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1. Introduction

Nonlinear differential equations are important mathematical tools for describing natural
phenomena. The integrability and exact solutions of nonlinear evolution equations have always been
of great concern to scientists [1,2]. The exact solution of nonlinear models plays an important role in
describing some complex nonlinear phenomena. Some researchers have worked on solving the exact
analytic solutions of the nonlinear extended models. They proposed many methods and also obtained
more new types of exact solutions [3-7].

The study of integrable systems is an important research topic in disciplines such as physics and
mathematics. The trace identity proposed by Tu is a simple and powerful tool for generating integrable
hierarchies of soliton equations and their corresponding Hamiltonian structures [8]. By using the
trace identity, based on Lie algebras, some isospectral integrable hierarchies and the corresponding
Hamiltonian structures were constructed [9-13]. Some methods had been developed in deriving (2+1)-
dimensional integrable systems, such as the TAH scheme. The TAH scheme is an effective method for
generating (2+1)-dimensional soliton hierarchies. Based on this method, some (2+1)-dimensional
integrable hierarchies and the corresponding Hamiltonian structures were obtained [14-19].

In order to obtain more integrable sysytems, Zhang et al. proposed an approach for generating
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nonisospectral integrable hierarchies under the assumption A, = Y50 k()47 [20,21]. By using
this method, [22,23] constructed some multi-component integrable hierarchies associated with multi-
component non-semisimple Lie algebras. Moreover, based on Lie superalgebras, [24,25] investigated
some nonisospectral super integrable hierarchies and the corresponding super Hamiltonian structures.

Matrix spectral problems and zero curvature equations play an important role in exploring the
mathematical properties of associated soliton equations [26,27]. The semi-direct sum decomposition
of Lie algebras provide a helpful way to construct the integrable couplings of soliton systems [28-30].

This paper is arranged as follows. In Section 2, based on Lie algebra sp(4), we construct
the generalized Lie algebra Gsp(4), and obtain the nonisospectral integrable hierarchies and their
Hamiltonian structures. In Section 3, based on the semi-direct sum decomposition of Lie algebras,
the nonisospectral integrable coupling hierarchies and the corresponding Hamiltonian structures are
obtained. In Sections 4 and 5, we obtain the nonisospectral integrable hierarchies and their coupling
systems associated with the generalized Lie algebra Gso(5). In Section 6, by using sp(4) = so(3,2), we
obtain that there are the same integrable hierarchies of these two generalized Lie algebras, and there
are also the same integrable couplings.

2. The nonisospectral integrable hierarchy associated with the generalized Lie algebra Gsp(4)

The compact real form sp(4) of complex symplectic Lie algebra sp(4, R) is defined as [31,32]
sp(4) = {x € gl(4, R)|Hx + x"H = 0},

0 ©L
-, 0
introduce the generalized Lie algebra sp(4), that admits a basis set as follows:

where H = ( ), I, is the 2 x 2 identity matrix, and x! represents the transposition of x. We

E; =ey —e33, Ey=epn—ewy, E3=epp—es3, Ey=cer — cesy, @.1)

Es = gey + gex3, Eg =exn +eq, E7=ce3, Ey=e3, Eg=cgen, Eijn=esp,

where € € R, and e;; is a 4 X 4 matrix with 1 in the (i, j)-th position and zero elsewhere, which satisfy
the commutative relations

[EY, E2] =0, [Ey, E5] = E5, [Ey, E4] = —E4, [E), Es] = Es, [Ey, E¢] = —Es,

[E1, E7] = 2E7, [Ey, Eg] = =23, [Ey, Eo] = [E1, E10] =0, [E, E3] = —E;3,

[E>, E4] = Eu, [Es, Es] = Es, [Es, E¢] = —Eg, [Ea, E7] = [Es, Eg] = 0,

[E2, Eo] = 2Ey, [E, Ev0] = —2Ey0, [E3, E4] = &(E1 — E»), [E3, Es] = 2E,

[E3, E6] = =2Eho, [E3, E7] =0, [E3, Eg] = —Es, [E3, E9]l = Es, [E3, Ei0] =0,

[E4, Es] = 2Ey, [E4, E¢]l = —2¢Es, [E4, E7] = Es, [Ey, Eg] = [E4, E9] = 0,

[E4, E10] = —€Es, [Es, Eg] = e(E1+E»), [Es, E7] =0, [Es, Eg] = Eq4, [Es, Eo] =0,
[Es, E10] = €E3, [Eg, E7] = —€E3, [Es, Es] = [Es, E10] = 0, [Eg, Eg] = —E4,

[E7, Es] = €E, [E7, Eo] = [E7, E10] = [Es, Eo] = [Es, E10] =0, [Eo, E1o] = €E.

We can construct different generalized Lie algebras Gsp(4) by adding the real number ¢ to different
elements of the Lie algebra sp(4). Here, we will only discuss one of these cases.
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Consider the linear nonisospectral problem

Px = U[QD,
‘)Dt:VlQO’ )
A = Yiso k(A
where
A 0 eu; eu
1 0 A eu eus
Ul - Ugs U -A 0 ’
u, ug 0 -4
a c &g ee a; ¢ &g &e
|l ed b g ep | _ ed; b, ee; ep; .
sty f —a -&d ‘Z; b f —a; —ed; A
f g —c -b U fi @ —a b
By solving stationary the zero curvature representation
ou
Vie= —= A+ (UL V1],

we can obtain

aix = U f; — €re; + eush; — suyg; + ki(1),
bix = eu\ f; — euse; + eusq; — eugp; + ki(1),
Cix = EUq; — EULE; + EUs [; — EUge;,

dix = uyh; — uyp; — uge; + us fi,

e, = 2de; — uja; — u b; — eusd; — usc;,

ﬁx = —2/1f, + ura; + Ltzbi + uqc; + 81/l6dl',
gix = 2Ag;i — 2uic; — 2uza;,

hix = —2/lhi + 281420’,' + 2u4a,-,

Pix = 24p; — 2euyd; — 2usb;,

qix = —2/161,' + 2Lt2Cl' + 2Ll6b,'.

By taking initial values
ap = a(t), by = B(t), co =dy=ey = fo =80 =ho=po=qo= ko) =0,
one has

E
ay =by =ki(t)x, ¢, = 55 Yuyug + uwuz)(B — @), g1 = w3, p1 = usP, q1 = ugf,
| 1 1
d, = 56 uyug + upus)(@ — ), e = Eul(a’ +B), fi = EMZ(Q +B), h = e,

1 &
e = Zulx(a' +pB) + I [u38_1(u1u4 + uyuts) — us0 " (uyug + u2u3)] (@=P) + uik(Hx,

1 e
= —Zuzx(a +ﬁ)+1 [u4a_l(ulu6 + upu3) — U0 (U uy + Mzus)] (B—a) + uxki(0)x,

(2.2)

(2.3)

(2.4)
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82 = FlUna+ gula_l(ull/% + upu3)(B = @) + uski (),

1
hy = — Sl + guza‘l(ulm + wous)(B — @) + usk, ()x,

1 & _
P2 = §U5x,3 - §M13 g + urus)(B — @) + usky (0)x,

1 £
Q@ = _E%Xﬁ + Euza‘l(uluﬁ + upu3)(B — @) + uek; (2)x,

where a(?) is an integral constant. Noting that

V;Z_) :Z(ai’ bi’ Ci’dia €, ﬁa gia hia ph C]i)T, Vf’i) = Z (ai’ bi’ Ci, d[’ €, ﬁa gi’ hi’ pi’ Qi)T,

i=0 i=n+1
AL = Y kAT, A% = Y kar,
i=0 i=n+1
it follows that one has
n aU n n
V4 A 4 ULV = 0.0,0,0. 2000, 2 ot =280s1: 2husts=2Pe1 25e)"

According to (2.4), it is easy to show that we have the recursion relations

2 fri 2¢ef, 2euy
2ge,.1 2¢ge, 2eu,
ch ch cu
n+1 — Ll n + 4 k,,(t)x,
E8n+1 E8n Euj
Eqn+1 Eqn Ells
EPn+1 EPn EUs

where the recurrence operator L, is defined as

lll ll2 ll3 114 llS ll6

Ll 131 132 133 134 l35 l36
l41 l42 l43 l44 l45 l46
151 lS2 lS3 154 155 lS6
l61 l62 163 164 l65 l66

and
d ¢ -1 -1 -1 € -1 -1 -1
111 :—§+§(2u26 u1+u48 u3+u66 l/ts), 112:—5(2112(9 u2+u40 I/£6+I/£6(9 I/t4),

0
121 :8141(9_11/[1 +§(u36_1u5+u5(9_1u3), 122 = E—sula_luz—g(u38_1u4+u5(9_1u6),

1 £ 1 £
I3 = 5115 = §(u25_1u5 +ug0'wy), Iy = 5114 = —E(uzﬁ_lm + 10" wy),
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Taking V" = V")
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1 & _ _ & _ _
Iy = 5123 = E(W9 "uy + w307 uy), Ly = =he = —E(W9 U + us0™'uy),

2

1 £ _ _ 1 £ _ _
sy = 5113 = 5(“2(9 "y + ugd ' uy), Isy = 5116 = —E(uzf9 " + ud ' ),

1 e _ _ 1 £ _ _
le1 = Elzs = 5(”1(9 "us + us0”'uy), Iy = 5124 = —E(W9 "y + us0 ),
Iy = —E + suzé?_lul + 81/[46_11/{3, b = —8144(9_11/[4, s =0, L= —8I/t28_]u2,
l43 = su3(9_1u3, l44 = E — sula_luz - su36_1u4, l45 = 81/!1(9_1141, l46 = O,
Is53=0, Iy = —suzﬁ_]uz, Iss5 = —5 + suga_lu] + au68_1u5, Is¢ = —8”6(9_11/!6,

0

l63 = Su]a_lbtl, l64 = O, 165 = su58_1u5, l66 = E - 8u18_1u2 - 8”5(9_1146.

Lo then the zero curvature equation

ou 8U
(n) 1 L y(n) (mq _
_V“‘+6 U, a/l/lt++[U Vi'1=0
leads to the following nonisospectral hierarchy
U —2e,11 2& fui1
U 2fn+1 2‘c;en+1
Us _2gn+l 8hn+l
u = = :J
n Uy 2hn+l : E8n+1
Us A Eqn+1
us J, 2qn+1 EPn+1
2¢ef, 2eu,
2¢ge,, 28U,
= JiL ehy +Ji ella kn(t)x,
EZn g3
&qn EUg
EPn Ells
where the Hamiltonian operator J; is
0 -10 0 0 O
1 0 0 0 0 O
7 = 1 0O 0 0 -20 O
'“¢l0 0 2 0 0 0
0O 0 0 0 0 -2
0O 0 0 0 2 0

To furnish Hamiltonian structures, we use the trace identity, and have

8U1 3U1 6U1

Vi, —>) =2a+2b, <V1,—>—2f Vi, = — >—2€

(2.5)
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ou oU oU oU
(Vi, =) = gh, (Vi, =) = &g, (V1, —) = &q, (Vi, —) = &p.
Ous Ouy Ous Oug

Substituting the above formulas into the trace identity yields

2ef
2¢ce
ch

21
2
ep

5 P
2 [ a+2bydx=17Zx
ou f( @+ 2b)dx o

Balancing coefficients of each power of A in the above equality gives rise to

2ef,
2¢ge,

ch,
ggn
Eqn
EDn

0
5 f(zan+l + 2bn+1)dx = (7 - n)

Taking n = 1, gives y = 0. Thus, we see

oH'" SHY +b
o= —2L = ) L=+ L Mk, (Dx, H = -2 f(—“”” “2Vdx, n >0,
ou ou n+1

where M, = 2eu,, 2eu,, iy, U3, Elg, EUs) " .
3. The nonisospectral integrable coupling hierarchy associated with Lie algebra sp(4)

3.1. Preliminaries

We generalize the semisimple Lie algebra g to the non-semisimple Lie algebra g. This has the
block matrix form [29,30]

B A 3.1

M(A,B):(A sB)’
where € € R, which is different from Section 2, and A, B are two arbitrary matrices with the same
order. Non-semisimple Lie algebra g has two subalgebras g = {M(A, O)} and g. = {M(O, B)}, that
forms the semi-direct sum of Lie algebras g = g &, g.. That is, [g,g.] = {[A,B]|A € g,B € g.},
[g.8]1 S8 [8-81C 8 [g 8] C g

We introduce the enlarged spectral problems

o U1 8U2
(px - U‘;D - ( U2 U1 )7
— Vi &V
SDt:V(’DZ(V; Vlz)’

A = Zizo ki(t)/l_io
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From the corresponding enlarged stationary zero curvature equation

V= —a4,+[U,V], (3.2)
it is easy to have

{ Vix = UL Vil + €U, Val,
Vax = [Us, Vil + [Uy, Val.
3.2. The nonisospectral integrable couplings

In this section, we will construct the nonisospectral integrable coupling hierarchies associated
with Lie algebra sp(4). We consider the nonisospectral problem

SOJC = 571905
()Dt = V1Q09 -
A = Yiso ki(HA™,
where
A 0 us u; 0 0 ug I/l;
U, = U el , 10 4w us - 0 0 u u
u ug 0 -4 w, u, 0 0
a ¢ 8§ ¢ a ¢ g &
5 Vl/ EVé ;| d b e p , dl b/ e, p,
Vl _( Vé VI )’ Vl - h f —a _d ’ VZ - h/ f, _a, —d’ , (33)
fa —c =b fq - =V

where uy,u,, -+ ,us and a, b, c,d, e, f, g, h, p, q are different from (2.2).
We solve the enlarged stationary zero curvature equation by means of

_ oU _
Vi = a—ﬂ‘ﬂt + [0y, V1), (3.4)

which yields

Qi = Uy fi — upe; + uzh; — uag; + eu f — ewye) + eulh; — euyg; + ki(1),
bix = urfi — upe; + usq; — ugp; + eu| f{ — euye; + eusq; — sugp; + ki),
Cix = U1q; — Ug; + Uz f; — uge; + suyq; — eur g + eul f — suger,

dix = uih; — uyp; — use; + us f; + eu b — ew,p; — euye; + sus f,

eix = 2de; — wa; — uyb; — uzd; — usc; — euja; — euyb; — euwld; — euic],
Jix = “2Af; + waa; + usb; + ugc; + usd; + sua; + eusb; + suyc; + eugd;,
8ix = 248 — 2uic; — 2uza; — 2eu|c; — 2eular,

hix = =2Ah; + 2usd; + 2uga; + 2euyd! + 2eua;,

Pix = 24p; — 2urd; — 2usb; — 2eu d] — 2eub,

Gix = —24q; + 2uyc; + 2ugb; + 2euyc; + 2eughi,

(3.5)

AIMS Mathematics Volume 9, Issue 10, 27361-27387.



27368

and
a,, = uf] — ue + ush) —usg; + u\ f; — use; + uih; — u)g; + ki(1),
b, = w1 f] —we] + usq; — up; + uy fi — uye; + usq; — ugp; + ki(t),
Ci. = uiq; — urg; +usf! — uge, +u\q; — u g + Ul fi — uge;,
d. = uh —uyp; — use; + usf; +uh; — uyp; — uye; + us fi,
e, =24e; —ua; —u\b; — uzd; — usc, — uja; — u\b; — wd; — uic;,
!’ _ /4 ’ ’ ’ ’ ’ . ’ . 7’ . 7 .
b= 241+ waal + upbl + ugc) + ued; + wha; + uib; + wjc; + ugd,
8 = 248, — 2u\c; — 2uza; — 2uc; — 2uja;,
h,, = =2Ah; + 2uod] + 2uga’ + 2u)d; + 2uya;,
Pi = 24p; = 2uyd; — 2usb; — 2u\d; — 2uib;,
q;, = —24q; + 2usxc; + 2ugb; + 2ujc; + 2ugh;.
By taking initial values
ap = a(t), b = B(1), co =do = ey = fo=go=ho=po=qo=ko(t) =0,
’ ’ ’ / ’ ’ ’ /4 ’ ’ ’ 7
aO:a/(t)’b :ﬁ(t)’cozdozeO:fO:gO: Ozp :q():()’
one has

&

2u’2(a’ + ),

’ ’ ’ ’ ’ / ’ /
81 =uza + euzd’, hy = waa + euya’, py = usP + eusf, q1 = uef + gugf,

1 £ 1
a; =b; = ki(Hx, e; = Eul(a +B) + Eu’l(a' +8), fi= Euz(a +B) +

1 g .
c :ia Yuyug + upus + sujug + euyuy)(B— ) + 56 l(ulug + uplty + Uy + UyU3)

B —ah),
d _16—1 ’ ’ 86—1 ’ ’ ’ ’
1=3 (U1ug + upus + eujuy + eurus)(a — ) + 3 (uyuy + upus + uius + uyus)
(@ =p),

’ ’ ’ 1 ’ 1 ’ / 4 1 ’ 1 ’ /
a, =b| = ki(H)x, €] = Eul(a +p) + Eul(a +8), fi = Euz(a/ +B) + Euz(a +5),
gy =i+ uzd’, hy = uya + usd, py = usB+usf’, g = ugB + uef,

1 1
’ -1 ’ ’ ’ ’ -1 ’ ’or
c’ :56 (U1 U + upuly + uiue + uyuz)(B — @) + 5(9 (urus + uru3 + gutyug + it 3)

B —ah),
d/_la—l ’ ’ ’ ’ 18—1 ’ ’
=5 (uyuy + upus + wiug + uyus)(a — B) + 3 (u1ug + upus + gujuy + gusus)
(@ = p),

where a(t), B(t) are integral constants.
From the nonisospectral zero curvature equation
ou, U, _ o
—u,+ —A, - V(n) +[U P V(n) = O’
u t EY) t 1x [ 1> Vq ]

(3.6)
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we can obtain the following integrable couplings:

U
2%

_ 175 _ us
U, =\ - Uy, =
n i) . ? n Uy

Us
Ue

In

_26n+1

2fn+l

_2gn+l
2hn+1

_2pn+l
2Qn+l

’ ﬁzt,, =

u,l 2en+1
ity 2fun1
M% — _2g1’1+1 3.7
d | 7] 2, | G0
u,S 2pn+1
M,6 tn 2q;1+l

To furnish Hamiltonian structures, we use the trace identity, and have

v au;) . U

—_— + —_—

’ 2794
6U’

’ an ’ ’
<V1’ > <VZa _> =2e s <V1

, 6U’ aU'
Vi 8u4> Vo o
ouU; 8U
Vi, 5= *) + Vo o~
U
AU, aU'
<V]9 6 ,> <V2’ a ,
6U’ 6U’
Vi = ,> Voo 7
8U’ 6U'
Vi ,> Vo o ,

’

U} Rl
> = 2(a, + b,), <V,, _> + <Vé, —> = 2f/,
ouy ouy

’8143 2’

ou, GU’
>—g <V,a—>+ >—q,

Us

U, (9
D= L GH G =

ou, oU!
> 2e, <V1,a,>+ Vz,a—,>:h,

aU;, ou;
> ga <V[’a,> <V27a,>_q’
)= p.

Substituting the above formulas into the trace identity, and balancing the coefficients of each

power of A, we give the first form

6 ’ ’ Ml
= f 2d}, + bl )dx = (y - n)( o ) (3.8)
where
2f, 2fn
2e;, 2e,
Ml - h7 s M2 - h”l
gn gn
q, Gn
Pu Pn

At the same time, we also have
4 0 > &V,
b + b

92

AIMS Mathematics

f) =2(a+b), (Vi

6U1> p 8U§> _5
6u1 € ’ 8141 B f’

Volume 9, Issue 10, 27361-27387.
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’

. oU; ou, oU; U,
Vi, —) + &(V3, —> =2e, (V], —> +&(V3, —) =h
ou, Ous

Vi %> +&(V, —£> =g, (V] %> +&(V, —£> =q
P 8u4 z 8144 ’ ’ 8”5 z 8u5 ’

4 6U’> &(V; 8U£> =p, (V] %> +&(V; %> = 2¢&f’
P Oug 2 Aug TV o) "o ’
Vi, l) +&(V;, ,) =2¢e’, (V, ,) +&(V5, %) =gh',

ou, ou, ou, ou,
GU’ aU , (9U{ 4 ,
<V1’ (9 , > 8<V2, (9 , > = 8g <V ’ au,5> <V27 a , > = Sq s
aU’ 4 é ’
Vi, o, —Ly +&(V5, 8_ug> =é&p.

Substituting the above formulas into the trace identity, and balancing coefficients of each power
of A, we give the second form

0

M,
| 2 + b = (7 - n)( Ml),

where M, M, are defined as (3.8).
So, we can obtain the Hamiltonian structures of integrable couplings, which consists of the

following two components. The first component has the form

2f0 2 fu1
2e ., 2€,41
i (K _6H, n .

ﬁzn—(b_tl)=1( 1):-]1 K = oL Ky = fins1

2/, K> ou 8ns1 8n+1

Qi1 G+

p;H,] pn+l

where J, = ( JO g ), and J; is defined as (2.5). The second component has the form
1

AIMS Mathematics
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From (3.5) and (3.6), we can obtain the recursion relations

—2e,41 —2e, —2u; — 2eu]
2 fus1 21, 2up + 2eu)
_2gn+1 _zgn _2M3 - 28”;
2h,41 2h, 2uy + 2eu,
—2Pp+1 —2py —2us — 2eu;
241 = 2q, 2ug + 2,
=L + 6 Nk, (t
~2¢ N -2 ouy — 2w | RO
21, 2f! 2uy +2u),
-2 -2g), —2u3 — 2u}
20, 2n, 2uy + 2u
-2p -2p), —2us — 2uj
2q., 2q, 2ug + 2ug
where the recurrence operator L, is defined as
Ly Lo hLs hLa Ls Le Ly By Ly By s T
by by by ba bs e Ly by by by b Dy
L _( Ly L ) L= Bi b Bz Ly bs I 1= Ly By By By B L
- 17/ ’ ’ - ’ - ’ ’ ’ ’ ’ ’ ’
2L2 Ll : la lo iz las las lss 2 l41 l42 l43 l44 145 l46
Isi Isy Iss lsa Iss Iss Iy Ly Iy Ly L L
o le lo o L oo o o Dyl L i
and
1
L= 5(8 — 2u107 wy— 30 uy—usd ug — 26107 uh— g0l — e ul),
1
l1,= —5(2u10_1u1 +us0 us+usdus + 2814’16_114’1+su§8‘1u’5+6uga_lug),
1
li3 = 5151 :—E(u16_1u4+u5(9_1u2 + su’la_lug+su’50_]u’2),
_l __l -1 -1 ra-1.7 7 a-1_7
Ly = 2132— 2(u18 us+u30  uy + euy 0 uy+eui0 uy),
1 1
lis = 5131 :—§(u18_1u6+u36_1u2 + e} 0~ ul+eub 07",
_l __1 -1 -1 ra-1.7 ra-1_7
L = 2152— 2(u18 us+us0 u; + U0 us+eus0 uy),
>
li= —5(2u16_]u’2+u38‘lug+u5a_lug + 22Ul 07 uy + 0 uy + U0 ),
I, = —g(Zula_lu'l +usd Ul +usd ™l + 2u007 uy + b0 us + b0 us),
1
li5 = Elgl :—g(ula_lug+u5a_lu’2 + )0 uy + 0™ wy),
1 £
4= Elgzz—i(ula_lug+u3a_lu’l + 0 us+us0 wy),
’ 1 ’ 8 — ’ — 7 / O— ’ —
lis = 5131:—§(u10 1u6+u30 ]uz + ujo 1u6+u30 "),
AIMS Mathematics Volume 9, Issue 10, 27361-27387.
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1 &
’ ’ -1, -1, 7 a—-1 r -1

1 _ _ _ _ _ _
121=§(2u2(9 Yo +us 0 ug +ugd 1y + 2eu,0 lu’2+8u28 lug+su’68 1u:l),

1
-1 -1 -1 -1 -1 -1
= 5(—6 + 2up0" Uy +us0” Uz + g0 us + 2eu,0” Uy +euy 0 uh+eugd us),

1 1
Iy = 5141 = E(u28_1u4+u48_1u2 + b0y +eu, 07" uh),
1 1 -1 —1 ra—1_. ra-1.7
by = Elﬁzzi(uza uz+ucl  u; + eur0 us+eugd u)),
1 1
lrs = 5161 :§(u26_1u6+u68_1u2 + eubd uy+eul 0 ),
1 1 —1 —1 ) q—1_7 2
s = 5142:5(@8 us+us0  uy + eur0 us+euy0 uy),

2 - - _ - - -
’2125(2u2[) U+ g0l usd ™ uly + 2050 uy + 1,07 ug + 10 uy),
’ _f(z 8_1 - a—l -t a—l ) /a—l + /a—l + /6—1 )

’

&
’ -1 -1 r a-1 r q-1
53 = 5141 = E(uga wy+us0 uy + U0 us+uy 0 uy),

€ _ _ _ _
= > gzzi(uza "+ ugd U+ uy0 us+ul o ),
’ 1 ’ _8 —1_7 -1 7 7 a—1 7 a—1
25 = Hle1 = E(ugc') Ug+Uuc0 uy + ur0™ us+ugd™ us),
’ ll/ _8 a—l ’ 8—1 ’ /a—l /6—1 l _O
%= 5 2—§(u2 us+us0™ uy + u0 us+uy0 uy), l35=0,
0

-1 -1 7 =17 ra—1_.7 —1 ra—1_.7
13325 — w10 U —u30 ug — w0 uy—euy0 uy, ba=—(u30" uz+euz0 uy),
Lo =—(u,0 ' uy +eu}07'u)), Uz =—e(u107" ub+u30™" u+ 10 ur + 150" uy),
’ -1 -1 ’ ’ 1.7 1.7
Uy=—-eu30™ us+u30~"ujy), l;s=0, lig=—e(u0™ u)+u,0™ u)),

_ a—l /a—l ’ l _ 6 8_1 a—l /a—l ’ /a—l ’
liz=uy Uyp+ EUy Uy, 44——5 + Uy Us+uy Uy + &uy Uy +EU, U,
Lis =0 'y + eu’zﬁ_]u’z, lis=0, 123:8(u4(9_1u2 +uj‘(9_1u4),

Ly, = e(usd "ty + 120 ) + 1,0 us + 107 1), s = e(ua0™ uy+1r07' ), Uy =

l _ 6—1 /a—l ’ l _6 a—l a—l /a—l ’ /a—l ’

sa=—( 0 u+ eu 0" uy), s5=7 — 10" up—us0” ug — U0 Uy —EUs0 ug,
-1 7 a—1_7 ’ ’ -1 7 ’r a—1

Ise=—(us0" us+ eus0™ us), lsz3=1;; =0, l[i,=—(u, 0" u} +u;0™ uy),

lss=—e(u 07 uhy+us0  uf+u, 0 uy +ulsd ™ ug), Ui =—e(us0™ us+usd™"uf),

163=u28_1u2+ 61/28_11/!/2, l64 = 1’64:0’ 165:u6(9_1u6+ 81/1/68_11/6,

166:—5 + 1r0" 1wy +ue0 " us + euhyd ) +eug 0l Iy = e(uad uh + U507 ),

los = e(ued "ty + up0 ' ug), Uy =e(ur0™ ) +ud™ "t + b0~ uy +ul0 us).
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4. The nonisospectral integrabl hierarchy of the generalized Lie algebra Gso(5)

In this section, based on Lie algebra so(5) [31,33], we introduce the generalized Lie algebra
Gso(5), that admits a basis set as follows:

E\ =expn —ey, Er)=e33—es5, E3 =cge3p —gess, Ey = ex3—esy, Es = esp — ey, @.1)
E¢ = geys — gezu, E7 = e13 + es1, Eg = gejs + ge3q, Eg = gejn + geqy, Eig = e1s + ey,

where ¢;; is a 5 X 5 matrix with 1 in the (i, j)-th position and zero elsewhere, which satisfy the
commutative relations

[E1, E2] =0, [EY, E5] = —E3, [E, E4] = Ey, [EY, Es] = —Es, [Ey, E¢] = Es,

[E1, E7] = [Ey, Eg] = 0, [Ey, E9] = —Eo, [E1, Ev0] = Evo, [E2, E3] = E3,

[Ea, E4] = —E4, [E2, Es] = —Es, [En, E¢] = E¢, [Ea, E7] = —E7, [Ea, Eg] = Eg,

[E2, Eo]=[E>, E10]=0, [E3, E4]=¢&(E; — Ey), [E3, Es]=[Es, Es]=0, [E3, E7]=—E,,
[E3, Eg] = [E3, Eo] = 0, [E3, Ero] = Es, [Es, Es] = [Ey, E¢] = [Es, E7] =0,

[E4, Eg]=€E0, [E4, E9]=—¢E7, [E4, E10]=0, [Es, Es]=—¢&(E, + E2), [Es, E7]1=0,
[Es, Es]=—Ey, [Es, Eo]=0, [Es, Eol=E7, [Es, E71=¢€E10, [Es, Es]=[Es, E10]=0,
[Es, Eo] = —&Es, [E7, Eg] = —¢E>, [Eq, Eo] = €Es, [E7, Eyo] = —E4, [Eg, E9] = €E5,
[Es, E10]l = —Eg, [E9g, E19] = —€E.

Consider the nonisospectral problem

Oy = UZ()O,
901‘ = V2Q09 )
A = Yiso ki(HA™,

where

0 &us u3 Ug  Ely
ug A 0 0 s&u
Uy=| eus 0 A —-eu, 0 |,
eus 0 —u; -4 0
usz up 0 0 -A

0 ep ¢ q eh 0 epi g qi gh;
qg a d 0 ¢gf q a d; 0 ef;
Vo=l eh ec b —-ef 0 [ Z eh; ec; b, —-¢fi 0 A “4.2)
ep 0 —-e —-a -ec 200 gp; 0 —e —a; —&c
g e 0 —-d -b g e 0 —-d -b;

here uy,uy, -+ ,uq and a, b, c,d, e, f, g, h, p, q are different from (2.2) and (3.3).
By solving the stationary zero curvature representation

ouU
Vorx = a_j/lt +[Uz, V2, (4.3)
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we can obtain

aix = —EUL f; + ewre; — gusq; + eugp; + ki(t),
b,‘x = —8l/t1fl' + eure; — 8143]1,' + Euqgi + ki(t),
Cix = EUyP; — EUsh;,

dix = —u3q; + usgi,

eix = —2de; + uja; + u1b; + uzp; — €usg;,
ﬁx = 2/1‘](; — ura; — lxtzbi — usq; + I/t6hl',

gix = —Agi + u1q; + w3b; + gusd; — uge;,

hix = Ah; — guy p; — usb; + eus f; — ugc;,

Dix = —Ap;i — uth; + uzc; + uge; + usa,

Gix = Aq; + urg; — &u3 f; — eusd; — uga;.

4.4)

By taking initial values
ap = (1), by = (1), co =do =eo = fo =80 =ho = po = qo = ko(t) =0
one has
ai = by = ki(O)x, ¢1 = &0 usus(a - B),di = 0" usus(B — @), e = %ul(a +p),
fi= %Mz(a +5), &1 = usf, hy = waf, p1 = usa, q1 = Us,

1 &
er = —gul@ +B) + Jusus(@ = B) + wki(0)x,

2
1 1
f= Zuzx(a’ +pB) + §M4M6(af - B) + urki(0)x,
1
& = —u3,fB+ §u1u6(a —B) + eus0 uzue(B — @) + usk; (t)x,
£
hy = us 5 + Euzus(a — B) + eued ' ugus(a — B) + uski (1)x,

1
D2 = —Us,@ + §M1M4(C¥ —B) + suz0" ugus(a — B) + usk; (t)x,
qr = Uey + §u2u3(a —ﬁ) + 8u48_1u3u6(,8 —a) + ugk;(t)x,

where «(?) is an integral constant. Noting that

(”) Z(ah bl’ Cl’dbel’.ﬁ’ gh hlaph ql) 5 Vgi): Z (Cli, bi’ Ci, dia ei,ﬁ’ gi’ hi’Pi, Cli)T,

i=n+1
(n) Zk(t)/l” i (n) _ Z k(A"

i=n+1
it follows that one has

et ——= A" + [Us, V1 = (0,0,0,0, 2,41, =2 fos 15 8nsts ~Hnsts Pusts —Gns1) -
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According to (4.4), it is easy to show that we have the recursion relations

2& fus1 2¢f, 28U,
2&e,. 2¢ee, 2eu,
2eh, | 2¢eh, 2eUy
2“"‘gn+1 B L2 28gn i 28”3 kn(t)xa
2&q,11 2&q, 2&8U¢
2EPn+1 2epy 2&u5

where the recurrence operator L, is defined as

lll 112 ll3 114 115 ll6

L, = Bi b 3 by Bs I
la lo I s ls s
Isi lsa Is3 sy Iss Ise
ler leo les les lss s

and
') u &
-1 -1 -1 6 -1
I =z —euwd uy, Ly =eud ur, li3=—zu20" u3 — —, lig = 20" uy,
2 2 2 2
£ . Uy g _ 0 _
115 = ——u2(9 1Lt5 + -, ll6 = —l/tza 1146, 121 = —81418 lul, 122 = —= +8Lt18 luz,
2 2 2 2
& & & & g &
123 :——Mla_ll/lg 124: —u18_1u4 — —Us5 125 :——Mla_lus 126: —ulﬁ_lu(, + —u3
2 ’ 2 27 2 ’ 2 27
l31 = —81448_11/!1 — EUs, 132 = 81/[48_11/12, l33 =0- 81448_11/!3 — 81/168_1145, 135 = O,
134 = 8144(9_1144, l36 = &Up + 8146(9_11/!4, l41 = —8u36_1141, l42 = 8u38_1u2 — Ug,
Iy = —8M3a_1bl3, lyg = —0 + 8”36_1Lt4 + 81158_11/{6, lys = uy — 8M5(9_1M3, lyg =0,
Is1 = eus — 8u66_1u1, l5p = 81/{66_1142, Is53 =0, Isy = —cuy + su46_1u6,

155 28—81/14(9_1143 —8”68_11/{5, lS6 :8146(9_11/!6, l6l = —81/158_1141, l62 = u4+su5(9_1u2,

le3 = —up — 81/136_1115, lea =0, lgs = —8u5(9_11/t5, lgg = -0+ 8143(9_1”4 + Susa_lug.
Taking Vé") = V;"J)r, the zero curvature equation
oU. oU.
(n) 2 2 () (my —
—Vzr; + Eu, + ﬁ/lt,’: + [U,, Vzn 1=0

leads to the nonisospectral hierarchy

u 2en41 28 fo1

17%) =2 fus1 2ge,.1

us | _| 81 |-y 2eh,4
ut’l - ]’l —J2 2

Uy —Mp+1 E8n+1

us P+l 2&q,41

Ug —qn+1 2epui
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2¢ef, 2eu,
2¢ge, 28U,
= nLy| 2| 2 o, (4.5)
28, 2¢eu3
2&q, 2&8Ug
2epy 2&Us
where the Hamiltonian operator J; is
0O 1. 0 0 0 O
-1 0 0 0 0 O
1 1
5=t 0 O O1 5 0 0
el 0 0 -3 0 0 O
0O 0 0 0 O %
0 00 0-10

2
To furnish Hamiltonian structures, we use the trace identity, and have

<vz,‘9 2> = 2a + 2b, <V2,‘9—> = 2¢f, <V2,Q> = Dge,

8U oU oU oU
(V2. 2> _2eh, (Ve 222y — 2eg. (15, 22y Z 26, (v, 292y — 0gp.
l/t4 01/!5 6u6

Substituting the above formulas into the trace identity and balancing coeflicients of each power of
A gives rise to

2ef,
2¢ee,
0 2¢eh,
5u f(zanﬂ +2byy1)dx = (y — n) 2eg,
2&eq,
2ep,
Taking n = 1, gives y = 0. Thus, we see
H) SH.” +b
u, = Jo ntl Jol, Su + JoM>k, (H)x, Hr(i)l = f(an+2 n+2 n>0,

where M, = 2eu,, 2euy, 2&uq, 2eu3, 2€uts, 2€Us) " .
5. The nonisospectral integrable coupling hierarchy

In this section, we will construct the nonisospectral integrable coupling hierarchies associated
with Lie algebra so(5). We consider the nonisospectral problem

A ~ (U &U;
o o[V &V,
o = Voo, VZ_(VQ v ),
A = Diso ki(H)A™,
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where
0 us wus ug uy 0 wy uf wuy u
Ug A 0 0 up MIG 0 0 0 M,2
Uy=fu 0 A1 —-up 0 |JU,=|u, 0 0 —u) 0|,
us 0 —uy -1 0 ug, 0 —up 0 O
us u; 0O 0 -4 w, u; 0 0 0
O p ¢ q h 0 p & 4 K
q a d 0 f qg a d 0 f
Vi=|h ¢ b —-f 0 |,V;=(HW ¢ b —-f 0 |, (5.1
p 0 —e —a —c p 0 — —-a -
g e 0 —-d -b g e 0 -d -b

where wuy,up, - - us, u, 5, ,ug, and a,b,c,d,e, f,g,h,p,q,a',b,c.d e, f, ¢, N, p',q are
different from (2.2), (3.3), and (4.2).
We solve the stationary zero curvature equation by means of

Vo = %ﬂz + [0, V2] (5.2)
which yields
Qix = —uLfi + uae; — usq; + usp; — eu| f] + euse; — eusq; + eugp; + ki),
bix = —uy fi + wae; — ush; + uyg; — eu' f) + eue; — euih; + eu,g; + ki(1),
Cix = Ugp; — ush; + euyp; — euh,
dix = —u3q; + usg; — €Usq; + gugg;,
eix = —2Ae; + uia; + uyb; + uzp; — usg; + euja; + eu|b; + eup; — eusg;, (5.3)
Jix = 24fi — wpa; — uzb; — usq; + ugh; — eusa; — euyb; — suyq; + sugh, ’
8ix = —Agi + u1q; + w3b; + usd; — uge; + eu'\q; + ewb; + euld. — guge’,
hix = Ah; — uap; — usb; + us f; — ugc; — euwyp; — euyb; + eul f! — eugc;,
Pix = —Ap; — uth; + uzc; + uge; + usa; — eulh; + euc; + suye; + euia,
Gix = Aqi + urg; — uz f; — uad; — usa; + uy g, — eu, f) — euyd; — euga,
and
a;,. = —uif] +we, —usq. + usp; — | fi + uye; — uiq; + ugp; + ki(1),
bl = —uif] + wae! —uzh! + usg; — u\ fi + uye; — uih; + u,g; + ki(1),
i, = wap; — ush; + uyp; — ush;,
d). = —u3q; + ueg; — uyq; + uggi,
e, = —2de; + ma; + u b} + u3p; — usg; + uja; + uib; + uyp; — uig;, (5.4)
’ .

= 24f] — wa; — usb; — usq; + ugh; — wya; — usb; — u,q; + ugh;,
8 = —Ag; + u1q; + w3b; + usd; — uge; + uyq; + uib; + uid; — uge;,
h,, = AR, — uyp; — uab} + usf! — usc, — uyp; — uyb; + u fi — ugc;,
Piy = —Ap; — uih] + usc; + wge; + usa; — uih; + uic; + uye; + usa;,
q;, = Aq; + uag; — usf —wad; — usa, + uyg; — S f; — uyd; — uga.
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By taking initial values

ap = a(t), by = B(t), co =do = ey = fo=go =ho=po=qo=ko()=0

ag = a'(1), by = (1), ¢y =dy=ey = fo =8 =hy=ps=4q,=0,

one has
a; =b; = ki(H)x, e; = —u1(CY +B)+ ”1(0 +8), fi = —ug(a +B)+ 2”2(“ +8),
g1 =3+ ey, hy = us + eu)ff, p1 = usa + eusd’, g1 = ue + gug’,
c1 =0 Nuqus + euyus)(a — B) + 86_1(u4ug + uyus) (@’ - ),
di =07 (uzue + 8u’3u’6)(ﬁ —a)+ 86‘1(ugug + ujue) (B — a’)

’ ’ ’ 1
ay =b) = ki(t)x, e} = —u a+p)+ ul(a +8), f = —uz(a/+ﬁ)+2u2(a/ +3),
gy =uiB+usf, h| = u4ﬂ +uwfS, pl = usa +usa’, q) = uga + ued’,
¢} =07 (ugudy + ujus) (@ — B) + 0™ (ugus + sujul) (@’ - B),

d; :6_1(u3u'6 + uyue) (B — @) + O (uzue + suzug) (B — '),
where a(t), B(t) are integral constants.
From the nonisospectral zero curvature equation
Ut 4=V, + Uy, V'] =
ou " aA [ 1=

we can obtain the following integrable couplings
U —2e,.1 uj —2e .,
Uy 2 fus1 u, 2f,

_ i3 _ us =28n41 | uy =281

u, = _ , U = = , U = ; = ,

" ( iy )t,, I uy 2 R 7 21,
us —2Du+1 us -2p 4
us J, 2Gn+1 g J, 2q,,,

To furnish Hamiltonian structures, we use the trace identity, and have
V3 8U’> V4 6U> 2d +b), (Vs ,> V4 oo ) 2f,
’ + ’ - + ’ + ’ -
> o1 " ¢ 3 du, 4 By
s + s Th ) & s s A + s T ) — 5
3 6u2 4 (91/!2 ¢ 8u3 4 6u3
s A + s A )= s s A + s A ) = s
3 e 4 8 s 4 Outs q
V3 aU,) V4 )‘2 ", (Vs 6U,> Vi aU;>—2f
’ au6 4, 3 1 4 l,{,l - ’
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’ ’ 7’

Vi By s (v, 2y e, v, Dy v, 22y o,
3’6/ 4> Mé_e, 3’8/ 4’0/

’ ’ ’ ’

oU; U; ouU; U;
<V’7,, (9 , > <V4’ a , > 28, <V’?,, >+<V47 a , > 2q’

V3o >+<4,a,>—2p

Ug

Substituting the above formulas into the trace identity, and balancing coefficients of each power
of A, we give the first form

6 , , M
5% fZ((JLn+1 +b . )dx = (y— n)( Mi ), (5.5
where
2f, 2fn
2e;, 2e,
2h, | 2h,
M=l g | M=) 2,
2q, 24,
2p, 2p.

At the same time, we also have

v (')U§> v (9U:1> : b, (V! 5U§> v 8U£> :
- + sy Ta ) & + s s a + s T ) — N
wgp ) Ve ) = Aak b), (Vs 5o+ eV, o = 2

v (')U> oV 6U4>_2 v 8U> oV 6U;>_2h
3 8 2 4 I/[2 - e7 3 a 3 4 I/t3 - ’

v 8U3>+ v 8U4"> 20, (V! 3U3> v (9U2> 5
s A sy A ) — s ,— )+t sy A ) — s
3 8I/t4 © 6”4 & 3 8u5 A 6”5 1

’ aUS ’ 6U4 ’ 8l]3 ’ 8U4’l
<V3,_>+8<V4, _> = 217, <V3’ _,>+8<V4a ,

Gu(, _28f,’
U, 8U aU aU ,
<3’8’>+ (V,a,)—Zse <V’6'>+ <V’6’>_2h
oU; , , 3 ou, ,
<3’8’ ) —28g,<V,8—,5 ’8; 2eq’,

’ ’

U, U4 ,
<3’8,>+ <V’ ,>:28p'
ug

Substituting the above formulas into the trace identity, and balancing coefficients of each power
of A, we give the second form

1) M.
6_u f2(an+1 + byp1)dx = (y — ”)( 81\/?3 ),
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where M3, M, are defined as (5.5).
So, we can obtain the Hamiltonian structures of integrable couplings, that consists of the following
two components. The first component has the form

2f;:+l 2fn+1
2€;H_1 2€n+1
_ it _( K3 _6H;,, 2K 2y
u, = _ = = J _, Kx: = :H'l , K, = s
241 21
2P 2pns1
where J; = ( JO J02 ), and J; is defined as (4.5). The second component has the form
2
_ (@) s K\ :6Hsyw - (Jn O
(i) -2l ) -5 - (6 15)

n

From (5.3) and (5.4), we obtain the following recursion relations

—2e,11 —2e, 2uy + 2u),

2 fus1 21, 2uy + 2u

_2gn+1 _zgn 2us + 2”:;

2h,41 2h, 2uz + 2u)

—2Pns1 —2pn 2ug + 2ug

2qn+1 _ 7 2q, 2us + 214;

e T 220 |F 2w + 20w RO

21, 2f 2uy + 2eu]

-2 . -2g 2uy + 2eu;

20, 2h;, 2u3 + 2eu

-2p -2p), 2ue + 2euy

2q., 2q, 2us + 2eus

where the recurrence operator L, is defined as
by o b ha bs he Ly by by by b L
by by by by bs b by by by by L b
EQZ( 1L’3 L:l) L. = Li b I3 by Bs Iy L = 1,31 lgz 1’33 l§4 lés 1’36
Ly L) T s de ds s b e || Ly By Ly Ly L L |

i sy sy sy lss s By by by by L L
o lo lo ls ls log ly B Dy Bl Do

and
l _ a a—l /a—l ’ l _ 6—1 /6—1 ’ l _ 1 a—l /6—1 ’
11 —E—uz Uy —&ur0 Uy, Lip=u0" ur+eur 0™ u,, 13——5(142 uz+EU0™ Uz +ug),

1 1 1
lig= E(uza_l u4+su§8_l uy), s = —E(uza_l Us +8u'2(9_] us — ug), lig= E(uga_l u6+su’2(9_1 Ug),
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where I3, = (

AIMS Mathematics

_ _ _ _ 1 _ _
Iy = =07 — w0 g, Uy = up0 ™'l + uh0 ™ s, 1y = —E(uza "Wy + ub0 s + ul),
’ _1 -1 r a—1 ’r 1 -1 r -1 ’ ’ _1 -1 r a—1
14—§(u28 uy+us0~ uUs), 115——5(@8 Us+ur0™ Us—uy), ll6—§(u26 Ug+ur0™ Ug),
by =— 8—1 _ /a—l ) _—Q-i- a—l + /a—l ' __1( 8—1 + /6—1 /)
21=—Uq Uy —&uy Uy, ln= ) u Uy T&uU Uy, 3= ) u Uz r&u, us),
_1 -1 7 a—=1_7 _ 1 a—l /a—l ’ _1 a—l /a—l ’
124—§(u1(9 usteu 0 uy—us), 125——5(141 usteu; 0™ us), lz6—§(u1 Ueteu;0™ ugtuz),
’

1
’r -1 7 -1 _ -1 7 a—1 r N 7 -1

1 1 1
r _ -1 ra-1.. r__ -1 ’r a—1 r _ -1 7 a-1 ’
24—2(u1(? U 0™ ug—us), ls= 2(u18 ustu 0 us), 126—2(u16 U 0™ ugtuy),
_ -1 ra—1_. _ -1 ra—1_ 7
l31 = —l/t4(9 u — 81/!48 U, — us, 132 = u48 U, + 81/!4(9 U, l35 = 135 =0,
Lz = 0 — ugd 'uz — ugd 'us — suﬁ‘a_lug - sugﬁ_]ug, Ly = ugd 'uy + suga_lu;,

_ -1 ra-1_7 ’r -1 7 a-1 7 -1 ’r a—1
L =uc0  us+eugd  uy+uy, Iy =—us0  uy —uy0 uy—us, [y =us0 us+uy 0 us,

by = —ug0 uy — ue0 il — 1l 0 uy — w0 us, Uy = ugd 'l + w0 uy,

6= u6<9_1uf‘+u’6(9_1u4+u'2, Ly =—u30" 'y —suga_lu’l, Ly =u30""u, +8u’3(9_1u’2—u6,
liz = —u30 'us — 8u'38_1u’3, Ly = =0 + u30 ' ug + us0 'ug + sugﬁ_lu; + 8u;8_1u’6,
Lis = —us0 'us + suga_lug +uy, Iy = —u30"'u) — uga_lul, lig = g = 0,

o = w307y + b0 uy — uly, Uy = —us0 Uy — U0 s, Is3 = Iy = 0,

Ly = us0 'y + usd ' ul + w0 uy + ui0 ug, U = —us0 ' + ub0 uy + ul,

Is; = —us0 "ty —eul 0"t} +us, lsy = usd ™"ty + U0 ), Isy = Uy g +EU, 0™t — 11y,
ls5 = 0— u48_1u3 - u68_1u5 — 81/!:‘(9_11/!; — eugﬁ_lu’s, l56 = u68_1u6 + 814%6_11/['6,

L= —ued )~y il Uy =60 b +ul0 w1y =0 U+ 1,0 ug— 1,

s = —u48_1u§ - u6(9_1u; - uga_lm - ugﬁ_lus, lig = u68_1u'6 + ug6_1u6,

loy =—us0"'uy—eusd ™"}, ley =us0 ™ us +eusd ™ uh +uy, ley =—u30™ " us—euy0 ™ ub—u,,
lea =0, lgs=—us0 us —8u;8_1ug, lee =—0+u30  uy+usd ' ug +8u'3(9_1u:l+8ug6_1ug,
Iy =—us0~ ", —ul0 ™ uy, Uy =usd ' uy+uld up+uly, Uy =—us0 ' us—ul0 us—u,

’

=0, Is = —usd'ul — uld  us, Uy = uz307" )y + us0 uly + ui07 uy + U0 ug.

6. The nonisospectral integrable hierarchy associated with Lie algebra so(3,2)

6.1. The generalized Lie algebra Gso(3,2)

Lie algebra so(3,2) is defined as [31]

50(35 2) = {x € gI(SaR | X = _132xTI329 tr(X) = 0}’

-I; 0
0 L)
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So, elements of Lie algebra so(3,2) have the form

X; X5
XT X5 )

where X| = —-X;, X; = —X;, and X;, X, X5 are 3 x 3, 3 x 2, and 2 x 2 real matrices, respectively. It is
easy to get the elements of Lie algebra so(3,2) with the form

0 4 A 45 4
-4 0 A3 A7 Ag
—/12 —/13 0 /19 /110

/15 /17 /19 0 /14
/16 /18 /110 —/14 0

We can obtain the bases of Lie algebra so(3,2) as

Ey=en—ey, By =e3—e31, B3 =ex3—exn, By = es5 —ess, Es = ey + ey, (6 1
Es =ei5s+es, E7 = ey +es, Es = exs +esp, Eg = €34 + es3, Eg = €35 + es3,

where ¢;; 1s a 5 X 5 matrix with 1 in the (i, j)-th position and zero elsewhere. Next, we consider the
generalized Lie algebra Gso(3, 2), that admits a basis set as follows:

E; :E7+E10, Eé :—E7 + El(), E; :—El + E5, E:l = 8E1 + 8E5, E; = 8E2 —8E6,
Eé =-FE, - Eg, E; =¢ek; — k4 — €Eg + €Ey, Eé =-FE3;+E,— Eg+ Ey, (62)
Eé =—gFE; —cE, + eEg + €E, EiO =FE;+Es+ Eg+ Ey,

where E;,i = 1,2,---, 10 are defined as (6.1), and satisfy the following commutative relations:

[El,E5]1 =0, [E|,E}] = E}, [E},E,]l = —E,, [E|,E5] = E5, [E}, E¢] = —Eg,
[E}, E5] = 2E%, [EY, Egl = —2E§, [E}, E{l = [E,E|,] =0, [E}, E}] = —E%,
[E}.E)] = E,, |[E), ES] = EL,[ES, E¢]l = —Eg, [E), E5] = [E), Eg]l = 0,[E), E§] = 2E,,
[E}, E\o]=—-2E\,, |E}, Ej]1=€E|—¢E), |E}, E{]1=E’, |E}, E(]l=—E,, [E}, E;]=0,
[ES, Egl = —2E;, [ES, Eg] = 2E%, [E, E'y] =0, [E), E] = €Ey, [E}, E¢] = —€Eyg,
[E}, ES] = 2¢E%, |Ey, E¢] = [E}, Eg]l =0, [Ey, E ] = —2¢E;, [ES, Ef] = €E| + €¢E,
[E5, ES] =0, [ES, E] = 2E), [ES Eql =0, [ES, Elo] = 2¢E), [Eg, E] = —2¢E},
[Eq. Egl = [Eg, Efo] =0, [Eg, Eql = —2E,, [E;, Eg]l = 4¢E), [E}, E{] = [E, E)] =0,
[Eg, E] = [ES, E0] =0, [Eg, E] = 4€E].
Consider the nonisospectral problem

ex = Usp,

¢ = V3o, '

A= Qs k(DA™
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where
2
Us = A(E| + E}) + V2u,E} + TV_qug +u3E + %Eé + %Eg + %E]O, (6.3)
2 2 h
Vs = aE| + bE) + V2cE, + 7\/_dE2 + V2eEL + g fEy+ 8B+ 7B+ 2By + 1B,
where uy,u,, -+ ,uq and a, b, c,d, e, f, g, h, p, q are the same as (2.2).
By solving the stationary zero curvature representation
0U3
Vie = a_/l/lt + [U3, V3], (6.4)
we can obtain the same equation as (2.4). This means that integrable hierarchies obtained from the
Ox = U3‘,0,
linear nonisospectral problems { ¢, = V3¢, are the same as (2.5).

A= 2iso ki(t)/l_i
If we consider the spectral matrix U; and time spectral matrix V) in Lie algebra Gsp(4), and
choose spectral matrices U; and V; in Lie algebra Gso(3, 2), then from zero curvature equations V, =
%/lﬁ[U 1, Vi]and V3, = %/lt+[U3, V3], we can obtain the same nonisospectral integrable hierarchies.
So, based on sp(4) = so(3,2), as long as we select the corresponding spectral problem between Lie
algebras Gsp(4) and Gso(3, 2), and we can obtain the same hierarchies.

6.2. The nonisospectral integrable couplings

In this section, we will construct the nonisospectral integrable coupling hierarchies associated
with Lie algebra so0(3, 2). We consider the nonisospectral problem

Py = p3§0a
@ = V3Q0’ .
A = Diso ki(H)A™,
where
_ U, &U’ _ Vi V!
U3:( ? /6)5 V3:( 5/ /6 )a (65)
Ug Uj Ve Vs
and

U; = 2/1E1() + \/E(Ltl - %)Ez - \/E(I/tl + %)Eﬁ + (U3 - % - % + %)E?s

+(—u3+%—%4‘%)E4+(—u3—%+%+%)E8+(u3+%+%+%)l§9,
U, = \/E(u;—%’z)Ez—\/E(u;+”§l2)E6+(u;—”Z:‘—%;+%’6)E3

+(—u’3+uzz‘—%g+Eé)E4+(—u’3—Z:‘+%g+u2—’)E8+(u’3+Z:‘+%;+Eg)E9,
V. = VE(%Z—C)E1+\/E(e—g)E2+(g—§—§+g)E3+(—g+§—§+g)E4
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d h

Ve + DBy - Ve + DEs + (@-b)Er + (g - 1+ £ 4 Dy,
2 2 47272

h
+(g + 1 + g + %)Eg + (a + b)E ),
, d/ , , '/ , h/ ’ ’ , h’ ’ ’
Ve = V25 -)E + V2 —%)E2+(g —Z—%+%)E3+(—g +Z—%+%)E4

d/ 4 h/ ’ ’

+ V(¢ + TEs - V2(e + %)E6 +(@ = b)Er + (¢ =+ % + %)Eg

h/ p/ q/
+(@g +—+ =+ <)Eg+ (d +b)E,
(g 713 2) 9+ ( )E1o
where wuy,up, -+ ,ug,uj, u}, -+ ,ug, and a,b,c,d,e, f,g,h,p,q,a’,b’,c’,d' e, f',¢g W,p',q are the
same as (3.3).
Solving the stationary zero curvature equation

Vs, = %/lt + [Us, V3], (6.6)
we can obtain the same equations as (3.5) and (3.6). This means that integrable coupling systems
Px = E_] 3%,
obtained from the linear nonisospectral problems | ¢, = V3¢, are the same as (3.7).
A = Zizo ki(t)/l_i
If we consider the spectral matrix U; and time spectral matrix V; in Lie algebra sp(4), and choose
spectral matrices Us and V3 in Lie algebra so(3,2), then from zero curvature equations V;, = %/l, +

[U;,V,]and V3, = %ﬂﬁ [U3, V3], we can obtain the same nonisospectral integrable coupling systems.

So, based on sp(4) = so(3,2), as long as we select the corresponding spectral problem between Lie
algebras sp(4) and so(3,2), we can obtain the same integrable couplings.

7. Conclusions

By adding any real number &, we construct the generalized Lie algebras Gsp(4), Gso(5), and
Gs0(3,2). Based on these three Lie algebras, we introduce the spectral parameter A, = .50 ki(£)A7,
and obtain the nonisospectral integrable hierarchies and their Hamiltonian structures of these three Lie
algebras. Additionally, based on the semi-direct sum decomposition of Lie algebras, we derive the
integrable coupling systems associated with Lie algebras sp(4), so(5), and so(3, 2). At the same time,
we use sp(4) = so(3,2), and further discuss the relationship between the integrable couplings systems
corresponding to these two Lie algebras.
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