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Abstract:  The multi-term time-fractional order diffusion-wave equation (MT-TFDWE) is an
important mathematical model for processes exhibiting anomalous diffusion and wave propagation
with memory effects. This article develops a robust numerical technique based on the Chebyshev
collocation method (CCM) coupled with the Laplace transtorm (LT) to solve the time-fractional
diffusion-wave equation. The CCM is utilized to discretize the spatial domain, which ensures
remarkable accuracy and excellent efficiency in capturing the variations of spatial solutions. The
LT is used to handle the time-fractional derivative, which converts the problem into an algebraic
equation in a simple form. However, while using the LT, the main difficulty arises in calculating
its inverse. In many situations, the analytical inversion of LT becomes a cumbersome job. Therefore,
the numerical techniques are then used to obtain the time domain solution from the frequency domain
solution. Various numerical inverse Laplace transform methods (NILTMs) have been developed by the
researchers. In this work, we use the contour integration method (CIM), which is capable of handling
complex inversion tasks efficiently. This hybrid technique provides a powerful tool for the numerical
solution of the time-fractional diffusion-wave equation. The accuracy and efficiency of the proposed
technique are validated through four test problems.
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1. Introduction

In recent years, spectral methods have attracted much attention from researchers. Spectral methods
are very popular techniques for approximation of fractional partial differential equations (FPDEs)
arising in many fields of engineering and other sciences such as bioengineering [1, 2], anamolous
diffusion [3,4], climate prediction models [5], and quantum mechanics [6]. Spectral methods produces
very accurate solutions for the FPDEs defined on regular as well as irregular geometries [7, 8]. These
methods are highly accurate (converge exponentially) and are easily implemented for the discretization
of FPDEs. A type of spectral method that is widely applicable and utilized are spectral collocation
methods. In spectral collocation methods, the solution of the FPDEs is approximated in such a
way that the residual vanishes at a particular set of nodes, which are known as collocation nodes.
Various physical models, such as the transmission of heat, propagation of waves, diffusion. etc.
consist of only one temporal fractional derivative, which is only restricted to explaining the most
fundamental characteristics regarding a particular physical phenomenon. However, a single-time
fractional derivative is insufficient to elaborate the complex interacting physical processes. The FPDE
models comprising the multi-term time-fractional derivatives play a significant role in explaining
various physical phenomena, such as the wave-diffusion in viscous and elastic solids [9, 10], the
anomalous diffusion phenomena [11], the oxygen delivery to tissues through a capillary [12], the
contamination in groundwater [13], and heat conduction [14], etc.

In this article, we study the Laplace transformed Chebyshev collocation method (LTCCM) for the
approximation of two-dimensional MT-TFDWE in a bounded domain D of the form

sJ‘R(l,afl,(1/2,...,(1/],((97')U("§, T) = CIVZU(ﬁ’ T) - CZU(ﬁ’ T) + S("§7 T)’ (5’ T) € D X [Oa T]a (1)

with boundary conditions

BUW, 1) = b3, 1), (I,7) €D x][0,T], (2)

and initial conditions

U3,0) = ¢1(9), and U(9,0) = yr(9), 9 €D, 3)
where ¢; > 0,¢, > 0,D c R? presents the bounded domain with the smooth boundary dD,

S, 7)1 (9), Y2(9), b, 7) are the given continuous func_tions, V2 = 5’—;2+%, B is the linear boundary
operator and the multi-term derivative My o, q»....a, (0)U(9, 7) is defined as

)4
Moa1.05..0,(0)UD, ) = BUD, ) + > 5:°U@, ), @,7) € Dx[0,T],
g=1
where @, a1, a5 ... @, € (1,2), and 62U(1§, 7) 1s the Caputo’s time fractional derivative [15], defined
as follows

1
I'k-a)

Exact solutions are in compact form, which provides basis for comparison of the solution, and also
to check out the efficiency and accuracy of the numerical scheme. Many authors obtained the exact

U9, 1) = f URW, 1 —-rfldr, k-1<a <k
0
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solution of MT-TFDWESs, such as Jiang et al. [16] who utilized the method of separation of variables.
The exact solution of MT-TFDWE by the Wavelets expansion based on LT is obtained by Liu et al. [17].
A semi-analytical collocation Trefftz scheme for solving MT-TFDWE is utilized in [18]. The authors
of [19] obtained the analytical solution of MT-TFDWE using the finite difference method based on
the L1 scheme. Daftardar et al. [20] solved MT-TFDWE by the Adomian decomposition method.
However, the exact solution of the MT-DWE:s is mostly expressed in terms of complex or multi-variate
functions, i.e., Fox-H and Mittag-Leffler functions, which are extremely complicated and difficult to
evaluate. Consequently, it is preferable to solve these equations numerically, especially in the case
when the exact solutions are not easily available. Due to these complexities of finding the analytical
solutions of FPDEs, the development of an efficient and easy-to-use numerical algorithm is the need
of the day.

Numerous numerical techniques have been presented by the researchers in the last few decades,
but still a lot of work needs to be done. Salehi [21] used a meshless point collocation method for
the numerical simulation of 2D MT-TFDWE. Soltani et al. [22] investigated a wavelet approach for
the approximation of MT-TFDWE. A new modified homotopy perturbation method (MHPM) for
solving MT-TFDWE was elaborated by Jafari et al. [23]. Wei et al. [24] utilized the finite element
method (FEM) for the solution of 2-D MT-TFDWE. The authors of [25] developed a spatial sixth-
order numerical scheme for solving the time-fractional diffusion equation. Jafari et al. [26] examined
the homotopy analysis method for solving MT-TFDWE. Dehghan et al. [27] utilized a high order
difference scheme coupled with Galerkin spectral technique for the simulation of MT-TFDWE. A
finite difference scheme coupled with Legendre spectral method is utilized by Chen et al. [28] for
numerical approximation of MT-TFDWE. Numerical methods based on the predictor—corrector method
are proposed by Liu et al. [29] for the approximation of MT-TFDWE. Li et al. [30] formulated a
mixed finite-element method for multi-term time-fractional diffusion and diffusion—wave equations.
A compact difference approach with L1 approximation for temporal and spatial discretization of MT-
TFDWE was presented by Ren et al. [31]. Saffarian and Mohebbi [32] used the Galerkin spectral
element method for the numerical solution of 2-D MT-TFDWE. The Galerkin finite-element method
for a multi-term time-fractional diffusion equation was presented by the authors of [33]. The spectral
method for the two-dimensional diffusion-wave equation is discussed in [34]. The numerical solution
of the multi-term time-fractional diffusion and diffusion-wave models is utilized by Rashidinia et
al. [35]. A spectral tau methods for distributed-order fractional diffusion equations is utilized by Zaky
and Machado in [36].

In almost all the aforementioned numerical methods, they utilize finite element/difference schemes
for the temporal discretization of FPDEs. These conventional time-stepping approaches [37,38] have a
far higher computing cost and have critical stability constraints because the precision of these methods
can only be attained for very small time steps. Furthermore, these methods are reliable and accurate
if the errors remain constant or decreases as the computations move forward. The aim of this study is
to implement the LTCCM for the numerical approximation of a two-dimensional multi-term time-
fractional diffusion-wave equation with Dirichlet’s boundary conditions. The LT is employed for
temporal discretization, and the CCM is used for discretization of space variables.

In literature, it has been shown that the LT technique is an efficient alternative to the classical time-
marching methods, and many authors have coupled the LT with other spatial discretization methods.
The resulting hybrid techniques are computationally low, efficient, and highly accurate as compared
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to traditional numerical schemes. Sudicky et al. [39] coupled the LT with the Galerkin technique for
mass transport in discretely fractured porous formations. Kamran et al. [40] utilized the numerical
inverse LT techniques with radial basis functions for the approximation of advection diffusion models.
The boundary particle method with the LT for the solution of the time fractional diffusion equations
was proposed by Fu et al. [41]. Kuhlman [42] reviewed the inverse LT algorithms coupled with the
boundary element method. A hybrid LT analytic method for solution of the transport models was
proposed in [43]. Moridis et al. [44] coupled the LT and the finite difference method for approximation
of flow models in porous medium.

On the other hand, the CCM uses Chebyshev collocation nodes, which are non-zero over the entire
domain, whereas the classical time marching methods utilize the basis functions, which are non-zero
over small subintervals [45]. Moreover, the CCM utilizes the global interpolation basis such as the
Lagrange polynomial for the spatial approximation of FPDEs; thus, the CCM is a highly accurate
and efficient approach. After employing the LTCCM, we obtain the solution of the FPDEs in the LT
domain; thus, an NILTM is needed to obtain the solution back into the time domain, which is not
easy work to tackle. Many researchers, have proposed numerical algorithms for the NILTMs, some
frequently applicable and highly accurate techniques are Crump [46] proposed a NILTM by utilizing
a Fourier series approximation. The authors of [47—49] proposed some highly accurate and efficient
NILTM. Weideman and Trefethen [S0] used parabolic and hyperbolic contours for calculation of the
inverse LT. Weeks [51] developed NILTM by using Laguerre functions. McLean et al. [52] developed
NILTMs for evolution equations by utilizing contour integration method. In this study, we utilize the
NILTM proposed in [52].

2. Existence and uniqueness results

In this section, we study the existence and uniqueness of solutions to the problem in Eqs (1)—(3). A
detailed discussion on the uniqueness, existence of solution, and Ulam—Hyers stability of MT-TFDWE
can be found in [53]. The following theorems will help in proving our main results.

Theorem 2.1. (Theorem 2.1, [53]) Consider a complete metric space (Z,d) such that Z # ¢. Consider
a mapping V : Z — Z such that for z,, 2, € Z, then the following inequality holds:
d(Vz1,Vz2) = cod(z1,22), ¢o € [0, 1).
Then V has a fixed point 7* € Z, and the fixed point is unique.

Theorem 2.2. (Theorem 2.2, [53]) Consider the operator Y : V — V is continuous (completely). If

W) ={reV:r=cY{), for 0<c" <1}
is bounded set, then, M has fixed points in Y.
Theorem 2.3. (Theorem 2.3, [53]) Let C(‘V,R) be the metric with supremum norm and V be a compact
metric space. Then
Y c C(V,R)

is compact set if and only if Y is closed, bounded, and equi-continuous.
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Lemma 2.4. [53] Consider the continuous functions S(9,7) : C(D) — C(D),U(¥J,7) : C(D,R) —
C(D,R), and U € C(D,R) is a solution of the integral equation

U@, 1) =y + 7+ 30(1:92UD, 1) - WUD, 1) + WiS@, 1) - VU@, 0). - (@)
if and only if it is the solution of the problem defined in Eqs (1)—(3), where
1 c c 1
V=== o Y= o W= W
g=1% g=1% g=1% g=1%

Define the operator J : C(D,R) — C(D,R), that transforms, the problem to a fixed point problem,
as follows:

TU@D, ) = gy + 1y + 3 (\PZVZU(& 7) = VU@, 1) + ¥, SO, 7) — ¥,8°U(D, T)), 5)

the fixed point of J, is the solution of the problem de_ﬁned in Egs (1)—(3). We consider the following
hypotheses before proving our main results, for any (9,7) € C(D), 4 ¢ >0, j=1,2,3,...,17 such
that

Hy) VU@, 7)| < 6[UW, 1),

(Hy) 10709, 7)| < &U@D,7),

(H3) VU@, 1) - VU@, 7)| < &|U@, 1) - U, 7)),

(Hy) 107U, 7) - 370(9,7)| < &|U(D,7) - U, ),

(Hs) 1S(9,7)| < &,

(He) [¢1(9)] < €,

Hy) ()| < &,

(Hg) VUMW, 7) - VU@, 7")| < &Y — 9| + &lt’ - 17|,
(Hy) U, 7) - U@, 7")| < €old — 9" + et — 77|,

(Hy) 020, 7) = 82,00, 7")] < el —9"| + enslt’ = 7",

Theorem 2.5. If the assumptions (Hz, Hy) hold, the considered problem defined in Eqs (1)—(3) has a
unique solution.
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Proof. There are several steps in proving the theorem. In the first step, we will show that J is
continuous.

Suppose a sequence U, — U, where U € C(D,R), and for (9, 7) € D, we can write

U, (9, 7) - U@, 7)| =

3fq((‘P2V2Un(z§, ) = W,U,(@, 1) + Py S@, 1)

_¥,87U,(, r)) - (\PZVZU(& D) =W U@, 1) + ¥ S, 7) - V07U, r)))'

< qu(l\PZHVZUn(/E»T) - VU@, )| + |¥5]IU,(9, 1) — U(Y, 7))

+ 91 192U,(D, ) - 05U D, )

< Tsf"(l‘l’zleslUn(ﬁ, 7) = U@, )| + [¥3][U, (9, 7) - U, 7)| + [¥1|&|U, (I, 7) — U, T)I)

< qu(llP2|€3 + |lP3| + |\P1|€4)|Un('l§, T) - U(’g, T)l

T = —_—
< 1ﬂ(Ta/q)(|‘I’2|€3 + |[Ws] + |‘P1|64)|U,,(19,T) - U@, 1)

Aq

T _ _
< m(w@ £+ |%|e4)||Un(z9,r> ~U@, D,

since U is continuous, therefore, we have

1U.(09,7) = U@, Dl — 0, asn — oo.

Hence, J is continuous. In the second step, we will show that J maps bounded sets to bounded sets,
it is sufficient to prove that, for y > 0, 4 ¢ > 0, such that

UeR,={UecCD,R): Ul <7},

we have

WUl < ¢,

for T € [0, T'], we have

U@, 7)) = 'l//l T + Sf"(‘PZVZU(fE, D) = VU@, 7) + W, S, 7) — ¥,8°U(D, T))

< | + 7ol + qu(|‘I’2||V2U(1§, D)+ [¥3][UW, D)) + [PalIS(I, 7)| + [¥111070 (D, T)I)

Qg

T _
<e+Te+ —(|\P2|el )+ |‘P1|€2)|U(’l9,7')| T [Wales

g

I'(l1+ aq) I'(1+ a'q)
T % ¥y
<e+Te+ ———(Wole + [¥5] + P )Um+‘lf —
&+ Te r(H%)(| e+ 1951+ 11U+ Mles s

which gives
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Qg Qg

Tl +a,)

yT

JUllow <&+ Teg + ———
IITU| € € F(1+aq)

(|‘1’2|€1 )+ |T1|ez) T Wales =, ©6)

ie.,
WUl < <.
Which completes the proof.

In the third step, we prove that J is equi-continuous. For R,, a bounded set as defined in the second
step, let R, ¢ C(D,R), for U € R,, and ¥’, 9", v/, 7" € D,and ¥’ < 9", 7 < 7", we have

PO, ) - JU@",7")| =

(VU@ ) - U@ )

-V, 0(, T’)) -3 (‘PzVZU(ﬁ”, ) = U@, 77) - ¥,0%. 0", 7 )'

~q

< R (l\PZHVZU(Ig,a T,) _ VZU(,EN’T//)l + |\P3||U(’l§,, T,) _ U(’lg”, T//)l
+ |\P1||(93/U(’l§,,‘l',) _ (921,U(’1§”,TN)|)
< 37126l = 971+ el = 1) + sl el = D]+ enl’ - 7))

t |%|(eu|6' _ 3+ enlt - r"|))
@y

T _ _
< — Y| + €1o|Vs| + €o|¥ )19’ -9
I+ aq)((68| 2| + €10/3] + €21l |

+ (€9|‘P2| + € |¥s3| + 613|‘P1|)|T' - T”|),

finally, we obtain

Aq

e Y ’ Q’’ 7 T Q’ Q’’
U@, ') = U@, ")l < —((eg|%| T el + elz|%|)||z9 —
T(l +a,)

+ (€9|‘P2| + € |¥s3] + 613|‘P1|)||T' - T””oo)~

The above equation is free of U. Hence

U@, ) —JU@”,7")le = 0as ¥ — 9,7 - 1.

Hence, by Theorem 2.3, J is completely continuous.
In the fourth step, we find a priori bound. Define y = {U € C(D,R) : U = &JU,e € (0,1)}. We
prove that y is bounded. If U € y, then U = £JU, and 0 < & < 1. Then for 7 € [0, T'], consider

Ul = [e]U]

£ X (;m LT + 33"(‘{’2V2U(1§, D) = VU@, 1) + WS (D, 7) - ¥,0°U(D, T)))'.

By utilizing Eq (6), we get
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Ul < &X (66 +Te + [aler + W3] + I‘I’lléz)IIUlloo +|[Vales

il vy

which further gi\/es
U o S E € € l € + I + I € I E: . .
6 7 r(l ) 21€1 3 11€2 4 Sr(l )

Which gives that y is bounded. Therefore, by Theorem 2.2, the operator J has a unique fixed point.
Thus, the problem in Egs (1)—(3) has unique a solution. O

Next, we prove that MT-TFDWE defined in Eqs (1)—(3) is Ulam-Hyres stable. The following
inequality will help in developing Ulam—Hyers stability

< E.

20D, 7) — ?(aw(ré, 7). V2U(. 1), U(. 7). S(D, T))

Definition 2.6. [54] The solution of the problem in Eqs (1)—(3) is Ulam—Hyers stable, if for any
K € R", such that for every approximate solution U9, 1) there exists an exact solution U(4, 7) such
that

U@, 1) - U3, 1)l < Ke.
Theorem 2.7. If the assumptions (Hz, Hy) holds, then the problem in Eqs (1)—(3) is Ulam—Hyers stable.

Proof. Let the exact solution of the problem in Eqgs (1)-(3) is

U@, 1) = 0y + 10, + “""(\ngzuw D) = WU@, 1) + ,S@, 7) — ¥,07U(D, T)), %

and let U(¥9, 7) be the approximate solution of the problem in Eqgs (1)—(3)

U9, 1) =y + 1Y + ““"(%VZU(Q‘} 7) = Y5009, 7) + ¥4 SO, 7) + Psh(9, 1) — \Pla;'ﬁ(ﬁ,r)), (8)
subtracting Eq (8) from Eq (7) and taking norm
U@, 1) — U@, 1) = ‘””"((‘I’ZVZU(fﬁ ) = W U@, 7) - ¥,8°U(D, r))

- (lyzvzﬁ(ﬁ, D) = W0, 7) + Wsh(®, 1) — ¥,6°0(D, T))),

which implies
U@, 7) -0, 7)| < ”a"(l‘PzIIVzU('ﬂ 7) = VU@, )| + [¥3]IU(I, 7) - U, 7)|

+ [0, 7)] + [¥11102U0(D, 7) — 02 0(9, T)I),
let ¥ = max (l‘Pll, [Ws !, W3, [WPal, |‘I’5|), and |h(9, 7)| < €4, where €4 > 0, then we have
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U@, 1) - U, 1) < ‘I’““"(QlU(ﬁ 7) = U, 1) + UMW, 7) - U@, 7)|

_ L )
+&|U@,7) - UMW, 1) + 614),
by taking the infinity norm of Eq (9), we have
IU = Ol < ¥37(&1U = Tl + U = Tl + U = Ul + €11),
which further implies that
- 1% . - -
U-0 MS‘P—( U= Ul + U= Ulles + &lU = Ul + )
I I T +ay) &l| lloo + I lloo + €ll llo + €14
now for ¢ € [0, T], we have
U= Ol < Pt (U = Tk + U = Ol + &llU = Ul + €1
- o = —| € - o) - 0 €, - 0 € s
(1 +a )\ * 1
which implies
IU - Ulles < €6llU = Ulloo + 14615,
where
€16 = €15(63 + 4 + 1) and €5 = ‘I’m, the above result can be simplified as
U - Ullo < €7,
where €7 = {22, which completes the proof. m|

3. Methodology

In our numerical scheme, the MT-TFDWE model in Eqgs (1)-(3), the time variable is transformed
into the Laplace domain via the LT. The spatial discretization of the transformed problem is carried out
by employing the CCM. To get the original solution to the problem defined in Eqs (1)—(3), we utilize
the well-known numerical inversion approach, the CIM.

3.1. Discretization of time variable via Laplace transform

For time discretization, we employ LT to Egs. (1)—(3), such that we get a time-independent 2D MT-
TFDWE. Let for 7 > 0, a piecewise continuous function U(4, 7), and let U(%9, s), be its LT function, is
given as

Ud,s) = Z{UD, 1)} = f ¢U(D, T)dr.
0
The LT of Caputo’s time fractional derivative [15] is defined as
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r

LU, 7)) = U@, ) - > s+ '0D(,0).

k=1
Employing the LT on Egs (1)—(3), we obtain
U@, s) = Y(s; LYT(D, 9), (10)
and
BUD, s) = b(9, s), (11)
where
Y(s;L) = (%1 + s T + s8] + ... + s - L), (12)
the time-independent system is obtained as
U@, s) = Y(s; LYT(D, 9), (13)
and
BU(D,s) = b(d, s), (14)

where T(9, s) = s 1y (D) + s 2 (D) + 581y (9) + s 20 () + . ... + s 1y (F) + s 2y, (9) +
§(’§, s),L = ¢, V? = ¢,I and I are the linear differential and identity operators, respectively. In the
LTCCM, after employing the LT, we discretize L by utilizing CCM, and the approximate solution of
the discrete system defined in Eqs (13)—(14) is obtained, and finally the solution of the original problem
defined in Eqgs (1)—(3) is obtained via NILTM. The CCM is discussed in next the section.

3.2. Collocation method

Collocation methods are widely used for solving FPDEs and offer very accurate results. In
collocation methods, a global polynomial interpolant is utilized on appropriate nodes, such as
Chebychev collocation nodes, to extend the unknown solution of an FPDE. Numerical differentiation
is a common method in scientific computing that substitutes the derivative of a function by a discrete
approximation [55]. The related spatial derivatives are then approximated by using a discrete derivative
operator, the differentiation matrices (DM) [56]. To provide a comprehensive overview, the major
features of DM are reviewed.

In CCM, the solution is considered over [—1, 1] and interpolated {(ﬁl,ﬁ(ﬂl))} by the Lagrange
interpolation polynomial (LP) £,(«#) of degree less or equal to n [7,57].

3@ = ) k@)U,

=0

where ﬁ, = ﬁ(ﬂ,), and £,(:) is the LP at collocation points {1}}_, as follows:

(@ =9o)...(0 =9 = Fir) ... (F =)

L) = .
() @ =00) ... =)@ = Fp) ... (T = Dy)

(15)
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For the discretization of the space variables in D = [—1, 1], the Chebyshev points are utilized

9 = cos {(%T)}z:o (16)

The first derivative Uy is approximated by CCM as
3U@) ~ d,U,
where d, have entries of the form

[ds = (L0}

n
k=1

and the non-diagonal entries of d, are given as

w
d.Jy,,=———.k
s = =00

where wl‘l = [1}.(% — ¥), and diagonal entries of d, are calculated by

#1,

n

[dils == D {dihss k1€{0,1,2,..n)

1=0,l#k

The elements of the matrix d,, of order g are analytically calculated as

@], = o)

More efficient elaboration of the differentiation matrices can be found in [58]. Welfert [56] obtained
an easy-to-use recursion relation for the calculation of the differentiation matrix as follows:

n
k=1

(&), = ﬁ{@[

O — i Ly

Now, we consider D = [-1, 1] X [—1, 1], the square domain. Commonly, the Chebyshev collocation
nodes are 1, and are presented as

9= {(eos(Theos (G,

The LP associated to 19 is written as

df‘”hk—[dfqﬁu},k¢l.

L (9) = @), (17)
where Ly, (ﬁkl) = {le} (Kronecker product). The derivatives of 2" order of the LP defined in
k,1=0
Eq (17) are calculated as

F5sLu(D,5) = £ (L)) = [d}]4015s
azszLkl('grs) = Lk(ﬁr)L;,((U)s) = Ork [drzl]sl’
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where d? is DM of 2™ order based on collocation nodes. Employing operator L on Eq (17) with
collocation nodes 19,,, we have

L (Lkl (5”)) = Cl([dﬁ]rkgls + Qrk[dg]sl) — 2(04051)> (18)

finally the approximation of L by the CCM is given as

Ly = cl(dﬁ ®6 +1,® dﬁ) - cz(ln ® In). (19)

By using (19) in (13), we obtain

U@, s) = Y(s; Ly)T(D, s). (20)

In order to incorporate the boundary conditions in Eq (14), we consider Ly, and all collocation
nodes 9. Moreover, the rows of Ly are replaced by the corresponding nodes at the boundary with the
vectors whose magnitude is one, which have unity in position corresponding to the diagonal of Ly;.
So, the boundary conditions %ﬁ(ﬁ, s) = E(ﬁ, s), in Eq (14) will be executed straightaway [7]. After
re-organizing all the corresponding columns and rows of Ly, we obtain the matrix

Lop =

Z 0
0 I}

where Z is the square matrix of order (n — ng) X (n — ng), [ is the square matrix of order (ng X ng),
and the nodes at the boundary are ng. The solution of the system defined in Eqs (13)—(14) is attained
by solving the system

LopU@d, s) = [ 1. ) ]

(D, s)

where, the values of interior-boundary points are accumulated via :f(ﬁ, s) and ’5\(5, S)
correspondingly. Finally, we will utilize the NILTM to obtain the solution of the problem in Eqgs

(D-3).
3.3. Error bound of the collocation method

As, 3, : C(D) — P,, depend on the Chebyshev nodes (15) and Lagrange polynomial (16) as
follows:

3n(U) = Z U@L (). 1)

=0

For the calculation of the error bound of CCM, we utilize the work of Borm et al. [59]. Suppose for
all U e C[-1,1], A M, > 0, a constant, satisfies the inequality

S8 (Wllee < Ma||U]lco- (22)

Furthermore, for all U € P,
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3.(U) =U. (23)
For interpolation based on Chebyshev points, we have

log,(n + 1)

M, = +1<(1+n). (24)

2
The stability constant gets larger very sluggishly [59], the approximation bound is given as

(n+1)!

Theorem 3.1. [59] If the polynomial interpolation error bound in (22) and the approximation bound
in (25) hold for all U € C™*!, with q € {0, 1,2,...,n}, then

U = 3n(O)lle < U™, ¥ U € C™*1. (25)

MY 42 (1

(14n—q) |
U9 = 3,0l < ot )2) o), (26)

where MY is given by

M@:%( n! )
"¢ \(n-g)!

The error bound is formulated by utilizing the results in Eq (25) and Eq (26): for the 1 — D case, the
linear differential operator in Eqs (1)-(3) isL = ¢ 8; — oo,

)4
ERROR = ' (agU + U+ LU) ( 3,(U) + Z 8713,(U) + LJH(U))
g=1 °°
p
= 167(U - 3,(U)) + Z 87"(U = 3,(U0)) + L(U = 3,(U))llw
g=1
P
< 107 (U = 3,(U))lleo + |l Z 37 (U = 3n(U))lleo + IL(U = I(U))lloo
g=1
P
< 167U = 3p (U)o + Z 167 (U = 3n(U))lleo + lc1llUss = In(Wgglleo + le2lll(U = Iu(U))lloo
g=1
14 o~ . @ o~ (M(Z) + 1) (1+H)
ERROR < [02(U - 3,(U)lle + 12U - 3,0l + eyl M X D1 pomy
Z. T  \2
+ e 0™ s,

(n+ D)!

the time derivatives are computed precisely, so the bound of error of [|02(U — 3,(U))||.. and ||67*(U -
3,(U))l|e, have the same orders as ||U — J,(U)||., respectively. Finally, the error bound is given by

ERROR < ¢|[U™D)|...
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After the calculation of coefficients of ||[U™ V||, the constant c; is obtained. For the models in 2-D,
interpolation operators based on tensor products are used to calculate the similar error bound.

3.4. NILTM

The inversion of the LT is explained in this section. The CIM is used to numerically invert the LT.
In CIM, U(49, 7) is computed as follows

U@, 1) = zim f exp(s)U(J, s)ds,
o—ico (27)

1 —
= — fexp(sr)U(ﬁ, s)ds, > 0,0 > 0y,
2ni Jo

here Y is an appropriately selected line of integration in the complex plane linking o — ico to o + ico.
The integral presented in Eq (27) is called the Bromwich integral. Various numerical algorithms are
used in the literature to compute the integral in Eq (27). As exp(s7) on T is a very gradually decaying
complex function, the numerical integration of the Eq (27) is very tough to execute. The contour
deformation [49] can be utilized to handle exp(s7), in such a way that Q : (o +ico, 0" — io0) is deformed
to Hankel’s contour that begins and ends in the half plane (to the left) such that Re(s) — —oco at
both ends, so exp(s7t) depreciates very fast, therefore making the integral in Eq (27) convenient for
the approximation by using the mid-point or the trapezoidal rule. This type of deformation can be
established by the Cauchy’s theorem in conformation to reality that Y resides in the neighborhood
where 6(5, s) 1s analytic. The Talbot approach may fail if the transformed function 6(5, s) has some
singularities in the imaginary region of the complex plane. Eq (27) can be effectively solved using an
ideal parabolic or hyperbolic contour. Several CIMs have been developed to approximate the inverse
Laplace transform numerically [50, 52]. This study employs the hyperbolic contour of the [52], which
is expressed in parametric form as

s(¢) =0+ (1 —sin(p - i), ¢€R, (28)
with >0,0>0,0<p <6 - %n, and %n < 6 < 0 < [52]. Substituting Eq (28) in Eq (27), we get
- 1 =~ - 1 « —~ /= ,
U@, 1) = — f exp(s)U(J, s)ds = — f exp(s()n)U (D, 5(8)) s’ (£)dé. (29)
211 Jy 27 J_o

Thus Eq (29) can be approximated through the trapezoidal rule with step k as

_ k& —_ ) .
Ui(@.1) = 5— > exp(s, @U@, )8}, s, =5(6). £ = jk. (30)

Jj=—m

3.5. Error analysis of LTCCM

The error analysis of the LTCCM is analyzed in this section. The Laplace transform is implemented
in the first step, which is free of error. The CCM is employed in the second step for approximating
the solution of the transformed problem. The following theorem establishes the error of the CCM as
follows:
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Theorem 3.2. (Theorem 5, pp. 48, [7]). Let U(, ) be the given function, and for a sequence {191};":1
based on a set of interpolation nodes, the sequence ¥, — 9, as n — oo, where 1 is the density function,
with the respective potential w defined by

1
wB) = f o(x)log|B — x|dx,
-1

where

w11 = suplw()}, x € [1, 1],

For every n, construct P,, a polynomial of the degree less than or equal to n that interpolates the
U@, 1) at (V). If Jwy > w113, where wy is a constant, such that U(9, 1) is differentiable at each
point within the region defined by

BeC:wp) < wul

suppose for M > 0 a constant, such that¥ 9 and ¥ n,

U, 1) — P,| < Me™(@u=wr1n)

The above estimate is valid for any order derivatives (U* — P, where o > 1) with a new constant,
which will still not be dependent on n and x.

Finally, we employ the CIM in order to approximate the Eq (27). While approximating Eq (27)
the convergence of the proposed scheme depends on Y and the set of optimal parameters. The error
analysis of the CIM is discussed in the following theorem.

Theorem 3.3. ([52], Theorem 2.2). Let U(9, 7) be the solution of Eq (1), and let S be differentiable in
the set 3. Sety =209, 9 €(0,1], andlet Y C S, C ¥ be defined as { = %, withk = 1 —sin(p —r).

Suppose Uy(9, T) be the approximate solution to Eqs (1)-(3) with k = /i < 72. Then, if 9y,v > 0

ym log

and 9 + 3v > 9, we have, with C = C,, 999, for 0 <t < T,

U@, 7) = U@, DIl < C my™ ' T7ee™ 7 ([Uplly + [1Fllg 2 -

In the current work, we use the optimal contour of integration defined in Eq (28) with the best
parameters suggested in [52] as follows:

o=1,9=0.15900, r = 0.25510,y = 0.31800, p = 0.28350, with ¢ € [0.5, 5],

therefore, the error estimate is given as

Estimateeyo, = [U(Y, 7) — Up(9, 7)| = O (y_lTVe@Te‘ \/rTm) .
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4. Application

We consider four different test problems to validate and check the efficiency of the LTCCM. The
maximum absolute error (¢r*) norm is computed among the numerical solution and the analytical
solution to measure the accuracy of the suggested LTCCM technique. The error norm is defined as:

er” = max |U(1§j, T)— Uk(ﬁj» 7)l,

1<j<n

where U is the analytical solution and Uy is the approximate solution.

4.1. Test Example 1

Consider the 2D two-term time fractional diffusion-wave equation [35] with the exact solution
et el and ¢ = 1, ¢, = 0 of the form

U, v, 1) + 07U, v, 1) =

PUW, v, T) N *U, v, T) N {F(3 +ta+a) ,,,
89° o TG+a)

LOLA3E) 2oy _gpaeava oo
TG+a)) ’

with initial and Dirichlet’s boundary conditions

U@, v,0) =0,

U.(?,v,0) =0,

U(—l, v, T) — T2+a/+a1 e—l+v’
U(la v, T) — T2+a+alel+u,
U(ﬂ, —I,T) — T2+a/+a/1 eﬁ—l’

U(”ﬁ, 1’ T) — T2+(x+(zle19+1’

where (4, v, 1) € [-1,1] X [-1, 1] X [0, 1]. The results presented in Table and figures are computed
at 7 = 1. The computed outcomes of the er™ error for the varying values of n and m with @ = 1.90
and @« = 1.50, and @; = 1.20 and a; = 1.70 are displayed in Table 1. The results presented in
Table 1 are compared with the Legendre collocation method [35], which clearly demonstrates that the
proposed method is highly accurate. Moreover, for a very small number of points n a very reasonable
accuracy is obtained. The numerical solution of test example 1 determined by the proposed method
withn = 25, m = 90, = 1.45, and a; = 1.85 is presented in Figure 1a. In Figure 1b, the graphs of
the er™ for various values of @, and a; with n € {6, 8, 10, ..., 16} and m = 90 are displayed. In Figure
Ic, the plots of the er™ for various values of m with n € {6, 8,10, ...,16},a = 1.45, and a; = 1.85 are
displayed. The graphs of the er™ for various values of n with m = {50, 55,60, ...,100},@ = 1.45, and
a; = 1.85 are presented in Figure 1d.

AIMS Mathematics Volume 9, Issue 10, 27122-27149.



27138

Table 1. Comparison of er® norm calculated by LTCCM for example 1 with the scheme
presented in [35] atn = 10, @ = 1.90, a; = 1.20.

a=190,a; =1.20,m =90

a =150, =1.70,n = 16

n er” CPU m er” CPU
6  4.9542x107% 2.901820 40 5.6599 x10~'"  2.908310
8 1.7613x107% 3.574670 50 3.1759 x107'""  4.637033
10 3.4941x107!! 5.367563 60 1.3949 x107''  6.784060
12 1.9558x107!2 8.664789 70 8.5523 x107'2  9.204569
14 5.7376x107'2  11.597011 80 9.4760 x107'2 12.137611
16  6.1693x107'2  18.707027 90 7.5491 x107'2  15.793438
[35] 9.5189 x107%
10-5’ —m— @=125, a =175
.5 /%&"é"‘%gizé%&;\i\\\:\ 108
% S E VAV‘i:V -&1;» 85
(a) (b)
10° . »“s ’,/T_ ‘_._ ! -
10 - */ g \\&~ P Rt ‘II‘ :-:-: :%14
) {.: ] S |‘| n=16
L . AL

10—10 L

101

10—12
6

*~:¢____,....—--*’

g

Figure 1. (a) Solution of test example 1 obtained by the LTCCM. (b) The graphs of the er®
vs n for various values of @, and @, for test example 1. (c) The graphs of the er™ vs n for
various values of m for test example 1. (d) The graphs of the er™ vs m for various values of

1 1 1 1 1
9 10 11 12 13

(c)

n for test example 1.
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4.2. Test Example 2

Consider the 2D two-term time fractional diffusion—wave equation with the exact solution

72 cos (’%ﬂ) cos (gv), and ¢; = 1, ¢, = 0 of the form

U9 209 r2+1
63U(19,U,T)+331U(19,U,T):aU( ’U,T)+8U( ,U,T)+{ 2+ )TQ,(,

009? ov? I'G-oa
re+1 ,., 7r27'2} (JT ) (7‘( )
+ G- aq)T > cos 219 cos 2v ,

with initial and Dirichlet’s boundary conditions

U@, v,0)=0,
U.(93,v,0) =0,
U(-1,v,7) =0,
U(l,v,7) =0,
U@, -1,7) =0,
U@, 1,7) =0,

where (¢, v, 7) € [-1, 1]1x[—-1, 1]X[0, 1]. The results presented in Table and figures are computed at
7 = 1. The computed outcomes of the er™ error for the varying values of n and m with @ = 1.50,a; =
1.70 are displayed in Table 2. The results presented in Table 2 clearly demonstrates that the proposed
method is highly accurate. Moreover, for very low values of n, a reasonable accuracy is achieved. The
numerical solution of test example 2 determined by the proposed method with n = 25, m = 90,a =
1.45, and @, = 1.85 is presented in Figure 2a. In Figure 2b, the graphs of the er® for various values of
a, and a; withn € {6,8,10,...,16} and m = 90 are displayed. In Figure 2c, the plots of the er™ for
various values of m with n € {6,8,10,...,16},a = 1.45, and «; = 1.85 are displayed. The graphs of
the er™ for various values of n with m = {50, 55,60, ..., 100}, « = 1.45, and a; = 1.85 are presented
in Figure 2d.

Table 2. The er® norm calculated by LTCCM for example 2.

a=150,a; =1.70,m = 90 a=150,a; =1.70,n = 16

n er” CPU m er®™ CPU

6 2.0532x10™% 2.383318 40 6.4480 x10™  1.765572
8 1.1815x107Y7  3.424208 50 3.0016 X107  2.966457
10 4.4168 x10710  4.744144 60 5.4068 x10™13  4.308702
12 12272 %1072 7.054562 70 8.4732 x1071®  5.860112
14 5.5471 x107  10.299802 80 9.5479 x1071°  7.689323
16 1.0775 x107'%  17.480903 90 5.5471 x1075  10.061264
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Figure 2. (a) Solution of test example 2 obtained by the LTCCM. (b) The graphs of the er™
vs n for various values of @, and «; for test example 2. (c) The graphs of the er™ vs n for
various values of m for test example 2. (d) The graphs of the er™ vs m for various values of
n for test example 2.

4.3. Test Example 3

Consider the 2D three-term time fractional diffusion—wave equation [32] with the exact solution
73 sin(m?) sin(rv), and ¢; = ¢, = 1 of the form

U@, v, U@, v, I'G+1
U@, v, 7) + 07U, v, 7) + 022U, v, 7) = (31921} L + ;vzv 0 _ U@, v,7) + {—FE4 :r 0373_“
T 1 r 1
=l (S—-'-al)) 3o s ((43—+C¥2)) 2 428372 + 73 } sin(7r) sin(nrv),

with initial and Dirichlet’s boundary conditions
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U, v,0) =0,
U.(3,v,0) =0,
U(-1,v,7) =0,
U(l,v,7) =0,
U@, -1,7) =0,
U@, 1,7) =0,

where (%, v, 1) € [-1,1] X [-1, 1] X [0, 1]. The results presented in Table and figures are computed
at 7 = 1. The computed outcomes of the er™ error for the varying values of n and m with @ = 1.50
and « = 1.30, @y = 1.30 and @; = 1.50, and @, = 1.15 and @, = 1.95 are displayed in Table
3. The results presented in Table 3 are compared with the Galerkin spectral element method [32],
which clearly demonstrates that the proposed method is highly accurate. Moreover, for very small
number of nodes n a reasonable accuracy is obtained. The numerical solution of test example 3
determined by the proposed method with n = 25, m = 90, = 1.45,a; = 1.65, and @, = 1.95 is
presented in Figure 3a. In Figure 3b, the graphs of the er™ for various values of «, @, and @, with
n € {6,8,10,...,16} and m = 90 are displayed. In Figure 3c, the plots of the er™ for various values of
m withn € {6,8,10,...,16},a = 1.45,a; = 1.65, and a, = 1.95 are displayed. The graphs of er*™ for
various values of n with m = {50, 55,60, ...,100},@ = 1.45,a; = 1.65, and a, = 1.95 are presented in
Figure 3d.

Table 3. Comparison of er® norm calculated by LTCCM for example 1 with the scheme
presented in [32] atn = 20, @ = 1.50, a; = 1.30, a; = 1.15.

a =1.30,a, = 1.50,
ay = 1.95,11 =20

a =1.50,a, = 1.30,
a=1.15,m =90

n er” CPU m er” CPU

8 1.0739x10°%  3.717324 40 6.9564 x 10710 9.172811
10 2.2104x107%  5.899234 50 1.1305x 107" 14.059341
12 2.9455x107%®  8.735696 60 7.1413x 107 22.588016
14 3.1848x107'" 12.169107 70 9.4887 x 10~'* 28.193391
16 2.6389x107'*> 20.162958 80 5.3525x107'* 36.433793
18  4.0412x107'* 32.541020 90 5.4334x107'* 46.354614
[32] 1.6337x107%
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Figure 3. (a) Solution of test example 3 obtained by the LTCCM. (b) The graphs of the er®
vs n for various values of a, @; and «, for test example 3. (c) The graphs of the er™ vs n for
various values of m for test example 3. (d) The graphs of the er™ vs m for various values of

n for test example 3.

4.4. Test Example 4

Consider the 2D four-term time fractional diffusion—wave equation with the exact solution (1 + 7 +

0P _ 92,8 1 v
T)(3 19+3+3)+(3

AIMS Mathematics

v+t %), and ¢; = 1,¢, = 1 of the form
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O*U, v, 7) . o*UW, v, 1)
092 ov?

ItU@, v, 1) + 07'U(d, v, 1) + 072U, v, 1) + 07 U(S, v, 7) = U@, v, 1)

ra+1) ,, T@+) ,, TA+1) . T@+1) ,.
+{F(2—a)T "TG-a) ‘TC-a) TG—ay)

JTA4D L, T+ o, TA+D ., TC+D .,
T2 - a) TG-m)  TQ-ay) TG - as)

& 9 1\ (o 1
+(1+T+T2)}(?—ﬂ2+§+§)+(%—vz+§+§)—(l+T+T2)(2ﬂ+21}—4),

with initial and Dirichlet’s boundary conditions

3 1 3 1
U(ﬂ’vao):(ﬁ__ﬂz'i‘g+_)+(U_—U2+E+—),

3 373)7\3 373
v el 1)
U(—l,v,T):(1+T+T2)(U;—v2+§+%)—§,
U(l,U,T):(1+T+T2)(%3—U2+1§j+%),

9 9 1y 4
U(ﬂ,—l,T):(l+T+T2)(?—192+§+§)—§,
U(ﬂ,l,‘r):(1+T+T2)(%3—U2+§+%),

where (4, v, 1) € [-1,1] X [-1, 1] X [0, 1]. The results presented in Table and figures are computed
at 7 = 1. The computed outcomes of the er™ error for the varying values of n and m with ¢ =
1.30,y = 1.50, ap, = 1.75, and a3 = 1.95 are displayed in Table 4. The results presented in Table
4 clearly demonstrate that the proposed method is highly accurate. Further, for very small number
of points n accurate results are obtained. The numerical solution of test example 4 determined by
the proposed method with n = 25, m = 120, @ = 1.25,; = 1.45,a, = 1.75, and a3 = 1.95 is
shown in Figure 4a. In Figure 4b, the plots of the er™ for various values of «, ay, @, and a3 with
n € {6,8,10,...,16} and m = 120 are displayed. In Figure 4c, the plots of the er™ for various values of
m withn € {6,8,10,...,16},a = 1.55,a; = 1.75,a;, = 1.95, and a3 = 1.85 are displayed. The graphs
of the er®™ for various values of n with m = {50,55,60,...,100}, ¢ = 1.25,a; = 1.45,a, = 1.75, and
a3 = 1.95 are presented in Figure 4d.
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Table 4. The er™ norm calculated by LTCCM for example 4.

a=130,a, =1.50,a, = 1.75,

a=1.30,a, =1.50,a, = 1.75,

a3 =195, m =120 a3 =195, n=14
n er” CPU m er” CPU
6 1.3323 x10°" 5.302971 70 4.8553 x10™%  8.083189
8 6.9278 x1071* 8.241587 80 5.4221 x107'"  9.823258
10 1.9451 x10713 11.116784 90 7.1960 x107!2 12.613463
12 22871 x10713 16.096665 100 1.2679 x1072  15.979711
14 5.0759 x10713 24.566953 110 1.3798 x10712  19.566940
16 1.3416 x107!2 40.561955 120 5.0759 x1071*  23.751345
32 8
? 7 SR
Imriienanen
(a) (b)
10121 _,)( 107
Frg”
8

(c)

m

(a)

Figure 4. (a) Solution of test example 4 obtained by the LTCM. (b) The graphs of the er* vs
n for various values of «, a1, a,, and a3 for test example 4. (c) The graphs of the er™ vs n for
various values of m for test example 4. (d) The graphs of the er™ vs m for various values of

n for test example 4.
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5. Conclusions

In this article, we have successfully implemented an efficient numerical scheme for the numerical
modeling of the time-fractional diffusion-wave equation. A robust framework was developed by
combining the LT with the CCM and employing the contour integration method for inverting the LT
numerically. The suggested, technique proved to be capable of handling complex fractional dynamics.
We tested the proposed approach on single-term, two-term, and three-term fractional problems. The
outcomes of these tests suggest that the proposed method produces accurate and stable solutions. The
solution’s spatial and temporal features are accurately captured by combining the efficient handling
of spatial derivatives using the CCM and the time fractional derivative using the LT. The contour
integration method further increased the adaptability of our numerical technique by providing precise
inversion of the Laplace transform, which is vital for handling the time-fractional derivatives.
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