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1. Introduction

Singular systems are also called differential-algebraic systems and can be employed to model
many practical systems, such as economical systems [1], electrical circuits [2], and engineering
systems [2]. It is worth pointing out that a singular system may have a unique solution, multiple
solutions, or no solutions. In addition, impulse phenomenon may exist in singular systems. Hence,
for a singular system, we often need to check if it is regular and impulse-free. During the past
several decades, extensive attention has been given to this class of systems, and many results have
been presented [3-7].

It is known that a system is called a time delay system if it contains the delayed version of the
state. Time delay systems have been studied extensively [5—8]. Neutral systems are special time delay
systems because a neutral system often contains not only the delayed version of the state, but also the
delayed version of the derivative of the state. Due to this special characteristic, neutral systems are
very important in modeling many practical systems, such as lossless transmission lines [9], chemical
processes [10], population dynamics [11], and partial element equivalent circuits [12]. In the past
several decades, much attention has been paid to neutral systems [13—16].
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Many practical systems, like robot operating systems [17] and network communication
systems [18], often work in a short time. For systems that work in a short time, the finite-time stability
problem is very important. A system is said to be finite-time stable if, given a bound on the initial
condition, the norm of its state vector does not exceed a certain threshold during a specified time
interval [19]. The finite-time stability problem has been one of the research focuses in the past several
decades, and many results have been proposed [20-24].

There are many papers that have considered singular neutral systems. The stability of singular
neutral systems with constant delays was investigated in [25,26], while the stability of singular neutral
systems with time-varying delay was considered in [27]. References [28] and [29] paid attention
to the robust stabilization and the PD feedback H,, controller design for uncertain singular neutral
systems, respectively. The stabilization of neutral singular Markovian jump systems was studied
in [30-32]. References [33] and [34] studied the exponential stability and the asynchronous H.,
controller design for neutral singular Markovian jump systems, respectively. However, the finite-time
stability of singular neutral systems was not investigated in [25-34].

There are also many papers that investigated the finite-time stability problem of singular systems.
The finite-time stability of singular systems with time delay was investigated in [35,36]. The authors
of [37] studied the finite-time stability of singular nonlinear switched time delay systems by using
a singular value decomposition approach. The finite-time stability of singular systems with time-
varying delay was considered in [38,39]. References [40—42] paid attention to the finite-time stability
of singular Markovian jump systems. However, none of the systems considered in [35-42] involve the
delayed version of the derivative of its state.

It is worth pointing out that references [25—42] did not study the finite-time stability problem of
singular neutral systems. Compared with the finite-time stability problem of singular systems, the
finite-time stability problem of singular neutral systems is more complicated. One of the reasons is
that we need to deal with the derivative of the state.

To the best of our knowledge, few results in the existing literature have dealt with the finite-time
stability problem of singular neutral systems. This paper studies the finite-time stability problem
for a class of singular neutral systems with time delay. By utilizing the Lyapunov-Krasovskii
function approach, some sufficient conditions are proposed to ensure that the considered systems are
regular, impulse-free, and finite-time stable. Three numerical examples are presented to illustrate the
effectiveness of the proposed methods. The main contributions of this paper can be summarized as
follows.

(1) References [25-42] did not study the finite-time stability problem of singular neutral systems.
To the best of our knowledge, few results in the existing literature dealt with this problem for singular
neutral systems. This paper investigates this problem for singular neutral systems.

(i1) An equivalent form of the considered system is well utilized in this paper (see Remark 3.3 for
more information). A good sufficient condition ensuring that the considered system is finite-time stable
is presented.

(iii) In this paper, the regular neutral system theory is also used to study the finite-time stability
problem of the considered system. The sufficient condition obtained by using the regular neutral system
theory is sometimes better. In addition, few papers in the existing literature have employed regular
neutral system theory to study the asymptotic stability of singular neutral systems. This paper presents
an improved result on the asymptotic stability of a class of singular neutral systems.
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Notations: € denotes the set of all complex numbers. The n-dimensional Euclidean space and the
set of all m X n real matrices are denoted by R" and R™", respectively. I represents the identity matrix
with appropriate dimensions, while 7, denotes the n X n identity matrix. In a symmetric matrix, the
symbol "x"represents the symmetric element. Z(a) denotes the largest integer smaller than scalar a.
|||l means the spectral norm of a matrix. We use det(-), Apin(+), and Ayax(+) to represent the determinant,
the smallest eigenvalue, and the largest eigenvalue of a matrix, respectively. For matrix A, AT stands
for the transpose of matrix A, A > 0 denotes that A is positive definite, and A > 0 means that A is

semi-positive definite.
2. Preliminaries

In this paper, we study the following singular neutral system with time delay:

{ Ez(1) — Ci(t — 1) = Az(t) + Dz(t — 1),
Z(S) = ¢(S), NS [—77’ 0]

In system (2.1), E is a known real singular matrix, and satisfies 0 < rank(E) = @w < n. C, A, and
D are known real matrices. In addition, E, C, A, and D belong to R™". z(t) € R" represents the state
vector of the system. The vector ¢(s) (s € [-n, 0]) represents the initial condition of the system and we
suppose that ¢(s) (s € [-n,0]) is continuous. 1 > 0 denotes the time delay and is a given scalar.

When C = 0, system (2.1) reduces to the following singular system:

{ Ez(f) = Az(t) + Dz(t — 1),
Z2(s) = ¢(s), s€[-n,0]

In the following, we will give some definitions which will be used later. Definition 2.1 is related to
system (2.2) and will be employed to check if system (2.1) is regular and impulse-free.

2.1)

(2.2)

Definition 2.1. [7] (i) System (2.2) is said to be regular if there exists a scalar s € € satisfying
det(sk — A) # 0.

(ii) System (2.2) is said to be impulse-free if the equation deg(det(sE — A)) = rank(E) holds, where
deg(det(sE — A)) denotes the degree of det(sE — A), and det(sE — A) is a univariate polynomial in s.

Definition 2.2. For a given matrix U > 0 and given scalars T > 0, m; > 0, my > 0, and mz > 0 (m3 >
my), system (2.1) is said to be finite-time stable with respect to (m,,my, m3, T, U) if the following holds:

{ sup {z"()Uz(s)} < my, sup (' (HETUEL(s)}) < my} = 2/ (DUz(1) <my, V1 €[0,T].  (2.3)

-n<s<0 -n<s<0
The following lemmas will be employed to derive the main results of this paper.

Lemma 2.1. [27] For a given matrix Q > 0 and given scalars n, and n, (. > 1), if the vector function
x: [m,n2] = R" ensures that the integrations fn :72 xT(s)Qx(s)ds and fn :72 x(8)ds are well defined, then

712 1 72 72
—f X' ()Ox(s)ds < - f )(T(s)dsQf y(s5)ds.
ul m=m Jy m

Lemma 2.2. [27] Suppose that matrices R, L, and Q > 0 have appropriate dimensions. Then, the
inequality RTL + LTR < RTQR + LT Q'L holds.
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Remark 2.1. It is worth pointing out that singular neutral systems have wide applications in practical
systems. Please see Remark 1 of [27] for more information. For the systems mentioned in Remark 1
of [27], sometimes we may need to focus on the transient behaviors (for example, finite-time stability)
of them over a finite-time interval. To the best of our knowledge, few papers in the existing literature
studied the finite-time stability problem of singular neutral systems. Therefore, it is significant and
necessary to study this problem for singular neutral systems.

3. Main results

The state decomposition method is often used to study singular systems [43—45]. We will give an
equivalent form of system (2.1) by first using the state decomposition method. _

From 0 < rank(E) = @w < n, we can find two invertible matrices J and Y satisfying E = JEY =
[ Iz 0

0 0 ] In addition, set

6:JCY:[_ = ],Z:JAY:[_ g ],B:JDY:[ (3.1)

D, D,
A; Ay D '

D; D,

w1 (1)

Define w(f) = Y 'z(f) = [ (1)
2

}. According to (3.1), system (2.1) can be decomposed into

w (1) :_lel(f) izzwz(f) iﬁlwl(t —1) 152602([ —1) ";61(2)10 /)] iazd)z(f -n),
0 = Aswi (1) + Aywr (1) + D3w (t — 1) + Dywr(t — 1) + C3w1(t — 1) + Car(t — 1), (3.2)
w(s) =Y '¢(s), s€[-n,0l.

Remark 3.1. From (3.2), it can be seen that system (2.1) is decomposed into two subsystems. One is
described by the equation (1) = A w; (1) +Arw:(H)+D;w, (t—n)+52w2(t—n)+61d)l(t—n)+62d)2(t—n),
while the other is described by the equation O = Z?,a)] () +Z4a)2(t) +53a)] (t—n) +54a)2(t— n) +63d)1 (t—
n + Cain(t — n). According to (3.2), it can be also seen that the vector w(t) is decomposed into w(t)
and w,(t). We will employ (3.2) to study the finite-time stability of system (2.1), which means that the
state decomposition method is utilized in this paper.

The following theorem presents a sufficient condition such that system (2.1) is regular, impulse-free,
and finite-time stable with respect to (my, my, m3, T, U).

Theorem 3.1. Suppose that X is a given matrix and satisfies E'X = 0 and rank(X) = n — @w. Given
scalars u > 0, n > 0,71\ >0 h > 0, g >0k =12,---,5,g =0k =1,2,---,5), m >0,
my >0, my>0(m; >m), T >0, p >0, and p, > 0, system (2.1) is regular, impulse-free, and
finite-time stable with respect to (my,mp, m3, T, U) if C, =0, Cy = 0, and there exist matrices F > 0,
G,>0k=12,---,5,Z(k=1,2,---,5), and W such that

Iy I' ATZ3 + G, (FE + XW + Zl)TCYJ +ATZ4 I'is

x I DTZ3 -Gy ZgCYJ + DTZ4 I'»s

C=| = = —% zZrcyy -Z7 | <0, (3.3)
* s * | |
* * * * I'ss
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gl <Gy <gil, Yke{l,2,---,5}, (3.4)
hl < F <, (3.5)
T F 2 |Phy + [T PR < my (when T = 0), (3.6)
min {31y + Ty + puDHPR ke + 1T+ 0205 UHPR < ms when Tr #0), 37)
where
Iy =(FE+XW+Z) A+ A"(FE+XW +Z)) + G, + nG3 — uE" FE — ET%E,

G
T=(FE+XW+Z)' D+A"Z, + ET22E, Tys = AT(Gy +nGs + Zs) - Z7,
n
Gs

Iy=-G, +D"Z,+7ZID- E"—E, Iy = D'(Gy +11Gs + Zs) — 77,
n

Ty =G4+ (CYN'Zy+Z,CYJ, Tys=(CYDN'(Gy+nGs+Zs)—Z],
Iss = -Gy —nGs — Zs — Z1

1
o = IGLUTR (k= 1,2,---,5),

2 2 2
IR 7 1
hy = |F2EU " *|*my, hy = pory + n*os + 703)7711, hy = (o + E(Ts)mz, hy = e”Tth’
k=1

— — -1
A=A A A= Pl a2 2| a2 8| A e A
Az D; Dy C; 0 —-Ay
ki =Y U P my,
k2 = U3 m,
1
Ni = 1A F, I Vhs + 1I1A2 Aslll Vit + 1Al Vi »
__1
Ty = H\F, 2| Vhe + I[Hy  Hs]ll Vi + || Hall Vicz »
—_1
Ri = ILF, N\ Vhs + Ly Lslll Vi + |Lall Vi »
R, = (IAF, || + 1A F, 1) Vs + min{l|AI1R o1 + AT o I[As ATIN,1}, 2< p<T+1,
1 1
Y, = (IH\F, 2|l + \HoF, 2 1) vha + min{||Hs||R -y + [[HyllCpor, I[Hs HsllIN,_1}, 2< p<m+1,
__1 __1
R, = (ILiFy "N+ L F, 71D Vhy + min {ILs IRyt + 1Ll s LRy}, 2< p<ii+ 1,

— 1l — —7 1—-1 — 1 1—-1
61 = (U, + —U,U,)?F |, 6 = (U, + —D2F |7,
L1 P2

_ F.F U, U T
F: Fl 52 :J_TFJ_I, Ul 22 — YTUY, ﬁ:E -1,
* Fy * Uy n

g = max{‘Rl, %2, e, %ﬁ_'_l}.
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Proof. First, we prove that system (2.1) is regular and impulse-free.
Iy, ¢
From (3.3), we can have [ ;1 Fls ] < 0. Then, according to G| + nG3 + AT(G4 + nGs)A > 0, it
55
can be deduced that

- r, T I
Th=[1 AT][ ) ‘5H ]—Gl—nG3—AT(G4+nG5)A

I'ss || A
G
= (FE + XW)'A + AT(FE + XW) — uE"FE - E" 22E < 0. (3.8)
n
T Wl Wz Evd — )_(l YZ -~ — — 651 652
Define W =WY =| — — [ X=JTX=|< Z° | andGs = JTGsJ! = =7 .
e [Wa W4] [Xs X4]an i i [* G54]

According to ETX = 0, we get ET)_( = (, which implies that Z =0and )_(2 = 0. Then, from (3.8), we
can have

— G
Y'T,,Y = Y'(FE + XW)"A + AT(FE + XW) - uE" FE - E" 2E)Y
n

G
—(FE+XW)YA+A (FE+XW)-uE FE-E 2E
n
A A
‘[ ) A4]<0’ (3.9)

where Ay = A, (X3Wa + XaWa) + (XsWa + XoWa) Ay,

From (3.9), it can be deduced that A4 < 0. According to A4 < 0, we can get det(Z4) # 0, which
implies that det(sE — A) # 0 and deg(det(sE — A)) = rank(E).

By C, = 0and C, = 0, it can be seen that C = CYJE. Set ¢(t) = Ez(t). Then, system (2.1) can be
rewritten as

@(t) = Ex(1),
{ o) — CYJp(t —n) = Az(t) + Dz(t — n). (3.10)

| z(0) = | E O —~ |0 I = |0 0 )
Setl//(t)_[go(t)]’ E—[O 0], A—[A _I],andD—[D CYJ]' Then, according

to (3.10), we can get

E ity = Ay(r) + Dyi(t — ). 3.11)

) — E O —~ 0 I
According to E = [ 0 0 ]andA = [ A ] ] we can deduce

det(sE—Z)
:det([ Sf 8]—[2 _II ]):det([ f‘ —11 ]):det([ SE_;\A (I)D:det(sE—A). (3.12)

By (3.12) and det(sE — A) # (0, we can have det(sE A) % (0. Note (3 12), deg(det(sE A)) =
rank(E), and rank(E) = rank(E) It can then be deduced that deg(det(sE A ) = rank(E ). According
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to Definition 2.1, it can be concluded that system (3.11) is regular and impulse-free. Because
system (3.11) is equivalent to system (2.1), we can obtain that system (2.1) is regular and impulse-
free. O

Next, we prove that system (2.1) is finite-time stable with respect to (m;, m,, m3, T, U). Choose the
following Lyapunov-Krasovskii function for system (2.1):

V(@) = Vi(r) + Vo(0) + V3(1), (3.13)
where

Vi(t) = 2 (NE" FEZ(1),

t t t 0 t
Vo(t) = f 21 (5)Gz(s)ds + f 7L (s)ds G, f z2(s)ds + f f 77 (5)G3z(s)dsdp,
=n =1 =1 -n Ji+p

1 0 t
Vs(f) = f ZI(S)ETG4Ez(s)ds + f f 2T ($)E"GsEz(s)dsdp.
t -n Jt+f

-

By (3.13) and Lemma 2.1, we can have

Vi(0) =z (0)E" FEz(0)
= (O)UzU 2 ETFEU 1 U(0)
< Awax (U ETFEU ™) sup {2/ (5)Uz(s)}

-n<s<0

< hy, (3.14)

0 0 0 0 0
V1(0) = f ' (5)G1z(s)ds + f ' (5)ds G, f s)ds + f f ' (5)Gsz(s)dsdp
- - - -1 JB

n n n n

0 0 0 0
< f 21 (5)Grz(s)ds + 1 f 2L (5)Gaz(s)ds + f f 21 (5)Gsz(s)dsdB
- - -n JB

n n
2

<y sup (' (IG12()} + 17 sup (' (5)Gax()}+ T sup {2 (5G2(s))
—n<s<0 —n<s<0 —n<s<0
=n sup {Z(HUU G, U U z(s)} + * sup {Z ($)UU " 1G,U " 1U77(s)}
-n<s<0 -n<s<0
n T 11 11
+ — sup {7 (s9)U2U 2G3U "2U2z(s)}

2 —n<s<0

1 1 2 1
<G U ~31Pmy + PIIGZU 2 |Pmy + %HG; U2 |Pmy = hs, (3.15)

0

0
V5(0) = f ZI(S)ETG4Ez(s)ds + f

n -n

0
f ZN($)ETGsEz(s)dsdB
B
2

<7y sup {zT<s>ETG4Ez<s>}+% sup {7 (s)E" GsEz(s))

—n<s<0 —n<s<0
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2
<n sup {Z'()ETUU 2G,U U E3(s)} + % sup {z(5)ETU?U " 2GsU 2 U?Ez(s)}

-n<s<0 -n<s<0
S Tt
<G U2 |I"my + ?HG5 U~ 2|["my = hs. (3.16)
From (3.13) and Lemma 2.1, we can also deduce

Vi(t) =227 ()ET FEz(1)
=2[Az(t) + Dz(t — 1) + Cz(t — )" FEz(?)
=2[Az(t) + Dz(t — ) + CYJEz(t — )" FEz(¢), (3.17)

Va(1) =2 (0G2(t) = 2" (t = Gzt = m) + 2[" (1) = 2" (1 = ]G f n 2(s)ds
+ 12" (NG32(1) — f n 2 (5)Gsz(s)ds
<z' (NG z(t) = 2 (t =Gzt = ) + 2[2' (1) = 2" (t = ]G £ ) z(s)ds
+ 12" (G3z(t) — % ft_t n 2 (8)dsG; £ n 2(s)ds, (3.18)
Vi(t) =2 (VETG4Ez(t) — 2 (t = mE" G4Ez(t — ) + nz" () E" GsE%(1) - ftt n Z'(s)E" GsEz(s)ds

1 ! t
<Z"(NE" (G4 + nGs)EZ(1) — 2" (t = mE" G4EZ(t — 1) — 7 f ' (8)dsE" GsE f z(s)ds
t—-n t—-n

=" (DE" (G4 + nGs)EL(1) — ' (t = E" G4EZ(t — )
- %[Z(l) —z2(t = ) E"GsE[z(t) — z(t — n)]. (3.19)
By ETX = 0, it can be seen that ET XWz(r) = 0, which implies that
2[Az(t) + Dz(t — 1) + CYJEz(t — n)]" XWz(f) = 0. (3.20)
From Az(t) + Dz(t — n) + Cz(t — n) — Ez(¢) = 0, it can be obtained that
AA) + De(t — ) + CYJE:(t— ) — EXDIT(Z0 Zo Zs Za Zs}E" (1) =0, (3.21)

where £(1) = [/ (1) (t-n) | in (s)ds (t—-mET TOET|.
By (3.13) and (3.17)—(3.21), we can obtain

V(t) — uV(t) < V(1) — uz" ETFEz(t) < ET(OTE@) < 0. (3.22)

According to (3.22) and e M (V(t) — uV(t)) = %;V(’)), we can have

f e M (V(s) — uV(s))ds = e V() — V(0) < 0. (3.23)
0
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For any r € (0, T, from (3.13)—(3.16) and (3.23), we can get V(¢) < e’”V((l) < et 22:1 hy = hy.

Define w(f) = Y ~'z(f) = [ @ (7) F

. 3 < T T —
wa(1) ] According to V() < hy and Y' E' FEY [ 0 0
that

], it can be seen

Wl (OF w,(t) = 0" (OY'ETFEY w(?)
=Y TYTETFEYY '2(r)
=/ (1)E" FEz(?)
< V() < hy, Vte(0, T]. (3.24)

The following two inequalities hold:

W (Ow(t) =25 OYTY '2(0)
= (UUT Y TY T UTIU ()
< Ao (U 2YTY'U2) sup {2 (5)Uz(s))

-n<s<0
<Y 'U 2|Pmy = ki, Vte[-,0], (3.25)
T ()i () = 27 (OYTE EY (1)
=Y TYTETJTJEYY '3(0)
=T (OETJT JEZ(1)
< WU 2|Pmy = ky, Vt € [-,0]. (3.26)

By C, = 0 and C4 = 0, system (2.1) is equivalent to the following:

{ w1(1) = A 01 () + Ay (1) + Dywi (1 — 1) + Dawy(t — ) + Cran (1 — 1), 3.27)

0 = A3, (1) + Agwa(t) + Dsw;(t — 1) + Dywa(t — 1) + C31(t — 7).

According to det(A4) # 0, it is easy to see that system (3.27) can be rewritten as follows:

Cl)l(t) A Zl l)1 B _ D2 ~ . El . )

= Ajw(1) + Mwi (T — 1) + Aswy (T — 1) + Ay (2 — 7). (3.28)

w () + A

From (3.27) and det(A,) # 0, it can also be deduced that

I - = S
wi(t) = (A1 —AA, Az)wi () + (D) — AA, D3)wi(t —n)+ (Dy — AyA, Dy)w,(t — 1)
— =
+(C1 = A2A, C3)w(t—1)
= Hiw () + Hyw(t — 1) + Hywy(t — 1) + Hyw (2 — 1), (3.29)
— = — = — =

wy(t) =-A, Azwi(t) — Ay Dywi(t—1n)— A, Dywr(t—n)—A; Ciwi(t—n)

= Liwi(t) + Lyw(t — 1) + Lzws(t — 1) + Ly (1 — 1).
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w (1)

wat) | For any ¢ € (0, n7], it can be deduced from (3.24)—(3.26), (3.28), and (3.29) that
2

Set 6(t) = [

ool < IIAff%II IIF%wl(f)II +I[A2 As]ll{lw(@ = Il + [|Asll [l ( = 2|
< [1A fﬁll \/_+ I[A2  Aslll Vi + 1Al iz = Ry,

oI < ||H1__7|| IIF wi Ol +[I[H2 H3ll lw(z = I + [|Hall [l (2 = n)l (3.30)
< ||1L11F11 I \/?+ IH>  Hilll Vi + [[Hall V2 = Ty,

Il < ML FyCIHIFF o O+ NILLy - L1l = mll + 1 Lall llo (2 = m|

—_1
<NLiF VR + 1Ly Lalll i + ILall vz = Ry

For any 7 € (n,2n], we can get

ol < 1A ||F%w1<t)|| AT, IIF wr( = Il + 1Asewalt — 1) + Aadin(z =
< (I F, I+ 15F VB + minflA R+ AT A AT = %,

lan @l < VT, IIF n Ol + IHF, NIF 01 =l + o=+ Hanl=nll 5 5
< (WP 0+ T ) -+ min IR+ LTI HalING = o

lan @) snLF“nnF O+ 1L} I 1=l + Wswnts =)+ Laton(e =
< (IL,F, |l + IL,Fy ||)\/_4+m1n{|L3||‘R1+||L4||‘I‘1,||[L4 L:]IIN} = R,.

For any 7 € (nn, (n + 1)n], it can be deduced that

oI <IIAF, ||||F wl(t)||+||Az | ||||F w1 (t = Il + 1Az (t — 1) + Ay, (7 = )|
< (A, F1 ||+||Az | II)\/_+m1n IIAsllﬂ“’\ + 1A% I1As As]lINz} = Ny,

llow@ll - < HLF, ||||F wl(t)||+||Hz ||||F wi(t =l + |Hzwa(t — 1) + Hyw, (1 = )| (3.32)
< (IH,F ||+||H2 II)\/_+m1n||Hz||% + I Hall Y7 I0Hs H31lINz} = T,

llewa (D] <||L1F1 ||||F1w1(t)||+||LzF1 ||||F1w1(l—77)||+||L3w2(t—77)+L4w1(1—77)||
< (I F PN+ 1L F ||)\/_4+m1n{|L3||%z+||L4IITﬁ,|I[L4 L3118z} = R

For any 7 € (0, T], according to (3.30)—(3.32), it can be seen that

lwa @] < max{Ri, R, -+, Ra} = R. (3.33)
When U, = 0, it can be obtained from (3.24) and (3.33) that

Z(OUzZ() = " DY UYw(r)
=" OUw()
= w{ (U 1w1(1) + W} (DU 4w(1)

1 _1 1 _—2
<|[UIF *IPhs + UIPR < ms, Vi€ (0, T (3.34)
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IfU, +0, according to (3.24), (3.33), and Lemma 2.2, it can be seen that

Z(OUz() = 0" (U ()
= w] (DU wi(t) + 20| (OUrwa (1) + wh (HU 4w, (t)

— ] — —1 —
< w] (U, + p_UZUz i (1) + wy ) (Us + p1 Dy (1)
!
— l — —7 1—-1 — —2
<||(U; + p—UzUzT)ZF 1Phy +11(Us +/011)%||2‘R , Yre (0, T]. (3.35)
!

When U, # 0, from (3.24), (3.33), and 2/ (D Uz(t) = 0! (DU w1 (1) + 20T (OU20:(1) + W] (1)) Usws (1),
we can also have

— 1 — T
Z(OUz(1) < wi (1)U + p—l)wl(f) + w3y ()(Us + prU, Up)wy(t)
2
— 1 1—-1 - —T— 1 0052
<|ICU, + p—l)iF PRy + 1I(Us +P2U§U2)§||2% , Yre(0, T]. (3.36)
2

According to ms > my, (3.6), (3.7), and (3.34)—(3.36), it can be seen that 7 (f)Uz(t) < mj holds for
any ¢ € [0, T], which implies that this theorem holds. The proof is completed.

Remark 3.2. Set Nl Nl andN = (||A1F1 ||+||A2 1 ||) Vha +I[As A3]||§p_1, where2 < p <n+1.
In addition, set N = maX{Nl, Nz, N,,H} o

By using (3.28) along with (3.29), we obtain ||w>(®)|| < R. If we only use (3.28) and do not
use (3.29), we will obtain ||w,()|| < 16| < N. It can be proved that 8 < R. In addition, if we
only use (3.29), the obtained upper bound of ||w,(?)|| is also greater than or equal to that obtained
by using (3.28) along with (3.29). Hence, the upper bound of ||w,(t)|| obtained by using (3.28) along
with (3.29) is better.

In Theorem 3.1, (3.27) is an equivalent form of system (2.1) and we get (3.28) and (3.29) from (3.27).
Because the upper bound of ||w,(t)|| obtained by using (3.28) along with (3.29) is better, (3.27) is well
utilized in Theorem 3.1.

Remark 3.3. In Theorem 3.1, condition (3.3) is a linear matrix inequality and helps us to obtain an
upper bound of a)T(t)a)l(t) In addition, condition (3.3 ) also helps us to obtain det(As) # 0. The
invertible matrix A4 and the condition that C, = 0 and C4 = 0 guarantee system (2.1) to be regular
and impulse-free.

In the numerical simulations, conditions (3.4) and (3.5) may help us to obtain a smaller upper
boundgsz(t)Uz(t) by adjusting the values of parameters g, (k € {1,2,---,5}), gr (k € {1,2,---,5}),
h, and h.

Condmon (3.6) shows that the upper bound of zT(t)Uz(t) obtalned by Theorem 3.1 is ||U F ||2h4 +

||U4||2‘R when U, = 0. Then, if ||U F ||2h4 + ||U4||2‘R is not greater than the given positive
scalar " m3, we can conclude that system (2.1) is finite-time stable with respect to (my,my,mz, T, U)
when U, = 0. Similarly, condition (3.7) illustrates that the upper bound of 7' (t)Uz(t) obtained by

_ ) — T ) _
Theorem 3.1 is min {51h4 +[|(Us +p11)%||2?§ ,00hy + ||(Uy +p2U§U2)%||2‘R } when U, # 0. Then,

_ — _ o —
if min {61h4 + |[(Uy +p11)%||2‘R ,00hy + ||(Uy +p2U2TU2)%||2‘R } is not greater than the given positive
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scalar ms, we can conclude that system (2.1) is finite-time stable with respect to (my,my,mz, T, U)
when U, # 0.

The following theorem gives a different sufficient condition such that system (2.1) is regular,
impulse-free, and finite-time stable.
Theorem 3.2. Suppose that sup {7/ (s)Uz(s)} < m,, where U > 0 and m; > 0. In addition, suppose
-n<s<0
that X is a given matrix and satisfies E'™X = 0 and rank(X) = n — @w. Given scalars u > 0, n > 0,
h>0,h>0,g>0k=1,2,3),%5, >0k=1,2,3),m>0m; >m), T > O,£1 > O,Endpz > 0,
system (2.1) is regular, impulse-free, and satisfies 7' (1)Uz(t) < m3 (Vt € [0,T]) if C3 = 0, C4 = 0, and
there exist matrices FF >0, G, >0k =1,2,3), Z, (k= 1,2,3,4), and W such that

I'm I'; ATZ3 + G, ATZ4 - ZIT
* F22 DTZ3 - G2 DTZ4 - Zg

r= . “a 7 <0, (3.37)
* * * —Z4 — Z4T

gl <Gy <gil, Yke(l,2,3), (3.38)

hl < F <hl, (3.39)
—l__1 _ [ G— ) _

IUF CIPY + U IR < ms (when Uy, = 0), (3.40)

. —2 — 1 2—2 —2 — —T— 1 2—2 —
min {61T +(Us + o1 D2IFR 6,0 +||(Ug + p2U, Un)2 "R } < m3 (when U, # 0), (3.41)
where

I, =(FE+XW+Z) A+A"(FE + XW +Z)) + G, + nG3 — uE' FE,
I'o=(FE+XW+Z)'D-ATFC +A"2Z,,
Iy, =-G, -D'FC-C'"FD+D"2, + Z, D,

1 1
o = IGIU P (k= 1,2,3),
2
hy = (\F2EU 3| + |[FZCU 2 |)’my, m:mm+fm+%vmm hy = e*T(hy + hy),

Ll = _Z4_IZ3’ LZ = _Z4—1537 L3 = _Z4._1547
ki = 1Y U2 Py,
Y _
Ty = Vhs +[F; [C; Gl Vi,
_ 1
Ry = ILiFy 20+ IILy Lsll vk,

1 1

_ 1
Y, = Vhs + [FiCF, |IYpy + IFiColRpy, 2<p<m+1,
1 __1
R, =1L F N, + 1L F o + LSRR oy, 2< p<Ti+ 1,

— 1= —=r1=-1 — 1 ==
6 =T, + —=U,U,)°F I, & =T, +—DF *|7,
P1 P2

— F, F U, U _ T
F=JTrpj'=|"1 2|, Ur Us =Y'uy, n==(-|,
x*  Fy x* Uy n
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g = maX{%l, %2, T s)~%ﬁ+l}’ T = maX{Tl’ T2’ T Tﬁ+1}~

Proof. By using a method similar to that used in the proof of Theorem 3.1, we can have that A, is
invertible, which implies that det(sE — A) # 0 and deg(det(sE — A)) = rank(E).
Set ¢(t) = z(t — n7). Then, system (2.1) can be rewritten as

{ @(t) = z(t — 1), (3.42)

Ez(t) — Co(t) = Az(t) + Dz(t — n).

|z = | E -C —~ |A 0 = | DO
Set (1) = [ (1) ], E = [ 0 0 }, A= [ 0 —J ,and D = [ I 0 } Then, from (3.42), we
can get
E (1) = Ay(t) + Dyt — ). (3.43)

According to E = [ g _OC ] and A = [ 18 _OI ], it can be deduce that

det(sE - A) = det([ Sf —gc ] - [ g _01 D = det([ SEO_A _;C D = det(sE — A). (3.44)

From C; = 0 and C, = 0, it can be deduced that rank(JEY) = rank(J[E — C]Y), which implies
that rank (F) = rank(E ). According to (3.44) and det(sE — A) # 0, it can be concluded that det(sf -
A ) # 0. In addition, by (3.44), rank (E) = rank(E ), and deg(det(sE — A)) = rank(E), we can get
deg(det(sE ~A ) = rank(E ). According to Definition 2.1, it can be concluded that system (3.43) is
regular and impulse-free, which implies that system (2.1) is regular and impulse-free.

Next, we prove that system (2.1) satisfies z/ (1)Uz(t) < ms (¥t € [0,T]). Choose the following
Lyapunov-Krasovskii function for system (2.1):

V(1) = Vi(t) + Vo), (3.45)
where
Vi(t) = [Ez(r) — Cz(t — )" F[Ez(1) — Cz(t — )],
Va(1) = f [ 7' ()Gz(s)ds + f t 7' (5)ds G, f t 2(s)ds + f O f ; 7" (5)Gsz(s)dsdp.
- - - i
Sety = % By (3.45) and Lemma 2.2, we can have

Vi(0) = [Ez(0) = Cz(=)]" F[Ez(0) - Cz(-n)]

1
< (1 + )" (0)ETFEz(0) + (1 + ;/)ZT(—U)CTFCZ(—U)

1 1 1
=1+ OUUE'FEU 2 U?7(0) + (1 + ;)ZT(—n)U%U—%CTFCU—%U%z(—n)
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< (L +IF2EU3P sup {7 (s)Uz(s)} + (1 +%>||F%CU‘5||2 sup {7 (5)Uz(s))

-n<s<0 -n<s<0

< hy,

0 0 0 0 0
V1(0) = f ' (5)Grz(s)ds + f ' (5)ds G, f 2(s)ds + f f 7 (5)Gs2(s)dsdB
- - -1 B

n n

0 0 0 0
< f zT(s)Glz(s)ds + nf zT(s)Gzz(s)ds + f f zT(s)G3z(s)dsdﬁ
/] - -nJB

n
2

<noy sup {2 ()Uz(s)} + n*o sup {7 (s)Uz(s)} + 7750'3 sup {7 (s)Uz(s)}

—n<s<0 —n<s<0 —n<s<0
2
2 n
<noimy +n-oym + 50’31’}11 = hy.

The following hold:

Vi(t) = 2[Ex(t) - Ci(t — p)]" FIEz(t) — Cz(t — )]
= 2[Az(t) + Dz(t — )" F[Ez(t) — Cz(t — 1],

Vo(t) = 27 ()G 1z(t) — 2 (t — )Grz(t — ) + 2[2" (1) — 2" (t — )]G, ft_t n 2(s)ds
+ 02 (0Ga2(r) - f Gz
< (G 2(1) - 27 (1 = MGi(t ) + 212 (1) - 27 (¢~ ]G f (o
+ 02 (0Ga2(1) - % f < (5)dsGs f Asyds.

By ETX = 0, it can be seen that CTX = 0 and 77 (1) ET XWz(t) = 0, which implies that
2[Az(t) + Dz(t — )" XWz(t) = 0.
From Az(t) + Dz(t — n) + Cz(t — n) — Ez(¢) = 0, it can be obtained that

2[A2() + Dz(t =) + Cz(t — ) — Ez(OV' (20 Z, Z3 Z4J€T(F) =0,

where £1) = [ (1) Z(t=n) [ " (9)ds (E2(t) = C2(t = m)"]

For any ¢ € (0, T], from (3.45)—(3.47), we can get V(¢) < ¢"'V(0) < h;. Define w(r) = Y

[ wi (1)

. According to V(t) < h3, it can be seen that
ws (1)

[w(2) — alwl(t -n) - Ezwz(t - U)]Tﬁl [wi (@) - 610)1(1 -n) - Ezwz(f -n)]
= [Ez(t) = Cz(t = )" JT T TFI J[Ez(t) — Cz(t — )]
= [Ez(t) — Cz(t — p)]" FIEz(t) — Cz(t — )]

(3.46)

(3.47)

(3.48)

(3.49)

(3.50)

(3.51)

“120) =
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< V(@)
< hs;, Yte (0, T]. (3.52)

By C; = 0 and C4 = 0, system (2.1) is equivalent to the following:

{ @1(t) = Ci(t — 1) — Cain(t — 1) = Ayw; () + Arws(t) + Dywi(t — 1) + Daws(t — 1), (3.53)
0 = A3, (1) + Agwy(t) + Dsw;(t — ) + Dywa(t — 7).
From (3.53), it can be deduced that
— = = =
wy(t) = —Ay Azwi(t) — Ay Diwi(t—n) — Ay Dywy(t —1)
= Liw (1) + Lyw(t — 1) + Lywy(t — n). (3.54)

According to (3.25) involved in the proof of Theorem 3.1, it can be seen that w’ (Hw(f) < k; (V1 €
[-7,0]). Then, for any ¢ € (0, 5], it can be deduced from (3.52) and (3.54) that

1 1 _ _ 1 _ _
IFiw (@) < Vh?l +IFIC Colllllet =l < Vhs + |IF}[C, Calllrr =1,
lwa Ol < 1Ly F P NF; wonONl + 1Ly Lalll llw(t = p)ll < WL F Iy + 1Ly Lilll v = Ry

(3.55)
For any 7 € (n,2n], we can get
IF; w0l < Vs + e F"H‘r] +IF TR, = Tz, (3.56)
lwx ()l < L Fy IITz + L F I+ (ILsIIRy =
For any ¢ € (nn, (n + 1)17] it can be deduced that
IF; w0l < Vhs + IF;C, F"n'r +IF TR = T, (3.57)
O < Ly Fy P [y + Lo F I + (ILall R = R

According to (3.34)—(3.36) involved in the proof of Theorem 3.1 and m; > my, it can be seen
that z7 (£)Uz(t) < ms holds for any ¢ € [0, T], which implies that this theorem holds. The proof is
completed. O

The following theorem also presents a sufficient condition such that system (2.1) is regular, impulse-
free, and finite-time stable.
Theorem 3.3. Suppose that sup {z(s)Uz(s)} < my and sup {ZT(s)Uz(s)} < my, where U > 0, m; > 0
—7]<s<0 —7]<s<0
and my > 0. In addition, suppose that X is a given matrix and satlsﬁes E'X = 0 and rank(X) = n — .
leenscalars,u>077>0h>0h>0gk>0(k—12 ,5), & =20k = 1,2,---,9),
m3 > 0(m3 >my), and T > 0, system (1) is regular, impulse-free, and satisfies z' () Uz(t) < m; (Vt €
sz3 =0, C; = 0, det(As) # 0, and there exist matrices F > 0, G, > 0(k = 1,2,---,5),
Zk (k =1,2,---,5), and W such that

Iy I'yz L{Z3 + G, (F + Z])TL3 + LITZ4 I'is
% Iy LgZ3 -Gy ZgL:; + LgZ4 I'»s

r=| = =« -2 ZIL, -7 | <0, (3.58)
* * * | Iss
* * % * I'ss
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§k1<Gk<§kl’ VkE{l,z, ’5}’ (359)
nl < F <hl, (3.60)
IU2F~3|Phy < m, 3.61)

where

G
Ty =LI(F+Z)+(F+Z) 'L+ XW)'A+ AT(XW) + G, + 7G5 — uF — —,
n

G
To=F+Z) L+ XW)'D+LZ, + 75 T'is = LI(Gy +nGs + Zs) - ZT,

Gs
Ip=-G +L2,+7'L, - e Tos = Ly (Ga+1Gs + Zs5) = Z;

Ty=-Gy+LiZy+ZI L3, Tys=LY(Gy+nGs+Zs)—Z,,

1 1
Iss=-G4—nGs—Zs—Zi, ox=|GU P (k=1,2,---,5),
2 2

3
oo
hy = |[F2U2|Pmy, hy = (o + oy + %0'3)’711, hy = (noy + %O'S)mz, hy = e E hi,
=1

L = (JE+ MyJA)'MJA, L,=E + M,JA)'M,JD, L;=JE+ M,JA)"'(JC — M,JD),

I, 0 0 0
(K B

Proof. By using a method similar to that used in the proof of Theorem 3.2, we can have that
system (2.1) is regular and impulse-free.

Next, we prove that system (2.1) satisfies z/ (1)Uz(t) < ms (¥t € [0,T]). Choose the following
Lyapunov-Krasovskii function for system (2.1):

V() = Vi(t) + Vo(o) + V3(1), (3.62)
where

Vi(t) = z2()" Fz(),

! t t 0 t
V(1) = f 21 (5)G z(s)ds + f ' (5)ds G, f 2(s)ds + f f 7' (5)Gsz(s)dsdp,
=1 I=n =1 -n Jt+

t 0 1
Vi(1) = f 21 (5)Gaz(s)ds + f f 21 (5)Gsz(s)dsdp.
t -n Ji+

-n
Similar to (3.15) and (3.16), we can get V,(0) < h, and V3(0) < hs. In addition, by (3.62), we can
have

Vi(0) = ' (0)Fz(0) = " (OUTU 2 FU "2U2(0) £ A (U FU2) sup {<"()Uz(9)} < . (3.63)

-n<s<0

From (3.53), it can be obtained that

{ 01(1) = Cron(t =) = Co(t =) = A (D) + Ao (®) + Drwn(t =) + Downlt =1 3600

0 = A3 (1) + Ay (t) + D3 (t — 1) + Dy (t — 17).
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According to (3.64)_, it can be seen that (JE + M,JA)z(t) — (JC — MyJD)z(t — n) = M JAz(t) +
M,JDz(t — n). By det(A4) # 0, it can be deduced that JE + M,JA is invertible. Then, we can have

2(t) = Lyz(t) + Lyz(t — ) + L3z(t — ). (3.65)
From (3.62) and (3.65), we can deduce
Vi(t) = 2z7 () Fz(t) = 2[Liz(t) + Loz(t — ) + Lzz(t — )] Fz(2), (3.66)

Va(t) < 2 ()G12(0) = 2 (t = )Grz(t — ) + 2[Z" () — 2 (t — ]G, f 2(s)ds
t=n

!

+nz" (NG3z(1) — }7 f

=n

7' (5)dsG; f 2(s)ds, (3.67)
t-n

. 1

Vi(t) < 2 (G4 + nGs)a(t) — 2" (t — n)Gaz(t — 1) — 5[20) — 72t -m1"Gslz(t) -zt —m)].  (3.68)

By ETX = 0, it can be seen that CTX = 0 and 77 (f)ET XWz(¢) = 0, which implies that
2[Az(t) + Dz(t — p))" XWz(t) = 0. (3.69)
From L,z(t) + Lyz(t — n) + L32(t — ) — 2(¢) = 0, it can be seen that

2ALiz(0) + Loz(t =) + Lzt =) = 2OV (20 Zy Z3 Za Zs)ET(1) =0, (3.70)

where (1) = [7()) T(t-m) [ (9ds F-n) o)
Similar to the proof of Theorem 3.1, it can be obtained that z” (£)Fz(t) < V(t) < e*T Y Iy =
hy (Vt € (0, T]). Then, we can get

T OUZE) = " (OFF 2UF T F23(t) < |\ U2F 2 |*hy < ms, Vte (0, T (3.71)

According to m3 > m; and (3.71), it can be seen that 7' (f)Uz(t) < mj3 holds for any ¢ € [0, T], which
implies that this theorem holds. The proof is completed. O

Remark 3.4. It can be seen that (3.65) is a regular neutral system. Therefore, Theorem 3.3 employs
regular neutral system theory to study the finite-time stability of singular neutral system (2.1). In
addition, Remark 3.3 can also help us to understand the conditions of Theorems 3.2 and 3.3 easily.
Therefore, we omit the explanations for the conditions of Theorems 3.2 and 3.3 in this paper.

Remark 3.5. In Theorem 3.3, we suppose that sup {z' (s)Uz(s)} < my and sup {ZT(s)Uz(s)} < mo.
-n<s<0 -n<s<0
If my is unknown, Theorem 3.3 can be not employed to analyze the finite-time stability problem of

system (2.1). In this case, we can use Theorem 3.2 to analyze the finite-time stability problem of
system (2.1) when Cs = 0 and C, = 0. If my is known, we can use not only Theorem 3.2, but also
Theorem 3.3 to analyze the finite-time stability problem of system (2.1) when C3 = 0 and C4 = 0, and
Theorem 3.3 is often better than Theorem 3.2.

Based on Theorem 3.3, we can have the following result on the asymptotic stability of system (2.1).
For the definition of the asymptotic stability of system (2.1), please see Definition 2 of [27].
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Corollary 3.1. Suppose that X is a given matrix and satisfies ETX_: 0 and rank(X) = n — @w. Given
scalars n > 0, system (2.1) is regular, impulse-free, and stable if C3 = 0, C4 = 0, det(A4) # 0, and
there exist matrices F >0,Gy >0k =1,2,---,5), Z(k=1,2,---,5), and W such that

I'y Ty L?Zg + Gy (F + 7 )TL3 + L{Z4 I'is
x Iy Lng -G, ZZTL3 + L§Z4 I'»s

r=| = =« — ZILy -7 | <0, (3.72)
* * * | I4s
x % * * I'ss
where
Gs

Ty =LI(F+Z)+(F+2Z) L + XW)'A+A"(XW) + G| +nG3 — —,
n

G
To=F+Z) L+ XW)'D+ L7, + 75 Tys = L(Gy +1Gs + Zs) - Z7,

G
Tp=-G + L2, + 7L, - =, Tys=LI(Gs +1Gs +Zs) - 7%,
n
F44 = —G4 + L§Z4 + Z{L3, F45 = L»j»T(G4 + T]G5 + Z5) - ZZ,
Iss = -Gy —nGs — Zs — Z4,
L = (JE+ MyJA) 'MJA, L,=E+ M,JA) 'M\JD, L;=JE+ M,JA) '(JC — M,JD),

I, 0 [0 o
(R R

Remark 3.6. Not only Corollary 3.1 of this paper but also Corollary 1 of [27] can be applied to
analyzing the asymptotic stability of system (2.1). It is worth pointing out that Corollary 1 of [27]
is obtained by using singular system theory, while Corollary 3.1 of this paper is obtained by using
regular neutral system theory. In addition, we find that Corollary 1 of this paper is often better than
Corollary 1 of [27]. In the following, we will give an example to show the advantage of Corollary 3.1
of this paper. Please see Example 4.3 of this paper.

4. Numerical examples

The following three examples are used to show the effectiveness of the results proposed in this
paper.
Example 4.1. Suppose that system (2.1) has the following parameters:

1 0 -0.35 0.37 -0.15 0.18 022 0 8 4
o I I il N (e i R B A P |

Setmy =278 my, =020, J =LY =1 and X = [ 8 (1) ] in this example. For convenience, set

x ={L2,---,5}
First, we calculate the minimum allowable ms for some different values of parameter 3. Set n =
051, T =15 g, =0(key), gi=12(kex), h=10.2, and p = 0.0001. In addition, set h = 2.44,
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6.43, 8.69, 9.90, and 10.19 when g = —0.9, —1.0, —1.1, —1.2, and —1.3, respectively. Table 1 lists the
values of the minimum allowable mz obtained by using Theorem 3.1.

Table 1. Minimum allowable m; for different values of £.

p=-09 p=-10 pg=-11 pg=-12 p=-13
Minimum allowable m3; 29.6009  18.8339  15.6536  13.9280 12.8905

Second, we calculate the minimum allowable ms for some different values of parameter 1. Set
B=-12T =15 g =0(key), g =12k € x), h =102, and u = 0.0001. In addition, set

h =10.19, 10.12, 9.70, 9.36, and 9.08 when n = 0.21, 0.41, 0.61, 0.81, and 1.01, respectively. Table 2
lists the values of the minimum allowable m3 obtained by using Theorem 3.1.

Table 2. Minimum allowable m; for different values of .

n=021 n=041 n=061 =081 n=1.01
Minimum allowable m; 12.9122 13.5138 14.3896 15.4533 16.6553

Finally, we employ a figure to further show the effectiveness of Theorem 3.1. Set T = 15, n = 0.51,
B = =12, and ¢(s) = [0.76,-0.62]" (s € [-0.51,0]). In addition, set 9(t) = z' ()Uz(t) (¢t € [0, T1]).
Figure 1 depicts the trajectory of ¥(t) (t € [0,T]). From Figure 1, it can be seen that ¥(t) < 13.9280
for any t € [0, T], which shows the effectiveness of Theorem 3.1.

15

13.9280

time t

Figure 1. Trajectory of ¥(f) = 7' (1)Uz(t) when 8 = —1.2 and = 0.51.

Example 4.2. Suppose that system (2.1) has the following parameters:

10 -0.26 0.28 ~0.17 0.18 0.29 0.21 5 =2
E‘[o 0]’A‘[ 0.89 1.27]’1)‘[—0.25 0.22}’C‘[ 0 0 ]’U‘[—z 6 ]

Setm; =3.02,J=1Y =1, andX:[O

0 1 ] in this example. For convenience, set y = {1, 2, 3}.
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First, we suppose that the upper bounds of sup {z(s)Uz(s)} are unknown. Our purpose is to
-n<s<0
calculate the minimum allowable ms for some different values of parameter n. We can employ

Theorem 3.2 to analyze the finite-time stability problem of the system considered in this example.
When the upper bounds of sup {z'(s)Uz(s)} are unknown, Theorem 3.3 is invalid. Set T = 15,

-n<s<0
g =0(key), g =12k € y), h = 1424, h = 202, and u = 0.0001. Table 3 lists the values
of the minimum allowable m; obtained by using Theorem 3.2.

Table 3. Minimum allowable m; for different values of .

n=0.5 n=1.0 n=1.5 n=2.0 n=2.5
Minimum allowable m3 99.5581 103.0167 106.7578 109.3732 112.9402

Next, we suppose that sup {z7(s)Uz(s)} < 0.12. Our purpose is to calculate the minimum allowable
—n<s<0

m; for some different values of parametern. SetT = 15, g, = 0(k € ), e =12k e)(),/h\ =20.2, and
u = 0.0001. In addition, set h = 7.57, 6.07, 4.96, 4.24, and 3.70 when n = 0.5, 1.0, 1.5, 2.0, and 2.5,
respectively. Table 4 lists the values of the minimum allowable ms obtained by using Theorem 3.3.

Table 4. Minimum allowable m; for different values of 7.

n=0.5 n=1.0 np=15 =20 75=2.5
Minimum allowable m; 7.2112  7.9938 10.2215 11.8405 15.4750

Finally, we employ a figure to further show the effectiveness of Theorems 3.2 and 3.3. Set T = 15,
n = 0.50, and ¢(s) = [0.33,-0.54]" (s € [-0.50,0]). In addition, set 9(t) = ' (HUz(®) (t € [0, T]).
Figure 2 depicts the trajectory of 9(¢t) (t € [0, T]). From Figure 2, it can be seen that 9(t) < 7.2112 for
any t € [0, T], which demonstrates the effectiveness of Theorems 3.2 and 3.3.

7.2112

time t

Figure 2. Trajectory of 9(¢) = z! (t)Uz(f) when n = 0.50.
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022 0

-0.16 0
Theorems 3.2 and 3.3 can be not applied to analyzing the finite-time stability of the system considered

in Example 4.1. In addition, Theorem 3.1 can be not applied to analyzing the finite-time stability of the
system considered in Example 4.2.

For the system considered in Example 4.2, it can be seen from Tables 3 and 4 that Theorem 3.3 is
better than Theorem 3.2 when sup {7 (s)Uz(s)} < 0.12.

—n<s<0

Remark 4.1. In Example 4.1, it can be seen that C = JCY = C = . Because C5 # 0,

Remark 4.2. The methods presented in this paper can be employed to analyze the finite-time stability
problem of the systems considered in Examples 4.1 and 4.2. However, references [25-42] can be not
applied to analyzing the finite-time stability problem of the systems considered in Examples 4.1 and 4.2
because [25—42] did not study the finite-time stability of singular neutral systems.

Example 4.3. Suppose that system (2.1) has the following parameters:

10 ~0.25 0.30 ~0.27 0.28 0.89 0.81
E‘[o 0]’A‘[ 0.86 B ]’D‘[—oss 0.32]’C‘[ 0 0 ]

SetJ=1Y=1 and X = in this example.

0
01
We pay attention to the asymptotic stability of the system considered in this example. We calculate
the maximum allowable time delay n for some different values of parameter 5. Corollary 3.1 of
this paper and Corollary 1 of [27] can be employed to analyze the stability problem of the system
considered in this example. It can be seen from Table 5 that Corollary 3.1 of this paper is much better

than Corollary 1 of [27].

Table 5. Maximum allowable 7 for different values of S.

=090 p=1.10 p=1.30 p=1.50 p=1.70
Corollary 3.1 of this paper 0.9973 2.5280 4.2609 4.9613 5.3065

Corollary 1 of [27] - - - - -
Symbol "-" means that the method is invalid when n > 0.0001

5. Conclusions

By using the Lyapunov-Krasovskii function approach and regular neutral system theory, this paper
has investigated the finite-time stability for singular neutral systems with time delay. Some sufficient
conditions have been proposed to guarantee the considered systems to be regular, impulse-free, and
finite-time stable. Three numerical examples have been provided to show the effectiveness of the
obtained results. Tt is noted that Theorem 3.1 is obtained under the condition that C, = 0 and C4 = 0.
Theorem 3.2, Theorem 3.3, and Corollary 3.1 are obtained under the condition that C;=0andC, = 0.
One of our future works is to study the finite-time stability for singular neutral systems that do not
satisfy the conditions just mentioned. In addition, studying the finite-time stability for other systems,
such as positive singular neutral systems, fractional-order singular neutral systems, and T-S fuzzy
singular neutral systems, is also our future work.
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