy DI+ filxiy) = fily)—s+ 1+ fi(x)+ fi(xiy)) = p.
It is clear that the coloring of V(T) and E(T) satisfies f2(V(T)) U fo(E(T)) C [0, p + q] when f; is
transformed to f,.

(2) © (3). Let f3(x;) = falxg1-), L)) = L)), fi(xiy;) = g + 1 = fo(x;y;). Similar to the above
proof, we can derive | f3(x;)+ 5(v) — 5(xiy )l = |a(Xsr1-) + L) —g— 1+ foalxiypl = p+s—g—-2 = s—1
is a constant; also, f3(V(¢)) U f3(E(T)) c [0, p + g, so we get to coloring f; by coloring f.
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(3) & (4). We give the following transformation: f4(x;) = f3(xse1-i), fa(y;) = [0)), falxiy;) =
fi(xiy,). We can further derive that [|fy(x) — fiv)l = fibayl = lls = 1 = fa(x) = 0| = fGay)l =
If3(x) + 3(j) = fs(xiy)l — s + Lis equal to 0, and f4(V(1) U f4(E(T)) C [0, p + q] is satisfied, which
shows that coloring f; and coloring f; can be transformed into each other.

(4) & (1). By the following transformation: fi(x;) = fa(xe1-), fi(y;) = fa(y)), filxiy)) =g+ 1 -
fa(xiy;), we can get fi(x;) + fi(xiyy) + fi(yy) = s+ 1 - faCx) + g+ 1 - faCxiy)) + fu(yj) = s+ q— fu(y)) —
fa(xi) = fa(xiyj) = s + g. Also, we get fi(V() U fi(E(T)) C [0, p + g], then f; can be further obtained
by coloring f;.

Therefore, Theorem 1 is proved. An example for illustrating the proof of Theorem 1 (see Figure 2).

O
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(© f, (@) f,

Figure 2. An example for illustrating the proof of Theorem 1.

Theorem 2. Let a tree T admit a set-ordered edge-magic labeling and (X, Y) represents the bipartition
of vertices of T, then |X| = s, |Y| = t, and its leaf-added graph Ty is obtained by adding K leaves to
tree T. Let |V(Ty)| = p’, |[E(Ty)| = ¢, then T, admits an edge-magic coloring and its magic constant
isCy=s5s+q +K.

Proof. Lemma 1 proves that every tree 7 admits a set-ordered edge-magic labeling f, then we prove
the existence of magical colorings of the leaf-added graph T4 based on the labeling f of T. Since T
has a vertex set V(T) = XU Y with X NY = 0, where X = {x1,x,--- ,x;}and Y = {y1,y2,- -, ¥}
with s + ¢ = p = |V(T)|, according to the definition of a set-ordered edge-magic labeling, we get the
set-ordered restriction

0=/f(x) < flx) < <flx) <fO) <fQr-p) <--- < fO)=p-1L (2.2)

Let C = s+ ¢, then the sum of the labels of each edge x;y; € E(T) and its two end vertices x;,y; € V(T)
satisfies

fG) + fy) + fy)=s+q=C>0, (2.3)
as well as f(E(G)) = {f(xiy)lxy; € E(T)} = [1,p—1].
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Next, we consider the topology of leaf-added graph 74 of T. Adding randomly m; new leaves a;
to each vertex x; € X € V(T) by joining a;; with x; together by new edges x;a;, for k € [1,m;] and
i € [1,s], the set of new leaves a;; is denoted by the symbol L(x;) = {ailk € [1,m;],i € [1,s]}.
Meanwhile, adding randomly 7n; new leaves b;, € L(y;) = {bj.|[r € [1,n;],j € [1,1]} to each vertex
y; € Y C V(T) by joining b;, with y; together by new edges y;b;,, when m; = 0 or n; = 0 exist, it
means that no new leaves are added to a vertex x; or y;. Let M = ', m. and N = >, ne. Obviously,
we have K = M + N, so the number of vertices and edges of Ty is p" =p+M+Nandq' =g+ M+ N,
respectively.

We define a coloring f; of the leaf-added graph T4 in the following steps:

Step 1. Color edges y;b;,. for leaves b;, € L(y;) with r € [1,n;] and j € [1,¢] as follows:

fi0n1by ) = rfor r € [1,n], then the maximum colors of the newly added edge connected to y; is
fl(ylbl,nl) = Hny,

f10nby,) = ny + rfor r € [1,n,], so the largest number of colors in the leaves of vertex y; is equal
to f1(y2b2n,) = 1y + ny;

For je[3,t-1], fily;jbj,) = Zf: ne.+rforre[l,n;], we have fi(y;b;n,) = ZZ: ne+n;= Zle ne;

fibs ) = 22;11 ne + r for r € [1,n,], so the edge y,b, ,, is colored by

t—1 t

fGb) = Y ne+n = n =N, (2.4)

c=1 c=1

The above indicates that all new edges associated with y;(1 < j < ) are given the
corresponding color.

Step 2. Next, we focus on the coloring of the newly added edge connected to x; € X. Color edges
x;a;y for leaves a;; € L(x;) with k € [1,m;] and i € [1, s] as follows:

fi(xsasx) = N + k for k € [1, mg], therefore, the coloring of edge x,a;m, 1S fi(Xsasm,) = N + my;

fi(xsm1a5-10) = N + my + k for k € [1,m,_;]; according to coloring rule, we get the largest color
filxsm1@5-1m, ;) = N + mg + m,_; for the newly added adjacent edge of vertex x,_;;

Fori € [2,5 — 2], fi(xy—i@s-ix) = N+ X0 i, m. + k for k € [1,m,_;], we get fi(Xs_i@s_im,_) =
N + Zi:s—i me;

filxia1x) = N+ 3., m. + k for k € [1,m;] and the last edge x;a; ,, is colored with

Aia,) =N+ > mc+m=M+N=K 2.5)
c=2

Based on the above two steps, all the new leaves have gained their colors.
Step 3. In this step, we recolor the edges and vertices that already exist in T as the following way:

fitxiyj) = f(xiy;) + 2K for x;y; € E(T), and fi(x;) = f(x;) for x; € V(T), fi(y;) = f(y;) for y; € V(T).
Therefore, each edge x;y; € E(T) holds

Silx) + filxiy) + fiky) = f(x) + fxiy) + 2K + f(y;)) = C + 2K. (2.6)
We have the edge color set f;(E(T,)) of the leaf-added graph T, as follows:
J(ETY) =[1,K]U[2K + 1,2K + q] C [0, p" + ¢']. (2.7)
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Step 4. Finally, we color the newly added vertices including the added leaves b;, € L(y;) and
aijx € L(x;) withi € [1,s]and j € [1,7]. Let Cy = C + 2K = s+ ¢’ + K, and each leaf b;, € L(y,) is
colored by

filb;) = Ca = i) = fiQjbjr), v € [1,n5], j € [1,1]. (2.8)

Obviously, the equation fi(y;) + fi(y;b;,) + fi(b;,) = C4 is satisfied on every leaf connected to y;, and
C,4 is a constant. In the same way, each leaf a;; € L(x;) is colored by

filaix) = Cq — fi(xi) = fi(xiaip). (2.9)

Immediately, fi(x;) + fi(xa;x) + fi(aix) = C4 holds for k € [1,m;] and i € [1,s]. Also, we can get
SfilV(T4)) U fi(E(T4)) C [0, p" + ¢'], then f; is an edge-magic coloring of leaf-added graph T'4. O

Theorem 3. Let a tree T admits a set-ordered edge-magic labeling, and its leaf-added graph T, is a

’

(p’, q')-graph, then T, admits an edge-difference coloring and its magic constant is Cg = p'.

Proof. Let (X, Y) represents the bipartition of vertices of 7" and |X| = s, |Y| = ¢, and its leaf-added graph
T, is obtained by adding K leaves to tree 7. We still define a coloring f, for T4 and prove that f, is an
edge-difference coloring.

To start, color edges y;b;, for leaves b;, € L(y;) withr € [1,n;] and j € [1, 1] as follows: f>(y\b;,) =
K+ 1 —rforr € [1,n], and the color of the new leaf connected to vertex y, decreases in turn
until f,(y1b1,,) = K + 1 —ny is obtained; f,(y,0,,) = K+ 1 —n; —r for r € [1,n,], so we get
HOnbry,) = K+1—(n; +ny). For je[3,t-1], L(ybj,) =K+1- Zij ne —r for r € [1,n,], then
we have fo(y;bjn,) = K+ 1 - i:1 ne; and (b)) = K+ 1 - 22;11 n. —r for r € [1,n,]. The last edge
Vib, p, 1s colored by

t
FObu)=K+1=> ne=K+1-N=M+1. (2.10)

c=1
Next, color edges x;a; for leaves a;; € L(x;) with k € [1,m;] and i € [1, s] as follows: fa(xsa,x) =k
for k € [1,m], so we have fo(x;a,,,) = my; fo(xs_1a5-1%) = ms + k for k € [1,m,_;]. We follow this
coloring rule until we get the last coloring fo(xs-1as-1m, ,) = ms+m,_y. Fori € [3,s—1], fo(xs_ias_ix) =
D iame + k for k € [1,my_;], then we get the coloring of edge x,_ids—im,_, 18 fo(Xs—iGs—im,_ ) =

Y1 Me + k, fo(xyarx) = X0, me + k for k € [1,m,], and the last edge x;a,, is colored with

Fxia ) = Y me+m =M. 2.11)
c=2

The first two steps have given the colors of all the newly added edges.
Then, we recolor the vertices and edges that already exist in tree T as the following way: f,(x;y;) =

f(xiyj) + K for Xiyj € E(T)’ and fZ(Xi) = f(-xs+l—i) =s-1- f(.xi) for X; € V(T), fZ(yj) = f(y/) for
v; € V(T), so, the x;y; € E(T,) holds

12(x) = LOII+ H(xiy) =1s =1 = f(x) = fOPI+ f(xiy) + K

=fO)—s+1+f(x)+ flxy)+K
=C-s+1+K

=q +1=p.

(2.12)
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We have the edge color set f,(E(T,)) of the leaf-added graph T4 as follows:
HETY) =[1,KIVU[K+1,4]1=[1,4] (2.13)

Finally, we color the added leaves of b;, € L(y;) and a;; € L(x;) withi € [1,s] and j € [1,¢]. For
the sake of simplicity, let Cg = p’. Each leaf b;, € L(y;) with r € [1,n;] and j € [1, 1] is colored by

L) =Cp— fHr(yibj,) + (¥, (2.14)

so we have |/,(y;) — o(b;)| + fo2(y;b;,) = Cgforr € [1,n;] and j € [1,1].
On the other hand, for each leaf a;; € L(x;), k € [1,m;], and i € [1, s], its coloring is

flaix) = Cp — fr(xiaip) + f2(x). (2.15)

Immediately, |f2(x;) — fa(aix)| + fo(xia;x) = Cp is true for k € [1,m;] and i € [1, s]. In summary, we
know f5(V(T4)) U HL(E(T4)) C [0, p” + 4], so leaf-added graph T4 has an edge-difference coloring f5,
and its magic constant is p’. O

Theorem 4. Let a tree T admits a set-ordered edge-magic labeling and (X, Y) represents the bipartition
of vertices of T, then |X| = s, |Y| = t. Its leaf-added graph T4 is obtained by adding K leaves to tree T,
then Ty admits a felicitous-difference coloring and its magic constant is Cc = s — 1 + 2K.

Proof. Like the previous proof, we start by coloring the edges of the newly added leaves b;, and a;,
where r € [1,n;], j€[1,t], k € [1,m;], and i € [1, 5].

First, color edges y;b;, for leaves b;, € L(y;) as follows: f3(y1b1,) = K+ 1 —rforr € [1,n],
then the minimum color of the newly added edge associated with y, is f3(yib1,,) = K + 1 = ny;
f30nby,) = K+ 1—ny —rforr€|[l,ny], so we have f3(y20,,,) = K +1—(n; + ny). For j € [3,t—-1],
BOb,)=K+1- Zg;i n. — r for r € [1,n,], therefore, the minimum color of each adjacent edge of
yjisequalto f3(yibj.,) = K+ 1 - Z::l ne 3(yibr,) = K+ 1 - Zi;ll n, — r for r € [1, n;], and the last
edge y,b, ,, 1s colored by

t

FGibm)=K+1=>"n.=M+1. (2.16)
=1

Second, color edges x;a; for leaves a;; € L(x;) withk € [1,m;] and i € [1, s] as follows: f3(xja,x) =
k for k € [1,m;], which means that f3(x;a;,,) = m;. What we need to note is that if no new leaves
are added to vertex xi, then m; = 0; f3(x2a24) = my + k for k € [1,m,]. According to this rule, we
get the maximum color of the added edge connected to x,, f3(x2a2,,,) = my + my. Wheni € [3,s — 1],
fxai) = X572 me+kfor k € [1,m;], so we have fy(x,a;,,) = Y., m,. Further, f3(x,a) = Y52} me+k

for k € [1, m,] and the last edge x,a;,,, is colored with

s—1
Fxstsm) = my+ ) me=M. (2.17)
c=1

Third, consider the color of the edges and vertices that already exist in 7', which corresponds to the
coloring f3(x;y;), f3(x;), f3(y;) in T4. We recolor each element of V(T) U E(T) in the following way:
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f(xiyj) = p— f(xiyp) + 2K for x;y; € E(T), f3(x;) = f(x;) + 2K for x; € V(T), and f5(y;) = f(y;) + 2K
for y; € V(T). The colors of these edges x;y; € E(T) satisfy

If3(x) + f300) = iyl = f(x) + fy) +4K — p + f(xiy;) — 2K
=C+2K-p (2.18)
=s—1+2K.

We have the edge color set f3(E(T,)) of the leaf-added graph T4 as follows:
HETY)=[1,KIJURK+1,2K+p—-1]1c[0,p" +{]. (2.19)

In the last step, we color the added leaves of b, € L(y;) and a;x € L(x;) withi € [1, s] and j € [1,1].
Let Cc = s — 1+ 2K, then each leaf b;, € L(y;) with r € [1,n;] and j € [1,1] is colored by

[0 = Ce + f3(;bsr) = ), (2.20)

so |f3(y;) + f3(bj) — f3v;bj)| = Cc for r € [1,n;], j € [1,t], where C¢ is a constant. Each leaf
aix € L(x;) with k € [1,m;] and i € [1, 5] is colored by

flaiw) = Ce + fi(xiaig) = f3(xi). (2.21)

Obviously, |f3(x;) + fi(aix) — fas(xiaix)l = Ce for k € [I,m;] and i € [1,s], and we have
F(V(Tx) U f3(E(T4)) C [0,p" + q']. The above shows that f; is a felicitous-difference coloring.
Thus, the Theorem 4 is proved. O

Theorem 5. Let a tree T admits a set-ordered edge-magic labeling, and its leaf-added graph T, is
obtained by adding K leaves to tree T, then T, admits a graceful-difference coloring and its magic
constant is Cp = 2K.

Proof. We define a graceful-difference coloring f, of the leaf-added graph 7'4.

We color edges y;b;, for leaves b, € L(y;) with r € [1,n;] and j € [1,1] as follows: f4(y\b1,) = r
for r € [1,mn], then we get fu(y1D1,,) = ni; fa(y2ba,) = ny + rfor r € [1,ny], fa(y2ban,) = ny + ny;
When j € [3,t = 11, s;b;,) = X/ ne +rfor r € [Lnjl, fsyibjn) = X n.. So, we have

JaQib, ) = i;ll n. + r for r € [1,n,], and the last edge y;b,,, is colored by

t—1
FiGibia) = n+ Y ne=N. (2.22)
c=1

Color edges x;a;; for leaves a;; € L(x;) with k € [1,m;] and i € [1,s] as follows: fi(xsasx) =
N + k for k € [1,m,], fa(xsa5,m) = N + my, and fa(xs1a,-14) = N + my + k for k € [1,m],
fa(xg—1@5-1m, ) = N+ mg+my_y. Fori € [2,s - 2], fa(xy_ias-ix) = N+ Yo ..y me+ k for k € [1,m],
fa(xgi@s_im, ) = N + Yoss_;me; Then, fa(xia1x) = N +k+ Y., m. for k € [1,m], and the last edge

X141 m, 1s colored with

fa(xiagm) = my + Z m.+N =K. (2.23)

c=2
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Recolor each element of V(T') U E(T) in the following way: fi(x;) = f(xs1-) = s — 1 — f(x;) for
x; € X, and f4(y;) = f(y;) for y € Y, and these edges x;y; € E(T4) hold fa(x;y;) = p — f(xiy;) + 2K,
then we have

fa(x) = ol = falxiypl = fy) —s+ 1+ f(x) — p+ fxiy) + 2K
=C-s5s+1-p+2K (2.24)
=2K.

We have the edge color set f,(E(T,4)) of tree T4 as follows:
JA(E(Ty)=[1,KIJURK+1,2K+p—1]1c[0,p" +¢]. (2.25)

For last step, color the added leaves of L(y;) and L(x;) withi € [1,s] and j € [1,7]. Let Cp = 2K,
and each leaf b;, € L(y;) with r € [1,n;] and j € [1, ] is colored by

fabj,) = Cp + fa(y;b;,) + fa(y)), (2.26)

so we get [|fa(b;,) — fa )l = fa(y;bj)| = Cp fory;b;, € E(T,), where r € [1,n;], j € [1,1].
On the other hand, each leaf a;; € L(x;) with k € [1,m;] and i € [1, s] is colored by

Jaaip) = Cp + fa(xiaip) + fa(x;). (2.27)

Immediately, |[fa(a;x) — fa(x)|— fa(xia;x)| = Cp for x;a;x € E(Ty), k € [1,m;],and i € [1, s]. In addition,
we can get fu(V(T4)) U fo(E(Ty)) C [0, p” + ¢'], so f4 is a graceful-difference coloring of leaf-added
graph T4, and the magic constant is 2K. O

Figure 3 shows an example for illustrating the proof of Theorems 2-5.

@488 20—@) ;@ /@%2@ @6 @®—19 20—7) S) /@%
N & AV \//@
@—9—0—26 234&2%/ @ #mf?

»/éé)e/ 6o Jo/é%o/ -

W@%z"ﬂ%l‘)@ ;@ /@HB% @PA+71»4?71&)4@ @ /@%

@%7%5%5729’0 @9% 7% 4@7@?
ote’ M@/ -6 0rd 6o -0

(d)
Figure 3. (a) fi(x) + f1 (xi)’j) + f1(y;) = 36; (b) |a(xi) — L)l + fa(xiyy) = 215 (©) | f3(x) +
£ = HLxypl =245 () || fa(x) = fa(y )l = falxiypl = 18.

The size and strength of the topological key are determined by the following aspects: The length
of bytes of the topological key; the dimension of the mathematical constraint of the topological key;
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the topology structure of the used topological graph must meet the strong constraint and randomness;
the base of graph space for constructing topological key is at least 22%°; the number of vertices of
graph is not less than 50; and so on. Theorem 2 theoretically extends the diversity of colorings on a
graph. Theorems 3—6 construct a larger graph by adding leaf operation, enriching the topology of the
graph, increasing the length of the topological key, and increasing the difficulty of deciphering the key.
Deciphering a string S = c¢y¢; - - - ¢, produced by our algorithm will do the following: (i) Finding out
the coding graph G of p vertices and g edges; as known, the numbers of graphs of 23 vertices and 24
vertices are as follows: No; ~ 2!7°, Noy ~ 27, (ii) Finding a particular coloring f of the coding
graph G. (ii1) Finding S = c¢j¢; - - - ¢, from (p X p)! number strings (for topological signature), or from
(3g)! number strings (for encrypting files). However, we can find there is no polynomial algorithm
to construct the coding graph G as p and ¢ are quite large; also, there is no polynomial algorithm to
distinguish isomorphism between coding graphs, since it has been proven the subgraph isomorphism
is NP-complete. It is known that there are thousands of colorings in which there are hundreds of
conjectures and open problems; there is no polynomial algorithm to find a particular coloring f for the
coding graph G.

3. Conclusions

In this paper, inspired by the edge-magic labeling, we propose the concepts of edge-magic
coloring, edge-difference coloring, felicitous-difference coloring, and graceful-difference coloring. As
a corollary, we prove the transformation relationship f; ~ f, ~ f3 ~ f4 of four types of coloring
on the structure of trees. Based on the operation of adding leaves, we obtain the existence of four
types of magic coloring for constructing larger trees from smaller trees. It is worth noting that the
security of the topological key proposed in this paper is based on the difficulty of the two NP-complete
problems of subgraph isomorphism and graph coloring. The challenge it faces is that the security of
the topological key will be threatened when the two problems of subgraph isomorphism and graph
coloring can be effectively solved within the scope of current computer capability. In fact, we also find
that the conclusions of this paper are valid for bipartite graphs, where the vertices of bipartite graphs
can also be divided into two disjoint vertices, and other magical colorings can be identified by their
set-ordered edge-magic labelings. However, whether the magical colorings of general graphs exist and
find their corresponding rules is the direction of our future research. In addition, the use of magic
coloring to generate topological keys can make the conversion method between keys simple and easy
to implement and generate a wide variety of topological keys, which provides a theoretical guarantee
for the diversity of topological keys and the expansion of key space.
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