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Abstract: In this paper, we investigated the optimal tracking control problem of flexible-joint
robotic manipulators in order to achieve trajectory tracking, and at the same time reduced the energy
consumption of the feedback controller. Technically, optimization strategies were well-integrated
into backstepping recursive design so that a series of optimized controllers for each subsystem could
be constructed to improve the closed-loop system performance, and, additionally, a reinforcement
learning method strategy based on neural network actor-critic architecture was adopted to approximate
unknown terms in control design, making that the Hamilton-Jacobi-Bellman equation solvable in the
sense of optimal control. With our scheme, the closed-loop stability, the convergence of output tracking
error can be proved rigorously. Besides theoretical analysis, the effectiveness of our scheme was also
illustrated by simulation results.
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1. Introduction

In recent decades, automation has flourished, leading to the widespread integration of robots
across various sectors, including industrial production [1], healthcare [2], defense [3], aerospace
engineering [4], and numerous other domains [5—7]. Robots used in industrial production are
typically made of rigid materials, which results in high manufacturing costs and limited degrees
of freedom. Furthermore, because of their relatively rigid structure, they are not well-suited for
complex environments and may struggle to efficiently complete tasks in situations that involve
interacting with unpredictable environments or objects. Therefore, the control problem of flexible-
joint robotic manipulators with high adaptability and an extensive range of degrees of freedom has


https://www.aimspress.com/journal/Math
https://dx.doi.org/ 10.3934/math.20241328

27331

received much attention, and various approaches have been developed(e.g., [8—12]), among which
the backstepping-based strategy would be the commonly used only due to the advantages in handling
nonlinearities [13—19].

The backstepping controller, which utilizes a sampled-data extended state observer (SD-ESO),
was proposed in [17] as a methodology to optimize the transient response of a flexible-joint robotic
manipulator. This methodology is devised to minimize estimation inaccuracies and other constraints,
thereby enhancing the overall performance of the robotic system. In [18], an explicit state feedback
controller has been designed to solve the problem of practical tracking control of a flexible-joint robotic
manipulator in the presence of actuator saturation by cleverly combining an inverse stepping scheme,
an adaptive technique and a method of constructing a command filter and an actuator saturation
assist system. In the study presented in [19], an adaptive control scheme is introduced to ensure the
convergence of tracking deviations in a flexible-joint robotic manipulator. The methodology employs
a backstepping control strategy to ensure that the deviation converges within a specified timeframe to
a predetermined range. While the tracking accuracy and convergence rate can be well improved with
the existing backstepping-based control schemes such as those mentioned above, they overlook the
energy consumption of the controller. Considering that flexible manipulators require more energy for
deformation and adjustment compared to rigid manipulators, optimizing energy consumption becomes
crucial to enhance system performance and reduce operational costs. Therefore, it is crucial to
implement control methods to optimize energy consumption.

Bellman in [20] and Pontryagin in [21] proposed the optimal control. This control approach aims to
find control strategies for dynamical systems and to optimize the structured cost metric, thus achieving
a harmonious balance between the available resources and required performance. However, since the
optimal control is typically determined by solving the Hamilton-Jacobi-Bellman (HJB) equation [22],
its inherent nonlinearity and complexity make it challenging to solve directly using analytical methods.
Fortunately, the adaptive dynamic programming (ADP) or reinforcement learning (RL) proposed by
Werbos et al. [23-25] provides an efficient technique for learning solutions to the HIJB equation.
The fundamental concept underlying this methodology is to modify the action step-by-step through
feedback from the environment. This is generally achieved through the interactive learning of two
neural networks (NNs): the actor and the critic. The critic plays a pivotal role in evaluating the
actor’s actions and providing feedback that guides the actor’s policy optimization and subsequent action
execution. Therefore, the energy consumption problem of the flexible-joint robotic manipulator can
be managed by incorporating optimal control based on RL into the backstepping control. It should be
pointed out that, integrating optimized control into the backstepping control of a flexible-joint robotic
manipulator remains challenging due to the complexity of system control and convergence analysis.

In this paper, we propose a trajectory tracking control approach for flexible-joint robotic
manipulators. By integrating optimization techniques into the backstepping control framework, we
formulate each controller as an optimal solution tailored for its respective subsystem. This approach
enhances the overall control efficacy of the flexible-joint robotic manipulator system. Concurrently, we
employ RL grounded in the NN-based actor-critic architecture to tackle the intricate challenge posed
by the HJB equation. In summary, the contributions of this paper are as follows:

(1) By constructing the performance index function with an error term and controller input, the
controller is designed to minimize energy consumption and achieve the desired trajectory tracking
task of the flexible-joint robotic manipulator.
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(2) In the optimal backstepping control of a flexible-joint robotic manipulator, RL. based on a NN
actor-critic architecture is utilized. In this setup, the critic evaluates performance and provides
feedback to the actor, which then executes the actor. This simplifies the design of the controller
for the higher-order nonlinear flexible-joint robotic manipulator model.

The rest of this paper is organized as follows. In Section 2, we formulate the control problem,
and give some fundamentals for design and analysis. In Section 3, a complete procedure is presented
to show how an optimized controller is constructed, and the closed-loop stability is established. In
Section 4, simulation results are collected to illustrate the effectiveness of our scheme. The whole
paper is concluded in Section 5.

2. Problem statement and preliminaries

2.1. Problem description

Disregarding the viscous damping effects, as referenced in [26], we obtain the dynamic equations
for the single-link flexible-joint robotic manipulator depicted in Figure 1.

Ig, + Mglsin(q,) + k(g1 — g2) =0,
Jgr + k(g2 — q1) = u, (2.1)

where g; and ¢, are the angular positions of the link and motor shaft, and u is the torque generated
by the driving motor. The inertia / and J, the link mass M, the gravity acceleration g, the position
of the link’s center of gravity /, and the coefficient of strength of the spring k£ can be obtained by the
identification system, so all of them are regarded as known parameters.

Figure 1. Schematic depiction of the single-link flexible manipulator’s structural design.

By selecting the state variables, x; = g1, X = §1, X3 = g2, X4 = ¢», the dynamic equation of
system (2.1) becomes

x1(1) = xa2(2),
Mgl k
i) = —Tg sin(xi (1) - 7(x1(0) = x3(0).

X3(1) = x4(0),
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k 1
(D) = S(x(0) = 1 (1) + ~uo). 2.2)
J J
System (2.2) is equivalent to the following nonlinear model

x1(1) = x(1),

Xo(1) = fa(%2(1) + g2x3(0),

X3(1) = x4(2),

X4(8) = fa(X4(D)) + gau(?),

y(@) = x1(0), (2.3)

where fo(X2(2)) = —MJ—f’d sin(x; (1) — fx1(0), g2 = %, fa(%a(0) = 2(x3(0) — x1(1)), g4 = 1. y(t) € R is the
system output, u(¢) € R is the control input, f(X;(¢)) € R is a known and bounded continuous function,
and x;(1),i = 1,...,4, are assumed to exhibit stabilizability properties within the subsets that include
the origin, and to satisfy the Lipschitz continuous.

Remark 2.1. The assumption that x; satisfies Lipschitz continuous is made here to ensure that
the system evolves smoothly over time, preventing sudden changes that could lead to instability or
suboptimal performance to facilitate optimal control. Moreover, the system’s seamless progression
is ensured to remain within a defined boundary, subject to the confinement imposed by the Lipschitz
continuity condition. In other words, the velocity of variation exhibited by the system’s state variables
is confined to a bounded region, dictated by a Lipschitz constant.

Definition 2.1. (Stable and ultimately uniformly bounded (SGUUB) [27]). For a nonlinear system
with the state vector x(7) € R"

x(®) = f(x,1).

Its solution is said to be SGUUB fif, for x(0) € Q, where Q, € R" is a compact set, there exist two
constants o and T (o, x(0)), such that ||x(?)|| < o is held for all t > ¢, + T (o, x(0)).

The solution is characterized as SGUUB when, for any initial condition x(0) within the compact
subset 2, € R", there exist positive scalar constants o~ and 7' (o, x(0)) that satisfy the inequality ||x(7)|| <
o for all time instants t exceeding the initial time 7y by a duration greater than 7' (o, x(0)).

Lemma 2.1. Given G(¢) € R with G(0) bounded, if G(f) < —aG(t) + ¢ for a,c > 0, then G(¢) <
e G(0) + £(1 —e™).

Control objectives: In developing a critic-actor RL-based optimal control strategy for the single-
link manipulator system (2.3), our objective is to ensure the following:

P1) Within the closed-loop control framework, all error signals, designated as z;(t) fori = 1,--- ,4,
and the weight estimation errors, expressed as W..(t) and W,;(¢) fori = 1,--- ,4, are assured to be
SGUUB in a predictable and desirable fashion;

P2) The single-link manipulator joint angular position g;(#) exhibits the capability to follow the
desired trajectory y, in a predictable and desirable manner.
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2.2. Basic knowledge of optimal control

To describe the optimal control strategy, consider the following nonlinear continuous-time dynamic
system:

x(1) = f(x) + g(x)u(x), 2.4)

where x(f) € R" represents the state variable, f(x) € R" denotes a continuous function, u(x) € R"
signifies the input signal, and the term g(x) € R™" is the continuous gain function. Assuming that the
derivative x(f) exhibits Lipschitz continuity within the set {2 encompassing the origin, it ensures the
uniqueness of the solution for the nonlinear system (2.4) with bounded initial values. Furthermore, the
stabilizability of the system (2.4) implies the availability of a continuous control function u that can
asymptotically stabilize the system, as referenced in [28].

Define the performance index of the dynamic system (2.4) as follows

Vi = f " H(x(o), u(E))d,

where r(x,u) = x" Pix + u’ Pou is the cost function, P; = P{ € R™" and P, = P} € R™" are two
positive semi-definite matrices, and P, signifies the impact of control efforts on the total cost.

Definition 2.2. The control strategy u(x) is considered acceptable on Q, denoted as u(x) € Y(Q), if
u(x) is continuous, #(0) = 0, u is stable on Q, and V(x) is finite.

When addressing the optimization of control strategies related to system (2.4), the primary objective
is to determine a suitable control strategy, denoted as u(x) and belonging to the set 'Y(€2), that enables
the minimization of the value function V(x). Define the HJB function for system (2.4) as follows

H(x,u,V,) = r(x,u) + VI (x)x(1)
= x"Pyx + u" Pou+ VI(x)(f(x) + g(x)u(x)),

where V,(x) = dV(x)/dx is the partial differentiation of the performance index function V(x) with
respect to the variable x.

To obtain optimal control, define the optimal function V*(x) for the dynamic system (2.4) mentioned
above with the optimal input u*(x) as follows:

V*(x) = min ( f " (), u(x(T))dT)

ue¥(Q)

f ) r(x(t), u”(x(1))dr.

The HJB function is then obtained as follows:

H(x,u*, V) = r(x,u”) + VT (x)x(t)
= x"Pix+ u Py + VT (0)(f(x) + g(x)u’)
=0, (2.5
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where V;(x) = 0V"(x)/0x denotes the partial derivative of the optimal performance index function
V*(x) with respect to x.

Assuming that (2.5) has, and only has, a unique solution, by solving the equation
OH(x,u*, V;)/ou" = 0, the expression of u*(x) is derived as

1
u'(x) = —EPglgT(x)V;(x). (2.6)
Substituting (2.6) into (2.5) gives the following result as

H(x,u", V) = x"Pix+ VT f(x) - %V;T(x)g(x)Pgl g (0)Vi(x)
—0. (2.7)

The optimal control policy #*(x) in (2.5) is unknown because the term V;(x) is unknown, but it
can be obtained by solving (2.7) to find the gradient term V7 (x), and then substituting V(x) into (2.6).
However solving (2.7) is difficult or even impossible, especially for some high-order systems. To tackle
such a problem, the prevalent approach in the extant literature involves employing the technique of RL
with an actor-critic architecture: see in [29].

2.3. Neural networks and function approximation

Multiple use cases have formalized the strong function approximation and adaptive learning
capabilities of NNs. Distinctly, for any given nonlinear and continuous function F(z) : R" — R"
that is defined over a compact domain €2, NNs of a specific configuration can serve as a proximate
representation

Fan(z) = WT(2),

where W € RP*™ is the weight of the NN, I'(z) = [¥1(2), ¥2(2), ..., ¥,(2)]" € RP represents the Gaussian
basis function vector, and p signifies the total number of neurons. Specifically, the expression for y;
wherei = 1,..., p is given as follows:
~(x =) (x =)
Yi = expl . ]
¥

i

where v; = [v;1,Vvp,...,Viy] are centers of the respective field, and ¢; is the width of the Gaussian
function.

In accordance with theoretical principles, there ought to exist an optimal weight matrix, denoted as
W*, which enables the accurate representation of F(z) as follows

F(z) = WT(2) + &(2),

where £(z) € R™ denotes the approximation error that when the number of neurons p is large enough
to satisfy [le(z)|| < 6, ¢ is an extremely small positive constant, and W* is the ideal weight used only for
making stability analysis, denoted as

w s are min s 0 - WG]
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3. Optimized backstepping design and stability analysis

Step 1: In this step, the tracking deviation vector is defined as z;(f) = x,(¢t) — y,(¢). From (2.3), it
can be deduced that its derivative is

21() = x2(0) = y,(1). (3.1

The optimal virtual control for the first step is denoted by aj(z;), with the optimal value function
being defined accordingly,

Vi@) = min ( f n(m(ﬂ,al(zl(r)))dr)

a1 e¥(Q;,)
- [ ne@.aiems (32)
t
where a@;(z;) is the virtual control, Q. is the admissible set of @}, and r; = z%(t) + a%(zl) is the

cost function in the first step. The optimal performance index function Vj(z;) is divided into two
components as shown below to facilitate the construction of optimal tracking control,

Vi(z1) = Bizi(0) + Vi(z), (3.3)

where $; > 0 is a designable constant, and V{(z;) = —ﬁ1zf(t) + V{(z1). By viewing x,(7) as aj, the HIB
function can be obtained from tracking error (3.1) and the optimal function (3.3) as follows

A% ov:
HI(ZI’QT’ (9_211) =r + aIZ(IZ])Zl(l)
ove
=71(t) + @}’ (z1) + (2ﬁ1zl(t) + alz(fl)) (@}(z1) = ¥,()
=0. (3.4)

The optimal virtual control @} can be derived by solving 0H, /da;} = 0 as

10Vi(z1)

ay(z1) = —Pizi(t) - 5 021

(3.5)

Because solving dV7(z1)/0z; is complex, but the term is continuous for Q. , it can be approximated
with an NN as

aVi(z))
0z

= W'T1(z1) + &1(z1), (3.6)

where W;T € R™ represents the ideal weight in the NN, and the item I';(z;) € R™ signifies the basis
function in the NN, and &(z;) € R is the bounded approximation error.

Remark 3.1. Note that both NNs and FLSs can be used to approximate uncertain functions:
see [30-32] for examples. Nevertheless, compared with FLS, the NN approximator could have the
following advantages: 1) NNs eliminate the need to formulate a rule base, as they can automatically
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learn the input-output mapping relationship through training, making the process less complex, and
2) NNs can effectively handle anomalous samples through an adaptive mechanism.
With the aid of (3.6), it can be derived from (3.3) and (3.5) that

Vi(z1)
0z

1
Q’T(Zl) = —Bizi1(t) — E(Wl*Trl(Zl) + 81(21))- (3.8)

=2B1z1() + Wi'T1(21) + &1(z1), (3.7

Substituting (3.6) and (3.8) into (3.4), we can get the following expression:

Hi(z1, &, W;) = =(B] — Dzi(®) = 2813, ()21 (D) + Wi T1(z1)( = 3, = Biza(D))

WO GOW; + () =0, (3.9)
where € (1) = £1(z1)( = y.() + @}) + (1/4)&(z;) is bounded.

Due to the uncertainty surrounding the ideal weight W7, the optimal virtual control in (3.8) remains
undetermined. Therefore, to achieve the desired tracking control, we employ an RL algorithm based
on an actor-critic framework. In this framework, we use the critic module to assess the effectiveness of
the control, while the actor component formulates the virtual control signal

Vi) 2B121(t) + WL OT'1(z0), (3.10)
8Z1
1.
a1(zy) = —Pizi(0) - EWL,Tl(l‘)rl(Zl), (3.11)

where \7;‘ is the estimation of V7, Wcl e R™ represents the weight of critic NN, and W, € R™ is the
actor NN weight.

Remark 3.2. It’s worth noting that unlike the single NN approach for approximating unknown
functions discussed in [31] and other works, this paper employs RL based on actor-critic NNs. In
this framework, the critic evaluates performance and provides feedback to the participants, who then
execute the suggested actions. Since the critic offers direct feedback on the policy, the actor can focus
on optimizing the policy, resulting in a more stable and effective update. In contrast, a single NN
typically updates its strategy based on direct returns to adjust the policy, which can result in greater
variance and negatively impact the efficiency and stability of the learning process.

By incorporating Eqgs (3.10) and (3.11) into the framework of (3.4), the HIB equation is derived as

. 1. :
Hl(Zl,&l, Wcl) = 71(t) + (—,3121(1) - EWaTl(t)rl(Zl))

n 1.
+2Brzi (1) + WZlmmzl))( - Bz = WO (@) - y»(t)). (3.12)

Bellman residual error e;(7) can be derived from (3.9) and (3.12) as
ei(t) = Hi(z1, &, Wc]) - Hi(zy, a7, Wy)
= H\(z1, &1, W,). (3.13)
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Define the positive definite function of the Bellman residual error (3.13) as
1
Ei(t) = 5e%(t). (3.14)

To achieve the minimization of E;(¢), the update law for the critic NN is derived by employing the
method of gradient descent,

<l lwil? + 1 W,
#cl

_ _mwla)(w{(r}%a) ~ (B = D)2 +2B1z1( - 3)

1. .
+Zwﬂrl(zl)r{(zl>wal), (3.15)

a

where u., > 0 is the learning rate of critic NN and w; = I'j(z))( = B1z21(¢) — (I/Z)WaTlFl(zl) -y,) € R™.
Remark 3.3. The matrix w;(f) needs to satisfy the following equation for every ¢ within the interval
[, 1+ 1]:

Ailmi < wi(t)wiT(t) < nilmi’i = 1, e ,4, (316)

where A;, 1;, and 7; are all positive values, and [,, € R™ ™ is the identity matrix. Satisfying
the aforementioned incentive persistence conditions enhances the robustness and adaptability of the
system, which further ensures the stability and performance of the flexible-joint robotic manipulator
system.

The actor NN weight is updated by the following law

A 1 n
Wa () = EFI(ZI)ZIO) — D1z (@) Wi (0)

HMcl

+er(Zl)r{(ZI)Wal(l’)w?(t)Wcl(t)’ (3.17)

where u,; > 0 is the actor learning rate.
Designate the tracking discrepancy for the second step as z,(f) = x,(¥) — @1(z1). Replace x,(f) with
2o(t) + @1(z1), then we can yield (3.1) as follows:

21(1) = 22(0) + @1 (z1) = y:(0). (3.18)

Taking into account the scalar quadratic Lyapunov function pertaining to the first step, its
formulation is presented as follows:

1 1. ~ 1. ~
L) = Ezf(t) + EW"TI (OWer (1) + EWaTl (OWa (1), (3.19)

where W, (t) = W,,(r) — Wi is the critic NN weight error, and Wi (t) = Wa () — Wi is the NN weight
error of the actor. The derivative of (3.19) is

Li(1) = 21 ()20 + WEOWe(6) + WE ()W (0). (3.20)
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Then, recalling the tracking error (3.18), the updating law (3.15) (3.17), and the virtual control (3.11),
we have

L) = 21(0)(z2(2) + a1(z1) — (1))

_M—;lﬂwg(t)wl(w{wcl(t) - (ﬁ% - I)Z%(t) — zﬁlzl(t)yr(t)

1 N A
3 WaTl(t)Fl(Zl)rlT(Zl)Wal(t))

- 1 R
+WT, (r)(irl(zozl(t) — a1 DT @)W (1)

Hcl

T 4 T /TR
+mrl(21)rl @D)Wa(Hw; (t)Wcl(t))~ (3.21)

By collating Eq (3.21), the following expression can be obtained:
. 1 X
Li(t) = 21(z2(0) = P12 (8) = 21 (1) — 521(1)W;(t)rl(21)

1. ~ .
+§WL(I)F1(Z1)Z1(0 — paa WHOT 1 @) (21)War (2)

Hel 3T T \Q Vi
W, (I I Wa (0w, We(t
AP+ 1) 2 (O (@)D () War (Dwy Wei (1)
HMcl

_mwg(”‘“l(”m’d“) - (81 - D0 + Bz~ 3,)

1. .
+WAOT @I (@) X Wal(t)). (3.22)

The following results can be deduced because of the equation Wi (f) = W (f) — Wi

WOz = aWhONiG) = ~2 (W Ti(@), (3.23)
Ha W OT @I @) War) = ELWLOD @O )W)
AW O @) @)W ()
—%WfTrl(zl)rlT(Zl)Wf. (3.24)

By inserting (3.23) and (3.24) into (3.22), L(¢) is rewritten as

. 1
Li(1) = 21(02a(1) = Brzi () = 21 (1), — §Z1(t)WTTF1(Z1)

—‘%W;(t)n(zl)r{(z])ml(t) - %er]<z])r{<z])Wa1<t>
Hal s T . Hcl 5T T 4 T
+—W'T I Wi+ ———W . ()l I W.a(t Wi (t
> 1 1(11) 1(51) 1 4(||w1”2 " 1) al( ) I(Zl) 1(Z1) l( )wl 1( )

HMcl

TP+ 1 W (0] War (6 = (8 = DE® + 21210 - )
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1. n
# 3 WATI @O )W )
Utilizing Young’s inequality ab < (a*/2) + (b*/2), the following results are derived

1 1
—z1 ()3 (1) < Ezﬁr) + 5y3<z>,
21(Dz2(0) < 77(0) + Z3(0),

1 1 1
~3a@WTi@) < 5250 + E(WrTrl(zl))z.

By substituting (3.26), (3.27), and (3.28) into (3.25), we can get the following derivation:

, 1 a+1
L <30 - 1 - 50 + 537 + L

_’l% WuTl (l‘)rl(Zl)rlT(Zl)Wal(t) — %W(ﬁ (t)rl(Zl)rlT(Zl)Wal(t)

(WiTT(2))?

HMcl
_l_—
4(llw: |1 + 1)

T WA (0] Wa (0 - (8 = D0 + B2 5)
1

W (OT @) (20)War () w] Wer(2)

| X
S UACIEN HEUAO)!
There is the following fact:

—(B1 = )zt + 2B1z1(— i)

1
= -W'T1(z)( = 9,(0) = Biza(0)) + ZWrTrl(zl)r{(zoW;‘ - &(t)

= — T *_ 1 T T * l T T *
= —W Wl Wal(t)rl(zl)rl (Z1)W1 + 4W1 rl(Zl)rl (Z1)W1 € (),

2

then we can rewrite the inequality (3.29) as

Li(t) <20 - B - 220 + B (Wi () + Ey%

2
B WO @) @)War (0 = W ON @O )W)
Hel

+—
A(llwn|? + 1)

__ Ha
llwill> + 1

Wl O @O )W (Hw! W,y (1)

3 N 1.

W <r)w1(w{(r>wcl(r) - WO @I @)W,
1

+ZWTTF1(21)F1T(21)W1*

1. A
+ W OT @O @) War (1) = (1))

(3.25)

(3.26)
(3.27)

(3.28)

(3.29)

(3.30)

(3.31)
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Given the equation Wi (6) = W (f) — W1, it leads to the following equations:

1 1
—EWT O (2] ()W + = 1

1 1
ZWT O )T (2) W (6) - _W*TFI(ZI)FT(ZI)Wal(t)

Pursuant to Young’s inequality, the subsequent consequence can be deduced

Mec1 M1
llwrll* + 1 2(llen > + 1)

Adding (3.32) and (3.33) into (3.31) yields

Wch(t)wl(t)El(t) < Hel 2

Li(t) < 2(6) = (81 = 2)22() + +“”1 (W;‘Trl(zl))

‘%Wfl(’)rl(ZOFlT(Zl)Wal(t) oW, (r)rl(zorT(zl)Wal(t)
_mwg(t)wlw{ﬁfd(ﬂ + Fﬂelz(t)
+mwg}(I)FI(ZI)F{(ZI)WM(t)a){Wcl(t)
‘WEDVW]<f>w1VV51(t)I“l(zl)r{(zl)Wal(t)
4(”0:1%1) W (0w Wi T ()T (2) W

Substituting the following equation

Hel 7T T 4 TR
—— W, (O I Wa(t)w; We (2
AP+ 1) 2 (D1 (@)L () War (Dw) We (1)

‘mﬁfﬂ ) WL (O 1 ()T (@) War ()

Ml

= —WT Z’F W*T FT Wa Z',
A(llewnll* + 1) aOL @)W il (2) Wai (1)

into (3.34), we have

ﬂal

Li(t) <25(0) = (B1 = 2)2(D) +
,ual

(Wfrrl(zl)) + 2yr

WTl(t)rl(Zl)rT(Zl)Wal(t) BT (O @O @) War (1)

2 2
Hel VT IJCI 2
sy Vel Wa () + B2
o p 2 1y V@ Wa® + 22 @
Ml T T - .
YN Y 138 W r Wit
4(||w ||2 ) al() 1(Z1) 1 Wi 1(21) 1()
Hcl

W 00, W () ) W 0,
HarE e 1) Va QWD @ EOWa (0

1.
—W; Ty ()] (z)W; 1 WLOT @O @) War (1)

W (w1 (w] (OWe (1) + &

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)
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Employing the principles of Young’s inequality in conjunction with Cauchy’s inequality, a series of
inequalities can be formulated as follows:

RO LACACOURAUIHLAE

1
< ﬁW (t)rl(zl)W*Twlwl Wy FT(Zl)Wal(f)
2
JHa

> W (OT 1 (20T (2)War (0), (3.37)

1

o s PO OWI T @)W )

<———— W/ ®r wiT TwirT Wc p
32(Jfewn])? + 1) O DWW wiwy Wi (2)We (1)

2
LW O @) @) W (0. (3.38)

By incorporating the aforementioned inequalities into (3.36), we have made the necessary substitution,

L) <220 - (B - 2)2(t)

2
al M 1o
_(/% LA )WT (O3 @I (@) War ()
_;(’Lﬂ - iW*Trl(Zl)rT(Zl)W ) W (Dw w] We (1)
P +1\2 32 e b
. #c a+1 y ¢
(B BN O T @OWar() + 5320 + 2L (W) + 2 0.3.39)

Rewrite (3.39) as follows:

Li(1) < =€ (VA& + C1(1) + 25(0)

(B - %)W L OT T (@)W (1), (3.40)

where &(1) = [21(1), W10, WL, Ci(0) = 13%() + “42(WiTT 1 (21))” + L€ (0).

In accordance with the persistence of excitation (PE) assumptlon the posmvity of the definite matrix
A(¢) can be ensured through the deliberate design of the parameters ), .1 and p,; in such a way that
they satisfy the specified set of inequalities

1 *
B1>2, pa>—A, Ha >,UL1 W TWp (3.41)

16 16
where A is the maximal eigenvalue of A; = WY Tfl(zl)l"lT(zl)Wf . Then, (3.40) becomes
Li(1) < (1) = aillE DI + c1, (3.42)

where a; is the lower bound on the minimum eigenvalue of A;(¢) and ¢ is the maximum value of C(?).
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Step 2: According to the tracking error z,(f) = x,(f) — &(z;) in the second step, it yields that

L) = (%) + g2x3(1) — &1 (z1). (3.43)

The optimal value function V}(z>) in second step can be defined with the dynamic error z,(7) and
the optimal virtual control a as

Vi(z) = min ( f rz(Zz(T),dz(Zz(T))dT)

®eV(Q:,)

f a(22(7), (2T, (3.44)

where r, = z%(t) + a%(zZ) is the cost function, and @,(z;) represents the virtual control. W(€,,) is the set
of admissible control policies over €,,, where €., denotes a compact set that includes the origin of the
system. To minimize the tracking error z,(¢), we can rewrite the optimal value function V7 as

V3(22) = Bazz (1) + V3(22), (3.45)

where 3, is a positive designable constant and V7(z;) = —,Bzz%(t) + V3 (22) 1s a scalar-valued function.
According to both (3.43) and (3.45), the HIB equation of the second step is

ov: A% .
H2(12, a;, 0_z22) = 755(t) + &5 (z2) + (2,32Z2(f) + 5;;2) )(fz()_cz) + 8205(22) — @1(21))

= 0. (3.46)

Assuming that there is a solution and that it is unique, then by solving H,/da’; = 0, the optimal virtual
control a;j is

* 10V2(z2)
e (3.47)
Utilizing an NN approximator to estimate V5 (z,)/0z, yields that
oV3(z2) .
5 = W@ + ), (3.48)
2

where W;” € R™ signifies the ideal weight in the NN, and the item I'’>(z;) € R™ represents the basis
function, and &,(z>) denotes the approximation error that is bounded. The gradient term 0V} (z2)/0z>
and the optimal virtual control &} (z;) become

ov:
52(52) = 2B22:(t) + Wi'T'a(22) + &2(22), (3.49)
1
@i(z2) = gz( - o) = (W' Ta(z) + «sz(zZ))). (3.50)

The optimal virtual control (3.50) cannot be used directly because the ideal weight vector W;”
is unknown. To achieve an effective and optimized control strategy, we implement an RL based on
actor-critic NNs for deriving practical optimization

oV .
gz = 2B,22(1) + WH(D)[a(z2), (3.51)
2
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1.
@(22) = g2 = foza(t) - Qsz(f)Fz(Zz))’ (3.52)

where \7; is the estimation of V7, Wcz e R™ represents the weight of critic NN, and Waz € R™ denotes
the actor NN weight. Upon inserting Egs (3.51) and (3.52) into (3.46), we obtain the HIB equation

2
Hy (22, 82, W) = 25(8) + (—ﬂzgzzz(f) - %WZz(I)Fz(Zz))
2
+(2Brna(t) + szu)rz@z))(fz(m - Bagiaa(t) = ZWHOTx(z2) - &1(z]>).<3.53>

Remark 3.4. To ensure the boundedness of the HIB function H,, here we prove the boundedness of

a1(z21).
The expression for @/;(z;) is as follows:

, 1,4 e
ay(z1) = —B1(x1(1) — y.(1)) - 5 (WaTlrl(Zl) + WLFI(Zl))-

Because the term x; satisfies Lipschitz continuity, it is bounded. Obviously, y,(f) and WaTlf‘l(zl) +
WaTlfl (z1) are also bounded. Consequently, the function @(z;), which consists of these bounded terms,
is also bounded. Furthermore, @;(z;),i = 1,...,3 is bounded at each step, although this will not be
shown hereafter.

To optimize the function E,(¢) = e%(t) /2, we employ the gradient descent methodology. Then we
can derive the subsequent update law for the critic NN weight W, (%),

Woo(r) = _Ha);Lﬁ—gz-kle(Z)(w; OWealt) — (8282 - 1)22(0)
2
#28:22(A(®) - d1(@) + ZWED T (Zz)Waz), (3.54)

where 1o > 0 is the learning rate and w, = [ (22)(f2(%2) — Bog522() — (85/ Z)WaTzl“z(zz) —&1(z1)) € R™.
The renewal law of actor NN weight W, (¢) is designed as

) 2
W) = %Fz(Zz)Zz(l‘) — 12T () Wi (1)

:udgg

+mFZ(ZZ)rg(ZZ)Waz(t)wg(t)WCZ(t)a (3.55)

where 1, > 0 is the learning rate of the actor NN.
By introducing the error variable in the third step as z3(f) = x3(f) — @»(22), we can rewrite (3.43) as

2(0) = fo(%) + g2(23(1) + d2(22)) — &1(21). (3.56)

Design the Lyapunov function as
1, | | U
Ly(1) = Li(1) + EZQ(I) + EWCZ(I)WCZ(Z) + EWaz(I)WaZ(t)’ (3.57)
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where W, (f) = Wo(f) — W3 and Wao(t) = W) — WJ. Its derivative is as follows:
La(1) = Li(0) + 22(022(0) + WhH(OWeat) + WO Waa 1). (3.58)
Inserting (3.52), (3.54), (3.55), and (3.56) into (3.58), we have

Lyt) = Li(®) + g222(023(1) + fo()22(1) — Bagr25(1) — 22(D &1 (z1)

4(”0)/;—";) War(OT2(22)T5 (22) W () Wea )

g gz o . o
_—22(I)W T (O5(22) + ZW(OTa2(22)22(8) = par WH(OT2(2)T (22) W2
_ﬁWé(t)wz(a}g Wa(t) — (8382 — Dza(t) + 2B222(t)(fo(Ro) — &)

87 .
+ZWa2(t)r2(Z2)r2 (ZZ)Waz(I)). (359)

Analogous to the first step, we can obtain the inequality shown as follows:

La(0) < Li(t) + 22(0) — (Bagh — &5 — 1))

2 4

/’L(lz /'tc g 1 % * 53 T
-~ (7 -~ % -5 Twyw? 2) W (OTa2(22)T5 (22) Waa(t)
1 (IUCZ 1
[|ewo|* + 1\ 2 32

_(@ Ko

2 2

Mt I
2

W;Tn(zZ)rT(zZ)%) W (0)wrwl Wea (1)

1
A W s ) Waa0) + 3 /30 + 5

(Ws'Ta(z)) + B, (3.60)

Rewrite (3.60) as follows:

L) < (= ai | EOIF + ¢1) = & DA 0ED) + CaD) + 25(21)

o Ho8
(e - fan 2)W LT @) Wan0), (3.61)
with the matrix &(1) = [22(1), WhH(1), WH()]" and the term Co(r) = 3f7(%) + 31 + L26@1) +
s 2
uaz;gz(W;Trz(Zz)) _
In order to satisfy that the matrix A,(?) is positive definite, the parameters are designed as follows:

£
16

1 1 .
B2 > 2 +1, po >l pa > phes + =WiTW;, (3.62)

5 16
where A, is the maximal eigenvalue of matrix A, = W;TFZ(ZZ)Fg (z2)W;. Consequently, we have

Ly(1) < Z3(0) = alE@IP + 1 = aall &I + e, (3.63)
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where a, is the minimum eigenvalue of A,(#) and ¢, is the maximum value of C;(%).
Step 3: Define the tracking error between x3(¢) and @,(z,) for the third step as z3(¢) = x3(¢) — @2(z2).
Its time derivative along the pure-feedback system (2.3) is

23(0) = x4(1) — Qa(22). (3.64)

In the process, we first define the virtual control term a3(z3) and further introduce its optimal
counterpart, denoted as a;(z3). Describe the performance index function V;(z3) as

Vi(z3) = min (f 7’3(23(T),6¥2(Z3(T)))d7')

3€P(Q;,)

f (a5 (7), a3z (), (3.65)

where r; = zg(t) + CY%(Z3) is the cost function, and the set €2, represents a compact domain that
encompasses the origin of the system. Rewrite the optimal value function V7 as

Vi(z3) = Bsza(t) + Vi(z3), (3.66)

where B3 is a positive designable constant and V3(z3) = —,83z§(t) + Vj(z3) is a scalar-valued function.
Then, we can derive the HJB equation as follows:

N ov: . aVO(Z3) % A
H3(Z3, a;, —3) = ay’(z3) + (2ﬁ3Z3(I) +— )(043(@) — 2(22))
023 023
=0. (3.67)
By solving 0H3/0a’; = 0, the optimal virtual control a7 is
19V2(z3)
3 = — 1 — = . 3.68
@5(z3) = —B3z3(1) > om (3.68)
By applying NN, the part V5 (z3)/0z3 can be approximated as
0Vi(z3) .
= W) + e3(2y) (3.69)
3

where W;"T € R™ represents the ideal weight, I'5(z3) € R™ denotes the basis function in the NN, and
£3(z3) signifies the bounded approximation error. With (3.69), the gradient term dV;(z3)/0z3 and the
optimal virtual control a(z3) are obtained:

oV
gf) = 2B323(t) + W3TT3(23) + £3(23), (3.70)
1
02(23) = —ﬁ3Z3(l) - E(W§TF3(Z3) + 83(23))- (3.71)

Since Wj is not directly available, an RL based on the actor-critic architecture is employed as

3—‘7; = 2B323(t) + WL(0)3(z3) (3.72)
023 = 4323 3 3(Z3), .
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@3(z3) = =P3z3(1) = —W (O3(z3), (3.73)

where V; is the estimation of V7, W5 is the weight of critic NN, and W5 is the weight of actor NN.
Substituting (3.72) and (3.73) into (3.67), we can rewrite the HIB equation as

1. 2
§W¢1T3(l)r3 (Z3))

H3(Z3, as, Wc3) = z%(t) + (—,3323(0 -
~ 1. .
+(2Bsza(0) + W33<z>r3<z3>)( ~ Byzs(t) = S WO (23) - &z(zZ)). (3.74)

To minimize Ez(f) = 63(I) /2, design the following updating laws for the weights in the critic and
actor NNs

Wc3(1) = —Mlﬁ%m(ﬂ(wg(f)wd(f) — (85 — Dz3(0) — 2B32382(22)
1. .
+ZW;3F3(Z3)F§<Z3>WQ3), (3.75)

a3(f) —F3 (23)23(t) — 1a3T3(23)T5 (23) Was ()
g M3
4(|Iw3||2 )

where p,3 > 0 and pu3 > O represent the designable learning rates of the actor NN and critic NN,
respectively, and ws = ['3(z3)( — B3z3(D) — (1/2)WLT5(23) — a(22)) € R™.
The tracking error in the step 4 is written as z4(¢) = x4(¢f) — @3(z3), then (3.64) is replaced as

T3(23)T5 (23) Was (w3 (D Wes (1), (3.76)

23(0) = z4(0) + G3(z3) — G2(22). 3.77)

The Lyapunov function can be formulated as described below:
17
Ly(1) = Z Li(1) + Z3(t) +3 W S(OWea(t) + W BOWas), (3.78)

where W(7) = Wo5(f) - Wj represents the estimation error of the critic NN, while Wa(t) = W(f) - w3
is the actor NN estimation error. The derivative of the Lyapunov quadratic scalar function (3.78) is

2 _ R
Ly = Z L) + z3(023(1) + WEOWes(0) + W () Was (0). (3.79)

The equation along with (3.73), (3.75), (3.76), and (3.77) is
2
, , . 1 A
Ly = Y Li0) + 2:02(0) = B30 = (Do) = 55O Wa(OT3()
k=1

1. ~ o
+5W52(I)F3(Z3)Z3(1) — uasWEOT3(23)T5 (23) Waa (1)
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T WO W 0 W)

R W] W) = 8 = D30 = 2850

1/\ A

+ZWaT3(t)r3(ZS)F3T(Z3)Wa3(f)). (3.80)

Applying the control (3.73), (3.75), and (3.76), similar with step 1, we have the result

2
L) < ) L0 + 50 - (B = 2)30)

2
a C3 1 * * Y X
—(’% - ’% - 5 Wi sl 3)W;(nrg(a)r?(a)was(r)
1 e 1
—m(#; 32W3T(Z3)FT(Z3)W3)Wcrz(f)w3w3TW¢3(l)
—(’% b & )W T (OT3(z) (23)Waas (1) +
H2 W) + 280, (3.81)
Rewrite (3.81) as follows:
2
B0 < ) (- all&®lP + ) - & OAN0E@ + Cx0) + 20
k=1
(% - ’%)W;a)rz(a)r§<Z3>Wa3<r>, (3.82)

where £3(1) = [z3(1), Wi (1), WE(DT, C3(1) = 383 + “5 (W3 Ta(z3))” + 12 €(0),
Select parameters within the following intervals:

&

+ LW, (3.83)

1
B3>2, Uz > 1_6/13’ Has > Py +

where A3 is the maximal eigenvalue of matrix A3 = W;'T5(z3)I'; (z3)W;. We have

3
La() < 30 + ) (~all&)P + o), (3.84)
k=1

where aj is the lower bound on the minimum eigenvalue of A3(¢) and c3 is the maximum value of C;(?).
Step 4: The actual input u is obtained in the final step. The tracking error is z4(¢) = x4(¢) — @3(z3),
then

(1) = fa(Z4) + gau — @3(23). (3.85)
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The performance index function in the final step is described as

Viz) = min ( f ra(za (o), u(Z4(T))dT)

ue‘I’(QZA)

f ra(ca(D), 1" (),

where u”* is the optimal actual input and r4 = zﬁ(t) + u*(z4) represents the cost function.

Without prejudice to generality, the actual controller u(z4) can be obtained as follows:

1.
u(z4) = g4 — Baza(t) — EWL(I)H(ZO),

where W4 is the weight of actor NN. With the critic and actor updating law

Wealr) = —”w:ﬁ%m(ﬂ(wf OWealt) — (8262 — 1)Z2(0)
2
&

+2B4z4(fa(X4) — Q3(23)) + WLH(M)FZ (14)Wa4)’

4
2

Was) = STa(20)24(0) = paal o2l )W 1)

Hca8 i

WD(MR{ (2)Waa(w] (OWea (D),

(3.86)

(3.87)

(3.88)

(3.89)

where u.4 > 0 and u,4 > 0 are the critic and actor learning rate, separately, and wy = T4(z4)(fa(X4) —

Bugizu(®) — (g2/2)WLTy(z4) — G5(z3)) € R™.
In the final step, the Lyapunov quadratic scalar function is chosen as

: 1o 1 [
LiD) = ) Li0) + 5 WLOWeal0) + 350 + 5 WO Was ),
k=1

(3.90)

where W.4(t) = W(7) — W; is the critic NN estimation error, and Wou(t) = Wau(f) — W is estimation

error of the actor NN. The derivative of (3.90) is

3 ) . .
La(t) = ) L) + 2a(024(0) + WO Was(D) + WLOWea (1),
k=1

According to (3.87), (3.88), and (3.89), we have

3 2
La®) = Y L)+ filez(n) = Bugizi(0) - 20 = L2 WOz
k=1

2
81 ~ ~ ~
+ 34 Was(OT4(20)24(1) = paa Wy (O a2 (28) W (1)
Hea

* m WL (OT4(za)T T (24) Was (Dl (W (t)

(3.91)
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_ﬁWQ(t)m(wIWAﬂ — (B2g2 — D)2 + 2Bsza()(fs(%s) — &)

2
+ WL O 2T <z4>Wa4<r>). (3.92)

Similar to the first step, we can also deduce the following result

3
Lit) < ) Lt~ (Bigi — &1 — D3
=1

2 4
w g1 A\ )
(B - BB W ] W WO () Was(1)

1 (:uc4 1

Sl T 3V L@ W)Wt Wt
P il 2 ~ 3 Ve TaaTa oWy JWey (s Wes 0

B (,Ua4 #6484
2 2

,ua4
+

1.
)WL(I)F4(Z4)FT(Z4)Wa4(t) + S S + 280

(W*TF4(Z4)) 4+ B “ < (). (3.93)

Rewrite (3.93) as follows:

3

L < ) (- all&®lP + ) - £ OA0ED + Cuto
k=1

[t Heabi

oL )W54<r)r4<zor£ ()W (1), (3.94)

with the matrix £&(r) = [z4(t), WL,(1), WE,(0]7, and the term Cy(r) = L f2(%4)+ 142 + 255 (WiT T (24)) +
Hed 2
764 (t)

To ensure system stability, the design parameters B4, (.4, and u 4 must satisfy

1 1
Bs>—=+1, pea> 1—6/14, Has > 2,84 + %W Wi, (3.95)
4

where A4 is the maximal eigenvalue of matrix Ay = W T4(za)['} (z)W}.
The selection of a4 as the infimum over ¢ > 0 of the minimum eigenvalue of A4(¢) and c4 as the
supremum over ¢ > 0 of Cy(¢) allows Eq (3.94) to be reformulated as follows:

4
L(n) < Z:(—611<||~§"1<(t)||2 + Cr). (3.96)

Based on the above derivation, we can achieve the objectives:

1) Within the closed-loop control framework, all error signals, designated as z;(¢) fori = 1,--- ,4
and the weight estimation errors, expressed as W.i(t) and W,(f) fori = 1, --- , 4, are assured to be
SGUUB in anpredictable and desirable fashion;
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2) The single-link manipulator joint angular position g;(#) exhibits the capability to follow the
desired trajectory y, in a predictable and desirable manner.

Prove as follows:

1) The inequality (3.96) can be
L(t) < —aL(?) + c,

where a is the minimal of @,k = 1,2,--- ,4 and c is the sum of ¢,k = 1,2, --- ,4. According to
Lemma 2.1, we can clearly get the following result:

L() < e~ L(0) + 2(1 — e,

which can prove that that control objective 1 is valid.
2) Define L,(t) = (1/2) Zizl zi(t). According to the Egs (3.18), (3.56), (3.77), and (3.85), we have

L(1) = 21()(@1(z1) + 22(0) = 3,(0) + Zz(f)(fz(fz) + 82(02(22) + 23(1) — a/1(21))
+23(0)(24(1) + Q3(23) — @2(22)) + 2a(D(fa(%s) + gau(t) — @3(23)). (3.97)
Substituting (3.11), (3.52), (3.73), and (3.87) into (3.97), we have the following result:
, 1 .
L) = -Bizi(O* + 21(D22(t) — 21 (D), — Ezl(t)WZ]FI

2
—g5B22a() + g222(D73(t) — 22(D&) — %Zz(I)szrz + 22(0) f2(X2)

R T
~Baz3(0)* + 23()24(t) — 21 (D)y — 523(1)W61T3F3

2
—gBsza(t) — 23 — %“am%n T 20 fi(Es). (3.98)

Using Young’s inequality, it is clear that we can get the following result:

L) < —(B1 - 2D - (Brgs — g3 — DB
—(B3 — 2)25(1) — (Bagi — g4 — DZ4(0) + D(v), (3.99)

where D(1) = (1/2)f5(%) + (}/2)f42(i4) +(1/2) Zizlﬁi + (1/2)92(1) + (1/2) (W (DT (21))* +
(1/2)(WELOT3(z3))* + (85/2)(WL(DOT2(22))* + (3/2)(WEL(1)['4(z4))* is bounded. A constant p
exists, bounding |D(#)|. Hence, the above result can be described as

L.(t) < —BL.(1) + p,

where S is the minimal of {8, — 2, 8,85 — g5 — 1,83 — 2, Bag3 — &5 — 1}. Obviously, we can get the
following result:

L(5) < e PL(0)+ 2(1 = ).
B
It implies that increasing S sufficiently ensures desired tracking accuracy and control performance.

AIMS Mathematics Volume 9, Issue 10, 27330-27360.



27352

Ultimately, according to (3.11), (3.52), (3.73), and (3.87), we design an adaptive tracking control
strategy for the flexible-joint manipulator. The details of this control method are illustrated in Figure 2.

critic

input y, Tracking

Error

Reinforcement
Learning

actor

%,(t) = f4(f4(f)) + gau(t)
y() =% ()

_________________

T
TToTmTmTTTT TS X1 (q) [—
[ Flexible-joint manipulator \|
! system (2.3) I 1
1 ! Error Reinforcement
1 : Dynamic Learning
. |
| I
| : X2 (@1) —
| I
| |

. |
I xz(t) = fz(xz(t)) + 92%3 (t) : Error Reinforcement
: 563(1‘) = x4(t) | Dynamic Learning
| |

I

! |
! 1

X4 (G2) D

g

Figure 2. The control block diagram (the dotted line indicates back propagation and training
the NNis).

4. Simulation

To enhance the validation of the method’s effectiveness in controlling a flexible-joint robotic
manipulator, numerical simulations were conducted. Table 1 provides the key parameters relevant
to the single-link manipulator. The initial conditions are set to ¢;(0) = 8deg, ¢;(0) = 0Odeg/s,
¢>(0) = 10deg, and ¢,(0) = Odeg/s, and we choose the desired trajectory as y,(f) = 28sin(3t/4),
shown in Figure 3.

To achieve the tracking objectives, the design of the virtual controller for the first three steps and
the input signal for the final step correspond to (3.11), (3.52), (3.73), and (3.87), respectively, where
the designable parameters are set as (51, 52,083,84] = [6.00,2.04,11.00,2.01]. The NN at each step
has 36 neurons with centers uniformly distributed in the range [-6, 6], and the widths ¢;,i = 1,--- ,4
of the Gaussian functions of the basis functions I'; are all chosen to be 2. The update rate of the
critic weights at each step corresponds to (3.15), (3.54), (3.75), and (3.88), respectively, and the
designable parameters learning rate and initial weights are [u.i, te, e dea]l = [0.4,0.4,0.4,0.4],
W.i(0) = [0.5]s6x1,¢7 = 1,---,4. The update rate of the actor weights at each step corresponds
to (3.17), (3.55), (3.76), and (3.89), respectively, where the designable parameters learning rate and
initial weights are [, fa2, Ma3»> Has] = [300, 300, 300, 300], W,i(0) = [0.4]36x1,i = 1,--- , 4.
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Table 1. Parameters of the single-link manipulator.

Parameters Description Values Unit

| the mass inertia 20 kg - m?

J the actuator inertia 0.1 kg - m?
M the link mass 0.1 kg

g gravity acceleration 9.8 m/s?

1 the link’s center of gravity position 0.1 m

k the joint flexible 100 N - m/rad

Simulation result: The individual figures depict the results of the simulation process. The actual
output y(7) and the expected trajectory y,(f) are demonstrated in Figure 3, which it is clear to see that the
actual output is able to better align with the desired output. Figure 4 shows the states x;,i = 1,--- ,4.
The weight’s norm of critic NN W,i(¢),i = 1,--- ,4 is presented in Figure 5 and the weight’s norm of
actor NN W,i(?),i = 1,---,4 is presented in Figure 6, which it is clear that all weights are bounded
and converge to a certain value. The input u(¢) is illustrated in Figure 7, which observes that the input
converges to the range of [-5,5]. In addition, Figures 8 and 9 illustrate the tracking error z;(¢) as
k varies within the range of [100,200] and i varies within the range of [15,30], demonstrating the
robustness of this control method. In conclusion, it is observed that our control strategy enables the
actual output y(7) to track well on the expected trajectory y,(f) while optimizing the controller energy
consumption. In order to better demonstrate the optimization of the energy consumption in this control
scheme for a flexible robotic manipulator, we conduct a comparative experiment with the control
scheme referenced in [19]. As illustrated in Figures 10 and 11, under conditions of similar tracking
effectiveness, the control energy consumption of our scheme is significantly improved compared to
that of the scheme in [19].

40

T
—System output
30+ — -Reference signalH

20

10

q1(deg)
o

-10

-20

230 - J

-40 | | | | |
t(sec)

Figure 3. Tracking performance.
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Figure 4. The trajectories of x;,i = 2,3, 4.
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Figure 10. Tracking performance (this paper on the top and [19] on the bottom).
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Figure 11. Control input (this paper on the top and [19] on the bottom).

5. Conclusions

In this paper, an optimal backstepping control scheme is proposed for trajectory tracking of a
flexible manipulator by integrating optimal control into backstepping control. In this control scheme,
each virtual controller, as well as the actual controller, is designed as an optimized solution in the
corresponding inverse step. This approach achieves performance optimization for the entire flexible
robotic manipulator system. RL is built on a critic-actor architecture, where the critic assesses
performance then provides feedback to the actor. The actor then controls the system, and the two
NN collaborate to learn. Since the RL update law is derived from the negative gradient of a simple
function, we simplify the design of the controller compared to existing optimal control methods for
flexible robotic manipulators. Finally, the effectiveness of the control method for solving the trajectory
tracking problem of flexible robotic manipulators is demonstrated through both theoretical analysis
and simulation studies.
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