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for the analysis in this paper. We support our results with examples of nonlinear implicit fractional
differential equations involving the Caputo version of the Atangana-Baleanu derivative subject to
both boundary and nonlocal initial conditions. In addition, we provide solutions to the problems we
considered.

Keywords: implicit fractional differential equations; non-singular kernel; existence results; measure
of non-compactness; fixed point theorem
Mathematics Subject Classification: 26A33, 34A12, 47H08, 47TH10

1. Introduction

Riemann-Liouville and Caputo fractional derivatives are most commonly used in the analysis of
differential equations of non-integer order. The research monographs [1-5] present the fundamental
calculus of Riemann-Liouville and Caputo fractional derivatives, along with key studies on the
existence, uniqueness, and various qualitative properties of solutions to differential equations involving
these operators.

According to researchers [6-9], fractional derivatives with singular kernels may not adequately
describe certain natural phenomena with nonlocal characteristics. As a result, efforts are being
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made by mathematicians to define new, non local fractional derivatives involving a non-singular
kernel. In this sense, Caputo-Fabrizio [10] and Atangana-Baleanu [11] have defined new fractional
derivative operators with a non-singular kernel in the form of exponential and Mittag-Leffler functions,
respectively. Similar to other fractional derivatives, the Caputo version of the Atangana-Baleanu (AB)
derivative [11] also has some drawbacks, though it overcomes some of the limitations due to
conventional fractional derivatives.

The AB-derivative has garnered much attention because it effectively models certain phenomena
that cannot be modeled as FDEs involving other conventional fractional derivatives. Atangana and
Araz used the AB derivative [12] to analyse nonlinear differential equations in order to investigate the
existence and uniqueness of solutions. The approximate controllability of fractional neutral stochastic
systems with indefinite delay was investigated by Dineshkumar et al. [13] using the AB derivative.
Initial value problems for several classes of AB FDEs have been studied by Kucche and Sutar [14-16],
who have demonstrated comparative results as well as findings on the existence and uniqueness of
solutions, extremal solutions, and data dependency of solutions.

To know more about mathematical modeling utilizing the AB derivative for various outbreaks such
as dengue fever, a tumor-immune surveillance mechanism, optimal control of diabetes and tuberculosis
co-existence etc., one can refer to [6-9] and [17].

Byszewski [18] pioneered the investigation of differential equations with nonlocal conditions.
Nonlocal conditions play a crucial role in modeling many phenomena where the state at a point
depends on the state at distant points. Nonlocal conditions generalize classical initial conditions to
include additional information and provide more accurate solutions. For more details on nonlocal
conditions and analysis of associated differential equations, we recommend the foundational works of
Byszewski [19-21] and Balachandran [22,23].

The measures of non-compactness (MNC) provides another approach to manage differential
equations by leveraging fixed point theorems that are proved in the form of MNC. For a comprehensive
understanding and applications of MNC in the analysis of differential equations, we refer to [24-27]
and the works cited therein. Researchers working in this field are actively exploring the application
of MNC to investigate a wide range of differential equations subject to local and nonlocal constraints.
Here, we include a few relevant research works. Sarwar et al. [28] analyzed controllability results
for semi-linear non-instantaneous impulsive neutral stochastic differential equations with the AB
derivative. In another study, Thilakraj et al. [29] analyzed the sobolev-type Volterra-Fredholm
functional integro-differential equation with non-local conditions.

On the other hand, implicit FDEs are essential for modeling various physical phenomena,
in situations when it is not feasible to express fractional derivatives of a dependent variable
explicitly. Since it might not always be possible to obtain analytical solutions for these equations,
researchers are still working to develop the theory, methods, and techniques to analyze implicit FDEs.
Kucche et al. [30-32] have examined different classes of implicit FDEs that involve the Caputo
fractional derivative, and proved results about the existence and uniqueness of solutions as well as
the interval of solution existence. The authors also investigated global existence results and Ulam-type
stabilities via successive approximations for implicit AB FDEs. Sutar et al. [33] have studied implicit
FDEs involving Caputo fractional derivatives through Picard and weakly Picard operator theory, along
with the Pompeiu-Hausdorff functional to examine the existence, uniqueness, and dependence of the
solution on the initial condition and the nonlinear-functions involved in the FDEs.
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Inspired by the significance of implicit differential equations and the non-local, non-singular nature
of the AB fractional derivative, we examine the boundary value problem for nonlinear implicit AB-
FDE:s of the following form:

Moz = §(n, L), *oDiL(m), e J =10,T1, T >0, (1.1)

al(0) +BL(T) =, (1.2)
and implicit AB-FDEs with non local condition of the form:

M DiL ) = F(n. o). “oDiL(). ne T =10T], T >0, (1.3)

£(0) +8(0) = ¢os (1.4)

in a Banach space (E, || - ||) over a field R. Here, MOD’; denotes the AB fractional derivative of order

u(©<u<1),FeCY(JxEXE,E)is any nonlinear function, g : C — E is a continuous function,
a,B € Rsuchthat @ + 8 # 0 and vy, {, € E. We assume that C = C(J, E) is the Banach space equipped
with the supremum norm ||{||lc = sup {|[|{()|| : n € J}.

Proving the existence results to the boundary value problem for nonlinear implicit FDEs (1.3)
subject to boundary condition (1.4), and nonlinear implicit FDEs (1.1) subject to nonlocal
condition (1.2) using the AB derivative, is our primary objective. Our primary findings are derived
from the fixed point theorems of Darbo, Monch, and the theory of the Kuratowski’s measure of non-
compactness.

We note that, the results obtained for nonlinear implicit FDEs (1.1)-(1.2) and (1.3)-(1.4) covers
the study of the following implicit FDEs subject to following different types of initial and boundary
conditions:

e The boundary value problem (1.1)-(1.2) reduces to an initial value problem for implicit FDEs if
a=1andp =0.

e The non-local implicit FDEs (1.3)-(1.4) reduce to an initial value problem for implicit FDEs if
g({) = 0.

o If 9(0) = Xp_; ek l(m), where . € J with O < mp < gy < T for k = 0,1,...n — 1, and
¢, € E fork =1,2,...n, then implicit FDEs (1.3)-(1.4) reduces to a non-local problem where
we are excepting a solution to the problem (1.3)-(1.4) passing through n number of points.

The key highlights can be summarized as follows:

e Established several significant existence results for nonlinear implicit FDEs that incorporate AB
derivative.

e The investigation of nonlinear implicit FDEs was subject to both boundary and nonlocal
conditions, shedding light on the complexities of such equations.

e The foundational tools employed are Kuratowski’s measure of non-compactness and associated
fixed point theorems, namely Darbo’s fixed point theorem and Moénch’s fixed point theorem.

e The results were illustrated by an example where we also obtained the solution to the problem for
boundary conditions and non local conditions.

The remaining structure of this article is as follows: In Section 2, we provide the definitions and
results regarding the AB fractional derivative, Kuratowski’s measure of non-compactness, and fixed
point theorems. In Section 3, we prove different existence results for the boundary value problem of
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the implicit FDEs (1.1)-(1.2). In Section 4, we establish existence results for implicit FDE (1.3) subject
to the nonlocal condition (1.4). Finally, in Section 5, we provide examples of nonlinear implicit FDEs
subject to boundary and initial conditions that illustrate the existence results we obtained.

2. Preliminaries
In this section, we introduce preliminary information that will be used throughout the paper.

2.1. AB fractional derivative and integral

In this section, we provide the definitions and few properties of the AB fractional derivative and
integral.

Definition 2.1. [/1] Let ¢ € H'(0,1) and 0 < u < 1, the left AB fractional derivative of { of order u
is defined by

s Aw) (7 )
oo = 1 8-t - o | e
1—pJo l—p
where A(u) > 0 is a normalization function satisfying WO0) = A(1) = 1 and B, is one parameter
Mittag-Leffler function.

Definition 2.2. [11] Forany { € H'(0,1) and 0 < u < 1, the fractional integral in sense of Atangana-
Baleanu fractional derivative is given by

AB _ - H ! el
0B = 60D + g fo (7 - &7 {(©)dé.
Lemma 2.1. [34] ForO<pu<1,
(i) 03 [*CoDhson)| = £ - £0),
(ii) "B ["oz )| = L@,

Lemma 2.2. [35] Suppose that u > 0, c(n)(1 — 1;"d(n))‘1 is a non-negative, non decreasing and
A(w)

ud() (1 - 1_—”d(n))_1 is non negative and bounded on |a, b) and

) Aw
{(n) is non negative and locally integrable on [a, b) with {(n) < c(n) + d(n)(ZI%S“U)(n). Then,
c(m)Aw) ( pd(m)(n — a)*
< E
D= 3 - (- *\ W - (1~ )

locally integrable function on [a, b)

), n € la,b).

2.2. Kuratowski measure of non compactness

In this section, we provide the definition and properties of the Kuratowski measure of non
compactness and the associated fixed point theorems.

Definition 2.3. [24] (The Kuratowski measure of non compactness ) Let € be a Banach space and
the set of bounded subsets of €. The Kuratowski measure of non compactness is the map v : Qg —
[0, o] defined by

v(A) = inf{e > 0: € C UL €, and diam(E)) < €},

where €; € Qg and diam(€;) = sup{|la — b|| : a,b € E;}.
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Lemma 2.3. [24] Let U and V bounded sets.

(@) v(U) =0 < U is compact, i. e., U is relatively compact, where Udenotes closure of U.
(b) Non singularity: v is equal to zero on every one element set.

() v(U) = v(U) = v(conv U), where conv U is the convex hull of U.

(d) Monotonicity: U cV = v(U) <v(V).

(e) Algebraic semi-additivity: v(U + V) < v(U) + v(V), where

U+V={u+v:uelUveV}.

(f) Semi-homogencity: v(AV) = |Av(V); A € R where AV = {Av : v e V}.
(g) Semi-additivity: v(U U V) = max {v(U), v(V)}.
(h) Invariance under translations: v(U + {y) = v(U) for any {, € E.

The following fixed-point theorems and subsequent lemmas that are connected to Kuratowski’s
measure of non-compactness serve as the foundation for our findings.

Lemma 2.4. [25] (Darbo’s fixed point theorem) Let X be a Banach space and € be a bounded, closed,
convex and nonempty subset of X. Suppose a continuous mapping it : € — € is such that for all closed
subsets D of €,

yM(D)) < Kv(D),

where 0 < & < 1. Then, M has a fixed point in €.

Lemma 2.5. [26] (Monch’s fixed point theorem) Let © be a bounded, closed and convex subset of a
Banach space such that 0 € D, and let t be a continuous mapping of D into itself. If the implication

B = cony N(B) or B=NB)U{0} = v(B)=0

holds for every subset B of D, then, t has a fixed point.
Lemma 2.6. If 8 c C(J,E) is a bounded and equicontinious set, then:

(i) The function n — v(B(n)) is continuous on J, and

ve(B) = sup v(B().

neJ
(ll) b b
V(f {(&)dé - L € D) < f V({(£))dé,
where D(n) = {{(n) : { €D}, neJ.

3. Boundary value problem for implicit FDEs

Lemma 3.1. Let Z, Qr%ob’g € C(J,E) and ¥(0,(0),0) = 0. Then, { € C(J, E) is a solution of implicit
AB-FDEs (1.1)-(1.2) if and only if

_ AB o~
L) =W, + T oJun), n e, (3.1)
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where v(n) is a solution of the functional equation

v = § (. %, + Covim, vm), ne (3.2)
and )
W= [y =B (), | (3.3)
Proof. Define
WD) = v, ne . (34)

Operating the AB-fractional integral operator *¥,3} on both sides of (3.4) and utilizing Lemma 2.1,
we obtain

) = £0) + M Iu(), e . (3.5)
Using the boundary condition given in Eq (1.2), from Eq (3.5), we get
y = al(0) + BL(T)
= a(0) + B[O + ("), ]
= (a +B)50) +B( ") _,

This gives

=1 [,y iy (u%osf,;u(n))n:T] =9, (3.6)

From Eqgs (3.5) and (3.6), we obtain Eq (3.1). Further, using Egs (3.1) and (3.4) in the Eq (1.1) , we
obtain Eq (3.2).

On the other hand, assume that { satisfy functional Eq (3.1). Operating the AB-fractional derivative
operator M‘o@’; on both sides of Eq (3.1) and using the Lemma 2.1, provides the following equation:

e = oDy |, + W] = oD [“CoFum)| = v, ne ). (3.7)
Equations (3.1) and (3.7) are used in Eq (3.2), to get

DL = § (n L0, “C0DeL@)), neJ =10,T1, T >0,

which is Eq (1.1).
Next, we show that £ defined in Eq (3.1) also fulfills the boundary condition (1.2). In fact, based on
Egs (3.1) and (3.5), we have

a(0) + BUT) = at(0) + |2, + (o) |
o, + ,8[91U+ WETOR ]

(@ + B, + B (oI

n=T"

Using the value of U, defined in (3.6), from above equation, we have

@f(0) +BL(T) = (@ +p) |~

—[y-5 (") |

py; +8 (o), =
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Remark 3.1. In the view of Lemma 3.1, to demonstrate the existence of the solution for the nonlinear
implicit AB-FDEs (1.1)-(1.2), we need to demonstrate the existence of the solution ((n) for the
functional fractional integral equation Eq (3.2). The function {(n) when substituted into Eq (3.1)
provides the solution to the nonlinear implicit AB-FDEs (1.1)-(1.2).

We require the subsequent assumption to demonstrate the existence results for functional fractional
integral equation (3.2).

HD 13071, 41,61) = §012, £, 61 < LUy = 12l + MGy — Ll + |6y — 6ol ,MeRT,0 <N < 1.

Remark 3.2. [27] The condition (H1) is equivalent to the following inequality:

“(%(779 s)Ila Q[2)) < EIR/J(?’[I) + ER,U(QI2),
for any bounded sets Ny, W, C E and for eachn € J.

The proof of the first existence result is provided through the fixed point theorem of Darbo.

Theorem 3.1. Let the function § € C(J X E X E, E) satisfies Lipschitz type condition (HI). Then, the
nonlinear implicit AB-FDEs (1.1)-(1.2) has at least one solution, provided

g Bl \(1-p T
EJMm( |a+ﬁ|)(91w>+91w>r(m)<l' 68

Proof. We define the mapping T : C — C,C = C(J, E) by

(@) = § (0. %, + “SoIvn) vm), n € J, (3.9)

in the context of comments in Remark 3.1, where 2, refers to the constant specified in Eq (3.3). We
demonstrate that the mapping T fulfills every condition of Lemma 2.4.

First, we establish that the mapping T is continuous. Let the sequence {v,,} of points in E convergent
to v € E. Then for any n € J, from Eq (3.9), we obtain

(Zv)n = (Tl
= |5 (. 20, + 00, vn) = F (1.2, + o0, v
< M1, = Wl + oI n) = v} + Rl () = v

1 g
<M Ha = y ﬂ( AB wﬂvm(n)) ] @+ p [?’ —,3( 21%0:”5gv(77))n:T]
+ 0l () = v + Rl () = v
ULTCR A8
< —fﬁ ("0 llomn) = vOpll) .+ 9o llun) = vl + Rlnn) — v0pl
m T
<- fﬁ {_wm (T = (T + m fo (T = & llun(@) - v(f)lldf}

1- u 1 »
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Mp 1
< ﬁ{%)num v||c+m)w)num vl f (T - & df}
_H = vl f (n- & 1d§}+mnvm—vnc

B

ron{ g ol + i

u

M —,U)[ B [ T
< + 1| |lvm — Ve + —llvm - + 1| — + Ny, — Vllc-
Au) B ¢ AW “la+p” | u ¢
This gives
M 2B+« T+
v, — (T <|\=— - + 9| |lvm .
I(Tvm) = (FV)lle (91(;1) oy M+ M) )Ilv —Ulle
Since
lim [jy,, — vllc = 0
we have
lim ||Tv,, = Tv|c =0
We have established the mapping T is continuous.
Next, consider the number R defined by
Miyl
+ Mg
il — , (3.10)
NETE W (55 + 1) (w05 + o)

where Mig = sup,; [I5(n, 0, 0)I|. Condition (3.8) implies R > 0. Define
Br={veC:|lvllc £R}.

Note that By is non-empty, convex, closed and bounded subset of E. Our aim is to prove that T(Bg) C
Bg. To prove this, let’s consider any € J and v € B,. Then, by employing hypothesis (H1), we obtain

T = 15 (7. 0, + 2 oSn), v) |
<IF (. 2, + *CoSvm), () - F0. 0, 0)l| + 17,0, 0)]
< MW, + CoTrvmll + Rilp@l| + Ny
< MW+ M "Il + Rllw@pl| + My

1

la + 6] L
1

lor + Bl L

! - ,u n 1—u 7
|0/ +Bl M AR ( Au) QI(M)F(,u)),FT D R ( Ap) 91(;1)1“(”)) + MR + M

(Emlyl )+R{‘JJE( 2l +1)[1_'u+ - +ER}.
la + B la + B Aw) A (w)
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Using Eq (3.10), we have

M 1- T+
( b +smg):R(1—sm( bl 1)[ g ]—%Jt)
o + B lo + B Aw) AT (w)
Applying it in the aforementioned inequality leads us to
1- T+
(Tl :R(l—?ﬂi( B, 1)[ g ]—sn)
la + B W) A ()
_ U
+R{9Jt( A +1)[1 ,u+ d ]+STE}:R.
lo + B A) AT (W)
Consequently, ||T(v)|lc < R, implying Tv € Bg, and the proof of T(Bg) € By is completed. Moreover,

for each v € By, ||Tv||lc < R indicates that T(Bg) is bounded.
To demonstrate T(Bg) is equicontinuous, consider any n;, 1, € J with n; < n,. Then,

I(Zv)(7) — (Tv)(p)l
= (|8 (m 20 + 03w, va) = § (2 W + B0, v0m))|
< Ll — mal + M|["C0IE vp) — *Fo v<n>|| + Nw(m) — vap)ll

1
< e, - n2|+me{W)v(m> W)m f (m — &Y v(cf)df}

1
{9101) i) + gt | " - f)f'—‘v(f)dg} + o) - vl
(1 - m !
< Sy — ol + ﬁllv(m) — v+ gt [ fon =07 = = €7 vl
m
St ). "1 - €7 ollode + Rpny) - v
EUE 1 INR 71
< ¢y — +( S m) o) = vl + g [ {on = e = a2 - 9 e
§]ﬁR,u 712 el
- d.
QI(,u)F(,u) (m2— &) &
EUE 1 MR
< Qpy —mal + ( ;1 (ﬂ)“) n m) o) — vl + m (=2 = my = + 1)
IMRu -
QI(},[)F(/J'i‘ 1) m—m).

From the above inequality, it can be concluded that
I(Rv)m = (Tv)mall — O as i — 2| = 0.

Therefore, the demonstration of the equicontinuity of T(Bg) is complete. To finalize the proof, it is
necessary to confirm that the mapping T : Bx — By satisfies the following condition:

Ve(T(B)) < kve(B),
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for any closed subset B of Bz and 0 < k < 1. Employing the properties v as described in Lemma 2.3,
we have

V(T(W)(m) v € B)

=v(& (1% + "), v(p) : v e B)
<My (A, + "CoJhvm) + Rvwm)

1 1
= (91@ v+ 91(/1)1“(#)[ (n=£y" “<f)df)+mv<v(n))

1
(QI(/J) vvm) + ——— 91(,41)1"(;1) f (n-&" V(U(f))df) + Nv(v(m))
1
<m W) L) + b f -9 n(ﬂs)df) + v, (B)
m T
< {7( —u+ F(p)) + ﬂt} v(B).
This gives
M T+
V(T(B)) < {m—(m(l — U+ r(ﬂ)) +sn} V(D). (3.11)
Since
1< (1 + ] )
la + B
we get
M T Mm 18l T
ne %t_o»(l HE r(u)) DT (1 * Ia+ﬁ|)(1 _“r_(m)'

The condition (3.8) allows us write

gJt+£(l -pu+ r )< 1.
Au) L)
Inequality (3.11) leads us to conclude that v is a set contraction. In light of Lemma 2.4, the mapping 7'
possesses a fixed point, which is the solution to the functional fractional integral equation (3.2). After
adding this to Eq (3.1) the solution of problem (1.1)-(1.2) is provided.

In the subsequent theorem, we demonstrated that, with the same assumptions as given in
Theorem 3.1, the existence result for nonlinear implicit FDEs (1.1)-(1.2) can be proved using the
fixed point theorem of Monch.

Theorem 3.2. Assume that the hypothesis (HI) hold. Then, the nonlinear implicit AB-FDEs (1.1)-(1.2)
has a solution.

Proof. Consider the set By we used in the Theorem 3.1. Clearly By is a convex, closed and
bounded subset of a Banach space E containing 0. Consider the operator T : By — By defined
as in Theorem 3.1. We show that T satisfies the requirement of Monach’s fixed point theorem. As
established in the proof of Theorem 3.1, T is bounded and continuous. Hence, it suffices to prove that
the implication

B =comT(B)or L =TB)U{0} = v(B)=0
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holds for every subset ¥ of Bg.
Let B be an equicontinuous subset of B such that 8 c conv(T(V) U {0}). Define

x:J — [0,00) by x(n) = v(B(n)).

Using Lemma 2.6, it follows that x is continuous. Further, utilizing Remark 3.2, Lemma 2.5 and the
properties of the measure v, for each 7 € J, we obtain

x(n) = v(B(n) = v(T(B)(n) U{0}) < v(T(B)(1)
= (& (m, Uy + 0BG, B)))
<My (Ay + IB@)) + N(B) < Vv (I B(@)) + RAB(@))

1 —p H " -1
Sfmv( B(n) + ‘21(/1)1“(#)[0(]7_5)” %(§)d§)+%v(%(n))

Aw)
1- w (" |
<M ( A(y) V(Q}(U)) *l[(/J)F(/J) f (n—-&* v(%(rf))d.f) + N(B(1))
Y 1
- ( Alp) X ?I(,u)r(,u) f (7 =&/ X(f)df) + Nx(n).
This gives
x(m) £ —— eI @)@).

I -M

M
By an application of Lemma 2.2 with ¢(n7) = 0 and d(n) = o we get x(n7) = 0 for all n € J. This

gives B(n) = 0 for all n € J. Consequently, this gives v.(8) = 0. Applying Theorem 2.5, we conclude
that T has a fixed point v € Bg, which act as a solution of functional equation (3.1). Utilizing this v,
we are able to obtain the required solution of nonlinear implicit AB-FDEs (1.1)-(1.2).

4. Implicit FDEs with non-local condition

Essential conditions are established in this section for the solution to exist about the following
implicit FDE:
WD) = F(n, <), D), me J =10,T1, T >0, 4.1)

subject to nonlocal initial condition

£(0) +a() = o- (4.2)

Lemma 4.1. Let Z, MOD’;{ € E and ¥(0,(0),0) = 0. Then, { € E is a solution of nonlinear implicit
AB-FDEs (4.1)-(4.2) if and only if

L) = 4o = o) + "oShuy(), n e, (4.3)

where v, is a solution of functional equation

v ) = § (1.0 — 8(0) + " oSve(m, vm)), € J. (4.4)
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Proof. Corresponding to { € E, we put

W 0DhLn) = v (), el (4.5)

Operating *¥,3% on both sides of Eq (4.5), and using Lemma 2.1 and the nonlocal initial

condition (1.3), we obtain (4.3).
Utilizing Eqs (4.3) and (4.5) in Eq (4.1), one can see that v,() satisfies the functional equation (4.4).
On the other hand, suppose that { € E is a solution of functional equation (4.3). Operating ‘21‘30592
on both sides of Eq (4.3) and using Lemma 2.1, we get

D) = o[l - 8@ + Foduem| = oD [Codum)| = v el (46)

By utilizing Eqgs (4.3) and (4.6), the functional represented by Eq (4.10) reduces to (4.1). Next, we
verify that non-local initial condition stated in Eq (4.2). Since &(0, £(0),0) = 0, from Eq (4.3), we have

k(T O
£0) =4 —a(d) + 91(,11) g(n) ) f (n-&r vg(f)df-]nzﬂ
-
=4 —a() + Ap) v (0) = 4o —a()) + 91—(/1)%(0 ,£(0),0)
= 4o — a(d),

which is the nonlocal condition (4.2).

The subsequent theorem establishes both the existence and uniqueness results for non-local initial
value problem (4.1)-(4.2).

Theorem 4.1. Let the function § € C'(J X E x E, E) satisfies hypothesis (HI) and the function g
satisfies the condition

(H2) [la(0) = (@Dl < K[I{ = Lille, KR eR.

Then, the non-local initial value problem (4.1)-(4.2) has a solution provided

M ‘JI(,u)
K(1 1, and —— 4.7
(+3)<loand =5 <2 4.7)
where
(1 = WA) = M~ ) "\ A = OAG) - M1 - )] '
Proof. Considering Lemma 4.1, we define the mapping X : C — C, C = C(J, E) as follows:
X)) = & — o) + o), neJ, (4.9)
where v, is a solution of functional equation
ven) = § (1.0 — 80 + "oJve(m), vm)), € J. (4.10)

AIMS Mathematics Volume 9, Issue 10, 27058-27079.



27070

We demonstrate that the mapping T fulfills all the conditions outlined in Lemma 2.4. For the
continuity of I, consider any sequence {(,,} in C converging to ¢ € C. Then, for any € J, using
hypothesis (H2), we obtain

1T = @Omll < 118(Ln) = SO+ 1 03, (g, (1) = v )
< 8llgm = Llic + oIl () = ve ), (4.11)

where v,, and v, are the solutions of functional equations

v, () = § (1.4 = 8w) + "FoFvg, ). ve, (). m € U,

and
v ) = § (1.0 — 80) + oSve(m,vm)), € J,
respectively. Using the hypothesis (H1), for any n € J, we obtain

vz, () = vl < M(En) = SN + M oSl (7) = vl + Rllvg, (17) = vl
< MKNL, = Llle + M I llvg, (07) = vl + Rllvg, () = v I

This gives
g, (1) = we@ll < 2 (MK, = Zlle + M "6l (1) = vel)
Application of Lemma 2.2 with ¢(7) = w and d(n) = gives
1-% 1-%
MK B(w) uMin!
e, 1) = e < o= =B ((1 G T ﬂ)) 1 = Llles m € J.

This gives

IMKB(u) UIRTH
llvg, — velle <

(1 =MWB) = M1 =) “\ (A = MBu) — M(1 - p)

Since ||, — {llc — 0, from above inequality we get [|v,,, — v/|lc — 0. Taking into account the previous
estimates, using the inequality (4.11), we obtain ||T{,, — T||c — 0. Therefore, T is continuous.

chine (ol + lls@INA + ) + IM
oll + 19 +39) + S

~ , where Mz = sup [|F(1, 0, 0)l.

1-](1+3) ’ ,,EE’ @7,0,9)

)Ilfm = Clle

R =

Condition (3.8) leads us to conclude R > 0. With this particular choice of R > 0, we define the set
Bp={ceCtlicle <RY.

Next, we demonstrate that T(Bz) C Bg. Let any n € J and ¢ € B,. Then applying hypothesis (H2),
we obtain

IO < 1Zoll + 18(2) = sl + sl + o Ihllv )l
< ol + Kl + s+ oIl ]
< ol + KR + 16Ol + o34l |l (4.12)
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For any n € J, we discover that

o DIl < 115 (7.0 = 80 + "SoFewc ). ve(m) = F (7.0.0) | + 11 (7.0, 0) |
< M — 6@ + Lo | + Rl )l + M
< M(Ioll + KR + 9Ol + X0l ) + Rl @Il + M.

Therefore,

vl < {fmg + M (1]l + KR + [lg(O)]]) + M moi?ﬁllvg(n)ll} :

1-M

Mg +M(ol+RR+aO)ID and d(n) = 0

As an application of Lemma 2.2 with c¢(n7) = o 5> We get

My + M KR + llg(0)l)] A SN
IIU;(n)IIS[ 5 + MGl + KR + lla(O)ID] Aw) Eﬂ( puy

, J.
A1 —N) — (1 - M B(u)(1 - %) - M(1 —u)) e

This gives

[ + M (Igoll + KR + [l9O)IN] Acxe) LT
oGl < ’

A)(d = 9) = (1 = M B()(1 = 9t) = M(1 - )

Utilizing the value of J defined in (4.8), from above inequality, we obtain

),neJ.

(%]l + KR + 3Ol + M) 3
ol < = 1= 0.

Aw) AW 1

Thus from inequality (4.12), we have

IE)mll < 1IZoll + KR + llgO)]] + *oTh6

= [IZoll + KR + 5O +6{1 B _£ f"< —f)"‘ldf}
° ; @ A@r@ Jo

l-p, _n ﬂ}

Aw) AW @) g

< SR +[I5o)l + 5O + (I2oll + KR + [[a(O)]] + Mz) 3

= RR(1 +3) + {(Ioll + IaO)IN(T + 3) + 3Mz)

=RKRR(1+J)+R{1 - K1 +J)} =R.

< KR+ IZoll + [la O] + 5{

Thus, ||i(§)||c < R for any { € Bj and the proof of i(BR) C By is completed. For any { € By, we have
IZ¢llc < R and hence I(B;) is bounded.
To prove the equicontinuity of (Bj), take any 17,7, € J with n; < 1,. Then, we have

IE0 ) - @O0
=||(% - 9@ + "o )

1 — 71
<O (ﬂ'L)t)”U{(Ul) — vl + s fo I A A 515

~ (60— 9@+ oY),

n=m =12
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1
wmr(m f (12 = &Y Nlv(©)llde

(1-p) ou " _ _
< S IIUg(m)—vg(nz)ll * T fo {on —ey" = (- &y} dt
6# Y ld
‘l[(,u)l"(,u) (772 &) &
(1-p) ou
< g e v+ grrr s (= =my —n} + i} +

gzI(,u)r(u +1)

(2 —m).

Since ¢ € Bg, from above inequality it follows that ||(Z)n, — (3|l — 0 whenever |17, — n1]| — O.

This proves that T(Bg) is equicontinuous.

Finally, we show that function ¥ : Bg — By satisfies the following requirement:

ve(T(B)) < kve(DB),

for any closed subset ¥ of Bg and 0 < k < 1. Utilizing the properties of u as outlined in Lemma 2.3,

we deduce
I : £ €B) =v (4 - Q)+ v () : £ € D)
= (& — o) + v("oSu )
= V(EI%OSI,;U,((U))) < EI%01\5’,;1/(114(77))-
Thus,

V(M) : £ € B) < oI, (m).
Using functional relation (4.10), we find

v(wem) = v (& (1. 4o — aQ) + "PoShve (), v())
<ML — o)) + QI%063’,;11‘((77)) + (v (1))
< MW () + Rv(v ().

This gives

oIy ).

)
-0 gives

V(v () < -0

An application of Lemma 2.2 with ¢(n7) = 0 and d(n) =
V(Ug(n)) =0, ne J.
Using the Eq (4.14), the inequality (4.13) becomes

V() : L eB)=0,n€ ],

and hence we obtain
v(T(B)) =0

(4.13)

(4.14)

(4.15)
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For any ¢ € B, we have v({(n7)) > 0, n € J, hence for any k € (0, 1), we get kv({(n7)) > 0, n € J, which
gives
kv.(B) > 0. (4.16)

Combining (4.15) and (4.16), we obtain

Ve(TB)) < kve(B).
This proves that v is a set contraction. Accordingly, Lemma 2.4 states that T has a fixed point, which
is the desired solution of the problem (1.1) subject to non-local initial condition (1.3).

Theorem 4.2. Assume that the hypotheses (HI) and (H2) hold. Then, the nonlinear implicit AB-FDEs
(4.1)-(4.2) has a solution if ] < 1.

Proof. Consider the set B; defined in Theorem 4.1. Note that B is bounded, closed and convex subset
of a Banach space C such that 0 € Bg. Further, we consider the same operator T : Bz — Bj defined in
the proof of Theorem 4.1. We prove that T satisfies the requirement of Monach fixed point theorem.

The boundedness and continuity of I have previously been demonstrated in the proof of
Theorem 4.1. Thus, all we have to do is demonstrate that the implication

B =comvI(B)or B =IT(B)U{0} = v.(B) =0

holds for every subset 8 of B;. Let ¥ equicontiniuos subset of Bj; such that B C conv(Z(B) U {0)).
Define
x:J — [0,00) by x(17) = v(B(m)).

It is obvious from Lemma 2.6 that x is continuous. Lemma 2.5, Remark 3.2, and the properties of the
measure y allow us to get, for any n € J,

x() = v(B) = v (V) U (0}) < v(TB))
=v(do— a®)m) + T V()
= V(@(B)Y) +v( "EIB()).

As mentioned in Remark 3.2, based on hypothesis (H2), we can write

v(@(B)(m)) < Kv(B ().

Therefore,

x() < SYB) + "CoIpn(B() = Kxm) + FoIx().

This gives

1
x(n) < T« QJ[%O‘Isﬁx(n), neJ.

1
Applying Lemma 2.2 with ¢(n7) = 0 and d(n) = T-a e obtain x(n7) = O for all € J. Theorem 2.5
is then used to determine that ¥ has a fixed point x € Bg, which forms a solution of (1.1) subject

to nonlocal initial condition (1.3).
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S. Examples

Example 5.1. Consider the following non-linear implicit AB-FDE:

q 1 1 1
05 = S0+ (DB - v - ! = )+m|

,neJ=10,1], 5.1

with boundary condition
£(0)+24(1) =4. (5.2)

Choose the normalizing function A(u) = pu — u?> + 1, u € [0,1]. Then B(0) = B(1) = 1. Define,
& J XRXR — R such that

_ 4 9 2 7]2 +1 1
8. 4,y) = 5t (577 Eis(=+m) - =l R Iyl
Let any (1;, i, y:) € J X RX R, (i = 1,2). Then,

|& (71, 51,)’1) - 812, é“sz)|

& T+ 1 (2 1 1
—_ ]E1 -

‘( T il ) — 5t (VM) - T Iyal
1 1 2 2 2 2

< gl -l + 5 (4577115%,3(— i) = 5n}) - (4577215%,3(— Vi) - Snz)j + 25 il = bl
1 1 ) ) 1, , 1

< §|§ Ol + 10 45'71E%,3(— V) — 45772]5'%,3(— \/%)' + E|’72 —ml+ 10 Iyt = y2l
1 1 1

< 510 = Gl + 15 [4SME5(= Vi) — 453 5 V)| + I =il + TLARREE

Note that

a (4577 El (- \/_)) 45 27]E1 (- \/_)-l- Z( l)knz
d 3 3 o r(2 3

)"’;nf‘1

= 90/, 5(— 1) + 457 Z T3
2

= p(m),

which exists for all 7 € [0, 1]. Thus, 457°E 1 2(—+/m) is continuous and differentiable on [0, 1], by mean
value theorem there exists & lying between 1, 17, such that

[45738 (= Vi) — 45IBEL o(= V)| < PE) i = .

Let =1+ % where p = max,.; p(1). Then,

1 1
¥, 1 y1) — 02, £, y2)l < §|§1 = Ol + Ly —ml + I [y1 = yal.
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This proves that the function ¥ satisfies hypothesis (H1) with Lipschitz constants

Then,

1 - ™ 11 2(5 1
‘R+9Jt(1+ b )( 2y ):—+—-—(%+—1):0.3273<1.
loe + B\ Aw)  AWI'w)) 10 5 313 TI(3)
Since the function § meets every requirement of Theorem 3.1, the non-linear implicit AB-FDE (5.1)
subject to boundary condition (5.2) has a solution according to Theorem 3.1. One can verify that

(m=n+1n¢e[0,1]

is the solution of the problem (5.1)-(5.2). Note that with this solution we find £(0) = 1, which yields

0) 1 1
0,£(0,0)=—--=---=0.
5(0,£(0),0) 5 5573
Example 5.2. Consider the non-linear implicit AB-FDE (5.1) subject to nonlocal initial condition
£0) +g9(0) = 1.7,

(5.3)
where g : C(J,R) — R is the function defined by

a(¢) =0.4£(0.5) +0.1£(1).
For any £, ¢, € C(J,R), we have

13() — 9@l < 0.515 - &il-

This proves g satisfies the hypothesis with & = 0.5. Next, consider

. MA(u) E( pIRT¥ )
VT TG - M — ) (= UG) — M — o)
0.2x1.25 £ ( 0.5%x0.2 )

T 09%x125-02x05 09x%x1.25-02x0.5

05  (05%0.2
1.025 ( 1.025 ) 04878E,(0.0975)

=

(5.4)

Using expansion of one parameter Mittag-Leffler function, we have

o 0.0975F
E.(0.0975) = 0.097>
LTk + 1)

0.0975% 0.0975* 0.0975 0.0975% 0.0975°
=(1+ — e T+ s— + — +
I 2! @ rd o rd
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0.0975 2 2? 23
= OO (1 +=0.0975% + 0.0975* + ————=0.0975° + - - )
s\ 3 3X5 3x5x7

00975 2 x0.0975 (l _2x 0.0975°

= 3
= 1.1202. (5.5)

<e

-1
) =1.0095 + 0.11 x 0.99367"

Utilizing estimation (5.5) in Eq (5.4), we obtain
3 <0.4878 x 1.1202 = 0.5464.

Therefore,
KA +3J) <0.5x%x1.5464 =0.7732 < 1.

Meeting all the conditions outlined in Theorem 4.1, it follows that the non-linear implicit AB-FDE
given by Eq (5.1), accompanied by the non-local initial condition (5.3), have a solution. Further, one
can verify that

(o =m+1, n€[0,1]

is the solution of non-linear implicit AB-FDEs (5.1) with non-local initial condition (5.3).
6. Conclusions

We successfully proved significant existence results for nonlinear implicit fractional differential
equations involving the nonsingular version of the Caputo fractional derivative defined by Atangana
and Baleanu. The investigation of implicit fractional differential equations encompassed both boundary
and nonlocal conditions, shedding light on the complexities of such equations. The foundational tools
employed in this analysis were Kuratowski’s measure of non-compactness and associated fixed point
theorems, namely Darbo’s fixed point theorem and Mdnch’s fixed point theorem. To illustrate our
findings, we provided concrete examples and solutions to the considered problems with both boundary
and non-local initial conditions.
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