
https://www.aimspress.com/journal/Math

AIMS Mathematics, 9(10): 27361–27387.
DOI: 10.3934/math.20241329
Received: 18 August 2024
Revised: 14 September 2024
Accepted: 18 September 2024
Published: 20 September 2024

Research article

The nonisospectral integrable hierarchies of three generalized Lie algebras

Baiying He* and Siyu Gao

School of Mathematics and Statistics, Xinyang Normal University, Xinyang 464000, China

* Correspondence: Email: heby621@nenu.edu.cn.

Abstract: We construct the generalized Lie algebras sp(4), so(5), and so(3, 2), and derive three kinds
of (1+1)-dimensional nonisospectral integrable hierarchies. Moreover, we obtain their Hamiltonian
structures. Finally, based on Lie algebras sp(4), so(5), and so(3, 2), by using the semi-direct sum
decomposition of Lie algebras, we construct three kinds of integrable coupling systems associated
with these three Lie algebras.

Keywords: Lie algebra; Hamiltonian structure; nonisospectral integrable hierarchy;
integrable couplings
Mathematics Subject Classification: 37K05, 37K40, 35Q53

1. Introduction

Nonlinear differential equations are important mathematical tools for describing natural
phenomena. The integrability and exact solutions of nonlinear evolution equations have always been
of great concern to scientists [1,2]. The exact solution of nonlinear models plays an important role in
describing some complex nonlinear phenomena. Some researchers have worked on solving the exact
analytic solutions of the nonlinear extended models. They proposed many methods and also obtained
more new types of exact solutions [3–7].

The study of integrable systems is an important research topic in disciplines such as physics and
mathematics. The trace identity proposed by Tu is a simple and powerful tool for generating integrable
hierarchies of soliton equations and their corresponding Hamiltonian structures [8]. By using the
trace identity, based on Lie algebras, some isospectral integrable hierarchies and the corresponding
Hamiltonian structures were constructed [9–13]. Some methods had been developed in deriving (2+1)-
dimensional integrable systems, such as the TAH scheme. The TAH scheme is an effective method for
generating (2+1)-dimensional soliton hierarchies. Based on this method, some (2+1)-dimensional
integrable hierarchies and the corresponding Hamiltonian structures were obtained [14–19].

In order to obtain more integrable sysytems, Zhang et al. proposed an approach for generating
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nonisospectral integrable hierarchies under the assumption λt =
∑

i≥0 ki(t)λ−i [20,21]. By using
this method, [22,23] constructed some multi-component integrable hierarchies associated with multi-
component non-semisimple Lie algebras. Moreover, based on Lie superalgebras, [24,25] investigated
some nonisospectral super integrable hierarchies and the corresponding super Hamiltonian structures.

Matrix spectral problems and zero curvature equations play an important role in exploring the
mathematical properties of associated soliton equations [26,27]. The semi-direct sum decomposition
of Lie algebras provide a helpful way to construct the integrable couplings of soliton systems [28–30].

This paper is arranged as follows. In Section 2, based on Lie algebra sp(4), we construct
the generalized Lie algebra Gsp(4), and obtain the nonisospectral integrable hierarchies and their
Hamiltonian structures. In Section 3, based on the semi-direct sum decomposition of Lie algebras,
the nonisospectral integrable coupling hierarchies and the corresponding Hamiltonian structures are
obtained. In Sections 4 and 5, we obtain the nonisospectral integrable hierarchies and their coupling
systems associated with the generalized Lie algebra Gso(5). In Section 6, by using sp(4) � so(3, 2), we
obtain that there are the same integrable hierarchies of these two generalized Lie algebras, and there
are also the same integrable couplings.

2. The nonisospectral integrable hierarchy associated with the generalized Lie algebra Gsp(4)

The compact real form sp(4) of complex symplectic Lie algebra sp(4,R) is defined as [31,32]

sp(4) = {x ∈ gl(4,R)|Hx + xTH = 0},

where H =

(
0 I2

−I2 0

)
, I2 is the 2 × 2 identity matrix, and xT represents the transposition of x. We

introduce the generalized Lie algebra sp(4), that admits a basis set as follows:

E1 = e11 − e33, E2 = e22 − e44, E3 = e12 − e43, E4 = εe21 − εe34,

E5 = εe14 + εe23, E6 = e32 + e41, E7 = εe13, E8 = e31, E9 = εe24, E10 = e42,
(2.1)

where ε ∈ R, and ei j is a 4 × 4 matrix with 1 in the (i, j)-th position and zero elsewhere, which satisfy
the commutative relations

[E1, E2] = 0, [E1, E3] = E3, [E1, E4] = −E4, [E1, E5] = E5, [E1, E6] = −E6,

[E1, E7] = 2E7, [E1, E8] = −2E8, [E1, E9] = [E1, E10] = 0, [E2, E3] = −E3,

[E2, E4] = E4, [E2, E5] = E5, [E2, E6] = −E6, [E2, E7] = [E2, E8] = 0,
[E2, E9] = 2E9, [E2, E10] = −2E10, [E3, E4] = ε(E1 − E2), [E3, E5] = 2E7,

[E3, E6] = −2E10, [E3, E7] = 0, [E3, E8] = −E6, [E3, E9] = E5, [E3, E10] = 0,
[E4, E5] = 2E9, [E4, E6] = −2εE8, [E4, E7] = E5, [E4, E8] = [E4, E9] = 0,
[E4, E10] = −εE6, [E5, E6] = ε(E1+E2), [E5, E7] = 0, [E5, E8] = E4, [E5, E9] = 0,
[E5, E10] = εE3, [E6, E7] = −εE3, [E6, E8] = [E6, E10] = 0, [E6, E9] = −E4,

[E7, E8] = εE1, [E7, E9] = [E7, E10] = [E8, E9] = [E8, E10] = 0, [E9, E10] = εE2.

We can construct different generalized Lie algebras Gsp(4) by adding the real number ε to different
elements of the Lie algebra sp(4). Here, we will only discuss one of these cases.
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Consider the linear nonisospectral problem
ϕx = U1ϕ,

ϕt = V1ϕ,

λt =
∑

i≥0 ki(t)λ−i,

where

U1 =


λ 0 εu3 εu1

0 λ εu1 εu5

u4 u2 −λ 0
u2 u6 0 −λ

 ,

V1 =


a c εg εe
εd b εe εp
h f −a −εd
f q −c −b

 =
∑
i≥0


ai ci εgi εei

εdi bi εei εpi

hi fi −ai −εdi

fi qi −ci −bi

 λ−i. (2.2)

By solving stationary the zero curvature representation

V1x =
∂U1

∂λ
λt + [U1,V1], (2.3)

we can obtain 

aix = εu1 fi − εu2ei + εu3hi − εu4gi + ki(t),
bix = εu1 fi − εu2ei + εu5qi − εu6 pi + ki(t),
cix = εu1qi − εu2gi + εu3 fi − εu6ei,

dix = u1hi − u2 pi − u4ei + u5 fi,

eix = 2λei − u1ai − u1bi − εu3di − u5ci,

fix = −2λ fi + u2ai + u2bi + u4ci + εu6di,

gix = 2λgi − 2u1ci − 2u3ai,

hix = −2λhi + 2εu2di + 2u4ai,

pix = 2λpi − 2εu1di − 2u5bi,

qix = −2λqi + 2u2ci + 2u6bi.

(2.4)

By taking initial values

a0 = α(t), b0 = β(t), c0 = d0 = e0 = f0 = g0 = h0 = p0 = q0 = k0(t) = 0,

one has

a1 = b1 = k1(t)x, c1 =
ε

2
∂−1(u1u6 + u2u3)(β − α), g1 = u3α, p1 = u5β, q1 = u6β,

d1 =
1
2
∂−1(u1u4 + u2u5)(α − β), e1 =

1
2

u1(α + β), f1 =
1
2

u2(α + β), h1 = u4α,

e2 =
1
4

u1x(α + β) +
ε

4

[
u3∂

−1(u1u4 + u2u5) − u5∂
−1(u1u6 + u2u3)

]
(α−β) + u1k1(t)x,

f2 =−
1
4

u2x(α + β)+
ε

4

[
u4∂

−1(u1u6 + u2u3) − u6∂
−1(u1u4 + u2u5)

]
(β−α) + u2k1(t)x,
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g2 =
1
2

u3xα +
ε

2
u1∂

−1(u1u6 + u2u3)(β − α) + u3k1(t)x,

h2 = −
1
2

u4xα +
ε

2
u2∂

−1(u1u4 + u2u5)(β − α) + u4k1(t)x,

p2 =
1
2

u5xβ −
ε

2
u1∂

−1(u1u4 + u2u5)(β − α) + u5k1(t)x,

q2 = −
1
2

u6xβ +
ε

2
u2∂

−1(u1u6 + u2u3)(β − α) + u6k1(t)x,

· · · · · ·

where α(t) is an integral constant. Noting that

V (n)
1+

=

n∑
i=0

(ai, bi, ci, di, ei, fi, gi, hi, pi, qi)T, V (n)
1− =

∞∑
i=n+1

(ai, bi, ci, di, ei, fi, gi, hi, pi, qi)T,

λ(n)
+,x =

n∑
i=0

ki(t)λn−i, λ(n)
−,x =

∞∑
i=n+1

ki(t)λn−i,

it follows that one has

−V (n)
1+,x +

∂U1

∂λ
λ(n)

t,+ + [U1,V
(n)
1+

] = (0, 0, 0, 0,−2en+1, 2 fn+1,−2gn+1, 2hn+1,−2pn+1, 2qn+1)T.

According to (2.4), it is easy to show that we have the recursion relations

2ε fn+1

2εen+1

εhn+1

εgn+1

εqn+1

εpn+1


= L1



2ε fn

2εen

εhn

εgn

εqn

εpn


+



2εu2

2εu1

εu4

εu3

εu6

εu5


kn(t)x,

where the recurrence operator L1 is defined as

L1 =



l11 l12 l13 l14 l15 l16

l21 l22 l23 l24 l25 l26

l31 l32 l33 l34 l35 l36

l41 l42 l43 l44 l45 l46

l51 l52 l53 l54 l55 l56

l61 l62 l63 l64 l65 l66


,

and

l11 =−
∂

2
+
ε

2
(2u2∂

−1u1+u4∂
−1u3+u6∂

−1u5), l12 =−
ε

2
(2u2∂

−1u2+u4∂
−1u6+u6∂

−1u4),

l21 =εu1∂
−1u1+

ε

2
(u3∂

−1u5+u5∂
−1u3), l22 =

∂

2
−εu1∂

−1u2−
ε

2
(u3∂

−1u4+u5∂
−1u6),

l31 =
1
2

l15 =
ε

2
(u2∂

−1u5 + u4∂
−1u1), l32 =

1
2

l14 = −
ε

2
(u2∂

−1u4 + u4∂
−1u2),
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l41 =
1
2

l23 =
ε

2
(u1∂

−1u3 + u3∂
−1u1), l42 =

1
2

l26 = −
ε

2
(u1∂

−1u6 + u3∂
−1u2),

l51 =
1
2

l13 =
ε

2
(u2∂

−1u3 + u6∂
−1u1), l52 =

1
2

l16 = −
ε

2
(u2∂

−1u6 + u6∂
−1u2),

l61 =
1
2

l25 =
ε

2
(u1∂

−1u5 + u5∂
−1u1), l62 =

1
2

l24 = −
ε

2
(u1∂

−1u4 + u5∂
−1u2),

l33 = −
∂

2
+ εu2∂

−1u1 + εu4∂
−1u3, l34 = −εu4∂

−1u4, l35 = 0, l36 = −εu2∂
−1u2,

l43 = εu3∂
−1u3, l44 =

∂

2
− εu1∂

−1u2 − εu3∂
−1u4, l45 = εu1∂

−1u1, l46 = 0,

l53 = 0, l54 = −εu2∂
−1u2, l55 = −

∂

2
+ εu2∂

−1u1 + εu6∂
−1u5, l56 = −εu6∂

−1u6,

l63 = εu1∂
−1u1, l64 = 0, l65 = εu5∂

−1u5, l66 =
∂

2
− εu1∂

−1u2 − εu5∂
−1u6.

Taking V (n)
1 = V (n)

1,+, then the zero curvature equation

−V (n)
1x +

∂U1

∂u
ut +

∂U1

∂λ
λ(n)

t,+ + [U1,V
(n)
1 ] = 0

leads to the following nonisospectral hierarchy

utn =



u1

u2

u3

u4

u5

u6


tn

=



−2en+1

2 fn+1

−2gn+1

2hn+1

−2pn+1

2qn+1


= J1



2ε fn+1

2εen+1

εhn+1

εgn+1

εqn+1

εpn+1



= J1L1



2ε fn

2εen

εhn

εgn

εqn

εpn


+ J1



2εu2

2εu1

εu4

εu3

εu6

εu5


kn(t)x, (2.5)

where the Hamiltonian operator J1 is

J1 =
1
ε



0 −1 0 0 0 0
1 0 0 0 0 0
0 0 0 −2 0 0
0 0 2 0 0 0
0 0 0 0 0 −2
0 0 0 0 2 0


.

To furnish Hamiltonian structures, we use the trace identity, and have

〈V1,
∂U1

∂λ
〉 = 2a + 2b, 〈V1,

∂U1

∂u1
〉 = 2ε f , 〈V1,

∂U1

∂u2
〉 = 2εe,
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〈V1,
∂U1

∂u3
〉 = εh, 〈V1,

∂U1

∂u4
〉 = εg, 〈V1,

∂U1

∂u5
〉 = εq, 〈V1,

∂U1

∂u6
〉 = εp.

Substituting the above formulas into the trace identity yields

δ

δu

∫
(2a + 2b)dx = λ−γ

∂

∂λ
λγ



2ε f
2εe
εh
εg
εq
εp


.

Balancing coefficients of each power of λ in the above equality gives rise to

δ

δu

∫
(2an+1 + 2bn+1)dx = (γ − n)



2ε fn

2εen

εhn

εgn

εqn

εpn


.

Taking n = 1, gives γ = 0. Thus, we see

ut = J1
δH(1)

n+1

δu
= J1L1

δH(1)
n

δu
+ J1M1kn(t)x, H(1)

n+1 = −2
∫

(
an+2 + bn+2

n + 1
)dx, n ≥ 0,

where M1 = (2εu2, 2εu1, εu4, εu3, εu6, εu5)T.

3. The nonisospectral integrable coupling hierarchy associated with Lie algebra sp(4)

3.1. Preliminaries

We generalize the semisimple Lie algebra g to the non-semisimple Lie algebra ḡ. This has the
block matrix form [29,30]

M(A, B) =

(
A εB
B A

)
, (3.1)

where ε ∈ R, which is different from Section 2, and A, B are two arbitrary matrices with the same
order. Non-semisimple Lie algebra ḡ has two subalgebras g̃ = {M(A,O)} and g̃c = {M(O, B)}, that
forms the semi-direct sum of Lie algebras ḡ = g̃ ⊕s g̃c. That is, [̃g, g̃c] = {[A, B]|A ∈ g̃, B ∈ g̃c},
[̃g, g̃] ⊆ g̃, [g̃c, g̃c] ⊆ g̃, [̃g, g̃c] ⊆ g̃c.

We introduce the enlarged spectral problems
ϕx = Ūϕ =

(
U1 εU2

U2 U1

)
,

ϕt = V̄ϕ =

(
V1 εV2

V2 V1

)
,

λt =
∑

i≥0 ki(t)λ−i.

AIMS Mathematics Volume 9, Issue 10, 27361–27387.



27367

From the corresponding enlarged stationary zero curvature equation

V̄x =
∂Ū
∂λ

λt + [Ū, V̄], (3.2)

it is easy to have {
V1,x = [U1,V1] + ε[U2,V2],
V2,x = [U2,V1] + [U1,V2].

3.2. The nonisospectral integrable couplings

In this section, we will construct the nonisospectral integrable coupling hierarchies associated
with Lie algebra sp(4). We consider the nonisospectral problem

ϕx = Ū1ϕ,

ϕt = V̄1ϕ,

λt =
∑

i≥0 ki(t)λ−i,

where

Ū1 =

(
U′1 εU′2
U′2 U′1

)
,U′1 =


λ 0 u3 u1

0 λ u1 u5

u4 u2 −λ 0
u2 u6 0 −λ

 ,U′2 =


0 0 u′3 u′1
0 0 u′1 u′5
u′4 u′2 0 0
u′2 u′6 0 0

 ,

V̄1 =

(
V ′1 εV ′2
V ′2 V ′1

)
,V ′1 =


a c g e
d b e p
h f −a −d
f q −c −b

,V ′2 =


a′ c′ g′ e′

d′ b′ e′ p′

h′ f ′ −a′ −d′

f ′ q′ −c′ −b′

, (3.3)

where u1, u2, · · · , u6 and a, b, c, d, e, f , g, h, p, q are different from (2.2).
We solve the enlarged stationary zero curvature equation by means of

V̄1x =
∂Ū1

∂λ
λt + [Ū1, V̄1], (3.4)

which yields

aix = u1 fi − u2ei + u3hi − u4gi + εu′1 f ′i − εu′2e′i + εu′3h′i − εu′4g′i + ki(t),
bix = u1 fi − u2ei + u5qi − u6 pi + εu′1 f ′i − εu′2e′i + εu′5q′i − εu′6 p′i + ki(t),
cix = u1qi − u2gi + u3 fi − u6ei + εu′1q′i − εu′2g′i + εu′3 f ′i − εu′6e′i ,
dix = u1hi − u2 pi − u4ei + u5 fi + εu′1h′i − εu′2 p′i − εu′4e′i + εu′5 f ′i ,
eix = 2λei − u1ai − u1bi − u3di − u5ci − εu′1a′i − εu′1b′i − εu′3d′i − εu′5c′i ,
fix = −2λ fi + u2ai + u2bi + u4ci + u6di + εu′2a′i + εu′2b′i + εu′4c′i + εu′6d′i ,
gix = 2λgi − 2u1ci − 2u3ai − 2εu′1c′i − 2εu′3a′i ,
hix = −2λhi + 2u2di + 2u4ai + 2εu′2d′i + 2εu′4a′i ,
pix = 2λpi − 2u1di − 2u5bi − 2εu′1d′i − 2εu′5b′i ,
qix = −2λqi + 2u2ci + 2u6bi + 2εu′2c′i + 2εu′6b′i ,

(3.5)
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and 

a′ix = u1 f ′i − u2e′i + u3h′i − u4g′i + u′1 fi − u′2ei + u′3hi − u′4gi + ki(t),
b′ix = u1 f ′i − u2e′i + u5q′i − u6 p′i + u′1 fi − u′2ei + u′5qi − u′6 pi + ki(t),
c′ix = u1q′i − u2g′i + u3 f ′i − u6e′i + u′1qi − u′2gi + u′3 fi − u′6ei,

d′ix = u1h′i − u2 p′i − u4e′i + u5 f ′i + u′1hi − u′2 pi − u′4ei + u′5 fi,

e′ix = 2λe′i − u1a′i − u1b′i − u3d′i − u5c′i − u′1ai − u′1bi − u′3di − u′5ci,

f ′ix = −2λ f ′i + u2a′i + u2b′i + u4c′i + u6d′i + u′2ai + u′2bi + u′4ci + u′6di,

g′ix = 2λg′i − 2u1c′i − 2u3a′i − 2u′1ci − 2u′3ai,

h′ix = −2λh′i + 2u2d′i + 2u4a′i + 2u′2di + 2u′4ai,

p′ix = 2λp′i − 2u1d′i − 2u5b′i − 2u′1di − 2u′5bi,

q′ix = −2λq′i + 2u2c′i + 2u6b′i + 2u′2ci + 2u′6bi.

(3.6)

By taking initial values

a0 = α(t), b0 = β(t), c0 = d0 = e0 = f0 = g0 = h0 = p0 = q0 = k0(t) = 0,
a′0 = α′(t), b′0 = β′(t), c′0 = d′0 = e′0 = f ′0 = g′0 = h′0 = p′0 = q′0 = 0,

one has

a1 =b1 = k1(t)x, e1 =
1
2

u1(α + β) +
ε

2
u′1(α′ + β′), f1 =

1
2

u2(α + β) +
ε

2
u′2(α′ + β′),

g1 =u3α + εu′3α
′, h1 = u4α + εu′4α

′, p1 = u5β + εu′5β
′, q1 = u6β + εu′6β

′,

c1 =
1
2
∂−1(u1u6 + u2u3 + εu′1u′6 + εu′2u′3)(β − α) +

ε

2
∂−1(u1u′6 + u2u′3 + u′1u6 + u′2u3)

(β′ − α′),

d1 =
1
2
∂−1(u1u4 + u2u5 + εu′1u′4 + εu′2u′5)(α − β) +

ε

2
∂−1(u1u′4 + u2u′5 + u′1u4 + u′2u5)

(α′ − β′),

a′1 =b′1 = k1(t)x, e′1 =
1
2

u′1(α + β) +
1
2

u1(α′ + β′), f ′1 =
1
2

u′2(α + β) +
1
2

u2(α′ + β′),

g′1 =u′3α + u3α
′, h′1 = u′4α + u4α

′, p′1 = u′5β + u5β
′, q′1 = u′6β + u6β

′,

c′1 =
1
2
∂−1(u1u′6 + u2u′3 + u′1u6 + u′2u3)(β − α) +

1
2
∂−1(u1u6 + u2u3 + εu′1u′6 + εu′2u′3)

(β′ − α′),

d′1 =
1
2
∂−1(u1u′4 + u2u′5 + u′1u4 + u′2u5)(α − β) +

1
2
∂−1(u1u4 + u2u5 + εu′1u′4 + εu′2u′5)

(α′ − β′),
· · · · · ·

where α(t), β(t) are integral constants.
From the nonisospectral zero curvature equation

∂Ū1

∂u
ut +

∂Ū1

∂λ
λt − V̄ (n)

1x + [Ū1, V̄
(n)
1 ] = 0,
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we can obtain the following integrable couplings:

ūtn =

(
ū1

ū2

)
tn

, ū1tn =



u1

u2

u3

u4

u5

u6


tn

=



−2en+1

2 fn+1

−2gn+1

2hn+1

−2pn+1

2qn+1


, ū2tn =



u′1
u′2
u′3
u′4
u′5
u′6


tn

=



−2e′n+1
2 f ′n+1
−2g′n+1
2h′n+1
−2p′n+1
2q′n+1


. (3.7)

To furnish Hamiltonian structures, we use the trace identity, and have

〈V ′1,
∂U′2
∂λ
〉 + 〈V ′2,

∂U′1
∂λ
〉 = 2(a′ + b′), 〈V ′1,

∂U′2
∂u1
〉 + 〈V ′2,

∂U′1
∂u1
〉 = 2 f ′,

〈V ′1,
∂U′2
∂u2
〉 + 〈V ′2,

∂U′1
∂u2
〉 = 2e′, 〈V ′1,

∂U′2
∂u3
〉 + 〈V ′2,

∂U′1
∂u3
〉 = h′,

〈V ′1,
∂U′2
∂u4
〉 + 〈V ′2,

∂U′1
∂u4
〉 = g′, 〈V ′1,

∂U′2
∂u5
〉 + 〈V ′2,

∂U′1
∂u5
〉 = q′,

〈V ′1,
∂U′2
∂u6
〉 + 〈V ′2,

∂U′1
∂u6
〉 = p′, 〈V ′1,

∂U′2
∂u′1
〉 + 〈V ′2,

∂U′1
∂u′1
〉 = 2 f ,

〈V ′1,
∂U′2
∂u′2
〉 + 〈V ′2,

∂U′1
∂u′2
〉 = 2e, 〈V ′1,

∂U′2
∂u′3
〉 + 〈V ′2,

∂U′1
∂u′3
〉 = h,

〈V ′1,
∂U′2
∂u′4
〉 + 〈V ′2,

∂U′1
∂u′4
〉 = g, 〈V ′1,

∂U′2
∂u′5
〉 + 〈V ′2,

∂U′1
∂u′5
〉 = q,

〈V ′1,
∂U′2
∂u′6
〉 + 〈V ′2,

∂U′1
∂u′6
〉 = p.

Substituting the above formulas into the trace identity, and balancing the coefficients of each
power of λ, we give the first form

δ

δū

∫
2(a′n+1 + b′n+1)dx = (γ − n)

(
M1

M2

)
, (3.8)

where

M1 =



2 f ′n
2e′n
h′n
g′n
q′n
p′n


, M2 =



2 fn

2en

hn

gn

qn

pn


.

At the same time, we also have

〈V ′1,
∂U′1
∂λ
〉 + ε〈V ′2,

∂U′2
∂λ
〉 = 2(a + b), 〈V ′1,

∂U′1
∂u1
〉 + ε〈V ′2,

∂U′2
∂u1
〉 = 2 f ,
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〈V ′1,
∂U′1
∂u2
〉 + ε〈V ′2,

∂U′2
∂u2
〉 = 2e, 〈V ′1,

∂U′1
∂u3
〉 + ε〈V ′2,

∂U′2
∂u3
〉 = h,

〈V ′1,
∂U′1
∂u4
〉 + ε〈V ′2,

∂U′2
∂u4
〉 = g, 〈V ′1,

∂U′1
∂u5
〉 + ε〈V ′2,

∂U′2
∂u5
〉 = q,

〈V ′1,
∂U′1
∂u6
〉 + ε〈V ′2,

∂U′2
∂u6
〉 = p, 〈V ′1,

∂U′1
∂u′1
〉 + ε〈V ′2,

∂U′2
∂u′1
〉 = 2ε f ′,

〈V ′1,
∂U′1
∂u′2
〉 + ε〈V ′2,

∂U′2
∂u′2
〉 = 2εe′, 〈V ′1,

∂U′1
∂u′3
〉 + ε〈V ′2,

∂U′2
∂u′3
〉 = εh′,

〈V ′1,
∂U′1
∂u′4
〉 + ε〈V ′2,

∂U′2
∂u′4
〉 = εg′, 〈V ′1,

∂U′1
∂u′5
〉 + ε〈V ′2,

∂U′2
∂u′5
〉 = εq′,

〈V ′1,
∂U′1
∂u′6
〉 + ε〈V ′2,

∂U′2
∂u′6
〉 = εp′.

Substituting the above formulas into the trace identity, and balancing coefficients of each power
of λ, we give the second form

δ

δu

∫
2(an+1 + bn+1)dx = (γ − n)

(
M2

εM1

)
,

where M1, M2 are defined as (3.8).
So, we can obtain the Hamiltonian structures of integrable couplings, which consists of the

following two components. The first component has the form

ūtn =

(
ū1

ū2

)
tn

= J̄1

(
K1

K2

)
= J̄1

δH̄1,m

δū
, K1 =



2 f ′n+1
2e′n+1
h′n+1
g′n+1
q′n+1
p′n+1


, K2 =



2 fn+1

2en+1

hn+1

gn+1

qn+1

pn+1


,

where J̄1 =

(
O J1

J1 O

)
, and J1 is defined as (2.5). The second component has the form

ūtn =

(
ū1

ū2

)
tn

= J̄2

(
K2

εK1

)
= J̄2

δH̄2,m

δū
, J̄2 =

(
J1 O
O 1

ε
J1

)
.
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From (3.5) and (3.6), we can obtain the recursion relations

−2en+1

2 fn+1

−2gn+1

2hn+1

−2pn+1

2qn+1

−2e′n+1
2 f ′n+1
−2g′n+1
2h′n+1
−2p′n+1
2q′n+1



= L̄1



−2en

2 fn

−2gn

2hn

−2pn

2qn

−2e′n
2 f ′n
−2g′n
2h′n
−2p′n
2q′n



+



−2u1 − 2εu′1
2u2 + 2εu′2
−2u3 − 2εu′3
2u4 + 2εu′4
−2u5 − 2εu′5
2u6 + 2εu′6
−2u1 − 2u′1
2u2 + 2u′2
−2u3 − 2u′3
2u4 + 2u′4
−2u5 − 2u′5
2u6 + 2u′6



kn(t)x,

where the recurrence operator L̄1 is defined as

L̄1 =

(
L′1 L′2

1
ε
L′2 L′1

)
, L′1 =



l11 l12 l13 l14 l15 l16

l21 l22 l23 l24 l25 l26

l31 l32 l33 l34 l35 l36

l41 l42 l43 l44 l45 l46

l51 l52 l53 l54 l55 l56

l61 l62 l63 l64 l65 l66


, L′2 =



l′11 l′12 l′13 l′14 l′15 l′16
l′21 l′22 l′23 l′24 l′25 l′26
l′31 l′32 l′33 l′34 l′35 l′36
l′41 l′42 l′43 l′44 l′45 l′46
l′51 l′52 l′53 l′54 l′55 l′56
l′61 l′62 l′63 l′64 l′65 l′66


,

and

l11 =
1
2

(∂ − 2u1∂
−1u2−u3∂

−1u4−u5∂
−1u6 − 2εu′1∂

−1u′2−εu′3∂
−1u′4−εu′5∂

−1u′6),

l12 =−
1
2

(2u1∂
−1u1+u3∂

−1u5+u5∂
−1u3 + 2εu′1∂

−1u′1+εu′3∂
−1u′5+εu′5∂

−1u′3),

l13 =
1
2

l51 =−
1
2

(u1∂
−1u4+u5∂

−1u2 + εu′1∂
−1u′4+εu′5∂

−1u′2),

l14 =
1
2

l32 =−
1
2

(u1∂
−1u3+u3∂

−1u1 + εu′1∂
−1u′3+εu′3∂

−1u′1),

l15 =
1
2

l31 =−
1
2

(u1∂
−1u6+u3∂

−1u2 + εu′1∂
−1u′6+εu′3∂

−1u′2),

l16 =
1
2

l52 =−
1
2

(u1∂
−1u5+u5∂

−1u1 + εu′1∂
−1u′5+εu′5∂

−1u′1),

l′11 =−
ε

2
(2u1∂

−1u′2+u3∂
−1u′4+u5∂

−1u′6 + 2u′1∂
−1u2+u′3∂

−1u4+u′5∂
−1u6),

l′12 =−
ε

2
(2u1∂

−1u′1+u3∂
−1u′5+u5∂

−1u′3 + 2u′1∂
−1u1+u′3∂

−1u5+u′5∂
−1u3),

l′13 =
1
2

l′51 =−
ε

2
(u1∂

−1u′4+u5∂
−1u′2 + u′1∂

−1u4+u′5∂
−1u2),

l′14 =
1
2

l′32 =−
ε

2
(u1∂

−1u′3+u3∂
−1u′1 + u′1∂

−1u3+u′3∂
−1u1),

l′15 =
1
2

l′31 =−
ε

2
(u1∂

−1u′6+u3∂
−1u′2 + u′1∂

−1u6+u′3∂
−1u2),
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l′16 =
1
2

l′52 =−
ε

2
(u1∂

−1u′5+u5∂
−1u′1 + u′1∂

−1u5+u′5∂
−1u1),

l21 =
1
2

(2u2∂
−1u2+u4∂

−1u6+u6∂
−1u4 + 2εu′2∂

−1u′2+εu′4∂
−1u′6+εu′6∂

−1u′4),

l22 =
1
2

(−∂ + 2u2∂
−1u1+u4∂

−1u3+u6∂
−1u5 + 2εu′2∂

−1u′1+εu′4∂
−1u′3+εu′6∂

−1u′5),

l23 =
1
2

l41 =
1
2

(u2∂
−1u4+u4∂

−1u2 + εu′2∂
−1u′4+εu′4∂

−1u′2),

l24 =
1
2

l62 =
1
2

(u2∂
−1u3+u6∂

−1u1 + εu′2∂
−1u′3+εu′6∂

−1u′1),

l25 =
1
2

l61 =
1
2

(u2∂
−1u6+u6∂

−1u2 + εu′2∂
−1u′6+εu′6∂

−1u′2),

l26 =
1
2

l42 =
1
2

(u2∂
−1u5+u4∂

−1u1 + εu′2∂
−1u′5+εu′4∂

−1u′1),

l′21 =
ε

2
(2u2∂

−1u′2+u4∂
−1u′6+u6∂

−1u′4 + 2u′2∂
−1u2+u′4∂

−1u6+u′6∂
−1u4),

l′22 =
ε

2
(2u2∂

−1u′1+u4∂
−1u′3+u6∂

−1u′5 + 2u′2∂
−1u1+u′4∂

−1u3+u′6∂
−1u5),

l′23 =
1
2

l′41 =
ε

2
(u2∂

−1u′4+u4∂
−1u′2 + u′2∂

−1u4+u′4∂
−1u2),

l′24 =
1
2

l′62 =
ε

2
(u2∂

−1u′3+u6∂
−1u′1 + u′2∂

−1u3+u′6∂
−1u1),

l′25 =
1
2

l′61 =
ε

2
(u2∂

−1u′6+u6∂
−1u′2 + u′2∂

−1u6+u′6∂
−1u2),

l′26 =
1
2

l′42 =
ε

2
(u2∂

−1u′5+u4∂
−1u′1 + u′2∂

−1u5+u′4∂
−1u1), l35 =0,

l33 =
∂

2
− u1∂

−1u2−u3∂
−1u4 − εu′1∂

−1u′2−εu′3∂
−1u′4, l34 =−(u3∂

−1u3+εu′3∂
−1u′3),

l36 =−(u1∂
−1u1+εu′1∂

−1u′1), l′33 =−ε(u1∂
−1u′2+u3∂

−1u′4+u′1∂
−1u2+u′3∂

−1u4),
l′34 =−ε(u3∂

−1u′3+u3∂
−1u′3), l′35 =0, l′36 =−ε(u1∂

−1u′1+u1∂
−1u′1),

l43 =u4∂
−1u4+ εu′4∂

−1u′4, l44 =−
∂

2
+ u4∂

−1u3+u2∂
−1u1 + εu′4∂

−1u′3+εu′2∂
−1u′1,

l45 =u2∂
−1u2+ εu′2∂

−1u′2, l46 =0, l′43 =ε(u4∂
−1u′4 +u′4∂

−1u4),
l′44 =ε(u4∂

−1u′3+u2∂
−1u′1+u′4∂

−1u3 +u′2∂
−1u1), l′45 =ε(u2∂

−1u′2+u2∂
−1u′2), l′46 =0,

l54 =−(u1∂
−1u1+ εu′1∂

−1u′1), l55 =
∂

2
− u1∂

−1u2−u5∂
−1u6 − εu′1∂

−1u′2−εu′5∂
−1u′6,

l56 =−(u5∂
−1u5+ εu′5∂

−1u′5), l53 = l′53 = 0, l′54 =−ε(u1∂
−1u′1 +u′1∂

−1u1),
l′55 =−ε(u1∂

−1u′2+u5∂
−1u′6+u′1∂

−1u2 +u′5∂
−1u6), l′56 =−ε(u5∂

−1u′5+u5∂
−1u′5),

l63 =u2∂
−1u2+ εu′2∂

−1u′2, l64 = l′64 =0, l65 =u6∂
−1u6+ εu′6∂

−1u′6,

l66 =−
∂

2
+ u2∂

−1u1+u6∂
−1u5 + εu′2∂

−1u′1+εu′6∂
−1u′5, l′63 =ε(u2∂

−1u′2+ u′2∂
−1u2),

l′65 =ε(u6∂
−1u′6+ u′6∂

−1u6), l′66 =ε(u2∂
−1u′1+u6∂

−1u′5 + u′2∂
−1u1+u′6∂

−1u5).
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4. The nonisospectral integrabl hierarchy of the generalized Lie algebra Gso(5)

In this section, based on Lie algebra so(5) [31,33], we introduce the generalized Lie algebra
Gso(5), that admits a basis set as follows:

E1 = e22 − e44, E2 = e33 − e55, E3 = εe32 − εe45, E4 = e23 − e54, E5 = e52 − e43,

E6 = εe25 − εe34, E7 = e13 + e51, E8 = εe15 + εe31, E9 = εe12 + εe41, E10 = e14 + e21,
(4.1)

where ei j is a 5 × 5 matrix with 1 in the (i, j)-th position and zero elsewhere, which satisfy the
commutative relations

[E1, E2] = 0, [E1, E3] = −E3, [E1, E4] = E4, [E1, E5] = −E5, [E1, E6] = E6,

[E1, E7] = [E1, E8] = 0, [E1, E9] = −E9, [E1, E10] = E10, [E2, E3] = E3,

[E2, E4] = −E4, [E2, E5] = −E5, [E2, E6] = E6, [E2, E7] = −E7, [E2, E8] = E8,

[E2, E9]= [E2, E10]=0, [E3, E4]=ε(E2 − E1), [E3, E5]= [E3, E6]=0, [E3, E7]=−E9,

[E3, E8] = [E3, E9] = 0, [E3, E10] = E8, [E4, E5] = [E4, E6] = [E4, E7] = 0,
[E4, E8]=εE10, [E4, E9]=−εE7, [E4, E10]=0, [E5, E6]=−ε(E1 + E2), [E5, E7]=0,
[E5, E8]=−E9, [E5, E9]=0, [E5, E10]= E7, [E6, E7]=εE10, [E6, E8]= [E6, E10]=0,
[E6, E9] = −εE8, [E7, E8] = −εE2, [E7, E9] = εE5, [E7, E10] = −E4, [E8, E9] = εE3,

[E8, E10] = −E6, [E9, E10] = −εE1.

Consider the nonisospectral problem
ϕx = U2ϕ,

ϕt = V2ϕ,

λt =
∑

i≥0 ki(t)λ−i,

where

U2 =


0 εu5 u3 u6 εu4

u6 λ 0 0 εu2

εu4 0 λ −εu2 0
εu5 0 −u1 −λ 0
u3 u1 0 0 −λ


,

V2 =


0 εp g q εh
q a d 0 ε f
εh εc b −ε f 0
εp 0 −e −a −εc
g e 0 −d −b


=
∑
i≥0


0 εpi gi qi εhi

qi ai di 0 ε fi

εhi εci bi −ε fi 0
εpi 0 −ei −ai −εci

gi ei 0 −di −bi


λ−i, (4.2)

here u1, u2, · · · , u6 and a, b, c, d, e, f , g, h, p, q are different from (2.2) and (3.3).
By solving the stationary zero curvature representation

V2x =
∂U2

∂λ
λt + [U2,V2], (4.3)
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we can obtain 

aix = −εu1 fi + εu2ei − εu5qi + εu6 pi + ki(t),
bix = −εu1 fi + εu2ei − εu3hi + εu4gi + ki(t),
cix = εu4 pi − εu5hi,

dix = −u3qi + u6gi,

eix = −2λei + u1ai + u1bi + εu3 pi − εu5gi,

fix = 2λ fi − u2ai − u2bi − u4qi + u6hi,

gix = −λgi + u1qi + u3bi + εu5di − u6ei,

hix = λhi − εu2 pi − u4bi + εu5 fi − u6ci,

pix = −λpi − u1hi + u3ci + u4ei + u5ai,

qix = λqi + εu2gi − εu3 fi − εu4di − u6ai.

(4.4)

By taking initial values

a0 = α(t), b0 = β(t), c0 = d0 = e0 = f0 = g0 = h0 = p0 = q0 = k0(t) = 0,

one has

a1 = b1 = k1(t)x, c1 = ε∂−1u4u5(α − β), d1 = ∂−1u3u6(β − α), e1 =
1
2

u1(α + β),

f1 =
1
2

u2(α + β), g1 = u3β, h1 = u4β, p1 = u5α, q1 = u6α,

e2 = −
1
4

u1x(α + β) +
ε

2
u3u5(α − β) + u1k1(t)x,

f2 =
1
4

u2x(α + β) +
1
2

u4u6(α − β) + u2k1(t)x,

g2 = −u3xβ +
1
2

u1u6(α − β) + εu5∂
−1u3u6(β − α) + u3k1(t)x,

h2 = u4xβ +
ε

2
u2u5(α − β) + εu6∂

−1u4u5(α − β) + u4k1(t)x,

p2 = −u5xα +
1
2

u1u4(α − β) + εu3∂
−1u4u5(α − β) + u5k1(t)x,

q2 = u6xα +
ε

2
u2u3(α − β) + εu4∂

−1u3u6(β − α) + u6k1(t)x,

· · · · · ·

where α(t) is an integral constant. Noting that

V (n)
2+

=

n∑
i=0

(ai, bi, ci, di, ei, fi, gi, hi, pi, qi)T, V (n)
2− =

∞∑
i=n+1

(ai, bi, ci, di, ei, fi, gi, hi, pi, qi)T,

λ(n)
+,x =

n∑
i=0

ki(t)λn−i, λ(n)
−,x =

∞∑
i=n+1

ki(t)λn−i,

it follows that one has

−V (n)
2+,x +

∂U2

∂λ
λ(n)

t,+ + [U2,V
(n)
2+

] = (0, 0, 0, 0, 2en+1,−2 fn+1, gn+1,−hn+1, pn+1,−qn+1)T.
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According to (4.4), it is easy to show that we have the recursion relations

2ε fn+1

2εen+1

2εhn+1

2εgn+1

2εqn+1

2εpn+1


= L2



2ε fn

2εen

2εhn

2εgn

2εqn

2εpn


+



2εu2

2εu1

2εu4

2εu3

2εu6

2εu5


kn(t)x,

where the recurrence operator L2 is defined as

L2 =



l11 l12 l13 l14 l15 l16

l21 l22 l23 l24 l25 l26

l31 l32 l33 l34 l35 l36

l41 l42 l43 l44 l45 l46

l51 l52 l53 l54 l55 l56

l61 l62 l63 l64 l65 l66


,

and

l11 =
∂

2
− εu2∂

−1u1, l12 = εu2∂
−1u2, l13 = −

ε

2
u2∂

−1u3 −
u6

2
, l14 =

ε

2
u2∂

−1u4,

l15 = −
ε

2
u2∂

−1u5 +
u4

2
, l16 =

ε

2
u2∂

−1u6, l21 = −εu1∂
−1u1, l22 = −

∂

2
+ εu1∂

−1u2,

l23 =−
ε

2
u1∂

−1u3, l24 =
ε

2
u1∂

−1u4 −
ε

2
u5, l25 =−

ε

2
u1∂

−1u5, l26 =
ε

2
u1∂

−1u6 +
ε

2
u3,

l31 = −εu4∂
−1u1 − εu5, l32 = εu4∂

−1u2, l33 = ∂ − εu4∂
−1u3 − εu6∂

−1u5, l35 = 0,
l34 = εu4∂

−1u4, l36 = εu2 + εu6∂
−1u4, l41 = −εu3∂

−1u1, l42 = εu3∂
−1u2 − u6,

l43 = −εu3∂
−1u3, l44 = −∂ + εu3∂

−1u4 + εu5∂
−1u6, l45 = u1 − εu5∂

−1u3, l46 = 0,
l51 = εu3 − εu6∂

−1u1, l52 = εu6∂
−1u2, l53 = 0, l54 = −εu2 + εu4∂

−1u6,

l55 =∂−εu4∂
−1u3−εu6∂

−1u5, l56 =εu6∂
−1u6, l61 =−εu5∂

−1u1, l62 =u4+εu5∂
−1u2,

l63 = −u1 − εu3∂
−1u5, l64 = 0, l65 = −εu5∂

−1u5, l66 = −∂ + εu3∂
−1u4 + εu5∂

−1u6.

Taking V (n)
2 = V (n)

2,+, the zero curvature equation

−V (n)
2x +

∂U2

∂u
ut +

∂U2

∂λ
λ(n)

t,+ + [U2,V
(n)
2 ] = 0

leads to the nonisospectral hierarchy

utn =



u1

u2

u3

u4

u5

u6


tn

=



2en+1

−2 fn+1

gn+1

−hn+1

pn+1

−qn+1


= J2



2ε fn+1

2εen+1

2εhn+1

2εgn+1

2εqn+1

2εpn+1
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= J2L2



2ε fn

2εen

2εhn

2εgn

2εqn

2εpn


+ J2



2εu2

2εu1

2εu4

2εu3

2εu6

2εu5


kn(t)x, (4.5)

where the Hamiltonian operator J2 is

J2 =
1
ε



0 1 0 0 0 0
−1 0 0 0 0 0
0 0 0 1

2 0 0
0 0 −1

2 0 0 0
0 0 0 0 0 1

2
0 0 0 0 −1

2 0


.

To furnish Hamiltonian structures, we use the trace identity, and have

〈V2,
∂U2

∂λ
〉 = 2a + 2b, 〈V2,

∂U2

∂u1
〉 = 2ε f , 〈V2,

∂U2

∂u2
〉 = 2εe,

〈V2,
∂U2

∂u3
〉 = 2εh, 〈V2,

∂U2

∂u4
〉 = 2εg, 〈V2,

∂U2

∂u5
〉 = 2εq, 〈V2,

∂U2

∂u6
〉 = 2εp.

Substituting the above formulas into the trace identity and balancing coefficients of each power of
λ gives rise to

δ

δu

∫
(2an+1 + 2bn+1)dx = (γ − n)



2ε fn

2εen

2εhn

2εgn

2εqn

2εpn


.

Taking n = 1, gives γ = 0. Thus, we see

ut = J2
δH(2)

n+1

δu
= J2L2

δH(2)
n

δu
+ J2M2kn(t)x, H(2)

n+1 = −2
∫

(
an+2 + bn+2

n + 1
)dx, n ≥ 0,

where M2 = (2εu2, 2εu1, 2εu4, 2εu3, 2εu6, 2εu5)T.

5. The nonisospectral integrable coupling hierarchy

In this section, we will construct the nonisospectral integrable coupling hierarchies associated
with Lie algebra so(5). We consider the nonisospectral problem

ϕx = Ū2ϕ, Ū2 =

(
U′3 εU′4
U′4 U′3

)
,

ϕt = V̄2ϕ, V̄2 =

(
V ′3 εV ′4
V ′4 V ′3

)
,

λt =
∑

i≥0 ki(t)λ−i,
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where

U′3 =


0 u5 u3 u6 u4

u6 λ 0 0 u2

u4 0 λ −u2 0
u5 0 −u1 −λ 0
u3 u1 0 0 −λ


,U′4 =


0 u′5 u′3 u′6 u′4
u′6 0 0 0 u′2
u′4 0 0 −u′2 0
u′5 0 −u′1 0 0
u′3 u′1 0 0 0


,

V ′3 =


0 p g q h
q a d 0 f
h c b − f 0
p 0 −e −a −c
g e 0 −d −b


,V ′4 =


0 p′ g′ q′ h′

q′ a′ d′ 0 f ′

h′ c′ b′ − f ′ 0
p′ 0 −e′ −a′ −c′

g′ e′ 0 −d′ −b′


, (5.1)

where u1, u2, · · · , u6, u′1, u
′
2, · · · , u

′
6, and a, b, c, d, e, f , g, h, p, q, a′, b′, c′, d′, e′, f ′, g′, h′, p′, q′ are

different from (2.2), (3.3), and (4.2).
We solve the stationary zero curvature equation by means of

V̄2x =
∂Ū2

∂λ
λt + [Ū2, V̄2] (5.2)

which yields

aix = −u1 fi + u2ei − u5qi + u6 pi − εu′1 f ′i + εu′2e′i − εu′5q′i + εu′6 p′i + ki(t),
bix = −u1 fi + u2ei − u3hi + u4gi − εu′1 f ′i + εu′2e′i − εu′3h′i + εu′4g′i + ki(t),
cix = u4 pi − u5hi + εu′4 p′i − εu′5h′i ,
dix = −u3qi + u6gi − εu′3q′i + εu′6g′i ,
eix = −2λei + u1ai + u1bi + u3 pi − u5gi + εu′1a′i + εu′1b′i + εu′3 p′i − εu′5g′i ,
fix = 2λ fi − u2ai − u2bi − u4qi + u6hi − εu′2a′i − εu′2b′i − εu′4q′i + εu′6h′i ,
gix = −λgi + u1qi + u3bi + u5di − u6ei + εu′1q′i + εu′3b′i + εu′5d′i − εu′6e′i ,
hix = λhi − u2 pi − u4bi + u5 fi − u6ci − εu′2 p′i − εu′4b′i + εu′5 f ′i − εu′6c′i ,
pix = −λpi − u1hi + u3ci + u4ei + u5ai − εu′1h′i + εu′3c′i + εu′4e′i + εu′5a′i ,
qix = λqi + u2gi − u3 fi − u4di − u6ai + εu′2g′i − εu′3 f ′i − εu′4d′i − εu′6a′i ,

(5.3)

and 

a′ix = −u1 f ′i + u2e′i − u5q′i + u6 p′i − u′1 fi + u′2ei − u′5qi + u′6 pi + ki(t),
b′ix = −u1 f ′i + u2e′i − u3h′i + u4g′i − u′1 fi + u′2ei − u′3hi + u′4gi + ki(t),
c′ix = u4 p′i − u5h′i + u′4 pi − u′5hi,

d′ix = −u3q′i + u6g′i − u′3qi + u′6gi,

e′ix = −2λe′i + u1a′i + u1b′i + u3 p′i − u5g′i + u′1ai + u′1bi + u′3 pi − u′5gi,

f ′ix = 2λ f ′i − u2a′i − u2b′i − u4q′i + u6h′i − u′2ai − u′2bi − u′4qi + u′6hi,

g′ix = −λg′i + u1q′i + u3b′i + u5d′i − u6e′i + u′1qi + u′3bi + u′5di − u′6ei,

h′ix = λh′i − u2 p′i − u4b′i + u5 f ′i − u6c′i − u′2 pi − u′4bi + u′5 fi − u′6ci,

p′ix = −λp′i − u1h′i + u3c′i + u4e′i + u5a′i − u′1hi + u′3ci + u′4ei + u′5ai,

q′ix = λq′i + u2g′i − u3 f ′i − u4d′i − u6a′i + u′2gi − u′3 fi − u′4di − u′6ai.

(5.4)
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By taking initial values

a0 = α(t), b0 = β(t), c0 = d0 = e0 = f0 = g0 = h0 = p0 = q0 = k0(t) = 0,
a′0 = α′(t), b′0 = β′(t), c′0 = d′0 = e′0 = f ′0 = g′0 = h′0 = p′0 = q′0 = 0,

one has

a1 =b1 = k1(t)x, e1 =
1
2

u1(α + β) +
ε

2
u′1(α′ + β′), f1 =

1
2

u2(α + β) +
ε

2
u′2(α′ + β′),

g1 =u3β + εu′3β
′, h1 = u4β + εu′4β

′, p1 = u5α + εu′5α
′, q1 = u6α + εu′6α

′,

c1 =∂−1(u4u5 + εu′4u′5)(α − β) + ε∂−1(u4u′5 + u′4u5)(α′ − β′),
d1 =∂−1(u3u6 + εu′3u′6)(β − α) + ε∂−1(u3u′6 + u′3u6)(β′ − α′),

a′1 =b′1 = k1(t)x, e′1 =
1
2

u′1(α + β) +
1
2

u1(α′ + β′), f ′1 =
1
2

u′2(α + β) +
1
2

u2(α′ + β′),

g′1 =u′3β + u3β
′, h′1 = u′4β + u4β

′, p′1 = u′5α + u5α
′, q′1 = u′6α + u6α

′,

c′1 =∂−1(u4u′5 + u′4u5)(α − β) + ∂−1(u4u5 + εu′4u′5)(α′ − β′),
d′1 =∂−1(u3u′6 + u′3u6)(β − α) + ∂−1(u3u6 + εu′3u′6)(β′ − α′),

· · · · · ·

where α(t), β(t) are integral constants.
From the nonisospectral zero curvature equation

∂Ū2

∂u
ut +

∂Ū2

∂λ
λt − V̄ (n)

2x + [Ū2, V̄
(n)
2 ] = 0,

we can obtain the following integrable couplings

ūtn =

(
ū3

ū4

)
tn

, ū3tn =



u1

u2

u3

u4

u5

u6


tn

=



−2en+1

2 fn+1

−2gn+1

2hn+1

−2pn+1

2qn+1


, ū4tn =



u′1
u′2
u′3
u′4
u′5
u′6


tn

=



−2e′n+1
2 f ′n+1
−2g′n+1
2h′n+1
−2p′n+1
2q′n+1


.

To furnish Hamiltonian structures, we use the trace identity, and have

〈V ′3,
∂U′4
∂λ
〉 + 〈V ′4,

∂U′3
∂λ
〉 = 2(a′ + b′), 〈V ′3,

∂U′4
∂u1
〉 + 〈V ′4,

∂U′3
∂u1
〉 = 2 f ′,

〈V ′3,
∂U′4
∂u2
〉 + 〈V ′4,

∂U′3
∂u2
〉 = 2e′, 〈V ′3,

∂U′4
∂u3
〉 + 〈V ′4,

∂U′3
∂u3
〉 = 2h′,

〈V ′3,
∂U′4
∂u4
〉 + 〈V ′4,

∂U′3
∂u4
〉 = 2g′, 〈V ′3,

∂U′4
∂u5
〉 + 〈V ′4,

∂U′3
∂u5
〉 = 2q′,

〈V ′3,
∂U′4
∂u6
〉 + 〈V ′4,

∂U′3
∂u6
〉 = 2p′, 〈V ′3,

∂U′4
∂u′1
〉 + 〈V ′4,

∂U′3
∂u′1
〉 = 2 f ,
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〈V ′3,
∂U′4
∂u′2
〉 + 〈V ′4,

∂U′3
∂u′2
〉 = 2e, 〈V ′3,

∂U′4
∂u′3
〉 + 〈V ′4,

∂U′3
∂u′3
〉 = 2h,

〈V ′3,
∂U′4
∂u′4
〉 + 〈V ′4,

∂U′3
∂u′4
〉 = 2g, 〈V ′3,

∂U′4
∂u′5
〉 + 〈V ′4,

∂U′3
∂u′5
〉 = 2q,

〈V ′3,
∂U′4
∂u′6
〉 + 〈V ′4,

∂U′3
∂u′6
〉 = 2p.

Substituting the above formulas into the trace identity, and balancing coefficients of each power
of λ, we give the first form

δ

δū

∫
2(a′n+1 + b′n+1)dx = (γ − n)

(
M3

M4

)
, (5.5)

where

M3 =



2 f ′n
2e′n
2h′n
2g′n
2q′n
2p′n


, M4 =



2 fn

2en

2hn

2gn

2qn

2pn


.

At the same time, we also have

〈V ′3,
∂U′3
∂λ
〉 + ε〈V ′4,

∂U′4
∂λ
〉 = 2(a + b), 〈V ′3,

∂U′3
∂u1
〉 + ε〈V ′4,

∂U′4
∂u1
〉 = 2 f ,

〈V ′3,
∂U′3
∂u2
〉 + ε〈V ′4,

∂U′4
∂u2
〉 = 2e, 〈V ′3,

∂U′3
∂u3
〉 + ε〈V ′4,

∂U′4
∂u3
〉 = 2h,

〈V ′3,
∂U′3
∂u4
〉 + ε〈V ′4,

∂U′4
∂u4
〉 = 2g, 〈V ′3,

∂U′3
∂u5
〉 + ε〈V ′4,

∂U′4
∂u5
〉 = 2q,

〈V ′3,
∂U′3
∂u6
〉 + ε〈V ′4,

∂U′4
∂u6
〉 = 2p, 〈V ′3,

∂U′3
∂u′1
〉 + ε〈V ′4,

∂U′4
∂u′1
〉 = 2ε f ′,

〈V ′3,
∂U′3
∂u′2
〉 + ε〈V ′4,

∂U′4
∂u′2
〉 = 2εe′, 〈V ′3,

∂U′3
∂u′3
〉 + ε〈V ′4,

∂U′4
∂u′3
〉 = 2εh′,

〈V ′3,
∂U′3
∂u′4
〉 + ε〈V ′4,

∂U′4
∂u′4
〉 = 2εg′, 〈V ′3,

∂U′3
∂u′5
〉 + ε〈V ′4,

∂U′4
∂u′5
〉 = 2εq′,

〈V ′3,
∂U′3
∂u′6
〉 + ε〈V ′4,

∂U′4
∂u′6
〉 = 2εp′.

Substituting the above formulas into the trace identity, and balancing coefficients of each power
of λ, we give the second form

δ

δu

∫
2(an+1 + bn+1)dx = (γ − n)

(
M4

εM3

)
,
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where M3, M4 are defined as (5.5).
So, we can obtain the Hamiltonian structures of integrable couplings, that consists of the following

two components. The first component has the form

ūtn =

(
ū3

ū4

)
tn

= J̄3

(
K3

K4

)
= J̄3

δH̄3,m

δū
, K3 =



2 f ′n+1
2e′n+1
2h′n+1
2g′n+1
2q′n+1
2p′n+1


, K4 =



2 fn+1

2en+1

2hn+1

2gn+1

2qn+1

2pn+1


,

where J̄3 =

(
O J2

J2 O

)
, and J2 is defined as (4.5). The second component has the form

ūtn =

(
ū3

ū4

)
tn

= J̄4

(
K4

εK3

)
= J̄4

δH̄4,m

δū
, J̄4 =

(
J2 O
O 1

ε
J2

)
.

From (5.3) and (5.4), we obtain the following recursion relations

−2en+1

2 fn+1

−2gn+1

2hn+1

−2pn+1

2qn+1

−2e′n+1
2 f ′n+1
−2g′n+1
2h′n+1
−2p′n+1
2q′n+1



= L̄2



−2en

2 fn

−2gn

2hn

−2pn

2qn

−2e′n
2 f ′n
−2g′n
2h′n
−2p′n
2q′n



+



2u2 + 2u′2
2u1 + 2u′1
2u4 + 2u′4
2u3 + 2u′3
2u6 + 2u′6
2u5 + 2u′5
2u2 + 2εu′2
2u1 + 2εu′1
2u4 + 2εu′4
2u3 + 2εu′3
2u6 + 2εu′6
2u5 + 2εu′5



kn(t)x,

where the recurrence operator L̄2 is defined as

L̄2 =

(
L′3 L′4

1
ε
L′4 L′3

)
, L′3 =



l11 l12 l13 l14 l15 l16

l21 l22 l23 l24 l25 l26

l31 l32 l33 l34 l35 l36

l41 l42 l43 l44 l45 l46

l51 l52 l53 l54 l55 l56

l61 l62 l63 l64 l65 l66


, L′4 =



l′11 l′12 l′13 l′14 l′15 l′16
l′21 l′22 l′23 l′24 l′25 l′26
l′31 l′32 l′33 l′34 l′35 l′36
l′41 l′42 l′43 l′44 l′45 l′46
l′51 l′52 l′53 l′54 l′55 l′56
l′61 l′62 l′63 l′64 l′65 l′66


,

and

l11 =
∂

2
−u2∂

−1u1−εu′2∂
−1u′1, l12 =u2∂

−1u2+εu′2∂
−1u′2, l13 =−

1
2

(u2∂
−1u3+εu′2∂

−1u′3+u6),

l14 =
1
2

(u2∂
−1u4+εu′2∂

−1u′4), l15 =−
1
2

(u2∂
−1u5+εu′2∂

−1u′5 − u4), l16 =
1
2

(u2∂
−1u6+εu′2∂

−1u′6),
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l′11 = −u2∂
−1u′1 − u′2∂

−1u1, l′12 = u2∂
−1u′2 + u′2∂

−1u2, l′13 = −
1
2

(u2∂
−1u′3 + u′2∂

−1u3 + u′6),

l′14 =
1
2

(u2∂
−1u′4+u′2∂

−1u4), l′15 =−
1
2

(u2∂
−1u′5+u′2∂

−1u5−u′4), l′16 =
1
2

(u2∂
−1u′6+u′2∂

−1u6),

l21 =−u1∂
−1u1−εu′1∂

−1u′1, l22 =−
∂

2
+u1∂

−1u2+εu′1∂
−1u′2, l23 =−

1
2

(u1∂
−1u3+εu′1∂

−1u′3),

l24=
1
2

(u1∂
−1u4+εu′1∂

−1u′4−u5), l25=−
1
2

(u1∂
−1u5+εu′1∂

−1u′5), l26=
1
2

(u1∂
−1u6+εu′1∂

−1u′6+u3),

l′21 = −u1∂
−1u′1 − u′1∂

−1u1, l′22 = u1∂
−1u′2 + u′1∂

−1u2, l′23 = −
1
2

(u1∂
−1u′3 + u′1∂

−1u3),

l′24=
1
2

(u1∂
−1u′4+u′1∂

−1u4−u′5), l′25=−
1
2

(u1∂
−1u′5+u′1∂

−1u5), l′26=
1
2

(u1∂
−1u′6+u′1∂

−1u6+u′3),

l31 = −u4∂
−1u1 − εu′4∂

−1u′1 − u5, l32 = u4∂
−1u2 + εu′4∂

−1u′2, l35 = l′35 = 0,
l33 = ∂ − u4∂

−1u3 − u6∂
−1u5 − εu′4∂

−1u′3 − εu′6∂
−1u′5, l34 = u4∂

−1u4 + εu′4∂
−1u′4,

l36 =u6∂
−1u4+εu′6∂

−1u′4+u2, l′31 =−u4∂
−1u′1−u′4∂

−1u1−u′5, l
′
32 =u4∂

−1u′2+u′4∂
−1u2,

l′33 = −u4∂
−1u′3 − u6∂

−1u′5 − u′4∂
−1u3 − u′6∂

−1u5, l′34 = u4∂
−1u′4 + u′4∂

−1u4,

l′36 =u6∂
−1u′4+u′6∂

−1u4+u′2, l41 =−u3∂
−1u1−εu′3∂

−1u′1, l42 =u3∂
−1u2+εu′3∂

−1u′2−u6,

l43 = −u3∂
−1u3 − εu′3∂

−1u′3, l44 = −∂ + u3∂
−1u4 + u5∂

−1u6 + εu′3∂
−1u′4 + εu′5∂

−1u′6,

l45 = −u5∂
−1u3 + εu′5∂

−1u′3 + u1, l′41 = −u3∂
−1u′1 − u′3∂

−1u1, l46 = l′46 = 0,
l′42 = u3∂

−1u′2 + u′3∂
−1u2 − u′6, l′43 = −u3∂

−1u′3 − u′3∂
−1u3, l53 = l′53 = 0,

l′44 = u3∂
−1u′4 + u5∂

−1u′6 + u′3∂
−1u4 + u′5∂

−1u6, l′45 = −u5∂
−1u′3 + u′5∂

−1u3 + u′1,

l51 =−u6∂
−1u1−εu′6∂

−1u′1+u3, l52 =u6∂
−1u2+εu6∂

−1u′2, l54 =u4∂
−1u6+εu′4∂

−1u′6−u2,

l55 = ∂ − u4∂
−1u3 − u6∂

−1u5 − εu′4∂
−1u′3 − εu′6∂

−1u′5, l56 = u6∂
−1u6 + εu′6∂

−1u′6,

l′51 =−u6∂
−1u′1−u′6∂

−1u1+u′3, l′52 =u6∂
−1u′2+u′6∂

−1u2, l′54 =u4∂
−1u′6+u′4∂

−1u6−u′2,

l′55 = −u4∂
−1u′3 − u6∂

−1u′5 − u′4∂
−1u3 − u′6∂

−1u5, l′56 = u6∂
−1u′6 + u′6∂

−1u6,

l61 =−u5∂
−1u1−εu′5∂

−1u′1, l62 =u5∂
−1u2+εu5∂

−1u′2+u4, l63 =−u3∂
−1u5−εu′3∂

−1u′5−u1,

l64 =0, l65 =−u5∂
−1u5−εu′5∂

−1u′5, l66 =−∂+u3∂
−1u4+u5∂

−1u6+εu′3∂
−1u′4+εu′5∂

−1u′6,

l′61 =−u5∂
−1u′1−u′5∂

−1u1, l′62 =u5∂
−1u′2+u′5∂

−1u2+u′4, l′63 =−u3∂
−1u′5−u′3∂

−1u5−u′1,

l′64 = 0, l′65 = −u5∂
−1u′5 − u′5∂

−1u5, l′66 = u3∂
−1u′4 + u5∂

−1u′6 + u′3∂
−1u4 + u′5∂

−1u6.

6. The nonisospectral integrable hierarchy associated with Lie algebra so(3, 2)

6.1. The generalized Lie algebra Gso(3, 2)

Lie algebra so(3, 2) is defined as [31]

so(3, 2) = {x ∈ gl(5,R | x = −I32xTI32, tr(x) = 0},

where I32 =

(
−I3 0
0 I2

)
.
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So, elements of Lie algebra so(3, 2) have the form(
X1 X2

XT
2 X3

)
,

where XT
1 = −X1, XT

3 = −X3, and X1, X2, X3 are 3 × 3, 3 × 2, and 2 × 2 real matrices, respectively. It is
easy to get the elements of Lie algebra so(3, 2) with the form

0 λ1 λ2 λ5 λ6

−λ1 0 λ3 λ7 λ8

−λ2 −λ3 0 λ9 λ10

λ5 λ7 λ9 0 λ4

λ6 λ8 λ10 −λ4 0


.

We can obtain the bases of Lie algebra so(3, 2) as

E1 = e12 − e21, E2 = e13 − e31, E3 = e23 − e32, E4 = e45 − e54, E5 = e14 + e41,

E6 = e15 + e51, E7 = e24 + e42, E8 = e25 + e52, E9 = e34 + e43, E10 = e35 + e53,
(6.1)

where ei j is a 5 × 5 matrix with 1 in the (i, j)-th position and zero elsewhere. Next, we consider the
generalized Lie algebra Gso(3, 2), that admits a basis set as follows:

E′1 = E7+E10, E′2 =−E7 + E10, E′3 =−E1 + E5, E′4 = εE1 + εE5, E′5 = εE2 −εE6,

E′6 = −E2 − E6, E′7 = εE3 − εE4 − εE8 + εE9, E′8 = −E3 + E4 − E8 + E9, (6.2)
E′9 = −εE3 − εE4 + εE8 + εE9, E′10 = E3 + E4 + E8 + E9,

where Ei, i = 1, 2, · · · , 10 are defined as (6.1), and satisfy the following commutative relations:

[E′1, E
′
2] = 0, [E′1, E

′
3] = E′3, [E′1, E

′
4] = −E′4, [E′1, E

′
5] = E′5, [E′1, E

′
6] = −E′6,

[E′1, E
′
7] = 2E′7, [E′1, E

′
8] = −2E′8, [E′1, E

′
9] = [E′1, E

′
10] = 0, [E′2, E

′
3] = −E′3,

[E′2, E
′
4] = E′4, [E′2, E

′
5] = E′5, [E

′
2, E

′
6] = −E′6, [E

′
2, E

′
7] = [E′2, E

′
8] = 0, [E′2, E

′
9] = 2E′9,

[E′2, E
′
10]=−2E′10, [E′3, E

′
4]=εE′1−εE′2, [E′3, E

′
5]= E′7, [E′3, E

′
6]=−E′10, [E′3, E

′
7]=0,

[E′3, E
′
8] = −2E′6, [E′3, E

′
9] = 2E′5, [E′3, E

′
10] = 0, [E′4, E

′
5] = εE′9, [E′4, E

′
6] = −εE′8,

[E′4, E
′
7] = 2εE′5, [E′4, E

′
8] = [E′4, E

′
9] = 0, [E′4, E

′
10] = −2εE′6, [E′5, E

′
6] = εE′1 + εE′2,

[E′5, E
′
7] = 0, [E′5, E

′
8] = 2E′4, [E′5, E

′
9] = 0, [E′5, E

′
10] = 2εE′3, [E′6, E

′
7] = −2εE′3,

[E′6, E
′
8] = [E′6, E

′
10] = 0, [E′6, E

′
9] = −2E′4, [E′7, E

′
8] = 4εE′1, [E′7, E

′
9] = [E′7, E

′
10] = 0,

[E′8, E
′
9] = [E′8, E

′
10] = 0, [E′9, E

′
10] = 4εE′2.

Consider the nonisospectral problem
ϕx = U3ϕ,

ϕt = V3ϕ,

λt =
∑

i≥0 ki(t)λ−i,
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where

U3 = λ(E′1 + E′2) +
√

2u1E′5 +

√
2

2
u2E′6 + u3E′7 +

u4

4
E′8 +

u5

2
E′9 +

u6

2
E′10, (6.3)

V3 = aE′1 + bE′2 +
√

2cE′3 +

√
2

2
dE′4 +

√
2eE′5 +

√
2

2
f E′6 + gE′7 +

h
4

E′8 +
p
2

E′9 +
q
2

E′10,

where u1, u2, · · · , u6 and a, b, c, d, e, f , g, h, p, q are the same as (2.2).
By solving the stationary zero curvature representation

V3x =
∂U3

∂λ
λt + [U3,V3], (6.4)

we can obtain the same equation as (2.4). This means that integrable hierarchies obtained from the

linear nonisospectral problems


ϕx = U3ϕ,

ϕt = V3ϕ,

λt =
∑

i≥0 ki(t)λ−i
are the same as (2.5).

If we consider the spectral matrix U1 and time spectral matrix V1 in Lie algebra Gsp(4), and
choose spectral matrices U3 and V3 in Lie algebra Gso(3, 2), then from zero curvature equations V1x =
∂U1
∂λ
λt+[U1,V1] and V3x = ∂U3

∂λ
λt+[U3,V3], we can obtain the same nonisospectral integrable hierarchies.

So, based on sp(4) � so(3, 2), as long as we select the corresponding spectral problem between Lie
algebras Gsp(4) and Gso(3, 2), and we can obtain the same hierarchies.

6.2. The nonisospectral integrable couplings

In this section, we will construct the nonisospectral integrable coupling hierarchies associated
with Lie algebra so(3, 2). We consider the nonisospectral problem

ϕx = Ū3ϕ,

ϕt = V̄3ϕ,

λt =
∑

i≥0 ki(t)λ−i,

where

Ū3 =

(
U′5 εU′6
U′6 U′5

)
, V̄3 =

(
V ′5 εV ′6
V ′6 V ′5

)
, (6.5)

and

U′5 = 2λE10 +
√

2(u1 −
u2

2
)E2 −

√
2(u1 +

u2

2
)E6 + (u3 −

u4

4
−

u5

2
+

u6

2
)E3

+(−u3 +
u4

4
−

u5

2
+

u6

2
)E4 + (−u3 −

u4

4
+

u5

2
+

u6

2
)E8 + (u3 +

u4

4
+

u5

2
+

u6

2
)E9,

U′6 =
√

2(u′1 −
u′2
2

)E2 −
√

2(u′1 +
u′2
2

)E6 + (u′3 −
u′4
4
−

u′5
2

+
u′6
2

)E3

+(−u′3 +
u′4
4
−

u′5
2

+
u′6
2

)E4 + (−u′3 −
u′4
4

+
u′5
2

+
u′6
2

)E8 + (u′3 +
u′4
4

+
u′5
2

+
u′6
2

)E9,

V ′5 =
√

2(
d
2
− c)E1 +

√
2(e −

f
2

)E2 + (g −
h
4
−

p
2

+
q
2

)E3 + (−g +
h
4
−

p
2

+
q
2

)E4
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+
√

2(c +
d
2

)E5 −
√

2(e +
f
2

)E6 + (a − b)E7 + (−g −
h
4

+
p
2

+
q
2

)E8

+(g +
h
4

+
p
2

+
q
2

)E9 + (a + b)E10,

V ′6 =
√

2(
d′

2
− c′)E1 +

√
2(e′ −

f ′

2
)E2 + (g′ −

h′

4
−

p′

2
+

q′

2
)E3 + (−g′ +

h′

4
−

p′

2
+

q′

2
)E4

+
√

2(c′ +
d′

2
)E5 −

√
2(e′ +

f ′

2
)E6 + (a′ − b′)E7 + (−g′ −

h′

4
+

p′

2
+

q′

2
)E8

+(g′ +
h′

4
+

p′

2
+

q′

2
)E9 + (a′ + b′)E10,

where u1, u2, · · · , u6, u′1, u
′
2, · · · , u

′
6, and a, b, c, d, e, f , g, h, p, q, a′, b′, c′, d′, e′, f ′, g′, h′, p′, q′ are the

same as (3.3).
Solving the stationary zero curvature equation

V̄3x =
∂Ū3

∂λ
λt + [Ū3, V̄3], (6.6)

we can obtain the same equations as (3.5) and (3.6). This means that integrable coupling systems

obtained from the linear nonisospectral problems


ϕx = Ū3ϕ,

ϕt = V̄3ϕ,

λt =
∑

i≥0 ki(t)λ−i
are the same as (3.7).

If we consider the spectral matrix Ū1 and time spectral matrix V̄1 in Lie algebra sp(4), and choose
spectral matrices Ū3 and V̄3 in Lie algebra so(3, 2), then from zero curvature equations V̄1x = ∂Ū1

∂λ
λt +

[Ū1, V̄1] and V̄3x = ∂Ū3
∂λ
λt +[Ū3, V̄3], we can obtain the same nonisospectral integrable coupling systems.

So, based on sp(4) � so(3, 2), as long as we select the corresponding spectral problem between Lie
algebras sp(4) and so(3, 2), we can obtain the same integrable couplings.

7. Conclusions

By adding any real number ε, we construct the generalized Lie algebras Gsp(4), Gso(5), and
Gso(3, 2). Based on these three Lie algebras, we introduce the spectral parameter λt =

∑
i≥0 ki(t)λ−i,

and obtain the nonisospectral integrable hierarchies and their Hamiltonian structures of these three Lie
algebras. Additionally, based on the semi-direct sum decomposition of Lie algebras, we derive the
integrable coupling systems associated with Lie algebras sp(4), so(5), and so(3, 2). At the same time,
we use sp(4) � so(3, 2), and further discuss the relationship between the integrable couplings systems
corresponding to these two Lie algebras.
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