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1. Introduction

Indicate (A as the class of all functions 4 : E — C defined by

h(u) = u+thum, (1.1)
m=2
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which are analytic in open unit disk E := {# € C: |u| < 1}. Let S be the subclass of A, which is
univalent in E. Fix 0 < § < 1. The well known subclasses S*(6), C(6) and R(6) of class S are the
class of starlike, convex, and the class of functions whose derivatives have positive real part of order o,
respectively. The analytic descriptions of the above classes are given by

. i uh'(u)
8(6).—{h68.%( ) )>6},

C@©) := {h €S: 9&(1 + ”h"(”)) > 5},

' (u)
and

R©S) = {heS: R (Hw) > 6).

Indicate Vy as the class of functions 4 given in (1.1), which maps the open unit disk E conformally
onto an image domain A(E) of boundary rotation at most #x. The functions belonging to the class Vy
are known as functions of bounded boundary rotation. Pinchuk [15] introduced class V. Any function

h € Vy is expressed as
21
[ |»
0

Assume Ry as the class of functions % given in (1.1) which map open unit E conformally onto an image
domain A(E) of boundary radius rotation at most ¢zr. The functions belonging to the class Ry are known
as functions of bounded radius rotation. If a function & € Ry, then it can be expressed as

21
[ |»
0

Let Py be the class of functions ¢ with #(0) = 1 in E and having an integral representation

21 —i
) = f e s,
0

1 — ue

du < Un.

(re*h’ (re)y
W (rei)

(rei"h’(rei")

. < dn.
h(re*) )|d'u_ "

where 6(u) is a function of bounded variation and satisfying

27 27
f do(u) =2 and f ldo(w)| < 9.
0 0

Assume Sy be the subclass of Vy whose members are univalent in E. Paatero [13] proved that Vy
coincides with Sy whenever 2 < ¢ < 4.1.e., If 2 < ¥ < 4, h € Vy contains only univalent functions in
E. If ¢ > 4, then functions in the class Vy is fail to univalent conditions.

Noonan [11] gave the concept of order of a function for both V4 and Ry in 1971 and Padmanabhan
and Parvatham [14] introduced the concept of order of a function for £y in 1975. Let P4(6) be the class
of function 7 in E normalized by the conditions #(0) = 1 and

fQﬂ
0

AIMS Mathematics Volume 9, Issue 10, 27577-27592.

< 9.

-6

R(t(u)) — 5‘



27579

It is well known that [5] every function & € S has an inverse 4™, defined by
u=h'(hw), V uck

and
w=hhw), Y |wl<ryh) and ry(h) >

FN.

Hence, the inverse function 47! is given by
Y(w) = () = w — hhw* + (2h5 — hy)w? — (5h3 — Shyhs + hy)w* + -+ - . (1.2)

If both /4 and A~! are univalent in E, then # is said to be bi-univalent in E. Let us indicate T as the class
of bi-univalent functions in E. Lewin [7] introduced the class X and it was proved that |h;| < 1.51. The
coeflicient problem for each of the following Taylor-Maclaurin coefficients:

|l m e N\ {1,2},

is an open problem. Subsequently Brannan and Clunie [3] conjectured that |h| < V2 and
Netanyahu [10] showed that for 2 € X, max|h,| = %. Several authors [6, 9, 20] introduced and
investigated various subclasses of the class X and obtained estimates for their coefficients |h,| and |A3]
for the functions in these subclasses. Brannan and Taha [4] introduced the subclasses of bi-univalent
functions S5(6) and Kx(6), called bi-starlike functions of order ¢ and K(d) bi-convex functions of
order 6, respectively.

In geometric function theory and its related field, the study of operators plays an important role.
Several authors [1, 12, 17, 18] introduced and investigated various subclasses of the class X using
different operators. For i € A, Sdldgean [16] introduced the differential operator 97, which is
defined by

Dh(u) = h(u);

D'h(u) = Dh(u) = ul’ (u);
D'h(u) = D(D"'h(w)), neN,
then .
D'h(u) = u + Z m ™,
m=2

where n € Ny = N U {0}.
Lemma 1. [2] If a function t € Py(0) is given in the form
t(u)=1+t1u+t2u2+t3u3+--- , uckE,

then for eachm > 1,
|t < (1 = 0).
This result is sharp.
By applying the Saldgean operator, three new subclasses of bi-univalent functions associated with
bounded boundary rotations in open unit disk E are introduced and investigated. For these new classes,
the initial coefficient estimates and the Fekete-Szego inequality are obtained. Some of our findings

improved the earlier existing results available in the literature and few of the bounds presented here
generalize the result of Sharma [19].
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2. Main results

Definition 1. A function h € X given by (1.1) is said to be in the class LI*(9,6) if the
following conditions

(1-a2 "Z W\ (D) € Py(6)
and .
(1-a) Zf“’) + a(Dy(W)) € Py(S),

hold where 0 <a < 1,2 <% <4,0 <06 < 1 and the function y(w) is as defined by (1.2).

Remark 1. If a = 1 in Definition 1, we have L1(9,6) = Lg’l(ﬁ, 6) = HI(9,6). That is, a function
h € X given by (1.1) is said to be in the class H, (3, 6) if the following conditions

(D"h(w))" € Py(6)

and
(D'y(w)) € Py(0),
hold where 2 < 9 < 4,0 <6 < 1 and the function y(w) is as defined by (1.2).

Remark 2. Ifa = 0 in Definition 1, we have L*(89,6) = Lg’o(ﬁ, 6) = LU, 6). That is a function h € X
given by (1.1) is said to be in the class LL(9,0) if the following conditions

D'"h(u)

€ Pﬁ (6)

and

€ Py(6),
hold where 2 <19 < 4,0 < 6 < 1 and the function y(w) is as defined by (1.2).

Remark 3. [19] Ifn = 0 in Definition 1, we have L}°(8,6) = Lg’”(ﬁ, 6) = LL(9,6). A function h € =
given by (1.1) is said to be in the class LL(9,6) if the following conditions

Dy(w)
w

(1- a)@ + a(h' (n)) € Py(0)
and
(I- a)% +a(y'(w)) € Py(9),

hold where 0 <a < 1,2 <9 <4,0 <6 < 1and the function y(w) is as defined by (1.2).
Theorem 1. Let h € L]“(9,6) be given in the form (1.1). Then

/ I(1 - 9)
lhy| < m 2.1
9(1 —90)
31(1 + 2a)

and

lhs| < (2.2)
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For any N € R,
1 -6)(1 —N)
N
Tr2am Jor8<0
M1 -9)
— N2 —_— <N<2
lhs — Rh;y| < 1+ 203 Jor0 <N <2,
9(1 = 6)X - 1)
A7 203 for N > 2.
Proof. As h € L}*(¥9,6), from Definition 1,
7
1 -2 | oy = i
u
and Diy(w)
(I-a) Z’UC‘) +a(D"y(w)) = s(w),

where () and s(w) are analytic functions belonging to the class Py(d) given by
W) =1+tHu+tu* +tu° + -
and
s(a)):1+slw+s2w2+s3w3+--- .
Comparing the coefficients by using (2.4)—(2.7), we have
(1 +a)2"h, =1,
(1 +2a)3"h; = 1,
- (1 + a)2’7h2 = 51,
and
2(1 +2a)3"h5 — (1 + 2a)3"hs = s,.
Adding (2.9) and (2.11), we have
2(1 +2a)3"h; = t; + 5.
Now by using Lemma 1, we have
H1 - 9)
31(1 + 2a)’
gives the bound of |A,| given in (2.1). Now by using Lemma 1, in (2.9), we have

2
|hy|” <

(1 +2a)37|hs| < 9(1 - 9),

gives the bound of |A3| given in (2.2). Now fix 8 € R and by using (2.9) and (2.12), we have

2 = N)t, — Ns»
hy — Nhj = :
T 01+ 2a)3n
Now by using Lemma 1, we have
9(1 - 912 - Nl +IN]]
2(1 + 2a)3" ’

gives the bound of |h; — Nh§| given in (2.3) finishing Theorem 1.

|hs — N3] <

(2.3)

(2.4)

(2.5)

(2.6)

2.7)

(2.8)

(2.9)
(2.10)

(2.11)

(2.12)

O
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Definition 2. A function h € X given by (1.1) is said to be in the class Bg’b(ﬁ, 0) if the conditions

u(O"h(u)) N buz(Z)”h(u))”
Dh(u) Dh(u)

€ Py(0)

and
w(DTy(w)) N bwz(@”Y(w))”

Dry(w) Dry(w)
hold where b > 0,2 <19 < 4,0 <6 < 1 and the function y(w) is as defined by (1.2).
Remark 4. If b = 0 in Definition 2, we have Bg’b(ﬁ, 0) = Bg’o(ﬂ, 6) = BL(,6). That is, a function
h € X given by (1.1) is said to be in the class Bg(ﬂ, o) if
udDh' (u)
Dh(u)

€ Py(6).

€ Py(9)
and
WDy (w)
Dy(w)
where2 <9 < 4,0 <96 < 1 and the function y(w) is as defined by (1.2).
Remark 5. [19] If n = 0 in Definition 2, we have B1°(9,6) = B2°(9,6) = Si(b,9,6). That is, a
function h € T given by (1.1) is said to be in the class Ss(b, 9, 0) if
’ 21,7
uh’(u) +bu h’ (u)
h(u) h(u)

€ Py(9),

S 7)19(5)
and / 207
Wy ey w)
Y(w) Y(w)
where b > 0,2 <19 <4,0 <6 < 1 and the function y(w) is as defined by (1.2).

Theorem 2. Ifh € Bg’b(ﬂ, 0) is of the form (1.1), then

|hy| < \/ 9 = 9) (2.13)

€ Py(9),

2(1 + 3b)37 — (1 + 2b)221

and

I - 6)
B < . 2.14
sl < 2(1 + 3b)37 — (1 + 2b)2% @19
For any N € R, then
H1 = 8)(1 - N)
:N
20 +3b3T— (1 2b - N9
)
—NR <= <N<2- .
lhs — B3| < 30+ 307 O®<N<2-0, (2.15)
I = 6)N—1)
: N>2-0,
2(1 + 3b)37 — (1 + 2b)2% g
where
_(1+2b2%
~2(1+3b)3n°
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Proof. As h € B"(9,8), we have

uDhw)" buz(i)”h(u))”

Dh(u) DGy T (2.16)

and
w(D"y(w)) bwz(@”y(w))”

+
Dry(w) Dry(w)
where #(#) and s(w) are analytic functions belonging to the class $4(6) given by (2.6) and (2.7).
Comparing the coeflicients using (2.6), (2.7), (2.16), and (2.17), we have

= s(w), (2.17)

(1 +2b)2"h, = 14, (2.18)
2(1 +3b)3"hs — (1 + 2b)2%"h: = t,, (2.19)
— (1 +2b)2"h, = 51, (2.20)
and
[4(1 + 3b)37 — (1 + 2b)2*"h3 — 2(1 + 3b)3"h; = s,. (2.21)
Adding (2.19) and (2.21), we have
2[2(1 + 35)3" — (1 + 2b)2%"|h3 = t, + s». (2.22)
Now, using Lemma 1, in (2.22), we have
(1 - 6)

h 2.23
ol < =21 +3b)37 — (1 + 2b)221° (2.23)

where b > 0 and n € Ny = NU {0} and (2.23) gives the bound of |h,| given in (2.13). Again from (2.19)
and (2.21), we have
4(1 + 3b)3"h; — 4(1 + 3b)h2 =1 — 5. (2.24)

Now, using (2.22) in (2.24), we have
[4(1 + 3b)3" — (1 + 2b)2%"t, + (1 + 2b)2%s,

4(1 Thy = 2.2
(1+36)3%hs 201+ 35)37 — (1 + 2b)22 2.25)
Now, using Lemma 1, in (2.25), we have
[2(1 + 3b)3" — (1 + 2b)2°M]|hs] < (1 — 6). (2.26)

Equation (2.26) gives the bound of |A3| given in (2.14). Now fix N € R and by using (2.22) and (2.25),

we have

[4(1 + 3b)3" — (1 + 2b)2%" — 2(1 + 3b)3"N]t, + [(1 + 2b)2%" — 2(1 + 3b)3"N]s>
4(1 + 3b)3"[2(1 + 3b)3" — (1 + 2b)221] '

hs — N3 = (2.27)

Now, using Lemma 1, we have

F(1 = S)[|4(1 + 3b)37 — (1 + 2b)2%7 — 2(1 + 3b)3"N| + |(1 + 2b)2%1 — 2(1 + 3b)3'72<|]

hs — Nh3| <
|3 5l 4(1 + 3b)31[2(1 + 3b)37 — (1 + 25)221]

gives the bound of |h; — Nh§| given in (2.15) finishing Theorem 2. O
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Definition 3. A function h € X given by (1.1) is said to be in the class Ng’d(ﬂ, 0) if the conditions

u(O"h(u))’ u(O"h(u))”
R Rl (= R
and
w(D"y(w)) w(D"y(w))"
(1-4d) D) +d (1 + D) ) € Py(0),

are satisfied where 0 <d < 1,2 <19 < 4,0 <6 < 1 and the function y(w) is as defined by (1.2).

Remark 6. If d = 0 in Definition 3, we have Ng’d(ﬁ, 0) = Ng’o(ﬁ, 6) = BL(I,6). A function h € T given
by (1.1) is said to be in the class BL(I,6) if

udDh' (u)

@T(u) € Pﬂ(5)

and
wD"y' (w)

Dry(w)
where 2 <19 < 4,0 <6 < 1 and the function y(w) is as defined by (1.2).

€ Py(9),

Remark 7. [fd = 1 in Definition 3, we have N3(9,6) = N2 (9, 8) = N{(9,6). A function h € T given
by (1.1) is said to be in the class Ng(ﬁ, o) if

udD'h" (u)

Z)”h’(u) € Pﬁ(é)

and Dy ()
wD'y"(w

1+ ——= 9(0),

+ Dy () € Py(6)

where 0 <d < 1,2 <19 <4,0 <6 <1 and the function y(w) is as defined by (1.2).

Remark 8. [19] Ifn = 0 in Definition 3, we have Ng’d(ﬁ, 0) = Ng’d(ﬁ, 0) = Mg(ﬁ, 0). A function h € ¥
given by (1.1) is said to be in the class Mg’d(ﬂ, o) if

) ”Z(;’;) +d (1 + ”:(s)‘)) € Py(6)
and ) ,
(11— )@, d(l + L(“’)) € Py(6),
Y(w) Y (w)

where 0 <d < 1,2 <19 <4,0 <6 <1 and the function y(w) is as defined by (1.2).
Theorem 3. Ifh € Ng’d(ﬁ, 0) is given in the form (1.1), then

1 - 6)
ol < \/2(1 +2d)37 — (1 + 3d)22n (2.28)

AIMS Mathematics Volume 9, Issue 10, 27577-27592.
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and 91— o)
Ihal < 2(1 +2d)3" — (1 + 3d)2%° (2.29)
For any N € R, then
I - 0)(1 —=N) '
2(1 +2d)37 — (1 + 3d)221 ~ R <%,
2 (1 -96) B
lhy — Nh5| < —2(1+2d)3'7 : £<N<2-¢£, (2.30)
I -6)(N-=1) .
20 +2d3 - +3apn - S 2E
where
1+ 3d)2%"
- 2(1 +2d)37
Proof. As h € NJ(8,6), we have,
u(D"h(u)y u(Oh(u)"\
n (D'"y(w)) (D'"y(w))
w( Dy (w)) w(Dry(w))"\ _
(1 — d)W + d(l + W) = S((U), (232)

where #(u) and s(w) are analytic functions belonging to the class $4(5) given by (2.6) and (2.7).
Comparing the coeflicients using (2.6), (2.7), (2.31) and (2.32), we have

(1 +d)2"h, =1, (2.33)
2(1 +2d)3"hs — (1 + 3d)2*"h5 = t,, (2.34)
—(1+d)2, = sy, (2.35)
and
[4(1 + 2d)3" — (1 + 3d)2*"|h% — 2(1 + 2d)3"h3 = . (2.36)
Adding (2.34) and (2.36), we have
202(1 +2d)3" = (1 + 3d)2*|h3 = 1, + 55. (2.37)
Now, using Lemma 1, in (2.37), we have
31 - 6)
hl? < ) 2.38
Ihal” < 2(1 + 2d)3" — (1 + 3d)221 2.38)
Equation (2.38) gives the bound of |A,| given in (2.28). Again from (2.34) and (2.36), we have
4(1 + 2d)3"h; — 4(1 + 2d)3"h5 = t, — s5. (2.39)

AIMS Mathematics Volume 9, Issue 10, 27577-27592.
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Now, using (2.37) in (2.39), we have

[4(1 + 2d)3" — (1 + 3d)2*"t, + (1 + 3d)2*"s,

4(1 + 2d)3"h; = 2.40
( )33 2(1 4+ 2d)3" — (1 + 3d)2* ( )

Now, by using Lemma 1, in (2.40), we have
[2(1 + 2d)3" — (1 + 3d)2*"h; < 9(1 = 6). (2.41)

Equation (2.41) gives the bound of |A3| given in (2.29). Now fix N € R and by using (2.37) and (2.40),
we have

[4(1 + 2d)3" — (1 + 3d)2*" — 2(1 + 2d)3"N]t> + [(1 + 3d)2*" — 2(1 + 2d)3"K]s,

— 2 =
hs = N A(1 +2d)37[2(1 + 2d)37 — (1 + 3d)21]

(2.42)

Now, using Lemma 1, in (2.42), we have

I = O[|4(1 + 2d)3" — (1 + 3d)2*" — 2(1 + 2d)3"N| + |(1 + 3d)2*" — 2(1 + 2d)3"N]|]

hs — Nh3| <
s 2l < 4(1 + 2d)3"[2(1 + 2d)37 — (1 + 3d)221]
(2.43)
Equation (2.43) gives the bound of |h; — Nhgl given in (2.30), which completes the proof of Theorem 3.
O

3. Corollaries and remarks

For the choices of a = 1, a = 0 and n = 0 in Theorem 1, we get the following Corollaries namely
Corollary 1, Corollary 2 and Corollary 3, respectively.

Corollary 1. If h € H(9,6) is given in the form (1.1), then

I - 0)
lha| < \/T

and 9(1 - 6)
|hs] < e
For any N € R, then
H( - 06)(1 —=N)
> 3 for N <0,
I -6
s — NI < % for0<N<2,
I -HN-1)
R for N > 2.

Corollary 2. Ifh € L1(89,6) is of the form (1.1), then

I —0)

ol <\ =5

AIMS Mathematics Volume 9, Issue 10, 27577-27592.
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and (1 - 6)
|hs| < TE
For any N € R, then
od _26')3(]71 - for X <0,
|hy — Rh3| < 19(13; %) for0 <N <2,
od _26.)3(::_1) for N > 2.

Corollary 3. If h € L(1,0) is given in the form (1.1), then

I -09)
(1+2a)

|ha| <

and
(1 - 90)

(1+2a)

|hs| <

For any N € R, then
M1 -0)(1 —-N)

2(1 + 2a)
H1 —9)
(1+2a)
I -0)(N-1)
2(1 + 2a)
Remark 9. 9 = 2 in Corollary 3, verifies the results obtained in [6].

for X <0,

|hs — N3] <

forO <N <2,

for 8 > 2,

For the selection of b = 0, n = 0 in Theorem 2, we get the Corollaries Corollary 4,
Corollary 5, respectively.

Corollary 4. If h € BL(8,6) is represented in the form (1.1), then

Il —0)
ol oz o

and

For any N € R, then
(1 -6)1-N)

2.31 -2
(1 - 6)
231
HI-0)N-1)
231 -2m

s — NR3| <

N>2-0,

AIMS Mathematics Volume 9, Issue 10, 27577-27592.



27588

where )
221

®O=—

2.37

Corollary 5. If h € S§5(b, 1, 9) is given in the form (1.1), then

lha| <

and
(1 - 96)

1+4b

|hs| <

For any N € R, then

1 -6)(1 =N) .
1+4b '
9(1-6)
2(1+3b) =
d1-HNR-1)
1+4b '

|hs — RK3| <

N>2-0,

where
1+2b

= 2(1+3b)
If n = 0and » = 0 in Theorem 2, we get Corollary 6, which verifies the results obtained in [8, 19].

C)

Corollary 6. If h € S5.(9,6) given in the form (1.1), then

o] < NI(1 - 6)

and
|hs| < (1 = 9).
For any N € R, then
1
H1 —-8)(1-N): N<§,
H(1 - 9) 1 3
hy — Kh3| < : —<N<=
| 3 2| 2 7S N < 2,
3
I -0)(N-1): N>§.

Remark 10. ¢ = 2 in Corollary 6, verifies the results obtained in [4].

For the choices d = 1, n = 0 in Theorem 3, we get corollaries Corollary 7 and
Corollary 8, respectively.

Corollary 7. If h € Ng(ﬁ, 0) is of the form (1.1), then

I —0)

ol < \ 33—

AIMS Mathematics Volume 9, Issue 10, 27577-27592.
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and

For any N € R, then

|hs — N3] <

where

|hs| <

9(1 —9)
~ 2.3n+l _ Q242 '

Tt N

% : £<N<2-f£,

s Ne2-s
22+2

Corollary 8. Ifh € Mg(ﬁ, 0) is given in the form (1.1), then

and

For any N € R, then

|hs — N3] <

where

(1 —0)

<
Ihal < 1+d

W1 =-6)(1-N)
1+d '
91 -6)
201 +2d) -
M1 -H(N-1)
1+d

N < £,

T N>2-¢£,

3 1+ 3d
21 +2d)

Remark 11. Corollary 8, verifies the results obtained in [19].

If n =0and d = 1 in Theorem 3, we get the following corollary.

Corollary 9. If h € Ms(14,0) given in the form (1.1), then

and

AIMS Mathematics

H1 - 0)

lha| < 7

Ml -0
|hs] < ( ).
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For any N € R, then

19(1—(5)(1—8): R < g
2 3
(1 - 0) 2 4
hy — Rh2| < : Z<N< -
|3 2| 6 3— —3,
19(1—6;(&—1): N

4
3
Remark 12. Corollary 9, verifies the results obtained in [8]. If & = 2 in Corollary 9, verifies the
results obtained in [4].

4. Conclusions

By an application of the Sdldgean operator, three new subclasses of bi-univalent functions associated
with bounded boundary rotation in open unit disk E are considered in this article. We first established
initial coefficient bounds as well as the Fekete-Szego estimates for the classes Lg’“(ﬁ, 0), Bg’b(ﬁ, 0), and
Ng’d(ﬁ, 0). Interesting remarks for the major results, including improvements of the earlier bounds, are
also quoted. More corollaries and remarks could be reported for the selection of parameters, and those
details have been omitted.
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