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Abstract: In this article, we establish a novel high-order energy-preserving numerical approximation
scheme to study the initial and periodic boundary problem of the generalized nonlinear Schrédinger
equation with wave operator, which is proposed by the finite difference method. The scheme is of
fourth-order accuracy in space and second-order one in time. The conservation property of energy as
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1. Introduction

In [1], Matsunchi proposed the generalized nonlinear Schrédinger equation (NLSE) with wave
operator, which reads:
Uy — Uy, + YUy — Tau, — 10U, + Au +ﬁ|u|2u =0, (L.1)

where vy, a, 6, A, and S are real constants, i = —1, x € Rand 0 < t < T, which describes the

nonlinear interaction between two quasi-monochromatic waves. The nonlinear Schrodinger equation
has many important applications in different fields as a vital mathematics model, such as Langmuir
wave envelope approximation in plasma physics [2], water waves, and bimolecular dynamics [3, 4],
nonlinear topics [5, 6], and references therein.

To solve the Eq (1.1), we set it up in a compact subset [x;, x,] [7]. Then, the initial and periodic
boundary conditions are added as follows:

u(x, Hli=o = uo(x),  u(x,Hli=o = u1(x), x € [x;, x,1, (1.2)
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u(x,t) =u(x+ (x, — x)),t), 0<tr<T. (1.3)

There is the energy-conserved property of (1.1)—(1.3) [8]:

E() = llully, + N7, + Alul7, + %3 f lu|* dx + i0 f uii, dx = E(0). (1.4)
X

X1

In terms of numerical study, Wang and Kong et al. [8] considered the multi-symplectic preserving
integrator for the Schrodinger equation with wave operator. Moreover, in the paper, the authors
discussed mainly the conservative properties, without the necessary convergence analysis of the
scheme. In the case of 6 = ¥y = A4 = 0, Guo and Liang [9] developed a nonconservative
implicit difference scheme to solve the NLSE with a wave operator; Zhang [10] proposed an explicit
conservative difference scheme that was conditionally stable for it. In [11], several unconditionally
stable conservative schemes were shown. However, the above-mentioned schemes were all of second-
order accuracy in space. Furthermore, Li and Zhang [12] designed a conservative scheme of (1.1). But
the scheme is nonlinear implicit, so it is not suitable for parallel computation because it needs heavy
iterative calculations.

Recently, high-accuracy computational methods have been attracted by many researchers. In recent
works, the high-order accuracy approximation methods were proposed to study the Klein—Gordon
equation [13], the Schrodinger equation [14, 15], the Klein—Gordon—Schrédinger equation [16, 17],
nonlinear wave equations [18], respectively. In addition, for wide and interesting topics covered, the
numerical studies should also be recalled in the literatures. Hu [19] presented compact conservative
schemes for the coupled nonlinear Schrodinger system. Dehghan et al. [20, 21] studied the high-
order solution for Sine-Gordon equation, heat and advection—diffusion equations of one dimension,
respectively. Later, this team [22, 23] solved the NLSE with constant and variable coefficients, and
2D Rayleigh—Stokes problem by compact finite difference method. In [24], an efficient and compact
finite difference scheme is developed for the Klein—Gordon—Zakharov equation. In [25], the NLSE
was solved by Fourier pseudo-spectral method. Especially in [26-28], some efficient linearly implicit
and high-order energy-preserving schemes were proposed for Hamiltonian systems, and monotonicity-
preserving ones for wave equations. These useful methods inspire us to establish an efficient numerical
method for the generalized NLSE with wave operator. In this article, a novel energy-preserving
approximation scheme is designed to solve (1.1)—(1.3) with the following advantages: The scheme
is high accuracy, unconditionally stable, and convergent, whose theoretical accuracy is O(t2 + h*); the
scheme preserves the physical conservative property of the original system; and the proposed method
is linearized, which significantly reduces the computational cost compared with the nonlinear one.

The outline of this article is as follows: In Section 2, a linearized high-accuracy energy-preserving
scheme for (1.1) is described. The simulation of conservative property and error estimates of the
scheme are shown in Section 3. In Section 4, we prove the convergence of the scheme. In Section 35,
several useful numerical examples are given to test the theoretical results.

2. High-accuracy numerical scheme

In this section, we define the solution domain Q = {(x, ?)|x € [x;, x,],¢ € [0, T]}, which is covered
by the uniform grid Q- = {(x;,")|x; = x, + jh,t" = n1,0 < j < M,0 < n < N}, where h = -2 i3
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spatial step, T = % is temporal step. Denote U’} ~ u(x;, ,). Denote discrete grid function w = {w';
0,1,2,--- ,M,n=0,1,2,--- ,N} on Q.. Define:

W™ — " W' — W' Wt — ! W' ="
n J J n J J n J J n Jj+1 J
6,wj = (5,-a)j = - 6;a)j = - (5ij = -,
T T 2T h
n n n n n 7
W= Wt W' - " W, — Wt
Se = Jjtl i1 5w = —2 i1 5. = j+2 J—2
Wy = X - Wy = .
J 2h ’ J h ’ J 4h

In the article, the constant C is general positive and independent of mesh parameters /4 and 7 at
different circumstances.

According to the operators above, the high-accuracy linearized energy-preserving scheme for (1.1)—
(1.3) is derived:

1.4 1 4 1 o
6,6:U" — E[géxé)—c(U;'” + U - géﬁég(U?” + U H]+ y(g(sg(st; —~ §6X6;U;7) — ia6;U’

~ ig[géi(U;ﬁé N U;l_%) _ %&;(U?é 4 U;’_%)] + %/1((];’“ + U + %ﬁIU;?Iz(U;’“ + U™
) @.1)
U9 = up(xy), U = uy(x)), (2:2)
v -, 2.3)
1 vyt

nty _ VY J
where v, ' =5

Assume that n = 0 is valid for (2.1). Applying (2.2), we have

2 4 1 4 1 .
;z(U} — Uy — TU) — [§5x5x(U} - Tuy) - 55252(%1- - Tuy)] + 7(§6fcu1 - 5555”1) — lau,

0 4 1
—zi[gdx(U} + Uy — Tul)—géx(U} + o — Tu) |+ AU} — ) +Bluo* (U — Tuy) = 0. (2.4)
3. Conservative property and error estimate

Let Z0 = (VIV = (V2, VI, VI )T V= Vi yn =yt V= V") For ¥, ¢ € Z0, define:

M-1 M-1
@.9)=h ) $ig (.40 =h ) 5804, el = (9,
=0 j=0
16:0ll = V(6:¢,0x¢)1,  ldlloo = onax 1#%1, lloxgll = (6:¢", 654" ).

Next, we discuss the conservative property and error estimate of (2.1)—(2.4).
Lemma 3.1. [29] V V, W € Z°, we obtain

O W, V) ==(W,6zV), (6:W, V) =—=(W,6;V), (0:W,V)=—(W,6;V).
Then one has

G:W, W) =0, (W, W)=0, (6,5:W,W)=—|l6,W]|>,
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(6:6:W, W) = —lI6:WIP,  (6:6:W, W) = —[|6:WII>.
Lemma 3.2. [30] For any grid function V € Z?, there is
I6:VIP < 116:VIP < 16, VI

Lemma 3.3. [31] For V V € Z°, we obtain

IVlleo <

VX —x
Tlnaxvn.

Theorem 3.1. The difference scheme (2.1) inherits the property of energy conservation of the original
system (1.1)—(1.3):

2 1
E" = ||6,U"|* + §(||6XU”“||2 +116,.U"|17) - 5(||6ch"“||2 +116:U"|17)

M-1
+ gelm[z(;(Uj:f U, Ujjf U"+2)] ~ —91m Z(U;’j; U"+2) ~ fj; U"+2]
=
+ %A(IIU”“II2 +1U"IP) + %ﬁIIU"IIZIIU”“II2 =E"'=... = E". (3.1)
Proof. By Lemma 3.1, do the inner product of (2.1) with §,U" + §,U""!. Then take the real part:
%(II&U"IIZ —l6,U" 1) + 32—T<||6XU"“||2 — 6. U™ - 617(”6;60"“”2 —116:U""11%)
— Re(ias;U",8,U" + 6,U"") + elm(gaﬁ(U“% + U™ %), 6,U" +6,U"")
- elm(é(sx(U“% + U™, 6,U" +6,U" ") + %A(llU””llz — U
+ ziTﬁllU”llz(llU’”‘ll2 — U™ ") =o. (3.2)
Noting that
Re(iad;U",5,U" + 5,U"") = —%Im(étU" +6,U" 1, 6,U" +6,U"") =0. (3.3)

By using (2.3), we obtain

2 1
Im[(gdfc(U'”% + U™ 1), 8,U" + 6,U" )]

n+ n+l n—1i n—1 Tl 1=l
_ Im g % Z( ]+12 _ 2 + Uj+12 _ Uj—lz)UjH _ Uj 1]
n+ 5 n—1 n—1 " —
- —Im[Z(UJ+12 SUSE UL - U DU - U]
2 M-1 -
n+3 n+y n+i n—s
= ZIm Y (UL + U - (U + U DI —UT)

3t J+l
J=0
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- —Im{z (U;’jfu SUUT + UUT - U U
n+l _ n— n+l _ n— n+l  p— _1
—[(U]HZU LLUUTH UV U U D))
2 n n n n—y n 1 n—4_ n-1
= §{In»,[Z(UijU ijU e Im[Z(UJ+1 TR -ULIUTON (3.4)
=0
Similarly, we obtain
1 M-1
Iml(~ 5(U"+Z+U"‘f> 6,U" +6,U" )] = ——Iml Z(U}T;U U U]
n 1 n— l n— n—
—Im[Z(Uj+22 U - U U, (3.5)
Substituting (3.3)—(3.5) into (3.2). Let
2 1
E" = 15,U"I" + g(llc%cU”“ll2 +116,U"1P) - g(lléch”“ll2 +16:U"|1%)
2 = n }’l n n n n n
+ §elm[Z(U]jfU UltiUT) - —le[Z(Uj:;U _UUr

1 1
+ E/l(IIU”“II2 + 11U + E,BIIU”IIQIIU””IIZ,

which implies (3.1).
Lemma 3.4. Assume that uy € H! [x;, x,], then the solution of (1.1)—(1.3) is estimated:

per

ludll, <G, ull, <G, Nule, <€, lullz, < C.

Proof. 1t follows from (1.4) that

S 1
lladll7, + Nleexll7, + Alludll7, < C + |19f uit,dx| < C + §|49|(||u||i2 + llull7,)- (3.6)
X

For the parameters A and 6 that satisfy 1 — %l@l >0and A — %l@l > 0, we obtain
e, < C, Nlull, < G, lugll, < C. (3.7)

Thus, [lull;, < C follows by Sobolev inequality.

Theorem 3.2. For the scheme of (2.1), its solution satisfies the following estimation: ||6,U"|| <
ClU" <Gl U < C Ul = C

Proof. From (3.1), we obtain

6, 0" + 3(l6,. U™ + ||f5 UL = g6 U™ 1P + 16:U%IP) + lﬁ(||U”+‘||2 U <€

+§|91m[2§151(U"+2 U, _yt U"+2)]| + L |91m[2§151(U"+2 U, _ys U”+2)]| (3.8)

Jj+l Jj+l Jj+2 Jj+2
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For U" € Z!, we have

M-1 M-1
G UrEUT U U =0, USUT LU U = 0. (3.9)
. =
Thus
n n L pel
IHIm[Z(UJ:fU ~U U
n+ n+l n+4 n+d o on+d n+d o ontd
- ﬁ|91m hZ(U]HzU ~UI U U U - U U
= Lotmin Y v rs,u
- gl m[ ZO j X j ]l
|9| n n n n
< g(IIU TP+ NUP + 160" P + 16:U"1P). (3.10)
Similarly, we obtain
I )
n+ ’H' n+l n+112 ny2 n+12 n 2
EIQIm[Z(UHfU j+22U DI < 2(IIU IF+NU" 17+ 110U |17 +l6:U"[). (3.11)
]:

This, together with (3.10), (3.8), and Lemma 3.2, gives the following:
ny2 1 5 n+1)2 n2 1 5 n+1y2 ny2
6. U"|I” + (5 - EIHI)(II&CU I + 6. U + (5/1— EIGI)(IIU II”+ 11U < C. (3.12)

For A and 6 that satlsfy = — —|9| > 0 and 4 3= |9| > 0, we have

lo.U"l < C, o.U"I<C, [UI<C. (3.13)

It follows from Lemma 3.3 that

IU"l < C. (3.14)
4. Convergence

Let a);? = u(xj,1,). Together with (2.4), the truncation error of (2.1)—(2.3) is defined:
no_ n 1 4 n+1 n—1 1 n+1 4 n 1 n . n
ri = 6,5,—w. 2[35 O (a) + W )— =0:0; (a) +w )]+y(§5);6fwj - §5x5;wj)—la6fwj
n n—f 1 n+s n—-1% 1 n n— 1 n n n—
2y W, ) - §cs)-(»(wj“ +w; ]+ 5/1(0)].” + W)+ 5,/3|wj|2(wj+1 +oih, @)
0

2 4 1 4 1 )
o= ;(w/ — Uo — Tuy) — [§5x5x(w} —Tuy) — §5ﬁ5x(w; —Tuy)] + 7(§5fc141 - §5x141) — lau,

— iz [ (5(a)
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0 4 1
—i= [0} + ug — Tuy) — =65 + up — Tu))] + AW = Tuy) + Bluol (W' — Tuy), 4.2)

2 3 J 3 J J J
a)? = up(x;), 4.3)
w;? = w7+M. 4.4)

Applying Taylor expansion, there is || + |0°] = O(t* + h*).
Next, we shall carry out the convergence analysis of the present scheme.
Lemma 4.1. [32] Suppose that the mesh function {v",n = 1,2,--- , N; Nt = T} satisfies the inequality

VIVl < BV + Cv T + At

the constants B, C, and A,, are nonnegative. Thus

N
ke < 0047 ) ADEPT,
k=1

where, 7 small enough stafies (B + C)1 < %(N > 1).

Theorem 4.1. Suppose that u(x,t) € C?Cf. The numerical solution U" of the finite difference
scheme (2.1)—(2.3) is convergent to the solution of (1.1)—(1.3) in the || - || norm with the convergent
rate O(7> + h*).

Proof. Let e’} = w? - U;?. From (4.1)—(4.4) and (2.1)—(2.4), we have

1 4 1 4 1
ri = 6,6 — E[gdxé,—c(e?” +et) - gdﬁdﬁ(ey“ +e ]+ Y(30:0i€; = 30:0i€)) — iadie]

3
s S N N R N S P I n-
= i5130:( 4 €)= 20T+ e+ A + T + Sl + W

1
- §ﬂ|U7|Z(U;l+1 + U, (4.5)
2 4 1 .0 4 1
O'? = 7726} - (§6x6)—ce} — 56;5636}) - l§(§6£€; — §5x6}) + /16} +ﬁ|l/l0|2€}, (4.6)
) =0, (4.7)
= .38)

Multiply both sides of (4.5) with 6,¢" + 67¢". Take the real parts:
1 _ 2 i e
(r", 6" + 6"y = =(lI6:"IF = 16:¢" " I1P) + —(lloe™ P = 116" 1)
T 31
1
- 6—(||5;ee”“||2 —I6:¢""'II*) — Re(iadie", 6,¢" + 67¢")
.
2 | 1
+ 91m(§5;c(e"+% +€"2),8,e" + 5" — Glm(géx(e’”% + e”_%), o.e" + 5z
1
+ 2—/l(||e"“||2 — ") + Re(P, 6" + 57", (4.9)
T
where
1 - 1 n n n—
P= Eﬁla)n|2(a)n+l +wn 1) _ 5ﬁlU |2(U +1 + U 1).
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Computing the fifth, sixth, and last terms on the right-hand side of (4.9), we have

2
Im(§52(e”+% + en—%),é‘[en + 5;‘6”) < C(”(Sfcen+1”2 + ”526””2 + ||52en_1||2

+116:€"II” + Nl 1), (4.10)

1
Il + &), "+ 6] < CUI5 P + 16,7 + 16,

+6:" 1 + ll6.e""I1P), (4.11)

1 1
Re(P,6e" + 07¢") = (Eﬁlw”lz(eﬁ“ +e" )+ Eﬁ(lw”l2 —U"HU™ + U™, 6" + 67"
= lﬁ(|a)"|2(e"+1 + "), 6,e" + 5re") + lﬁ((|w"|2 —|U"PU™ + U™, 6,¢" + 67¢") (4.12)
= 2 , Ot 7 2 s Ur t . .

In addition, we have

1

(Eﬂ(lw”lz(e”+1 +e" ), 8" + 5re") < C(lle"IP + lle™ 117 + lloe" ' IIP + 116:¢"11%), (4.13)

1 112 ni2 n+1 n—1 n n ﬁ n_n nrm n+1 n—1 n n

(E,B(la) [“=|U"[" YU +U""), 0,e"+67") = 5(((0 e+e"UMHU™ +U" ), 0,e"+67")
< C(lle"lI” + llo.€"II” + o™ 117, (4.14)

and
Re(iad:e", 5,e" + 67¢") = 0, (4.15)
1 _

(", 5," + 6") < |IF'|I* + E(II(Ste”II2 + 116" [I%). (4.16)

It follows from (4.9)—(4.16) that
1 n2 n—1112 2 n+172 n—1112 1 n+172 n—1112
=(ll6:€"lI” = ll6:"I17) + = (lloxe™ " II” = lloxe" 1) — —(llze" " [I” = [|16:€" |7
T 3t 67
1
+ z—a(ne”“ll2 — 11" P < IP1P + CUIS:™ P + 1163”1 + 165112 + 16z |2
o
+ 165" (> + lloze™ 1P + 1l P + 111> + 5"l + llo.e" 1) 4.17)

Let @ = [|6,€"|1* + 215 |I* + I6.€"lI*) + 4(lle"*|I* + [le"]I*). By Lemma 3.3, (4.17) can be rewritten
as follows:

O" — ! < 1||F"|* + Cr(®" + D" ). (4.18)
Using Lemma 4.1 yields
D" < (®° + T sup ||r"])e. (4.19)
1<n<N
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In (4.6), multiplying e' yields

2
=1

4 1
CaDE - le'II? + §||5x61”2 - §||<5)eelll2 + Al + Bluo e 1. (4.20)

According to Lemma 3.2, (4.20) together with |[o°] = O(7* + h*), (00, €") < 1(lo°I* + lle'I*), and T
small enough gives

le'll < O + %), l6.e'|| < O + ™). 4.21)
Consequently
@° = [0 + k). (4.22)
It follows from (4.19) that
O" < [O(T* + WM. (4.23)
Thus
le"]l < O + h*),  |16:€"ll < O(T* + k). (4.24)
From Lemma 3.3, we obtain
lle"lle < O(T* + hY). (4.25)

5. Numerical experiments

In this section, numerical tests are given to verify the theoretical analysis of the different solutions.
To test the space accuracy of the scheme, we denote

h
Er' =& = U'lle,  Order = loglEX' (. 2)/Er”(h, 7))/ log 2.

5.1. Plane wave solution

Consider the initial and periodic boundary problems:

Uy — Uy + Uy + 11y + 1) + 3u =0, (5.1
u(x,0) = up(x), u(x,0)=u(x), (5.2)
u(x,t) = u(x + (x, — xp), t). (5.3)

The exact periodic solution of (5.1)—(5.3) is known as:
u(x, t) = expli(x — 31)]. 5.4

In computations, we take x; = 0,x, = 27, and T = 10. Setting ¢ = 0, uy(x) and u;(x) are derived
from (5.4). Wang and Kong proposed a second-order accuracy MI scheme to study (5.1)—(5.3) [8].
The MI scheme and the presented scheme are denoted as Schemes I and II, respectively. In view of
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all the schemes having 2-order accuracy in time, we mainly consider the accuracy in space in the tests.
The comparison between Scheme I and II is provided in Table 1 and Figure 1. Table 1 includes the
errors, convergence order, and CPU time of both schemes. From Table 1 and Figure 1, it is clear that
our method is much better than the other in [8]. Table 1 also demonstrates the present scheme (2.1)—
(2.4) is fourth-accuracy in space. In view that the discrete energy is complex, the imaginary and real
parts of the conservative property of E” for Scheme II have been shown in Figure 2 under the temporal
T = 6‘11—0 and the spatial i = %, respectively. Figure 2 shows that the scheme (2.1) inherits the energy-
conservative property very well, which the original problem possesses.

Table 1. The comparison of || - ||, errors, convergence order of U”, and CPU time at r = 10
for I and II under different 4 and 7.

(h,T) pro1 pr 1 ) pr 1 pro_1 2 1 )

10° 40 20’ 160 40° 640 80° 2560 160° 10240
Er'-1 6.76685e-2  1.93801e-2 4.99825e-3  1.25930e-3  3.19763e-4
Order-1 - 1.86860 1.96911 1.99225 1.98450
CPU time-I 0.20s 0.75 s 6.04 s 70.72 s 1238.64 s
Er-II 3.27958e-2  2.05709e-3  1.28647e-4 8.04211e-6  4.83896e-7
Order-11 - 3.99285 3.99877 3.99958 4.07670
CPU time-II  0.19s 0.69 s 5.26s 64.60 s 1008.52 s
0.016 1 2r o
_ 0014F _
§ 0.012 é 15f N
£ o001t £
% 0.008 % 1r - =
0.002 | N
0O 2(;0 4(;0 6(;0 8(;0 1(;00 12‘00 14‘00 16;00 1800 00 - 2(;0 4(;0 6(;0 8(;0 1060 1260 1460 1650 1800
D (ID)

Figure 1. The comparison of maximum errors for Scheme I and II under mesh step 7 =

%7 = 7 for (I) and (II), respectively.
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he igwfgsgarts of discrete energy of Scheme Il for Case 5.1 with different time mes The aegé&arts of discrete energy of Scheme Il for Case 5.1 with different time mesl
6.1983 Imag part of discrete energy | | 1.2645 F i
. : Real part of discrete energy
6.1983 - 1 1.2645
3 )
] @
S 61983 £ 126451
2 2
(3]
5 6.1983 2 12645
2 2
= =
G 6.1983 G 1.2645
g g
o 6.1983 = 1.2645F
©
E 2
6.1983 - 1 1.2645
6.1983 b 1.2645 -
6.1983 ' ' ' ' ' ' 1.2645 : : : ' ' '
0 1000 2000 3000 4000 5000 6000 7000 0 1000 2000 3000 4000 5000 6000 7000
t t
(@) (b)

Figure 2. Discrete energy E" of the scheme (2.1) for Case 5.1: imaginary parts (a) and real
parts (b).

5.2. Solitary wave solution

The initial value problem of (1.1)—(1.3):

Uy — Uy + i, — 2lulPu = 0, (5.5)
u(x,0) = go(x), u(x,0) = gi(x). (5.6)

In experiments, go(x) = A sech(Kx), g1(x) = ivA sech(Kx) are chosen with the parameters A = |K],
and v = (-1 + V1 -4K?) [33]. We take K = 3, v = 3(-1 — V1 —4K?). The comparisons of
convergence order, CPU time, and the errors in the || - ||, norm are shown in Table 2 under different
spatial 4 and temporal 7. The values of E" are shown in Table 3. Both Tables 2 and 3 all demonstrate

the accuracy and effectiveness of the present scheme in this article.

Table 2. Comparison of || - ||, errors, spatial convergent order of U”, and CPU time at t = 10

for I and II.
(h,7) 2,3 (3. 35) (15- 35) (35: 75)
Er'-1 1.04175e-1 4.34497e-2 1.27546e-2 3.33003e-3
Order-1 - 1.54875 1.84570 1.95709
CPU time-I 1.29 s 5.01s 32.70 s 335.08 s
Er'-11 1.17183e-2 7.39682¢e-4 4.63126e-5 2.89571e-6
Order-11 - 3.98024 3.99643 3.99919
CPU time-II 1.24 s 4.30s 30.29 s 314.94 s
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Table 3. The values E" of the present scheme (2.1) at various times ¢ under (h,7) =

(0.05,0.003125).

t E" t E"

1 0.48301878398221 2 0.48301878401443
3 0.48301878402789 4 0.48301878402025
5 0.48301878399478 6 0.48301878395885
7 0.48301878392179 8 0.48301878389250
9 0.48301878387798 10 0.48301878388164

6. Conclusions

In this paper, an attempt was made to design a novel energy-conserved numerical scheme to solve
the initial and periodic boundary problem of the generalized nonlinear Schrodinger equation with a
wave operator. The proposed scheme possesses the following merits: Coupling with the Richardson
extrapolation, the scheme is linear, of high accuracy O(h* + 7%), and without any restrictions of mesh
steps; the presented scheme is energy-conserved and inherits the conservative property that the original
system possesses. The convergence analysis of the scheme is discussed in detail. Numerical tests

further illustrate the effectiveness of the scheme.
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