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Abstract: In this paper, we introduced the gradient-enhanced fractional physics-informed neural
networks (gfPINNs) for solving the forward and inverse problems of the multiterm time-fractional
Burger-type equation. The gfPINNs leverage gradient information derived from the residual of the
fractional partial differential equation and embed the gradient into the loss function. Since the standard
chain rule in integer calculus is invalid in fractional calculus, the automatic differentiation of neural
networks does not apply to fractional operators. The automatic differentiation for the integer order
operators and the finite difference discretization for the fractional operators were used to construct
the residual in the loss function. The numerical results demonstrate the effectiveness of gfPINNs in
solving the multiterm time-fractional Burger-type equation. By comparing the experimental results of
fractional physics-informed neural networks (fPINNs) and gfPINNs, it can be seen that the training
performance of gfPINNSs is better than fPINNS.
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1. Introduction

In recent years, fractional partial differential equations (FPDEs) have been widely used in natural
science and engineering technology [1-4]. The advantage of FPDEs lies in their ability to better
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describe materials and processes that exhibit memory and genetic properties [5, 6]. However, the
solutions of FPDEs are much more complex. Many researchers have exploited diverse techniques for
the investigation of FPDEs such as the finite difference method (FDM) [7], finite element method [8],
spectral method [9], virtual element method [10], etc. The development of effective numerical methods
to approximate FPDEs has been the goal of some researchers.

In recent years, neural networks (NNs) have been successfully applied to solve problems in various
fields [11-13]. Due to the high expressiveness of NNs in functional approximation [14-16], using
NNs to solve differential and integral equations has become an active and important research field.
Physics-informed neural networks (PINNs) [17-20] are machine learning models that combine deep
learning with physical knowledge. PINNs embed PDEs into the loss function of the NNs, enabling the
NN to learn solutions to PDEs. The PINNs algorithm is meshless and simple, and can be applied to
various types of PDEs, including integral differential equations, FPDEs, and random partial differential
equations. Moreover, PINNs solved the inverse problem of PDEs just as easily as they solved the
forward problem [17]. PINNs have been successfully applied to solve various problems in scientific
computing [21-23]. Pang et al. [24] used the FDM to approximate the fractional derivatives that cannot
be automatically differentiated, thus extending the PINNs to fPINNs for solving FPDEs.

Despite the success of deep learning in the past, solving a wide range of PDEs is theoretically and
practically challenging as complexity increases. Therefore, many aspects of PINNs need to be further
improved to achieve more accurate predictions, higher computational efficiency, and robustness of
training. Lu et al. [25] proposed DeepXDE, a deep learning library for solving PDEs, introduced
a new residual-based adaptive refinement method to improve the training efficiency of PINNs, and
new residual points were added at the position where the residuals of the PDEs were large, so that
the discontinuities of PDEs could be captured well. Zhang et al. [26] combined fPINNs with the
spectral method to solve the time-fractional phase field models. It had the characteristics of reducing
the approximate number of discrete fractional operators, thus improving the training efficiency and
obtaining higher error accuracy. Wu et al. [27] conducted a comprehensive study on two types of
sampling of PINNSs, including non-adaptive uniform sampling and adaptive non-uniform sampling,
and the research results could also be used as a practical guide for selecting sampling methods.
Zhang et al. [28] removed the soft constraints of PDEs in the loss function, and used the Lie
symmetry group to generate the labeled data of PDEs to build a supervised learning model, thus
effectively predicting the large amplitude and high frequency solutions of the Klein-Gordon equation.
Zhang et al. [29] introduced the symmetry-enhanced physics-informed neural network (SPINN), which
incorporated the invariant surface conditions derived from Lie symmetries or non-classical symmetries
of PDEs into the loss function of PINNs, aiming to improve accuracy of PINNs. Lu et al. [30] and
Xie etal. [31] introduced gradient-enhanced physics-informed neural networks (gPINNs) to solve PDEs
and the idea of embedding the gradient information from the residuals of PDEs into the loss functions
has also proven to be effective in other methods such as Gaussian process regression [32].

In this paper, inspired by the above works, gfPINNs are applied to solve the forward and inverse
problems of the multiterm time-fractional Burger-type equation. The integer order derivatives are
handled using the automatic differentiation capability of the NNs, while the fractional derivatives
of the equation are approximated using finite difference discretization [33, 34]. Subsequently, the
residual information of the equation is then incorporated into the loss function of NNs and optimized
to yield optimal parameters. For the inverse problems of the multiterm time-fractional Burger-type
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equation, their overall form are known but the coefficient and the orders of time-fractional derivatives
are unknown. The gfPINNs explicitly incorporate information from the equation by including the
differential operators of the equation directly into the optimization loss function. The parameters to be
identified appear in the differential operators, which are then optimized by minimizing the loss function
associated with those parameters. A numerical comparison between fPINNs and gfPINNs is conducted
using numerical examples. The numerical results demonstrate the effectiveness of gfPINNs in solving
the multiterm time-fractional Burger-type equation.

The structure of this paper is as follows. In Section 2, we define forward and inverse problems for the
multiterm time-fractional Burger-type equation. In Section 3, we introduce fPINNs and gfPINNs and
give the finite difference discretization to approximate the time-fractional derivatives. In Section 4, we
demonstrate the effectiveness of gfPINNs in solving the forward and inverse problems of the multiterm
time-fractional Burger-type equation by numerical examples, and compare the experimental results of
fPINNs and gfPINNSs. Finally, we give the conclusions of this paper in Section 5.

2. Multiterm time-fractional Burger-type equation

We consider the following multiterm time-fractional Burger-type equation defined on the bounded
domain Q:

C

Au(x, t %u(x, t
1o Diu(x, 1) + cnglyu(x, 1)+ u(x,t) u(x, 1) =v u(x, 1)

0x 0x2

+ f(x,1), (2.1)

where (x, 1) € Q X [0, T'] and the initial and boundary conditions are given as

{ u(x,t) =0, X € 09, (2.2)

u(x,0) = g(x), x € Q,

where u(x, t) is the solution of the equation, f(x,?) is the forcing term whose values are only known at
scattered spatio-temporal coordinates, v is the kinematic viscosity of fluid, g(x) is a sufficiently smooth
function, the fractional orders a and y have been restricted to (0, 1) and (1, 2), respectively, ngu(x, 1)
is the Caputo time-fractional derivative of order 8 (8 > O,n — 1 < 6 < n) of u(x,t) with respect
tor[35,36]:

1 1, n—1-0 0"u(x,s) +
CDeu(x t) _ I'(n—0) fa(t S) as" dS, 0 ¢ z,
0t O 3%u(x.,t)

of

2.3)
0 ezt

where I'() is the gamma function.

The forward and inverse problems of solving the multiterm time-fractional Burger-type equation are
described as follows. For the forward problem, under the given preconditions of the fractional orders «
and y, the forcing term f, and the initial and boundary conditions, the solution u(x, t) is solved. For the
inverse problem, under the given preconditions of the initial and boundary conditions, the forcing term
f, and additional concentration measurements at the final time u(x, ) = h(x, t), the fractional orders «
and y, the flow velocity v, and the solution u(x, t) are solved.
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3. Methodology

3.1. fPINNs

This subsection introduces the idea of fPINNs and we consider both the forward and inverse
problems, along with their corresponding NNs. We first consider the forward problem of the multiterm
time-fractional Burger-type equation in the following form:

Llulx, )} = f(x,1), (x,1) € Qx][0,T],

u(x,t) =0, X € 09, (3.1)
u(x,0) = g(x), x e Q,
where Z{-} is a nonlinear operator and Z{u(x,?)} = clng‘u(x, 1+ ngD,yu(x, 1) + u(x, t)au(g);,t) _
2
p i) sg’t). We divide the nonlinear operator Z{-} into two parts, & = L,p + ZL,onap- The first part

is an integer derivative operator, which can be automatically differentiated (AD) using the chain rule.
We have

2
u(x, AL — 2D, a€(0,1),y € (1,2),
2 2
Zapl} =) @S5 £ uCe IS 0S5, @€ 0.1y =2 (32)
ou(x,f) du(x,t) . d*u(x,1) _
1= + u(x,1) s VoI, X= 1,y €(1,2),

and the second category consists of operators that lack automatic differentiation capabilities:

c15 Dlu(x, 1) + ¢p§ Dlu(x, 1), a € (0,1),y € (1,2),
Zoonapl-} =4 15 Dfulx, 1), a€0,1),y=2, (3.3)
¢y D u(x, 1), a=1,7y €(1,2).

For &, ,,4p, We can discretize it using FDM and denote by £y, the discretization version of £, 4 p-

During the NNs training process, our goal is to optimize its parameters in order to ensure that
the approximate solution of the equation closely satisfies the initial and boundary conditions. The
approximate solution is chosen as

u(x,1) = tp(x)uy n(x,1) + g(x), (34

where u 5 represents the output of the NNs. The NNs acts as a surrogate model, approximating the
relationship between spatio-temporal coordinates and the solution of the equation. It is defined by
its weights and biases, forming the parameter vector u; see Figure 1 for a simple NN. This is fully
connected with a single hidden layer consisting of three neurons. In this network, x and ¢ are two
inputs, which go through a linear transformation to obtain x; = w;x + wyt + by, x, = W x + wWst + by,
and x3 = wsx + wgt + b3 in the hidden layer, and then, they go through a nonlinear transformation to
getY;, = f(x;) fori = 1,2,3. We choose the hyperbolic tangent function tanh(-). ¥; to go through a
linear transformation to obtain the output of the NNs, up 5 (x, 15 4) = w;Y] + wgY, + wyY3 + by. The
vector of parameters y is comprised of the weights w; and biases b;. p(0) = p(1) = 0 and the auxiliary
function p(x) is preselected. g(x) is the initial condition function such that it satisfies the initial and
boundary conditions automatically.
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Figure 1. A simple NN.

The loss function of fPINNSs for the forward problem with the approximate solution is defined as
the mean-squared error of the equation residual

Liw == Y [Zrpmlite.n} + Zaplice ) - fx0)]’, (3.5)

| SF | (x,H)ES

where Sy C Q X [0,T] and |S F| represents the number of training points. Then, we train the NNs to
optimize the loss function of the forward problem with respect to the NNs parameters u, thus obtaining
the optimal parameters y,, . Finally, we specify a set of arbitrary test points to test the trained NNs
and observe the training performance.

The codes for solving the forward and inverse problems of the equation using NNs is similar. We
only need to incorporate the parameters to be identified in the inverse problem into the loss function
to be optimized in the forward problem, and no other changes are necessary. Next, we consider the
following form of the inverse problem:

Flertiyx, n) = f(x,1), (x,1) € Qx[0,T],

u(xa t) = O, X G aQ’
u(x,0) = g(x), X € Q, (3.6)
u(x,t) = h(x, 1), (x,1) € Q% [0,T],

where ¢ is the parameter of the equation, so the loss function Ly, for the inverse problem under
consideration is

Liplué = lapo)) =W, —— 3 (2800 ix, 0} + 4 (a0} - £
St,| Cenesy,
. (3.7)
+ Wy, — Y [ t) = h(x, 01,
S, | xnESy,

wherea € (0,1)and y € (1,2), Sll c Qx[0,T] and S12 C QX [0, T] are two sets of different training
points, and W; and W, are preselected weight coefficients. We train the NNs to minimize the loss

function, thereby obtaining a,,,, and y,.,;, the flow velocity v,,;, and the optimal parameters 1, of
the NNs.
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3.2. gfPINNs

We incorporate the residual information of the equation into the loss function of NNs and train the
NNs to minimize this loss function, thus obtaining the optimal parameters of NNs. If the residuals in
the PDEs are zero, then the gradient of the residuals in the PDEs should also be zero. Therefore, adding
gradient information to the loss function is a necessary condition for training NNs. One motivation
behind gfPINNS is that the residual in the loss function often fluctuates near zero. Penalizing the slope
of the residual can reduce these fluctuations, making the residual closer to zero. In this section, we
continue to consider the formulation of the forward and inverse problems of the equation discussed in
the previous section.

We first consider the forward problem in the form of (3.1) and provide the loss function of gfPINNs
for this form:

Lepw = WrLpw + Wy pLg rw + We,rLg, Fus (3.8)
where )
1 0Lppuli(x, 1)} 0L pliu(x, 1)} df(x,1)
Lo pw = 77— l . + ADax - (3.9)
‘S&F (x,NESy, F
0Z i(x,t 0Z 4 pli(x,t of(x,t 2
Lyrw = 1 [ FDl\/gi (x,0)} + AD;I( )} af(x,1) (3.10)
‘ng F| DES,, F

and the approximate solution of the equation is the same as Eq (3.4): i(x, 1) = p(x)upy n(x,1) + g(x).

The expression Ly, as shown in Eq (3.5), where Wi, W, p, and W, p are preselected weighting

coefficients, Sg1 F CQXI[0,T] and ng F CQX[0,T] are two sets of dlfferent training points.
Next, we consider the inverse problem in the form of (3.6) and provide the loss function of gfPINNs
for this form. The approach for the inverse problem of gfPINNSs is similar to that of fPINNs. We provide

the loss function for the inverse problem of gfPINNs.

Leyy =WiLpy{pE={a,y,0}} + W, 1Lg v + WerLg v, (3.11)
where
a, . 2
1 E}D@{u(x n} da‘ZjD{u(x,t)} af(x,1)
Lg]IV W 11 —_
S ox ox ox
a1, | DESg 1,
5 (3.12)
1 oi(x,t) oh(x,1)
T War, ox  ox ’
S 1, | DESg 1,
0 i ) oY (a0} g ?
L =W 1 FDM Al AD Dy f(x,0)
alV el ot ot ot
|Sg211 (x.NESgy 1,
5 (3.13)
1 oi(x,t) oh(x,1)
+ gZIZ at - ()t )
Se 1, | DESg, 1,
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and the expression Ly, {u,& = {a,y,v}} as shown in Eq (3.7), where W7, We sz’ We 1> We 1,5
W, 1,» and W, are preselected weighting coefficients, Sy 7, S, ;, C QX [0 T] o1 1 and Se,1, C
Q X [0, T are four sets of different training points.

This defines the loss function of gfPINNs, which is exactly the same as discussed above for fPINNSs.

We train the NNs to obtain the optimal parameters of the NNs.

3.3. Finite difference discretization for time-fractional derivatives

In the x direction [0, M ], we take the mesh points x,=1ihy,i=0,1,2,.., M, and in the 7 direction

[0, T'], we take the mesh points ¢, = nt,n = 0,1, ..., N, Where h, = M£ and T = % are the uniform
1

spatial step size and temporal step size, respectively. Denote Q; = {0 <i<M, }, Q. ={0<n<N}.
Suppose u} = u(x;,t,) is a grid function on Q; X Q.

We approximate the fractional derivatives of the equation using the finite difference
discretization [33,34].

For a € (0, 1), we have § Dfu(x, 1) |, , )= D%} + R, (@),

n—1

F(Z—a) laga! + Y (@), —ai_, )i —ay_ ), (3.14)

k=1

apn . _
D7i; :

where @ = ii(x;,1,), R; < C(z*™"),and af = (k+ D'™% — k7%

Lemma3.1. [33]a€(0,1),af =(+ D" =1""%1=0,1,2,...,
(1) 1=ay>af>a)>>a/ >0, lim_a -0,
2 (- <d” <d-at-1)"% 121

Fory € (1,2), § D} u(x,1) |, , = DYl + Ry(@@),

n—1
Dl := r( )[byé i+ Z(by b sk — bl _ 6,0, (3.15)

where Su(x, 1) = 2X0 R, < C(z*77), and b, = (k+ 1)*7 — k>

Given the spatlal posmon X, it can be seen from the finite difference discretization that the time-
fractional derivative of éi(x, t) evaluated at time ¢ depends on the value of éi(x, ) calculated at all previous
times 0, 7, 27, -+, t. We call the current time and the previous time the training points and the auxiliary
points, respectively.

4. Numerical examples

In this section, we demonstrate the effectiveness of gfPINNs in solving forward and inverse problems
of the multiterm time-fractional Burger-type equation and we compared fPINNs with gfPINNs. We
solve the forward problems of the equation and present the experimental results in Section 4.1. We
solve the inverse problems and present the experimental results in Section 4.2.
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We give a fabricated solution to the problem u(x,f) = t’sin(zx). In the given approximate
solution (3.4), the auxiliary function p(-) is defined as p(:) = 1 — ||x||§ We use the following form
of L? relative error:

1
~ 21 5
{Zk[u(xtest,k’ tlest,k) - u(xtest,k’ ttest,k)] } 2

1
{ Zk [u(xlest,k’ ttest,k)]z} 2

to measure the performance of the NNs, where # denotes the approximated solution, u is the exact
solution, and (x, t;) denotes the k-th test point.

We wrote the code in Python and took advantage of the automatic differentiation capability of
TensorFlow [37]. The stochastic gradient descent Adam algorithm [38] was used to optimize the loss
function. We initialized the NNs parameters using normalized Glorot initialization [39]. Otherwise,
when training a neural network, we set the learning rate, the number of neurons, the number of hidden
layers, and the activation function as 1 X 1073, 20, 4, and tanh(x), respectively.

(4.1)

4.1. Forward problems

In this section, we consider the the multiterm time-fractional Burger-type equation of the form (2.1)
with initial and boundary conditions (2.2). Weletv = 1, (x,?) € [0, 1]X][O0, 1], and g(x) = 0, considering
the smooth fabricated solution u(x, r) = ¥ sin(zx) and the forcing term

F'p+1) . F'p+1) -y )
f(x,t) =——t¥""¥Y(p — a)sin(xx) + —————— 1P (p — y) sin(xx)
I'p+1-a) I'p+1-y) 4.2)

+ 12 sin(xrx) cos(zx) + 72t? sin(zx).

Case 1: We choose ¢; = 1, ¢, = 0, and a = 0.5, considering the smooth fabricated solution u(x,t) =
1* sin(zx) and the forcing term f(x, 1) = 3. 51,1;(‘5;)9 S sin(zx) + 18 sin(zx) cos(zx) + 72t* sin(rx). We
consider M| — 1 training points of the spatial domain: x; = ih fori =1,2,---, M; —1 and N training
points of the time domain: ¢, = nt forn = 1,2, ---, N. We do not need to place training points on the
initial and boundary since the approximate solution ii(x, r) = tx(1 — x)upy 5 (x, t; u) satisfies the initial

and boundary conditions automatically. For fPINNs, the loss function can be written as

M-1 N
0.5
brw =G, = 1)N Z Z (1 5)[ ax;, ")+Z(“ —a,% 1)u(xutk)]
2 2 4.3)
y dii(x;,t,)  07ii(x;,1,)
+ii(x;, t _ — flxt _
u(Xl n) axi ax[z f(x, n)
The loss function of gfPINNs can be given as
M-1 N
au(x s Tn) ()u(x 1)
057"\ "i>"n/ ik
Farw = —I)N Z Z r(15)[ Z(“ T X, ]
(4.4)
2~ ~ 2 3~ 2
. 0%ii(x;,t,) [ 0ii(x;,t,) 3i(x; 1) 0f(x;,1,)
+ i(x;,1,) — + _ : _ ’
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M-1 N 1 ~
. Z 705 aosdu(xl, t,) HZ( 05 )au(xi,tk)
ofW = (M, - DN 1)N & &ras | oo, A k=t

(4.5)

0%ii(x;,1,) s (X, 1,) O(x;, 1) 63L7(xl~,tn) 0f(x;1,)
0x,0t, 0x; ot,, ax?atn ot,,

By substituting Eqs (4.3)~(4.5) into Eq (3.8), we get the gfPINNs loss function L, gy, with Wi =1,
We r = 1,and W, = 1. Next, we selected 2000 training points to train fPINNs and gfPINNs and
other parameters of the NNs are set to those described at the beginning of this section. Figures 2—4
present a comparison between the predicted solutions from the fPINNs and gfPINNs models and the
exact solution of the equation, demonstrating that gfPINNs can effectively solve the equation. Figure 5
shows the absolute errors between the exact solution and the solutions predicted by fPINNs and
gfPINNSs, and it can be seen that the prediction performance of gfPINNS is better than that of fPINN.
Figure 6 illustrates the L? relative errors of both fPINNs and gfPINNs models for a single experiment as
the iteration count varies, showing that while both can achieve errors as low as 10~*, gfPINNs exhibits
comparatively lower error and reduced oscillation.

+ i(x;,1,)

fPINNSs u(t, x)

gfPINNs u(t, x)

Exact u(t, x)

0.8

0.6

0.4

02

0.0

0.0 0.0

Figure 2. The exact solution and predicted solutions of the equation.

fPINNs
Exact PINNs g

ux 6
uxt o C

x °°

Figure 3. The exact solution and numerical solutions’ profiles of velocity u(x, t) witha = 0.5.
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t=0.25

101 —e— Exact
—-a- fPINNs
—a— gfPINNs

0.8 4
0.6 4
S

0.4 4

0.2 1

0.0

X

Figure 4. Predicted cross-sectional views of the equation using fPINNs and gfPINNs.

0.0 0.2 0.4 0.6

0.8

1.0

1.0

0.8 4

0.6 4

0.4+

0.2 1

t=0.51
—e— Exact
—-a- fPINNs

—— gfPINNs

0.0
0.0

(a) Absolute error for fPINNs
Figure 5. The absolute errors for solutions predicted by fPINNs and gfPINNSs.

0.2 0.4 0.6 0.8 1.0

X

0.0006
0.0005
0.0004
0.0003
0.0002
0.0001

0.0000

0.6 4

0.4+

0.2 1

0.0

t=0.76

1 —e—

—_——

Exact
fPINNs
gfPINNs

0.0 0.2

(b) Absolute error for gfPINNs

L2 relative error

—— fPINNs
—— gfPINNs

7.5

10.0 125
Iterations (103)

0.00016

0.00014

0.00012

0.00010

0.00008

0.00006

0.00004

0.00002

0.00000

Figure 6. The L? relative error of the problem with the number of iterations.

Case 2: We choose ¢; =0, ¢, = 1, and y = 1.5, considering the smooth fabricated solution u(x, ) =

* sin(zx) and the forcing term f(x,t) = 2.5

AIMS Mathematics

')

t2'5
TI@3.5)

sin(zx) + 8 sin(zx) cos(wx) + 2t sin(7zx).
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Similarly, we give the loss function of fPINNs as

M-1 N n—1
1 7703 b Sau(xp n) 15 15 ou(x;, t,)
Lpy = ——— b2 —b) —ens
W= M, = DN ; ; r(1.5)[ Z( Se) 5,
L 5 (4.6)
_ oti(x;, n) 0ii(x;,1,)
+ii(x;, t,, — f(x;,t .
u(x;,1,) ox, 22 f(xs1,)
For gfPINNSs, the loss function can be written as
-1 n—1
. ~ 1 M i T_O'S blSa u(xl, n) Z(b )(3 U(X,,tk)
W T (M, - )N & & T(15) 0t,,0x; b 01,.0x;
(4.7)
0% X;,t on(x;, o3 X;,t df(x;,
+a(xi,t ) ( 12 n) + < ( i n)) ( 13 n) f( i n) ,
0x; ox; 0X; 0x;
M-1 N - 1 -
. _ 1 705 bl 5021,1(xl., t,) nZ(bl s bl 5 )0 a(x;, 1)
ofW T (M, - DN & &\ T(15) or2 ~ g2 ws)

+ @i(x;, t,)

2
0%ii(x;,1,) +aa(x,., t,) 0ii(x;,1,) 03u(x,, ) 0f(x;t,)
0x,01, 0x; or,, dx2ot, o, '

By substituting Eqs (4.6)—-(4.8) into Eq (3.8), we get the gfPINNs loss function L, gy, with Wi = 1,
W r =0.16, and W, p = 0.16. Next, we selected 2000 training points to train fPINNs and gfPINNs
and other parameters of the NNs are set to those described at the beginning of this section. Figures 7-9
present a comparison between the predicted solutions from the fPINNs and gfPINNs models and the
exact solution of the equation, demonstrating that gfPINNs can effectively solve the equation. Figure 10
illustrates the absolute errors between the exact solution and the solutions predicted by both fPINNs
and gfPINNs, revealing that the gfPINNs exhibit a relatively smaller absolute error. Figure 11 presents
the iteration convergence curves for both the fPINNs and gfPINNs models for a single experiment,
revealing that while both can achieve L relative errors of 10™* with increasing iterations, the prediction
errors of gfPINNs are relatively low and more stable, resulting in superior prediction performance
compared to fPINNSs.
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Figure 7. The exact solution and predicted solutions of the equation.
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Figure 8. The exact solution and numerical solutions’ profiles of velocity u(x, ) withy = 1.5.
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Figure 9. Predicted cross-sectional views of the equation using fPINNs and gfPINNs.
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Figure 10. The absolute errors for solutions predicted by fPINNs and gfPINNs.
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Figure 11. The L? relative error of the problem with the number of iterations.

4.2. Inverse problems

We use the code that solves the forward problem to solve the inverse problem. We simply add
the parameters to be identified in the inverse problem to the list of parameters to be optimized in the
forward problem, without changing anything else. In this section, gfPINNs are applied to solve the
inverse problems of the multiterm time-fractional Burger-type equation of the form (3.6). Weletv =1,
(x,1) € [0,1] x [0,1], g(x) = 0, and considering additional concentration measurements at the final
time u(x, 1) = h(x, 1). Here, we still consider the smooth fabricated solution u(x,t) = t” sin(xx) and
the forcing term of formula (4.2).

Case 1: We choose ¢; = 1 and ¢, = 0. Similarly, we get the gfPINNs loss function L, py, with W; =1,
We r = 025, and W, ; = 0.25. We set the fractional derivative to be 0.6. We selected 470 training
points to train fPINNs and gfPINNs and other parameters of the NNs are set to those described at the
beginning of this section. Figures 12—14 display a comparison between the predicted solutions from the
fPINNs and gfPINNs models and the exact solution of the equation, demonstrating that gfPINNs can
effectively solve the problem. Figure 15 illustrates the absolute errors between the exact solution and the
solutions predicted by both fPINNs and gfPINNs, revealing that the gfPINNs exhibit a relatively smaller
and more stable absolute error. Figure 16 illustrates the iteration convergence curves for the fPINNs and
gfPINNSs for a single experiment, indicating that although gfPINNs incur a higher computational cost for
solving the inverse problem due to an additional loss term, both models can achieve L? relative errors
of 107 as iterations progress, with gfPINNs showing a lower and more stable error curve compared to
fPINNS.
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Figure 12. The exact solution and predicted solutions of the equation.
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Figure 13. The exact solution and numerical solutions’ profiles of velocity u(x, ?).
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Figure 14. Predicted cross-sectional views of the equation using fPINNs and gfPINNs.
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Figure 16. The L? relative error of the problem with the number of iterations.

Case 2: We choose ¢; = 0 and ¢, = 1. Similarly, we get the gfPINNSs loss function L,y with
W; =1, W,  =0.16,and W, ; = 0.0001. We set the fractional derivative to be 1.6. We selected 400
training points to train fPINNs and gfPINNs and other parameters of the NNs are set to those described
at the beginning of this section. For fPINNs and gfPINNs, we get the similar conclusion as Case 1 by
training the NNs and observing the experimental results. Figures 17—-19 display a comparison between
the predicted solutions from the fPINNs and gfPINNs models and the exact solution of the equation,
demonstrating that gfPINNs can effectively solve the problem. Figure 20 illustrates the absolute errors
between the exact solution and the solutions predicted by both fPINNs and gfPINNs, revealing that
the gfPINNs exhibit a relatively smaller absolute error. Figure 21 compares the L? relative errors of
fPINNSs and gfPINNSs for a single experiment as iterations progress, revealing that while gfPINNs incurs
a higher computational cost due to an additional loss term, both models can achieve an L? relative error
of 1073, with gfPINNs demonstrating a lower and more stable error curve than fPINNs.
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Figure 17. The exact solution and predicted solutions of the equation.
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Figure 18. The exact solution and numerical solutions’ profiles of velocity u(x, t).
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Figure 19. Predicted cross-sectional views of the equation using fPINNs and gfPINNs.
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Figure 20. The absolute errors for solutions predicted by fPINNs and gfPINNs.
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Figure 21. The L? relative error of the problem with the number of iterations.

5. Conclusions

In this paper, the effectiveness of gfPINNs in solving the forward and inverse problems of the
multiterm time-fractional Burger-type equation is verified through numerical examples. The L? relative
errors for solutions predicted by both fPINNs and gfPINNs can achieve 10~ for forward problems and
1073 or even 10™* for inverse problems. The experimental results indicate that gfPINNs demonstrate
relatively lower and more stable errors with the increase of training iterations, thereby enhancing
prediction performance. Nonetheless, the inclusion of an additional loss term in gfPINNs may result in
a higher computational cost, such as when solving inverse problems, fPINNs exhibit faster convergence
compared to gfPINNs.
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