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Abstract: This work studies a coupled non-linear Schrodinger system with a singular source term.
First, we investigate the question of the local existence of solutions. Second, one proves the existence
of global solutions which scatter in some Sobolev spaces. Finally, one establishes the existence of
non-global solutions. The main difficulty here is to overcome the regularity problem in the non-
linearity. Indeed, because of the singularity of the source term, the classical contraction method in
the energy space fails in such a regime. So, this paper is to fill such a gap in the literature. The
argument follows ideas in T. Cazenave and I. Naumkin (Comm. Contemp. Math., 19 (2017), 1650038).
This consists to remark that the singularity problem is only near the origin. So, one needs to impose
that the solution stays away from zero. This is not trivial, since there is no maximum principle for
the Schrodinger equation. The existence of global solutions which scatter follows with the pseudo-
conformal transformation via the existence of local solutions. Finally, the existence of non-global
solutions follows with the classical variance method.
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1. Introduction

This paper considers the Cauchy problem for the coupled non-linear Schrédinger system, shortened
to CNLS,

iOuj+ Auj = T( Z ajkluklo-)lujla-_Zuj;
1<ksn (CNLS)

Ui=0 = Ug.

Here and hereafter, for j € [1,n], u; is a complex valued function of the variable (7,y) € R, X RY, and
u = (uy,...,u,). The constant 0 # 7 € C and the coupling parameters satisfy:

ajg=a;; >0 and a;; >0 forany jkel[l,n]
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The coupled Schrodinger system (CNLS) models many physical phenomena, such as the
propagation in birefringent optical fibers, Kerr-like photorefractive media in optic and Bose-Einstein
condensates [1,4,7], see also [2,3,5,6]. The passage of a light beam with two components along an
optical fiber produces the decomposition of the ray into two. Then, the model of a scalar Schrodinger
equation can be improved by a system of coupled Shrodinger equations [8]. As a consequence, new
kinds of solutions appear, first observed by Manakov [9] in a Kerr medium.

In mathematical point of view, many authors focused their attention on coupled nonlinear equations
of Schrodinger type. So, the list of references is necessarily incomplete. The local well-posedness in
the energy space was proved in [10, 11]. The existence of ground states was investigated in [12—14].
The scattering of defocusing global solutions was treated in [15]. The scattering in the repulsive regime
with small data was obtained in [16,17]. See also [18-21] for the inhomogeneous case and [22] for the
case of harmonic potential and [23] for the parabolic context.

To the author’s knowledge, the above works treat only the case o > 2 in (CNLS). This is to avoid a
singularity of the source term for o < 2. The contribution of this paper is to try to fill in this gap in the
literature.

The purpose of this paper is to prove the existence of a local solution to the coupled Schrodinger
problem (CNLS) in the case % < 0 < 2. Then, one establishes the existence of global solutions which
scatter in some Sobolev spaces and the existence of non-global solutions with finite variance.

The paper is organized as follows: Section 2 contains the main results and some standard estimates
needed in the sequel. Section 3 proves the local existence of solutions to (CNLS). Section 4 establishes
the scattering of global solutions and the existence of non-global solutions to (CNLS).

Throughout this paper, we denote the spaces and norms

WP = WSPRY), H®:=W*?, L :=LR");
Wedl =10z =1 s

1
sl = (Y Mel) Wl = s )l
1<j<n

Lastly, 7* > 0 denotes the lifespan for an eventual solution to (CNLS).
2. Background and main results
In this section, we give the main results and some standard estimates.

2.1. Preliminary

Solutions of (CNLS) formally satisfy the conservation of the following real quantities, respectively
the mass and the energy

M) = Z f luj(t, y)I* dy;
1<j<n VRV
T o
E@ = Y, (0P + Ve y)F dy+ = 3 anlus ] )y
1<j<n 1<k<n
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Let the non-linear terms

F o= Fw) o= [( ) audud Yol 2w () duidund” Yl |

1<k<n 1<k<n

Fi= Fw) = (Y aplul”)ul"2uy;

1<k<n

. . -2
F e = Fjacu) = "o u.

Take for s € R, v
O i=1+p* and I, :=(1-A).

Here and hereafter, one defines some real numbers

N
2-0c<a<minic—-—,p-1} 2.1)
2m
N N N
’ s T~ ; 2.2
maX T 2o 1—a 2 " 220 2.2)
My > N +m; 2.3)
N
M >4E[Z1+5 +m, 2.4)

where E[-] refers to the integer part. Take the Banach space

Y= {u c (H—N+M0+M)n,

iy == D7 ( D) 1O @ ulle+ Do 10" u

I<jsn joi<E[5] E[¥1<lalsM

+ Dl < o).

M<|a|<-N+Mo+M

Let the centered ball of radius R > 0, denoted by B7(R) := {u € Cy(Y), ||u||L;°(y) < R}, and for v > 0,
take
Byr(R) = {u € Br(R), 2inf | 0)" w0 2 v, ¥je[1nl.

Finally, we define the vector Schrédinger group
ei'A(ul, e Uy) = (ei'Aul, e, ei'Aun).

2.2. Main results

In what follows, we list the results proved in this paper. The first purpose of this note is to prove the
existence of local solutions to (CNLS).

Theorem 2.1. Let N > 1, 3 < 0 < 2, and uy € Y, satisfying

inf | ()" uo(x)] > 0. 2.5

Then, there are T > 0 and a unique solution to (CNLS) denoted by u € C7(Y). Moreover, the flow is
locally continuous.
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Remarks 2.1.

1) The condition o > 2, which seems to be technical, is necessary in order to have (2.1);
2) the continuity of the flow follows with standard arguments;

3) assumption (2.5) avoids in some meaning the singularity of the source term for o < 2;
4) the proof follows ideas in [24], where the scalar case is treated;

5) some tools needed in the proof are taken from [25];

6) the proof is based on a Picard fixed point argument.

The second result is about the scattering of global solutions to (CNLS) in some Sobolev spaces.

iktxz
Theorem 2.2. Let N > 2 and max{1 + ﬁ, %} < o < 2. Take vy € Y satisfying (2.5), and uy := e 7 Vo

for some real number k > 1. Take 0 < s <m — % Then, there is a unique global solution to (CNLS)
inCR,,H)N (y)_% LR, x RN), which scatters in H".

Remarks 2.2.

1) The proof is based on the pseudo-conformal transformation [26] and Theorem 2.1;
2) a similar result was first proved [24] in the scalar case;

3) a part of the proof is omitted because it follows [25];

4) the real number x depends on v, ||vy||y, N, m.

Finally, one proves the existence of non-global solutions to (CNLS).

Proposition 2.1. Take the assumptions of Theorem 2.1, m > 1 + % and T < 0. Then, the solution to
(CNLS) is non-global if one of the following statements holds:

1) p> 1+%andE(uo) < 0;
2) E(up) <dand I(u) < 0.

Remarks 2.3.

1) The blow-up in the first case follows with classical variance method;

2) the second case follows like [18, Theorem 2.8];

3) d denotes the ground state energy d := infoemy{E(u), 1(u) = 0}, where I(u) := BE(u) — (B —
2)|IVul|> and B := N(o - 1).

Some intermediate results are listed in what follows.

2.3. Tools

In order to investigate the blow-up of solutions, one needs the next variance identity [27].

Proposition 2.2. Assume that u € Cr([H']") is a solution to (CNLS) for T = —1, and satisfies xu e
L?, forany 1 < j < n. Then,

é( D) = ||Vu,||2—% > ay fR (lar)” .

1<j<n 1<j<n 1<j,k<n
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The following estimate will be useful [25, Lemma 2.9].

Lemma 2.1. Let a > 0. Then, for all real number: t, we have

1) ™ ull < cq (O (Maudl + 11 )" ull)-
Recall also [25, Proposition 2.10].

Lemma 2.2. Leta >0, k,KeN,and s >2k+ K+ 3+ E[%] + a. Then, for any t € R and any |u| < K,

1" e ™ ulleo < O " 1O ulle + O™ (Il + >0 1) 0ul).

lyl<k k<lyl<2k+K+3+E[§]

One recalls the nonlinear estimates [25, Proposition 3.1].

Lemma 2.3. Leta > 0, u € B,7(R), and r € [1,0]. Then, for all |u| < —N + My + M, we have

1)
1O *(ul )l < RENEKHDT™ I + Z V_(Zk_a)RZk_l(R” M
1<k<|yl
Y Pl an)
E[51<lyl<lul
2)

-2 —(2k+2-0) p2k —m(o—1
10X Gl liomn s ), VIR R,
0<k<|ul

2—
+ Z ||<y>”+’"( 0)57M||L°°((0,T),U))-

E[51<byl<lul
Finally, let us give some nonlinear estimates [25, Proposition 3.2].

Lemma 2.4. Leta > 0, u,v € B,7(R), and r € [1,00]. Then, for all |u| < —N + My + M, we have
1)

Il <y>“ ' (|lul” - |V|0—)||L°°((O,T),L’)
-1 —-2(3-0) p5— -
R7 + v 2RI ol — Vi)

+ Z V_2(2k_G)R4k_G_2(R||<y>a_m(r||r+ Z || Gyt ay(u_v)”L‘”((O,T),L’))

A

1<k<|ul E[51<lyl<lul
~(2k-0) p2k-1 - 1+
* Z v (Rl = vl ll Y, + Z 17 8 (= V)llo.1.0]
1<k<|ul E[¥1<Wy<lul
2(k-1 1- 1= ;
+ RVl - Vgl Z | (yyr =) O ull=o1).Lr) + |l (yyrrmi=o) ayV”L""((O,T),L")]),
E[51<kyl<lul
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2)

A

1 & (ul” 20 = PVl ey

—2(3-0) p4- - —2(2k+2-0") phk—o+1 —m(o—1
VIO ORT O T = Ml + D v ORI (R iy,

1<k<|y|
2—

D I = i)

E[F1<lyl<lul
—(2(1+k)— 2k - -1 2—

D v DR = Wl YT+ > YO 6 = Wlisomin]
1<k<|yl E[¥1<pyl<lul

2k—1 2— 2—
R™ e = vlipwl Z | (py e (T)ayu”L‘*’((O,T),L’)+||<y>a+m( (T)ayV”L"‘”((O,T),L’)])~

E[51<byl<|ul

3. Local well-posedness

This section is devoted to Theorem 2.1, which deals with the existence of a unique solution of
(CNLS) in C7(Y). Take the function

flu) := e uy — it f | ETNF ds = (i), ..., fu(u)),

0

where ug := (4o, - ., Uopn), and

fiw) := e"ug ;- in eTIAF ds.

0

Let us prove that f(B,r(R)) C B,r(R). By Lemma 2.2, for the choice

N N
k::E[E]’ s:—N+M0+M::K+2k+3+E[E]+M0—N,

and for |a| < E[%], we have

1™ 8 fut, Wl
(Y (N OY P gl + Wowemsyematioll + > 11GY" 8 uoll)

I<E[4] E[S1<hylsM

N m m
TS (N )" P F i) + MowomtyonF iz

W<E[S]

Z <™ 87?'|L;?(L2))~

E[S1<lylxM

7\

+

+

Because p > 1, by Lemma 2.3, for |y,| < E[%], we have

1Y 0 (el sy < RIGY DNl + D v EORFI(R] Gy 27V

1<I<E[¥]
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YO Pl )

E[51<byl<hyl

<R+ Z )l

1<I<E[¥]

Also, by Lemma 2.3, we get

-1 -2 —(Q+2-0) pl+21
1™ Pl < Y. v OOR
0<I<E[¥]

Thus, with the Leibniz rule, if |y| < E [%], we get

<™ 077:”L°T"(L°°)

n
2— -1 -2
< D0 D Y I Gl ll )" 8 (gt g
Jk=1y=y1+72
< (Ra i Z V—(ZI—U)RZZ)( Z V—(21+2—0)R1+2z)‘ (3.1)
1<I<E[Y] 0<I<E[Y]

Now, with the Leibniz rule via Lemma 2.3, for E[5] < [yl < M, 1 = r1_| + rl—z, and a € R,
Il )™ GYTHL;“(B)

n

1- -2
DT Y™ 8 QMmoo Y @t u o iy

Jk=1y=y1+y2,|y2I<N
n

1- -2
S Y Gl Y o
Jk=1y=y1+y2.ly2|>N

= (yyen) + (o)

N

Now, (2.2) enablestotake 2 —oc < a < 0 — % ri1 = 2, and r, = oo. This implies that (y)’"(“_”) e L2
Thus, we have

(Dyyyi<n)
n
- —(21- 2[1-1 -
< Z Z [R(T||<y>m(a 0')||+ Z V( O')R (R”(y)m(a (r)”
Jk=1y=yi1+y2 1<i<ly1]
1- —(21+2— 21 2—a—
D IO Fudizan)|| Y v ORI RIGY T
E[51<lul<in| 0<i<ly,|
3—a—
4 Z ||<y>m( @ a)auuj”LoTO(Lw)]
E[51<lul<ly
n
S D R Y O R (R Y 10) P ulligas))
M=l y=nm I<l<nl E[51<pl<iy]

AIMS Mathematics Volume 9, Issue 10, 27871-27895.



27878

[ Z V—(21+2—0')R21(R + Z | <y>m aﬂuj”LD;(Lw))]

0<i<ly,| E[¥1<lul<ly2
n
D R e
j,k:1 Y=y1+y2 15[S|)’1 | OSlSh/zl
+ > IO i)

E[¥ 1<lul<ly21+E[5 1+1

Assuming that [y,| < N, M > N + E[§] + 1 gives

(Ipyy1<n)
n
< Z Z [Ra " Z V—(ZI—O-)RZI][ Z V—(2z+2—a)R21(R
Jk=1y=yi1+y2 1<I<Iy| 0<i<lya|
+ D IO ulsw))
E[S1<lul<ly,+E[51+1
n
< Z Z [R(r n Z V—(zz—a)Rzz][ Z v_(z”l_(’)RZI(R
Jk=1y=y1+y2 1<I<]y| 1<I<lya|
m
+ Z Il <y a”WHL;@(U))]
E[§1<lulsM
n
< Z Z [Ra n Z v—(zz—a)Rzl][ Z V—(21+2—U)R1+21]. (3.2)
Jk=1y=y1+y2 1<lsM 0<I<N

Now, we assume that |y;| > N, thus |y;| < M - N < M - E[%] — 1. Since by (2.2) we have
m > % — and || (y)""**"”|| < co. So, with Lemma 2.3, we get

(c—1-a)

(iyy2n)
n
< Z Z [RU|| <y>m(01—0') ||c>o + Z V—(ZI—O')RZI—I(R” <y>m(01—0') ”00
Jk=1y=yi+y2 1<y
v e Fulgas)|[ ) v ORI (R |
E[51<lul<y] 0<I<lys|

+ Z || (yy" e aﬂuj”L‘;"(Lz))]

E[51<|ul<ly2|

Z Z [R‘T+ Z v‘(”“T)RZI“(R+ Z | (Y™ t= g ukllL;°<L°°>)]

<
Jk=1y=y1+y2 1<y E[S1<|ul<ly1]
—Q2l+2-0) p2l 3-a-
[ D vEEORRE ) IO Fuligan) |
0<i<lyal E[51<lul<ly2
So,
(IInIzN)
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N

ke 3 s 3 )

jk=1y=y1+y2 1<I<]y1] 1+2E[§1<lul<M

J
[ V—(21+2—0') Rl +21]

Z Z [Ra " Z V—(ZI—O')RHZI][ Z y@+2-0) R1+2z].

Jk=1y=yi1+y2 1<isM 0<isM

A

It follows that

| ()" 577:||L?(L2) < ZH] Z [Rf’+ Z V—(zz—a)Rsz][ Z V—(21+2—0)R1+21]' (3.3)

Jk=1y=y1+y2 1<isMm 0<isM

We break down the next term as follows:
16" F Nl 12y

Z Z | ()" o (et ll (yy e ayz(|uj|a_2uj)||L;°(L2)

S

Jk=Ly=yi+y2.lyil<N

n

2- —m(2— -2

2, IO iyl 0" 8l Pl sy

Jk=1y=y1+y2,N<|y1|<M

n

-2

Y >, 167" el Mg w107 Q20 e e

j,k:1 Y=Y1 +)/2,M<|71 |<=N+Mo+M
= (Apen) + (Anspyiiem) + (Apcyi<-N+moem)- (3.4)

Now, with the Leibniz rule and Lemma 2.3, for |y| < —N + My + M, we have

(Apy,1<n)
n
2— —m(2— _2
S D G el (7 O P [RG  alZ (77 T 0
Jk=1y=y1+72
n
< Z Z [RO'||<y>2m(1—O')||oo+ Z v—(ZZ—O')RZI—l(R”<y>2m(1—0')”oo
Jk=1y=y1+72 1<I<n|
3-2 —(21+2- 21 -
IO Fulleas))|[ D v R (RIGY ™I
E[5 1<lul<t] 0<i<ly,|
+ Z ||(9“Mj||L°T°(L2)]- 3.5)
E[¥1<ll<lyal

(2.2) gives (y)™ € L?, and

(A, 1<)
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< [Rcr + Z v_(Ql_‘T)RZI_l(R + Z | (Y2 ¢ Mk||L‘;°(L°0))]

Jk=1y=y1+72 1<i<y1] E[51<|ul<y1]

—-(21+2- 21

[ S v or gy S oy Fullsen+ Y 1P ullsa)]

0<I<lyal E[$1<lulxM M<|u|<—N+Mo+M

n
< Z Z [Rrr+ Z V—(ZI—O')RZI—I(R+ Z ”<y>m(3_20—)8uuk”L‘}°(L°°))]

Jk=1y=yi1+y2 1<y E[¥1<lul<in]

[ Z V—(21+2—(T)R1+21]' (3.6)

0<i<lys|

By Sobolev injection, we have

m(3-20)
Il <y Fupllre =) S N willieas) < ||aﬂuk||Lm((o’T)’Hl+E[%])‘

Thus, by (2.4), we get

(Apy1<n)
n
< Z Z [R‘T+ Z V_(ZZ_U)RZZ_l(R+ Z ||3”Mk||L°;(L2))]
Jk=Ly=y1+y2 1<i<y| 1+2E[ ¥ <|ul<1+N+E[§1
[ Z v_(21+2_”)R1+21]
0<I<lyal
n
< Z Z [R(J' " Z V—(Zl—o‘)RZI][ Z V—(21+2—0)R1+21]. (3.7)
Jk=1y=y1+y2 1<I<N 0<I<—N+My+M

Now, with Lemma 2.3, we have

(ANnsiyi1<m)
n
2- —m(2— )
I S S K R (7 [ RGO Sl L (7 T
Jk=1y=y1+72
n
< Z Z [R0||<y>2m(1—0)||+ Z V—(ZI—O')RZI—I(R”<y>2m(1—0')||
Jk=1y=y1+72 1<yl
3-2 —(21+2—- 21 -
D IS d )| Y v OR(RIGY " N
EL5 1<|ul<ly1] 0<i<hya
+ Z ||(9”Mj||L‘;°(L°°)]-
E[51<lul<ly|

Moreover, (2.2) gives (y)*""" e L2 and so

(Ansyi1<m)
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N

k=1 y=y1+y2 1<I<In| E[¥1<lulxM

j
[ V_(21+2—U)R21(R + Z ||auuj”L°T°(L°°))]

0<i<ly2| E[F1<lul<ly]

i Z [R(r 4 Z V—(ZI—U')RZI][ Z v_(2’+2_")R21(R

Jk=1y=y1+72 1<y 0<I<lys|

+ Z ||6#uj||L§f’(L2))]-

E[51<lul<1+E[5 ]+]ya|

A

Since N + |ya| < Iyl + Iy2l £ =N + My + M, we have |y,| < M + My — 2N, and

[R‘T+ Z V—(ZI—U)RQI—I(R+ Z ”<y>m(3_2o-)au”k||L‘}°(L2))]

(3.8)

16" u Iz e |

(3.9)

(Ansiyi1<m)
n
< Z Z [Ra " Z V—(ZI—(T)RZI][ Z V—(21+2—U)R21(R " Z
Jk=1y=y1+y2 1<i<|y1] 0<I<lys| E[%]<|,M|S1+E[%]+|’yz|
n
S QL 2 R IR YL v OR R Y 10l
Jk=1y=y1+y2 1<i<lyi| 0<I<ly,| E[Y I<|ul<—N+Mo+M
n
< Z Z [Ra' + Z V—(zz—@Rzz][ Z v—(21+2—a)R1+21]_
Jk=1y=y1+72 1<isM 0<I<—N+Mo+M

Finally, assume that M < |y;| < =N+ M+ M. Thus, |y,| < My — N <M — E[%] - 1.
injections via Lemma 2.3, we have

(AM<ty |<-N+Mo+M)

n
-2
DD 18 Gl 197 (" u ooy

So, with Sobolev

<
Jk=1y=y1+y2
_ —(2k—0) p2k—1 - 1-
< [RIG™ I+ DT vEIRERIGT N DT 0N Pl
1<k<pyi| E[51<Wyl<n]
—(2k+2-0) p2k -m(o—1 2=
[ D) v IR RIGY " e+ YL Y g
0<k<ly,| E[51<lyl<lya
< [Ra+ Z V—(zk—a)Rzk—l(R+ Z ||(y>m(1_”)(9yu||L;°(L2))]
1<k<yl E[S1<lyI<lyil
[ Z V—(2k+2—<T)R2k(R + Z 1| (y)™ ayuny;(y))].
0<k<lys| E[51<hI<ly2+1+E[5]

Thus,

(AM<tyi|<-N+Mo+M)

< [R"+ Z y*<2"*‘T)R2"*1(R+ Z 1™ 0" ull e 12y

1<k<|y1l E[¥1<lylsm

AIMS Mathematics Volume 9, Issue 10, 27871-27895.
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A S

M<|y|<=N+Mo+M OsksM—E[%]—l
< [ R” 4 Z y@k=0) Rzk][ Z y@k+2-0) R1+2k]’ (3.10)
1<k<—-N+Mo+M OSkSM—E[g]—]

Collecting (3.7), (3.9), and (3.10), we get

Mose xFllizan S [R7+ > vEORM[ Yy Rl (3.11)

1<k<-N+Mo+M 0<k<-N+Mo+M

Thus, with (3.1)—(3.3) and (3.11), we get

1Y 8" £l ey
< (P IO uglle + Monamgemtioll + D 1Y gll)

YI<E[4] E[S1<hylsM

+ T <T>E[g]+1+m [Ra' + Z V—(zz—g)Rzl][ Z yCl2-0) R1+21]_

1<IS-N+Moy+M 0<I<-N+Moy+M

Now, by Lemma 2.1, (3.3), and (3.11), we write

1™ aafj(u)”L";(Lz)

(TY" (Myayenruoll + 1| )" 0 uoll)

+ TATY" (et F Nz + 11OV 0" F llzseny)

(TY" (Mveayenrtoll + 1| 5" 0 uoll)

T RIS AR Y yenzoR|, (3.12)

1<I<S=N+My+M 0<I<—-N+My+M

A

A

Moreover, with Lemma 2.1 and (3.11), for |a| < —N + My + M, yields

160° £l L 2)
N mormtoll + TNO*F Nl r2)

to|| g-n+moem + T[ R” + Z y @) Rzz][ Z yQ+2-0) R1+21]'

1<I<S—N+My+M 0<I<—N+My+M

7\

7

So, taking R := 2c||uy||y, we get

I @lly )

< c(T}E[%]+1+’"|Iu0||y+cT <T>E[g]+1+m [R(r " Z V—(2I—U)R21][ Z v_(2l+2_")R1+21]
1<IK-N+My+M 0<I<—-N+My+M
< <T>E[Q’]+1+m§ +cT <T>E[¥]+1+m [R" + Z V—(Zl—rr)RZI][ Z V—(21+2—(r)R1+2z]
1<I<S—N+My+M 0<I<-N+My+M
R
= (T)ElRT+1em 5+l (TYERHm B () RYF (v, R). (3.13)
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Then, choosing 0 < T << 1, it follows that f(B7(R)) C Br(R). Now, we prove that

2 inf ()" flut, y)l = v.

(t)€l0.TIXRN
Using the time derivative identity (e™)® = (iA)e™, we get
(it)k 1+E[ ]

ol — Z FAk_l_ (E[ o f( S)E[ ]A1+E[ ](ezsA)dS

0<k<E[Y]

Thus, with Lemma 2.1 and Sobolev injections via (2.4), we write

Il Y™ (€™ up — 1o)lloo
DT Y Aug e + f (t = ) oy AT g )odls

I<jsn 1<k<E[§]

tPE (D Y e+ Y IO O uoll)

1<lol<E[§] E[¥1<lel<N
!
f (t = )P Gy AT EE e g |oodl s
0
y m Q m 104
rOPI (T O Pl + > 1Y 3 uol)

1<lal<E[§] E[¥1<lalzM

!
f (t — )P gy AT (8 00)|odls.
0

N

N

—+

N

+

Now, by Lemma 2.2, for s = 5+ m + 5SE[§] and K = 2(1 + E[]]),

1| ()" AFEE (8 ) Lo

< O T 1O P ulle + <O FE (1l + > 1™ & ull)

I<E[§] E[¥1<yl<2(1+E[ ¥ D+3+3E[Y]

Now, smceM>4E[ ]+5+mandMo—N>m> , we get

16" AT )
WP Ol + O (el + D 11" 0ul)

I<E[Y1 E[¥1<lyl<5+5E[S]

O Y Pl + O (o pggeprdl + > 1Y 0 ul).

I<E[31 E[¥1<hylsm

A

A

Thus,

I 7Y (e" 1o — uo)lluo
< WM T e wle+ D 16Y" 0 wll)

1<lol<E[Y] E[¥I<lalsM
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£ WO N Y Pl + O (g + > 1Y 0ul)].

YI<E[$] E[S1<hylsM
Now, with Lemma 2.2 with (3.13),
1" (F@) = e uolllzas) < T (TYPEHI B, (v, RYF2 (7, R).
Thus, there is C(T) — 0 as T — 0 such that

O Fa)l = 1" e ugl — 1Y (€™ ug — uo)l = | (yY" (f(u) — ™ up)|
> v—C(T). (3.14)

So, taking 0 < T << 1, we get

. m v
inf | (0" f)] = =.

{(1.y)€l0,TIxRN} 2
Thus, f(B,r(R)) C B,r(R). Now, we prove that f is a contraction. For u,v € Cr(Y) and w := u — v,

we have

1) - FOlls)
| f NF () — F )] sl
0

A

i(-—$)A -2 -2 -2 -2
[ f M (It a7y = Wl 1 el el = el el )| sl )
0

I .<y>maa€i'_s lea| |77y = il v 177V ) ey
i (-—9)A 2 2

Isjsn jal<E[§]

' i(-—$)A -2 -2
DY f R [ (7 Y T T e L |
0

E[¥1<lelsM

' i(-—5)A -2 -2
¥ > fo "N (el 12 = Wl w72 ) |l ).

M<|a|<-N+Mo+M

A

Let us control the three above terms. By Lemma 2.2 via (2.4), we have

0 = > f Oy 0 M (Il 172y = el w1720 ) |l
a<ery) V0
< TP O I (Fiw) = Fi0Dllzas)
I<E[51
Moo Fi@) = FiMlisazy + D IO P (Fjw) = F50Dllizan).
E[§1<lyl<M
Let [y| < E[§], and write

1) = 1" (Fw) - FioMlgas

-2 -2 -2
= 1™ (ol = Wl o170 + Wl Qa2 = v ) g e
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N

D0 (Y™ 8 Quad” = Wl (Al

Y=Y1+72

-2 -2
+ ||<)’>m57'|vk|0372(|uj|0 Mj—|Vj|‘T Vj)”L‘;"(L"“))

D (1™ @ Qud” = el el 9" Qg2 Mo

Y=Y1+72
2- -1 -2 -2
+ <y>’”( 7 G |Vk|(r||L;°(L°°)|| <y>’"(" )5yz(|uj|g uj— |Vj|(r Vj)||L°T°(L°°))-

7

Taking account of Lemma 2.4, we have
2—
Y™ 3 (el ™ = Wil Dl
s R +VvPOORTDIG D oWl

—2(2k— 4k—o—1 2m(1—
D DR St Sl [0 Sl N 1]

1<k<E[Y]
—(2k-0) p2k—1 2m(1-
L VIR G Il
1<k<E[Y]
—(2k—0) P2(k—1
L IR ey,
1<k<E[§]
< [R(r—l 4y 26 ps-o Z (V—2(2k—a')R4k—o-—l +V—(Zk—o-)RZk—l)]”W”U;(y).

1<k<E[¥]
Moreover, also with Lemma 2.4, we have

1 -2 -2
Y™ D 87l = il vl

< [V_z(g_a)R4_g n Z (V—2(2(1+k)—0')R4k—0'+2 +V—(2(1+k)—a-)R2k)]”W”Lw(y)'
T

1<k<E[5]
Now, by (3.1), it follows that
(1)
< ([Ra'—l +v—2(3—o‘) R 4 Z (V—Z(Zk—o-) RAk—o-1 +V—(2k—a-)R2k—1)] F>(v,R)
1<k<E[5]
4 [V—2(3—0')R4—0' n Z (V—2(2(1+k)—a')R4k—0'+2 +V—(2(1+k)—o-) RZk)] Fi(v, R))
1<k<E[¥]
Wl (). (3.15)

Let E[§] <y < M. Then,

() I <)’>m (97(7?(”) - 7jj(V))”L‘;°(L2)
= 11" & (Qoard”™ = Wl ot + Wl Qo = 1720 ) Mg ey
ST (1Y 9 k" = Dl

Y=Y1+72

N
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+

A

Y=Y1+y2

+

Now, by Lemma 2.4 and using (2.1), we get

1™ " (™ = Wl Il a2y

2,

E[S1<|ul<lyi|

-2 -2
1™ 8 el "0 (| = 1”20 Dl

Z (II " (lul” = el Dl ll Y™ 87 (1”2 )l o)

1- -2 -2
||<)’>m(9yl|Vk|(r||L;°(L2)||<y>m( (1)572(|uj|0 Mj—|Vj|Cr Vj)||L°T°(L°°))-

1 —
1Y 3 el Il )

| Y™+ 9wy — Villzsz2))

2

E[S1<|ul<ly1]

-1 -2(3- S5— -
s R VPRI Wl w)
n Z y20k=0) R4k—0'—2(R|| <y>m(a—cr)|| +
I<ksM
—(2k— 2k—1 -
o RO Ml o +
I<k<M
2(k—1 l+a-
RO 0 Byl
E[§ 1<l
1 —
0 O i)l w)
E[§1<lul<hyl
S

1<ksM

(Rcr—l 4y 2B ps-T | Z y20k=0) pAk=o=1 Z @k RZk_1)||W||L;°(y)~

(3.16)

1<ksM

Assume that |y,| < N, thus, M > N + E[%] + 1 gives by Sobolev embedding and Lemma 2.3 via (2.1),

we get

1- -2
||<y>’”( ” 5yz(|uj|g uj)”L‘;"(L‘X’)

N

0<i<lya|

Z y@H2-0) Rzl(R "

0<I<ly,|

Z y@+2-0) pl+2l

0<ism

Fz(V, R)

N

2,

S
S

Moreover, with Lemma 2.4, we write

1- -2 -2
||<)’>m( a)ayzﬂuﬂg uj—|Vj|Cr Vj)||L°;(L°°)
—3(2-0) pd- 2—a—
S VIEORYI Y Wl )

+ Z y2020+h-0) R41Hr+1(R” <y>m(2—a—0')”00 "
I<k<M

AIMS Mathematics

Z y-@2-0) Rzl( R|| <y>m(2—a—0') lleo +

3—q—
1Y 3l 1))

2,

E[51<|ul<ly2|

Il ™ éWMJ'||L‘;°(L2))

E[51<lul<ly2+1+E[5]

2,

E[51<lul<lya

J
1Y Fugls ) Wl o)
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—(2(1+k)— 2k 2—a— 3—a—
L v R Gy il + D Y e = vollzpas)

1<ksM E[§1<lul<hyl
2k—1 3—a— 3—a—
RO YT P ullzas + Y 1O F Vel
E[§1<lul<lyl E[51<lul<ly2l

So, with Sobolev embeddings,

- - -
1| Y™ = @72 (w7 2u; — v|” Villleo ()

—-3(2-0") pd—
s VIR Wl w)
+ Z V—2(2(1+k)—0')R4k—0'+1(R+ Z ||<y>m ayuk”L"To(Lz))“W”L‘;(y)
I<ksM E[Y 1<lul<ly2l+1+E[5]
—2(1+k)— 2k
VORIl + > IO = vl
I<k=M E[F)<ll<lyal+1+E[3]
2k—1
FOREIC T O Fulpan + )L 1OV Vel Wil w)
E[31<lul<ly2+1+E[5] E[S1<lul<ly,[+1+E[5]
< (V—3(2—0)R4—<r + Z V—2(2(1+k)—o-)R4k—(r+2 + Z V—(2(1+k)—0')R2k)”W||Lm(y) (3.17)
< =(Y)- )
1<ksM 1<ksM

Finally, with Lemma 2.3, we have

ma qy o
Y™ O il "2

- —(2k—-0) p2k—-1 ~ I+a~
< RTNG N+ Y VIR (RGN Y 10 Pl )
1<k<[y1 E[¥1<hyizinil

< R+ Z V—(Zk—O')RZk—l(R+ Z ||<y>m(l+a—0') aybl”L;“(L?))

1<k<lyi| E[§1<lyl<n]
< R+ Z k=) 2k

1<k<Iy1l
< Fl(V, R)

Collecting the above estimates, we get

D (1™ @ ™ = W llganl )" 8 Gt 2l

Y=y1+y2,ly21<N

1- -2 )
O™ O Wl sl Y™ (ot = ATl
< [(R(r—l 4y 2B RS-0 Z y22k=0) pdk-o=1 | Z v—(2k—a-)R2k—l) Fy(v,R)
ISkSM ISkSM
+ FI(V’R)(V—S(Z—O')R4—0'+ Z v—2(2(1+k}—0')R4k—0'+2+ Z V—(2(1+k)—a')R2k)]
1<ks<M 1<k<M
Wl (). (3.18)

Now, assume that M > |y,| > N. Thus, arguing as in (3.3), we have

Z (II " (ul” = el )l Y™ 8 (1”2l o)

Y=Y1+y2.M2|y2|2N
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1- -2 -2
+ ||<y>maayz|vk|a||L;°(L2)||<)’>m( a)ay‘(|uj|0 M,,'—|Vj|g Vj)”L;"(L“’))
< (II D™ 0" (il = Vel Dl o2y F2 (v, R)
Y=Y1+y2.M2|y2|2N
m(l—a)ayl o2, _ 125, . F R
+ v (uil"“u; = Wil” v )llee = F1(v, R) ).

Moreover, since |y;| <M - N <M - E[%] — 1, by (3.16) and (3.17), we write

Z (II " ()™ = el Dl ll Y™ 0 (1”2l

Y=y1+y2,M2|y2|2N

1- -2 -2
Y™ 02 Wil Nzl Y™~ 7 (ua |72 = w1 Vj)”L"T"(L""))

< Z ((RO'—I 4y 2B ps- Z y202k=0) pAk-o=1 Z V—(Zk—(r)RZk—l)

Y=Y1+Y2 1<k<M 1<k<M
Fo(v, R)|Wllze> )

+

+ (V—3(2—0')R4—0' + Z Y20+ -0) phk-0+2 Z Y- QU+h-0) R2k)
1<ksM 1<k<M
Fi(v, R))||W||L;°(y)- (3.19)

Now, with the Leibniz rule via Lemma 2.3, for |y| < —N + M, + M, we have
(Iz) = ||ay(7:j(u) - 7'~j(V))||L;O(L2)
< Z (|| G 9 (| - Vil sz (yy " ém(|Mj|(7_2blj)||L;°(L2)

Y=Y1t72
2 —m(2- ) 2
+ [y U)3YI|VI<|(T||L°T°(L2)||<Y> e (7T S T 1 Vj)||L°T°(L°°))-

Let us start with estimating the first term. By (3.6),
AD) = 10" 8 (el = Wl Ml ll 0" @2l 2u sz
< 1Y 28" (ul” = il izg ) F2(v R).
With Lemma 2.4, we get

2—
(RO (A Vil (o)
1, 2(-0) p5— 2m(1-
R7 + v 2TORTD Y ol Wl

—2(2k— 4k—o—2 2m(1- 3-2
D VIEEOREIRRI G o Y OV Pl Wl )

N

1<k<M E[51<lul<iy
—(2k- 2k-1 2m(1— 3-2
VRO el + DL 1O e = vollzpas)
1<k<M E[51<lul<lyi
2(k—1 3-2 3-2
£ REDC T IO Fudigam + ), OV Filligas) Il o)
E[¥1<lul<n] ELy <li<iy

Since o > %, we get

2—
™27 3 (el ™ = Wil Dl )
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3-2,
1Y F gl )Wl )

1| "7 O (g — villLs )

s R +VvIPOORT) Wl w)

+ Z V72(2k70')R4k70'72(R " Z
1<k<M E[S1<lul<y|

—(2k—0)  p2k—1

VAR iy - Y
1<k<M E[31<lul<y1l
2(k—1 3-2

+ REN( Z 1™ F o) +

E[51<lul<iy]

If |y1| < N, we write by Sobolev injections,

3-2
Z "7 e = villgas) S
E[S1<lul<lyi|
<
<
Thus,
(A) < (RO’—I 4y 26-Rs-o | Z

1<k<M
Fr(v, Rl = Vil ()-

If |y;| = N, it is sufficient to estimate the term

(AD

<

3-2
172 vl )Wl ) )-

2,

E[51<lul<ly

10 (e = viollse )

2,

E[§1<lul<N+1+E[5]

2,

E[§1<lul<-N+Mo+M

| <y>m (9“(uk - Vk)||L°T°(L2)

Wl w)- (3.20)

y202k=0) pAk-o—1 Z y~ @k R2k—1)

1<ksM

(3.21)

1™ 3 (™ = Wl Dl 1027 87 (gl uplics )
I <)’>m(270) 0" (lu]” — |Vklo—)||L°T°(L2)F2(V, R),

where we used (3.9). Moreover, Lemma 2.4 via (2.2) gives

2—
1™ 27 @ (] = Wl ez

S R HVIPOORT) U = Vi)
~2(2k—0) pdk-o-2 3-2
+ Z y~2@k=0) pik=or (R+ Z | (yy™¢ U)a’lukHL;O(LZ))HM_V”L;"(y)
1<k<sM E[51<lul<lyi
—(2k- 2k—-1 3-2
+ VORI g+ Y YO # = vllipan)
1<k<M E[51<lul<lyl
20k-1 3-2 3-2
+ RO IOV Fwlipan + )L 1Y i)l — Vi)

E[5 1<l
Using the fact that

3-2,
1Y 327 gl iz,

2,

E[Y 1<lul<y1]

AIMS Mathematics

E[¥1<lul<in]

<

~

D IO iz

E[¥1<lulsM

||3”Mk||L°;(L2),
M<|u|<—N+My+M
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we have
2_
| Y™ 0 (luy|” - Vel s 22y
< (Ro-—l 4y 2B-ORS | Z y2@k=0) pk=o-1 Z V—(Zk—U)RZk—l)”u_v”LoTo( .
I<ksM 1<k<M

Thus,

A) < (RO'—I 4y 26-Rs-o Z y22k=0) pAk==1 Z V—(zk—cr>R2k—1)

1<k<M 1<k<M
F2(v, Rl = V). (322)

By (3.9), let us estimate the term

2 —m(2— 2 2
| ()™ Cr)371|Vk|(r||L°;(L2)||(}’) (7T T 1 Vil )

—m(2— -2 -2
S Fio, BRIy ™ G)ayz(mﬂg uj— vl Vj)||L°;(L°°)~

(A2)

If |y»] < N, by a similar reasoning to (3.17), (for « = 3 — o), we have

1- -2 -2
||<)’>m( a)ayz(|uj|a Mj—|Vj|(r Vj)||L°T°(L°°)

< (V—3(2—0')R4—o' i Z y 20 +h-0) pAk-0+2 Z v_(z(“k)_”)RZk)llu—vllLoTo(y).
1<ksM 1<ksM

It follows that
(A)) < (V—3(2—0')R4—0' i Z Yy 2Q0+k)-0) pAk—c+2 | Z y-@a+h-0) RZk)

1<ksM 1<k<M

—(21—- 21
(R7+ > v IRl = vz,

I<I<yi|

If |y2| = N, it is sufficient to estimate the term
. 2- —m(2— -2 -2
A = " Wil Nzl ™7 8 ()l = iV )l - (3.23)
Moreover, with Lemma 2.4 via (2.2), we write
—m(o—2 -2 -2
Il <y e )(972(|Mj|(7 u;— |Vj|(T Vj)||L<;(L2)
—3(2—0) pd—

Yy OR | — |

+ Z V—2(2(1+k)—0')R4k—0'+1(R + Z ” <y>m 6””](”[,?([,2))”” _ v”L;f’(y)

N

I<ksM E[51<lul<ly2
—(2(1+k)— 2k
£ OO R = Mlgon+ Y IOY" = vlliga
I<ksM E[§1<lul<lya|
2%k-1
RO IO Pulpan + )L 1OV Vel = Vilzs))
E[¥ )<<y E[y1<llshy|
< (V—3(2—U)R4—a + Z Y20 +-0) pAk-0+2 Z y‘(z(“")‘”)Rz")llu—vllL;o(y).
I<ksM I1<ksM
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Since N + |y1| < Iyil + ly2l £ =N + My + M, we have |y;| < M + My — 2N. So, arguing as in (3.6), we
get

2- ~-Ql-0) p2l-1 3-2
1Y (vl S R+ y CEORFNR + Y727 vl sy
T T
I<isnl E[S1<lul<in]
$ Fl(V’ R)

Then,
A < (VCORY 4 20040 pik-o+2 - (1+0-0) g2k
( 2, 2, )
Fi1(v, Bllu = Vs ). (3.24)
Taking (3.15), (3.18), (3.19), (3.21), (3.22), (3.23), and (3.24), we get
(h) + (1) + (1) S Fv, Bllu — |z ). (3.25)

Now, taking Lemma 2.1, (3.2), (3.3), and (3.11) via the estimates of (/), we write

1™ " (fiw) = [z )

TTY" (||I—N+M0+M(Tj(u) - Tj(V))HL;“(LZ) +l <)’>m 8“(7“]-(u) - 7'~j(V))||L°;(L2))
TT)Y" F(v, Rllu = V|2 w)-

IZANRZAN

Moreover, taking Lemma 2.1, and the estimate of (I3), for |o| < —-N + My + M, we get

10°(fi(w) = iD=y S TINO(F () = Fj(vDllrsrz
S TEFO,BRlu =iz

Finally, f is a contraction of Br(R) for small 7 > 0, and the result follows with a classical Picard
argument.

4. Global and non-global solutions

In this section, we prove Theorem 2.2 and Proposition 2.1.

4.1. Global solutions and scattering

Let us start with the next auxiliary result.

3

Proposition 4.1. Let max{l + #, 3} <o <2, k> 1, and vy € Y such that infgw [vo(x)| > v. Then, there

is a unique v € C([0, %], V) solution to

iv; + Av; = 7(1 = k) VD) Z aplvd )i, Vje[1,n). 4.1)

1<k<n
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Proof of Proposition 4.1: For simplicity and without loss of generality, let us fix 7 = 1. One applies a
Picard fixed point argument. Let the function

mw:é%m+fa—mﬂHW”W”¥wM:@wxngam,
0
on the space B, 1 (R). Taking (3.1), (3.3), and (3.11), viao > 1 + %, we write

_\E[N]+14m 7 _\E¥+14m
leMllzwy s (&) volly + &7 (k)T Fi(n R, R).

Moreover, arguing as in (3.14), we write

E[51+1+4m E[¥1+1+m

1Y gl = v—ax () volly — ex™" (k™) Fi(v, R)F>(%, R).

Moreover, arguing as in (3.25), and the last lines of the previous section, we get

_1/ —1\E[51+1+m
Ig@) — gWllig ) < ek (") FO, Rl = Vil .
This implies that, for large « > 1, an application of the Picard Theorem finishes the proof. O
Take the pseudo conformal transformation [26],
t

N ik\x|2 X
vi(t,y) ;= (1 —kt) 2e¥i-y;
0= ) ](I—Kl‘ 1 —«t

), Vjel[l,n].

Here, 0 < T < %, and v, given by Proposition 4.1, is a solution to (4.1). Thus, u resolves (CNLS).
~#4v;(L,-). So, following [25, Section 4], we have u; € C(R,, H*) N L™(R, X

ik\xlz

Now, let define u;f =e 4
RY, (y)? dydf), and

—itA

lim |le™u;(t) — u||lgs = 0.
t—+00

4.2. Non-global solutions

Here, one proves Proposition 2.1. Let u € Cr(Y) be a solution to (CNLS). Thus, m > 1 + % implies
that (y)'™ e L2, and

1wy all < Y™ wlleoll Y " 11 S 11" oo

This implies that the solution has a finite variance fRN lu(t,y)*|x|> dy. Let us check that the energy is
well-defined. Indeed,

N F el = Mol laa; 1”11y

[y o> Ll 1Py

- 2 2
< I I ull
2
< ”u”L(';:’(y)'

Thus, one can apply [18, Theorem 2.8].
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5. Conclusions

This work examines the singular coupled non-linear Schrodinger system (CNLS) with three main
objectives. First, it investigates the local existence of solutions. Second, it establishes the existence
of global solutions that scatter in certain Sobolev spaces. Finally, it demonstrates the existence of
non-global solutions. The primary difficulty arises from the condition oo < 2, which introduces a
singularity in the term |u;|”~% near zero. This singularity renders the classical contraction method
in the energy space ineffective. This paper aims to address this gap in the literature by leveraging
ideas from [24]. The approach highlights that the singularity issue is localized near zero, requiring
the solution to avoid this region, see assumption (2.5). This is challenging because the Schrodinger
equation lacks a maximum principle. The global solutions that scatter are obtained through a pseudo-
conformal transformation based on the local solutions. Lastly, the existence of non-global solutions is
demonstrated using the classical variance method.
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