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Abstract: This work was concerned with the weakly coupled system of semi-linear wave equations
with time dependent speeds of propagation, damping terms, and derivative nonlinear terms in
generalized Einstein-de Sitter space-time on R”. Under certain assumptions about the indexes ki, k»,
coeflicients uy, u,, and nonlinearity exponents p, ¢, applying the iteration technique, finite time blow-
up of local solutions to the small initial value problem of the coupled system was investigated. Blow-
up region and upper bound lifespan estimate of solutions to the problem were established. Compared
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solutions obtained in this work varies due to the influence of coefficients k;, k,.
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1. Introduction

Nonlinear is one of the important scientific phenomena which widely exists in different physical
systems. The nonlinear wave equation is a typical hyperbolic equation which possesses important
physical background and theoretical significance. It can be used to explain and simulate many physical
phenomena, such as the propagation of sound waves, small vibrations of elastic rods, and so on. The
stability and fracture behavior of nonlinear problems are extremely important research topics. In the
nonlinear systems, different initial exponential components can lead to different characteristics of their
mathematical solutions. Due to the influence of nonlinear factors, waves will become steep during
propagation until they break. Due to the existence of friction phenomena in reality, factors such as
damping are inevitable, which could have a certain impact on the energy of physical systems. The
coeflicient in the damping term depending on time variable could affect the energy decay rate of the
solution to the wave equation. Nonlinear external forces could affect the fracture behavior and lifespan
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estimation of the solution. Recently, many mathematicians pay attention to the blow-up and lifespan
estimate of the solution to the nonlinear wave equation together with its generalized forms, which are
related to the famous Strauss conjecture (see detailed illustrations in [1-3]).

In the present work, we study the Cauchy problem for a coupled system of semi-linear wave
equations with damping terms and derivative type nonlinearities in Einstein-de Sitter space-time, which
is shown as follows:

ey — 2 At + %u =P, (x,0)eR"x[1, ),

Vi — 22 Ay + %v, =lul?, (x, 1) eR"x[],),

(1.1)
u(x,1) = efi(x), u(x,1)=eg(x), xeR",

v(x, 1) = gfp(x), v(x,1)=¢gg(x), xeR"

Here,n > 1, p,q > 1, k; € [0,1), ; = 0,i = 1,2. fi(x), gi(x) (@ = 1, 2) are nonnegative functions
which satisfy supp (f;, g)) € Bg(0) fori = 1, 2, where Bg(0) = {x| |x| < R}, R > 2. s a small positive
parameter describing the size of initial data.

To begin, we recall some known results for the classical wave equation

uy; — Au= f(u, u,), xeRY t>0, (12)
M(x, O) = Ef(.x), Ml‘(x7 0) = 8g(x)a X € Rn .
It is well-known that problem (1.2) with power nonlinearity f(u, u,) = |u|’ possesses the Strauss

exponent ps(n) (see [2]). In addition, pg(1) = co. When n > 2, ps(n) is the positive solution to
quadratic equation

—n-Dp*+(+Dp+2=0.

More precisely, a solution to the Cauchy problem of the wave equation with small initial values blows
up in finite time when 1 < p < ps(n). If p > ps(n), there exists a unique global (in time) solution.
Lifespan estimate of solution to the initial boundary value problem of the variable coefficient wave
equation with f(u, u,) = |u/’ on exterior domain in two dimensions is obtained by employing the
Kato lemma (see [4]). Both the blow-up result and existence of the global solution to problem (1.2)
with f(u, u,) = |u,|" are discussed in [5, 6]. Problem (1.2) with f(u, u,) = |u,|” possesses the Glassey
index pg(n) = 1+ ;1271 When 1 < p < pg(n), a solution of the equation blows up in finite time.
When p > pg(n), the problem admits global solution. Zhou et al. [7] established blow-up of the
solution to the initial boundary value problem of the variable coefficient wave equation with derivative
nonlinearity by solving inequalities of ordinary differential equations. Nonexistence of the global
solution to problem (1.2) with f(u, u;) = |u,|? + |u|? is derived (see [8,9]). The proof is based on
the Kato lemma and test function method. Existence of global solution to the wave equations is
considered in [10-12]. Kitamura et al. [13] obtained the lifespan estimate of classical solution of
nonlinear wave equation with spatial weight in one space dimension. Lai et al. [14] derived lifespan
estimate of solution for 2-dimensional semi-linear wave equation in asymptotically Euclidean exterior
domain. Formation of singularities of solution to the semi-linear wave equation in general dimensions
are investigated (see [15-19]). Ming et al. [20] considered blow-up of solution to the semilinear Moore-

Gibson-Thompson equation, which is structurally similar to the wave equation. Concerning the related
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study of hyperbolic type equations and other models, we refer readers to the related references [21-24]
for more details.

Taking k; = k, = p; = p» = 0 in problem (1.1), we obtain the following small initial value problem
for the coupled system with classical wave equations:

Uy — Au = |vt|p s (-xa t) e R" x [O’ OO),
Vi — Av = |ut|q » (X, t) eR"x [Oa OO), (13)

(u, ug, v, v)(x,0) = (gup, uy, vy, evi)(x), xR

We bear in mind that problem (1.2) is a special case of problem (1.3) when p = g and u = v. Now,
we make brief review of the existing literature on the dynamic properties of solutions to the coupled
system of wave equations. There are several research results on the blow-up of the solution to the
problem (1.3). Nonexistence of the global solution to the coupled system is shown in [25,26]. Ikeda
et al. [27] studied the behavior of solutions to the problem in different coupling cases with a variety of
nonlinear terms. Series blow-up results and upper bound lifespan estimates of solutions to the problem
are obtained. Based on the above results, it can be seen that there is a (p, g) critical curve, which
describes the blow-up and existence of global solutions, namely,

Q(n, p,q) := max (A(n, p,q), A(n,q,p)) =0,

where : .
+ n-—
A p.gy=L"— -T2 (1.4)
pq —

1 2

and p,q > 1. When Q(n, p,q) < 0, there are global solutions to the Cauchy problem (1.3). When
Q(n, p,q) > 0, no matter how small the initial values are, the solutions always blow up in finite time.
Upper bound estimate of the lifespan of solutions satisfies:

Ce e Q(n, p,q) > 0,
T(e) < {exp(Ce V), Qn.p.q) =0, p#q. (1.5)
exp (Cg_(”_l)) . Qn,p,q)=0, p=gq.
Kubo et al. [28] proved the existence of the global solution to the problem in the three-dimensional and
radial symmetry case.

In problem (1.1), let ky = k, = —m, m > 0, u; = u, = 0. We arrive at the following small initial
value problem for coupled Tricomi equations:

Uy — tzmAu = |Vt|17 H (X, t) € Rn X [05 OO)’
Vi — IZMAV = |ut|q s (-x’ t) e R" x [O’ 00)9 (16)
(U, g, v, v)(x, 0) = (gug, guy, €vo, £vi)(x), x € R"

When p = ¢, and u = v in problem (1.6), we obtain the Cauchy problem for the single Tricomi
equation, namely,

u, — " Au = f(u, u,), xeR", >0,
{ i fu, u) (1.7)

u(x,0) =ef(x), u(x,0)=eg(x), x€eR".
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The Tricomi equation arises in gas dynamic problems, which is associated with the gas flows with
nearly sonic speed describing the transition from subsonic flow to supersonic flow. Let us recall some
related investigation of the Cauchy problem for the Tricomi equation. Problem (1.7) with f(u, u,) = |ul?
possesses the Strauss critical exponent pg (m, n), which is the biggest root of quadratic equation

2, 2
—[l/l—1+(1—m)]p +[n+1—3(1—m)]p+2—0.

Applying the iteration argument, Lin et al. [29] derived blow-up dynamics and lifespan estimates of
solutions to problem (1.7) with f(u, u,) = |u|” in the subcritical and critical cases. Lifespan estimate
of solution to problem (1.7) with f(u, u,) = |u,|” 1s deduced by applying the test function technique
(D(x, 1) = —t‘zmat(nif;,(t)l(t)w(x)) (see [30]). Chen et al. [31] investigated the blow-up result and upper
bound lifespan estimate of solution to problem (1.7) with f(u, u,) = |u,|’ + |u|?, where the iteration
method is used. It is worth it to mention that pg (0, n) coincides with the Strauss critical exponent pg (1)
of the classical wave equation. We refer the readers to [31-34] for the relevant illustrations.

Recently, the study of the Cauchy problem of the semi-linear Tricomi equation with damping term
and mass term

{ut, — " Au+ g(u) + h(u) = f(u, u), x€R", >0, 08

u(x,0) = eup(x), ux,0) = eu;(x), xeR"

attracts more attention, where g(u,) is the damping term and h(u) is the mass term. For the case
of m = 0 in problem (1.8), using the test function technique, Ikeda et al. [35] studied formation of
singularity for the solution to the semi-linear wave equation with damping term and mass term in
the subcritical and critical cases. Lai et al. [36] showed the blow-up result and lifespan estimate of
solutions to problem (1.8) with space dependent damping term, potential term, and power nonlinearity
by employing the test function technique. Ming et al. [37] discussed the Cauchy problem of the semi-
linear wave equation with scattering time dependent damping term and divergence form nonlinearities.
Upper bound lifespan estimate of solution in the subcritical and critical cases is deduced by making use
of the rescaled test function approach and iteration method. Hamouda et al. [38, 39] verified the blow-
up result of the solution to problem (1.8) with —1 < m < 0, g(u,) = ut™'u,, h(u) = 0, and derivative
nonlinearity in the case of # > 1. That is,

uy — 1 *Au + 'liu, = |u,l?, xeRY t>1,
t (1.9)
M(X, 0) = EMO(X), ut(-x7 0) = 81/!1(.X), X € Rn,

where k € (0,1). Under certain assumptions, Hamouda et al. [39] applied the test function method
to derive the functional differential inequality of solution in the generalized Einstein-de Sitter space-
time. Blow-up index p = pg(n,k,u) = 1 + m is presented. When 1 < p < pe(n,k,u), a
solution of the equation blows up in finite time. In the special case u = 2, Hamouda et al. [38] derived
the blow-up result for the semi-linear wave equation in generalized Einstein-de Sitter space-time with
derivative type nonlinearity by taking advantage of the integral representation formula for the solution
and Yagdjian integral transform technique. Palmieri [40] deduces formation of singularity for solution
to problem (1.8) with m > —1, g(u,) = ut~'u,, and h(u) = v*t2u for t > 1 by applying the iteration
method, where the nonlinear term is power type. Similar to the approach utilized in [39], Hamouda et
al. [41] considered formation of singularity of the solution to the corresponding small initial boundary
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value problem (1.8) with m > 0, g(u,) = ut 'u,, and h(u) = 0 on exterior domain. Blow-up dynamics
of the small initial value problem of the Tricomi equation with the general damping term, and mass
term are presented (see [42]). The related results of generalized variable coefficients wave equations
are obtained in [43—46]. We also refer the interested readers to the references [47-51] for more details.

Now, we turn to problem (1.6). Under certain hypothetical conditions, there is a (p,q) curve
(which has not been proved to be critical or not) regarding the formation of singularity of solutions
to system (1.6), that is,

Q(n,m, p,q) := max (A(n,m, p,q), A(n,m,q, p)) =0,

p+l nm+1)-2m—1

where A(n,m, p,q) = e > . When Q(n,m, p,q) > 0, the solutions (i, v) of the problem
blow up in finite time 7'(g), which satisfies:

CS—Q(n,m,P,q)’ Q(n, m, p, q) > O,
T(e) <{ exp(Ce V), Qn,m.p.q)=0, p+#gq,
exp (Cs_("_l)) . Q(n,m,p,q)=0, p=gq.

For the mixed form of nonlinear terms in problem (1.6), relevant research of upper bound lifespan
estimates of solutions can be referred to [52,53]. The related study of the blow-up of solutions to
problem (1.6) containing scale invariant damping terms and mass terms is shown in [54].

In problem (1.1), letting k; = k, = 0 and modifying the time coefficient of damping terms, we obtain
the small initial value problem of coupled system with scale invariant damping terms as follows:

Uy — At + 1“—+1tu =’ (x5 €R"x [0, 0),

vy — Av + lﬂ_jtvt =|ul?, (x,1)€R"x][0,0), (1.10)

(l/l, Us, v, vt)(x, 0) = (su()’ €U, EV, EV] )(X), DS Rn-

Chen and Palmieri [55] first show the critical curve of system (1.10) in the effective case by
applying the contraction mapping technique and test function method. By constructing appropriate
functions, Hamouda et al. [56, 57] obtained the coupled integral inequalities. Blow-up of solutions
to problem (1.10) is established by taking advantage of the iterative method. In addition, lifespan
estimation 7T'(¢) of solutions satisfies:

Cs—(Q(n,ﬂlaﬂz,PafI))’l, -Q(n,,ul,,uz’ 12 (]) > 0,
T(e) < exp(Ce™™™), QG p1, 2, p.9) = 0, p # g,

(g1 pg-1

exXp (Cg_mm( pria )) ’ Q(nnul’:u% P q) = O’ pP=4dq,

where Q(n, uy, u2, p,q) = max (A(n + wy, p,q), A(n + uz,q, p)) (here, A(n, p, q) is defined by (1.4)).
Blow-up region of solutions to the problem is presented. In problem (1.10), by replacing the coefficient
of damping terms % (i = 1,2) with general nonnegative continuous and integrable functions b;(¢) (i =
1,2), we obtain a general weakly coupled system of semi-linear damped wave equations. By applying

the multiplier technique, Palmieri and Takamura [58] proved that there is a (p, g) critical curve for
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solutions to the problem. Compared with that of problem (1.3), the (p,q) critical curve does not
change. Upper bound estimate for the lifespan of solution is the same as (1.5). The studies of the
blow-up and existence of global solutions to coupled systems with other types of damping terms and
nonlinear terms are presented in [27,59-61].

Since the wave speeds change with time in problem (1.1), we transform the damping terms to obtain
scale invariant dampings, namely, u;(x, 71) = u(x, t), vi(x, 72) = v(x, t), where

1-k;

—, i=12 1.11
o =h (1.1D)

T = ¢k,(t) =
Then, u;(x, 1) and v{(x, 7,) satisfy the following equations, respectively:
(Ml)‘rlﬁ - AMl +

24 kp Lok
= (1= k)™ (1 = k)57 ),

p

b

Mo — ky

T -A S
Voo, = Av1 + (1 = k)1,

(Vl)‘rz
2% ke £ gl
= (1= k)™ (1= k)" ) f [
In fact, we make the transformation of time variable ¢ in (1.11), so that the ranges of compact support
of u(x,t) and v(x, t) are

supp (u,v) € {(r,1) e R" x [1,00)| || < g () + R}, i=1,2.

Inspired by the works in [38,39,41,42,54,56,62], our target in this paper is to investigate blow-up
and lifespan estimates of solutions to the weakly coupled system of the semi-linear wave equation with
scale invariant dampings and derivative nonlinearities in generalized Einstein-de Sitter space-time.
We observe that nonexistence of the global solution to the Cauchy problem of the semi-linear wave
equation with derivative nonlinearity in the generalized Einstein-de Sitter space-time is derived in [38].
The proof is based on the integral representation formula for the solution to the corresponding linear
problem in the one-dimensional case, which is determined through the Yagdjian integral transform
approach. It is worth noticing that Hassen et al. [42] verified the nonexistence of global solution to the
generalized Tricomi equation with scale invariant damping, mass term, and derivative nonlinearity
in the subcritical and critical cases. Upper bound lifespan estimates of solution to the problem
are obtained by making use of the method of solving inequalities of ordinary differential equations.
Employing the similar method in [42], Hamouda et al. [41] established the blow-up dynamic and
lifespan estimate of solutions to the initial boundary problem for the generalized Tricomi equation with
scale invariant damping and derivative nonlinearity on exterior domain. For problem (1.9), Hamouda et
al. [39] exploited the test function method to establish functional differential inequality of the solution
in the generalized Einstein-de Sitter space-time. Blow-up region and upper bound lifespan estimates of
solutions to problem (1.9) are established. Hamouda et al. [56] obtained the blow-up of solutions to the
Cauchy problem of the semi-linear wave equation with scale invariant damping terms (namely, problem
(1.10)) by deriving the coupled integral inequalities and using the iterative approach. Improvement on
the blow-up results of solutions to the weakly coupled system of wave equations with scale invariant
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damping terms, mass terms, and derivative nonlinearities are considered (see [62]). Taking advantage
of the test function technique, Hassen et al. [54] investigated the blow-up phenomenons of solutions to
the weakly coupled system of the generalized Tricomi equation with scale invariant dampings, mass
terms, and derivative type nonlinear terms. From our observation, there is no related results for blow-up
and lifespan estimate of solutions to problem (1.1) with scale invariant damping terms and derivative
nonlinearities in the generalized Einstein-de Sitter space-time. The main difficulties in this work are
to establish appropriate iterative frameworks in the coupled system case and lower bounds for the
constructed functionals, which are used to derive the finite time blow-up and upper bound lifespan
estimate of solutions. We extend the problem studied in [39] to problem (1.1) by utilizing the test
function method, which is different from the constructed functions in [54,62] (see Theorem 1.1). The
results in Theorem 1.1 coincide with the results in [39] when p = g and k| = k;. As a consequence, the
results in [39] are a special case of the results in Theorem 1.1. Compared with blow-up results in the
work [56], when k; = 0, i = 1, 2 in problem (1.1) (that is, o; = y;), blow-up region Q(n, o, 02, p, q)
of problem (1.1) is same as that in [56]. The blow-up region of solutions obtained in this paper varies
due to the influence of the coefficients k;, k. To the best of our knowledge, the results in Theorem 1.1
are new.
For the problem (1.1), first of all, we present the definition of its energy solutions.

Definition 1.1. Let (f;, g;,) € H'(R") x L>(R"), i = 1, 2. The solutions (u, v) are called energy solutions
of problem (1.1) on [1, T), if

(u,v) € C([1,T), H'®R") N C'([1,T), L*(R™)),
u € L] (1, T)xR"), v, e L] ((1,T) xR"),

and the following two equalities are satisfied:

f u,(x, )®(x, t)dx — a‘f g1(x)D(x, dx

ffut(x $)D;(x, s)dxds+f fVu(x, S)VO(x, s)dxds
n R’l
+ff —u,(x, $)D(x, s)dxds
1 Jrn S
= f f v (x, )I” ®(x, s)dxds,
1 Jr»

f vi(x, H®(x, £)dx — sf gg(x)(i)(x, Ddx
Rr "

—f f vi(x, $)®,(x, s)dxds+f _Zsz Vv(x, $)VD(x, s)dxds
R” R”
ff —v,(x $)D(x, s)dxds
Rﬂ
= f f lui(x, $)|? D(x, s)dxds,
1 Jr»

where @, ® € CY(R" x [1,T)).
The main result of this paper is stated below.
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Theorem 1.1. Let Q(n, 0,05, p,q) = max(A(n+ oy, p,q), A(n+03,q,p)) = 0, where A(n, p,q)
is defined by (1.4), o; = ki + u;, i = 1,2. Suppose that f; € H'(R"), g € L*@R") are non-
negative functions which are not identically zero. If (u,v) are the energy solutions of problem (1.1)
which satisfy supp (u,v) C {(x, HeR"x]|I, oo)| |x] < ¢, (2) + R}, then there exists a positive constant
eo(n, ky, ko, uy, 12, f15 12, 81, 82, T3) (T is a positive constant), such that for all € € (0, &), the upper
bound estimate of lifespan T (€) of (u, v) satisfies:

-1
Cetim, Qn,o1,02,p,9) = An+o01,p,q) 20, 01 > 0,
pg—1
T(E) < Cgﬁ’ Q(I’l, 01,02, D, Q) = A(n + 0, q, p) > O» (O] < 0, (112)

pg=1 pg-1

exp (Cs‘mi (554 )), An+o,p,q) =An+0s,4q,p) =0,

where the constant C is independent of &, A| = %(pq -+ %pg+Fp, B =Fp+F +p+1,
a2

Ay =5Npg - 1)+ Spg+%q B =Fq+ F+q+ 1.

Remark 1.1. It is worth it to mention that the upper bound lifespan estimate (1.12) of solutions to
problem (1.1) in Theorem 1.1 coincides with the results in [39] when p = g and k; = k,. In addition,
when k; = 0, i = 1, 2 in problem (1.1) (that is, o; = y;), blow-up region Q(n, oy, 0, p, g) of problem
(1.1) is the same as that in [56]. Therefore, the results in [39, 56] could be viewed as special cases of
the results in Theorem 1.1. Moreover, the results in Theorem 1.1 complement the case that propagation
speeds of generalized coupled wave equations with dampings and derivative type nonlinearities contain
power functions with negative exponents.

2. Related lemmas

Suppose that p;(¢) (i = 1, 2) satisfies the following differential equation:

d? o d (u; :
ﬁpi(l‘) -t 2k',0i(l') - E (’u?p,(f)) =0, t>1,i=1,2.

According to [34,39], p;(¢) can be expressed as
o) = 15K o (B(0), 121, i=1,2, 2.1)
20k

where ¢, () are defined by (1.11),

K, (1) = f ) exp(—tcoshé)cosh(vé)dé, v e R.
0

It holds that B}
thip(t
im 22D o, 2.2)
= (1)
p1(D)e? @ > Calt"‘%’ P (e P > C(;pti”’““z“”’ 2.3)

where Cj is a positive constant. Similarly, we acquire

—q(ky+up)
2

~_| katry - _ ~_
P2 > C't, pl(e e > C ,
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where Cy is a positive constant.
We define the function ¢;(x) (i = 1, 2) as follows:

ef+e*, n=1,
@i(x) = '
e dw, n>2.
Sn—l

Therefore, we obtain Ag;(x) = ¢;(x). Let W;(x,1) = ¢;(x)p;(¢) (i = 1,2). It holds that AW;(¢) = Y;(x, 1)

and
2

d , d (i
L px. ) — r2RAW(x, 1 ——(—"Pi ,t):O.
W) (0~ (B

Lemma 2.1. [I7] Let r > 1. It holds that

f Wi(x, f)dx
{Ix|<, ())+R) (2.4)

@=n=1)

< Cipie O (1 + ¢ () 2, t=1,i=1,2,

where C; is a positive number C; = C(n, uy, (o, k1, k2, p, g, R, r).
Now, we define the following functions related to the solutions u(x, f) and v(x, f) of problem (1.1):

Gl(t):f u(x, )V (x, t)dx, Gl(t):f u(x, )V (x, t)dx,
Rn

n

G,(1) = f v(x, W (x, dx, Go(t) = f v(x, O, (x, Hdx.

Rn

In the lemma below, we present lower bound estimates for G:(¢) and G;(¢).

Lemma 2.2. [39] Suppose that (u,v) are solutions to problem (1.1). The initial value functions
fi.gi(i = 1,2) satisfy the assumptions of Theorem 1.1. Then, there exists a constant T, =
To(ky, ky, 1, o) > 2 such that

Gi(t) > Cgeth, t>Ty, i=1,2,
where Cg, = CG,v(fl,gl,fz,gz,n, ki, ka, 1, p2, R).

Lemma 2.3. [39] Suppose that (u,v) are solutions to problem (1.1). The initial value functions
fi»8i (i = 1,2) satisfy the assumptions of Theorem 1.1. Then, there exists Ty = T(ky, ky, u1, u2) > Ty
such that

Gi1)=Cge, 12T, i=1,2
where Cg, = Cg,(f1, 81, f2, 82,1, k1, ko, gy, 12, R). It holds that

pi P
p1(1)

G (t) +

]Gl(t):ff vi(x, I Wi(x, s)dxds + eC(f1, 81)s (2.5)
1 R"
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G;(r)+[’ﬂ—p i(t)]él(t):t_2k‘G1(t)+ f v, (x, DP ¥, (x, 1)dx, (2.6)
t pi() R"

where p;(?) is defined by (2.1).

Remark 2.1. For G,(r) and G)(f), we acquire similar forms of (2.5) and (2.6) with suitable
modification, which are omitted here for simplification.

3. Proof of Theorem 1.1

P (@)

Let a be a positive constant. Multiplying both sides of (2.5) by azs

and using (2.6), we arrive at

G’(t)+(— — (- p‘Et;)G](t)

2k @(&_p’lm))g
( o\ ao)) Y

pl(
p1(0)

Ivz(x DI W1 (x, dx

- pl()ffw,(x I Wi (x, s)dxds, t> 1.
p1(?)

Noticing the condition (2.2), we choose T, > T such that

Gl + (— —a- )p"(t))él(n

1(2)
gat™™ ok
> 5 C(fi,g1)+ 1 -4a)tG(t) + f [vi(x, DI W1 (x, H)dx (3.1)
arh

—+

f f [v.(x, )P ¥1(x, s)dxds, t>T,.

We set o € (%, i) Using Lemma 2.2, formula (3.1) can be rewritten as
()N -
Gi(1) + (— (- ))Glm
p1(2)
sa/t
C(fl,gl) + f [v.(x, H)|” W (x, H)dx (3.2)

t‘kl !
+ f [v.(x, )P Vi (x, s)dxds, t>T,.

2 1 Rn

In the following, we set
!

Li(t) = Te f f [v,(x, $)|P W1 (x, s)dxds + €C,, 3.3)

1 !
L(t) = T3 f |y (x, $)|7 Vo (x, s)dxds + £Cs,
Rll
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_ i [(@C(1,81)  aC(f2.82) ~ .
where C, = mm( Hive) * dita) ,CGI,CGZ)

Let Fi(f) = G1(t) = Li(¢) (i = 1,2). Making use of (3.2), we know

m pl(t))
Fi(@) + ( (1 ) Fi(1)
z— f v, (x, DIP W, (x, £)dx
16 Jg»
a 1 [m *1p1(0)
+ ———(E—(l+a)—l(t) ))

p1(0)

where T3 > T,. When ¢ > T3, we arrive at the following inequalities:

a 1 1&_ Pl()
z‘ﬁf’c(t a+ >pl<>)>°

k1 "(t
C(fl,gl) Cz(f‘_lkl_( @) pl()))gt_kl, > T,

N pl()
S C(finen - Qﬁ( (1+ OJ 0.

Thus, we obtain
p1(0)
p1(1)

and integrating over (73, t), we acquire

F’(t)+(——(1—) )Fl(z)zo, t>Ts. (3.4)

Multiplying both sides of (3.4) by

1+a()

Téll ,O%Jra(l)
pit(Ts)

F](l)ZF](T3) t>Ts.

’ =

Combining the definition of C, and applying
F\(T3) = G\(T3) — Li(T3) > G1(T3) — Cg,€ > 0,
we conclude F(t) > 0. It follows that
Gi(0) > Li(1), t>Ts.

Similarly, we have
Gy(t) > Ly(t), t>Ts. (3.5)

Making use of the Holder inequality and (2.4) yields

[vi(x, )" P (x, t)dx
R’l

P 1 -(p-1 »
> ( f ¥ (x0T (x, t)dx) ( f vi(x, )P (x, t)dx) (3.6)
{Ixl<¢x, (D+R} .

> Cl P p1(0p,"(1)e PO (1 4+ ¢y (1)
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Substituting (2.4) into (3.6) leads to

vi(x, DI W1 (x, Hdx
Rﬂ
p— 1 1— [7 (1 lll)(P D -
>C," C, (1 + ¢, (1)
Combining (3.3) and (3.5), we have
L > G L0, 1> T, (3.7)
where C; = C3(p, g). Similarly, we obtain
(q=1)(kp +pp +n—1)
Lyt)y>Cst— 2 Li(t), t>Ts. (3.8)
Integrating (3.7) and (3.8) over (T3, t) gives rise to
d —1 +u+n—1
L) = Cy f (s+ T3 7 [2(s)ds + eCs, 1> Ts, (3.9)
T3
t _ (g— l)(k2+;12+n 1)
Lyt)>Cy | (s+T3) Li(s)ds + €C5, t>Ts. (3.10)
T3

In the following, we define
oi=ki+u, @G=1,2). (3.11)

3.1. Case Q(n,o1,0,,p,q) >0
We note the constant 75 > 2. Using the definition of o; (i = 1, 2), (3.9) and (3.10) can be rewritten

as follows: )

L 2Cy | (s+T) 7032 [2(5)ds + Cye, 12T, (3.12)
T3
f

L)1) = Cy f (s+T3) TGV T2 Y5)ds + Cze, 12 Ts. (3.13)
T3

Suppose the condition Q(n, 07y, 0, p,q) = A(n + o1, p,q) > 0. In the following, we assume
Li(t) > aj(t+ T)Pit = T3), t>T;, (3.14)

where {a/ J} { ]}JGN { } o, are nonnegative sequences of real numbers.
When j = 0, we set @y = Cr¢, By = 0, vo = 0. We intend to prove that (3.14) is true for all j > 0.
Substituting (3.14) into (3.13), we get

!
L) = Cy | (s+T5) 7@ F-399(5)ds
T3
t

Bl 1)+ R as, _
> Caaf | (s+T3) 2 (@-D+F=F4-B; (5 _ T)Pids
T3

!
> C4a/?(t + T3)—’%‘(q—1)—72q—qﬂj f (s — T3)qyj+72ds
T

o =t o o
= Cyai(qy; + 72 + )7+ Ty) T @ DT - Tt T
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where t > T3. Substituting the above lower bound estimate for L,(¢) into (3.12) yields

t
ol 4221
Lit)y>2Cy | (s+T3) 2P0 5727 [P(5)ds
T3

p+1_ pq
. C, a;

- g
(qvi+F+
X (s = T3Pt 3P+ g

p+1 _pq
a’;
C, i

>
- g
(qyj+F +DP
!
X f (s — T3)PP+2rea+ g
T3

p+1 _pq
a'

C, ]
gL

T @yt E D (pqy + Sp+ S A p D)
X (1 + T3)—%(pq—1)—%2pq—‘%p—pqﬁj

t
(s + T3)—%(pq—1)—%2p -5 p-paB;
1)p T3

(t + Tﬁ‘%(!’q—])—%P -5 p-paB;

X (t = T3)PPr 3Pl s Ty
Making use of (3.14), we have
1,02 —»,02 01
@j1 =CY (G +1+ay)"(Sp+—
n-1 (o) 0
Birt = ——(pq =1+ —="pg+ —p + p4p;.
() g1
Vi = 5P+ +p+1+pgy;

LetA; = %(pq — 1)+ Fpg + 3 p, Bo = 0. Employing (3.16) leads to
Bj = A1+ pgpBij-

j-1
= A1 ) (p9)* + (p9)Bo.
k=0
In a similar way, we have
(pg)y -1
y; = L iy
Pq

where By = 3 p+ 3 +p+ 1.
According to a;, y; < %(pq)j, and (3.15), we acquire
01

2
+p+ 1+ pgyi) " e

@; = Cf“(% +1+ cm_l)"’(%p +

pq

p+1,02 01
>Cl N (=p+—= "

2 2

: Bl —(p+1) :
2 C; ( P 1) (pqy "M,

Cs
= Cs(pg) " Val?,.

+p+ 1+ pgypel?,

+p+1+pgyi) el

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)
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Taking the logarithm of both sides of (3.19), we derive

loga; > pgloga;_; — jlog(pq)erl +log Cs
> (pg)*loga;o — (j + (j— 1)pg) log(pg)”™" + (1 + pg) log Cs

Jj-1 j-1

> (pg)’ log a — [Z(j - k)(pq)"] log(pg)”*' + (Z(pq)"} log Cs
k=0 k=0

= (pg)’ (IOg a0 - —2L tog(pgyt! + 25 )
(pq — 1) pq—1

log(pg)”™" |, log(pg)”™™  log Cs
pq—1 (pg—-1?* pg-1
>0

+(G+ 1)

Let j > j = max {O, loé(giqc)ﬁﬂ — %}. It follows that

loga; > (pg)’ log(Cse), (3.20)

pa(p+1)

1
where Cg = C;3 (pq) ve-1? CS”"" . Finally, combining the formulas (3.14), (3.17), (3.18), and (3.20), we
arrive at

po)/-1 (re)/-1

—A 22t B 2L~
Li(t) 2 aj(t+T3) "' reT (1 —=T3)"" raT

(pg)i-1

> exp ((pg) 1og(Cee)) (1 + To) ™ 57 (1 = T3y 5t

B, (3.21)

pg—1

A
pq—1

= exp ((pq)j (IOg(Cas) - log(t + T53) + log(z - T3)))

A B ~
X (t+ T3t (t—Ts) mt, j>7], t>T;

Let ¢t > 3T5. Hence, 2(t — T3) > t + T5. According to (3.21), we have

Ly(1) = exp ((pq)f log (2-%c68(t ; n)%))
(3.22)

X (t+ T (t =Ty 7, j>7 t>Ts
Combining the definition of A(n + o, p, ¢) and its nonnegativity, we know

Bi -4 _owplg-D+olp-1) p+1 n-1
pg—-1 — 2(pg—1) pq—1 2

s -—g+onl=-p) o

2(pg—1) 2
_ p(g — 1)(o —072)
2(pg - 1)

% > 0. Because of t + T; > 4T3, we choose gy =

eo(n, ki, ky, uy, o, f1, >, 81, &2, T3) > 0 which is small enough such that ¢ + T3 > 4T5. Thus, we have

(3.23)

Suppose oy > 0,. Then, we have

BrAl)_l

(2-p§‘lc680)_( s ATy,
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Bi-A\!
pg-1

Hence, for all € € (0,&)] and ¢ > (2_%@6 > 4T, we obtain 2_%C6stl;ﬂl%ll > 1.
Therefore, sending j — oo in (3.22), we arrlve at the blow -up result of L;(?) in finite time. Blow-up of

L,(t) and L;(¢) occurs simultaneously. Let 27 r:- 1C68t ) < 1. Upper bound estimate for the lifespan
of Li(t) and L,(¢) is
T(s) < Cehim, (3.24)
where A} = %5 ](pq— 1)+ %pg+5p, B =Fp+3F +p+1,0, and o, are defined by (3.11), and
Ay — B <01f0'1 > 0.
On the other hand, let Q(n, 01,0, p,q) = A(n + 02, q, p) > 0, and using the same method, we see
that L,(¢) and L,(¢) blow up in finite time. The upper bound estimate of their lifespan satisfies:

pg-1
T(e) < Cehha, (3.25)
where A, = 1(pq - 1)+ 3pg+3q, By = 3q+ 5 +q+ 1,0, and 0, are defined by (3.11), and
Ay — B <01f0'2 > 0.
3.2. Case Q(n,o1,02,p,q9) =0, A(n+01,p,q) # A(n + 02,9, p)

Without loss of generality, we may assume Q(n, 01, 03, p,q) = A(n+01,p,q) = 0> A(n+0>,q, p).
Then, we deduce from (3.23) that

By —A;  op(l—q)+o1(1-p) Lo plg— D)o — 02)

pq—1 2(pg—1) 2 2pg-1)

Because of pg — p > 0, we get % > 0 if oy > 0. Similar to the derivations in Subsection 3.1, we
obtain the same estimate as in (3.24), namely,

T(e) < Ceihr,

On the other hand, letting Q(n, 0,03, p,q) = A(n + 02,9,p) = 0 > A(n + o, p, g) and using the
similar method, we see that the upper bound estimate for the lifespan of L;(¢) and L,(¢) is same as
(3.25) if o > o0y, that s,

T(e) < Ceti .

3.3. Case A(n+o1,p,q) = A(n+03,q9,p) =0
Using the condition A(n + o, p,q) = A(n + 03, ¢q, p) = 0, we rewrite (3.12) and (3.13) as

t

L= Cy | (s+ T3y L(s)ds + Cze
B (3.26)

>Cy | (s+T3) "V L(s)ds + Cre, t2Ts,
T3

! 24
Ly > Cy f (s + T3) 71 LY(s)ds + Cse
B (3.27)
>Cy | (s+T3) "V Li(s)ds + Cze, t2Ts.
T3
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In the following, we estimate the lower bound of integrals in (3.26) and (3.27).
Suppose

Bj

t

Li(t) > Ej(t + T3) P (log F) , t>Tj5, (3.28)
3

where {E j}jeN’ {a j}jeN’ {ﬁ j}jeN are nonnegative real numbers sequences. When j = 0, we derive E, =
Cse, ag = By = 0. Noticing ¢ + T3 < 2t, for all ¢t > T3, and substituting (3.28) into (3.27), we conclude

t
L) > Ca(t+ T3 | (s+T3) ' L(s)ds
T3
t s 9B
> CLEUt+T3) 1 | (s+T3) "% (log—| ds
/ Ts T3

. B (3.29)
1 s \™
> 2_1C4E;].(t + T3)—q—pqa‘,‘ f - (10g —) ds
T3

T3 S

qBj+1
> 2_1C4T3_IE;]-(6151 + 1)t + T3) 7779 (log ?) ,
3
where ¢ > T3. From (3.29) and (3.26), we deduce

!
Li(t) 2 Cy(t+T3)7 | (s+T3)" LY(s)ds
T3

> 277C, TS (B + 1) PEN(t + T3)
T3

X (S + T3)_1_Pq_[72(]aj (log J—
‘ T5

> 2—]—pC‘1‘+PT3_p(qﬁj " 1)"’E§"’(r " T3)—p—pq—172qaj

T PaBj+p
3 1 J
X f - (log i) ds
t S T3

>27'7PC, T (gB; + 1) P (pgB; + p + 1) EN

Papj+p
) ds

pqBj+p+l
) , t=>Ts.

x (¢ + T3)—p—pq—p2qf¥j (10g =
3

Therefore, the following derivation holds for j + 1, namely,
¥jr1 = =p = pq - pPqa;,
Bjw1 = p+ 1+ pgp;,

Ej = 27"77C, (B + 1) "(pgB; + p + ) 'EL.
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As a consequence, we have

a;=-p—pq-pqe;
=-p-pq+pq+p¢ +pida;,

Jj-1
=~(p+pg) ) (P
k=0

= 52; fql (=p*qy™ - 1),

Bi=p+1+pgB,
(p+1)(1+pq)+(pq) B

=(p+ 1)Z<pq> +(pgYBo

p+1
pq—1

((pg)’ - 1),

E; = 277C, (g + " (pgBii + p+ 1) EY
> 271 PC P (pgBioy + p + D7PEY
— 9 1- pC1+pﬁ_1 PEPq

> E(pg) "*VEN,,

1- . . ~ E .
where E = 2-! pc“l’ ( ”q“l) . Taking j > j = max {O, logfl)ng;H - %}, we obtain

E; > exp((pg)’ log(Ee)).

pap+

Where E C3 (pq) (pg- (pg-1)2 qu T,
Combining (3.28) with (3.30)—(3.32), we have

t J
Li(t) > Ej([ + T3)_paj (log F)
3

L ((pgy~1)

j = pq ! _PpHpg) (2 -1
> exp [(pq)J log(E¢) (log T ) (t + T3) oo (=p*e)™! 1)).
3

Let j=2k—1, ke N*. Forallt > T3, j > j, we acquire

2 ((pg)/-1)

Li(1) = exp ((pg) log(Ee)) (1og i)"q

p+1 -l
. ~ t pg-1 t pg—1
= exp [(pq)f log [Es (log F) ]) (log F) .
3 3

(3.30)

(3.31)

(3.32)

(3.33)
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Choose &y = go(n, ki, ko, 1, 25 f1, f2, &1, &2, T3) small enough such that

exp ((ﬁso)_%l) > 1.

Thus, we have

p+l

~ t pg—1
Ee (log F) > 1
3

_rg-1
p+l

for all € € (0, &p] and t > T5 exp ((580)

Therefore, from (3.33), we know that L;(¢) and L,(¢) blow up in finite time when j — oco. On

_pg-l
p+l

the other hand, when ¢ < T5 exp ((5'80) ), we derive that the upper bound estimate of the lifespan

satisfies: |
T(e) < exp (Cs_%),

where C is a positive constant.
Similar to (3.28), we make the following assumption for L,(¢), that is,

Bj
t
Ly(t) > Ej(l‘ + T5)™9% (lOg F) , t=>Ts.
3
Similarly, we acquire that L;(#) and L,(¢) blow up in finite time. The upper bound estimate of their
lifespan satisfies

T(e) <exp (Cs_%),

where C is a positive constant. The proof of Theorem 1.1 is finished. [
4. Conclusions

This work is dedicated to investigating the weakly coupled system of semi-linear wave equations
with time dependent speed of propagation, damping terms, and derivative nonlinear terms in
generalized Einstein-de Sitter space-time on R”". Taking advantage of the iteration method, we deduce
formation of singularity of solutions to the coupled system (1.1). Blow-up region and upper bound
lifespan estimate of solutions to the problem are established. The blow-up region of solutions in this
work varies due to the influence of coefficients k;, k. Itis worth it to mention that upper bound lifespan
estimate (1.12) of solutions to problem (1.1) in Theorem 1.1 coincides with the results in [39] when
p =gqgand k; = k. Whenk; = 0, i = 1, 2 in problem (1.1) (namely, o; = w;), blow-up region
Q(n, 04,07, p,q) of problem (1.1) is the same as that in [56]. In addition, the results in Theorem 1.1
complement the case that propagation speeds of generalized coupled wave equations with dampings
and derivative type nonlinearities contain power functions with negative exponents.

Author contributions

All authors contributed equally to this work. All authors have read and approved the final version
of the manuscript for publication.

AIMS Mathematics Volume 9, Issue 10, 26854-26876.



26872

Acknowledgments

The author Sen Ming would like to express his sincere thank to Professor Han Yang for his
helpful suggestions and discussions. The project is supported by Natural Science Foundation of
Shanxi Province of China (No. 201901D211276), Fundamental Research Program of Shanxi Province
(No. 20210302123045, No. 202103021223182), National Natural Science Foundation of China (No.
11601446).

Conflict of interest

The authors declare that they have no conflict of interest.

References

1. F John, Blow-up for quasilinear wave equations in three space dimensions, Commun. Pur. Appl.
Math., 34 (1981), 29-51. https://doi.org/10.1002/cpa.3160340103

2. W. A. Strauss, Nonlinear scattering theory at low energy, J. Funct. Anal., 41 (1981), 110-133.
https://doi.org/10.1016/0022-1236(81)90063-X

3. T. C. Siders, Global behavior of solutions to nonlinear wave equations in three space dimensions,
Commun. Part. Diff. Eq., 8 (1983), 1291-1323. https://doi.org/10.1080/03605308308820304

4. W. Han, Concerning the Strauss conjecture for the sub-critical and critical cases on the
exterior domain in two space dimensions, Nonlinear Anal.-Theor., 84 (2013), 136-145.
https://doi.org/10.1016/j.na.2013.02.013

5. K. Hidano, C. B. Wang, K. Yokoyama, The Glassey conjecture with radially symmetric data, J.
Math. Pure. Appl., 98 (2012), 518-541. https://doi.org/10.1016/j.matpur.2012.01.007

6. Y. Zhou, Blow up of solutions to the Cauchy problem for nonlinear wave equations, Chinese Ann.
Math. B, 22 (2001), 275-280. https://doi.org/10.1142/S0252959901000280

7. Y. Zhou, W. Han, Blow-up of solutions to semilinear wave equations with variable coefficients and
boundary, J. Math. Anal. Appl., 374 (2011), 585-601. https://doi.org/10.1016/j.jmaa.2010.08.052

8. W. Han, Y. Zhou, Blow up for some semilinear wave equations in multispace dimensions, Comm.
Fart. Diff. Eq., 39 (2014), 651-665. https://doi.org/10.1080/03605302.2013.863916

9. K. Hidano, C. B. Wang, K. Yokoyama, Combined effects of two nonlinearities in lifespan
of small solutions to semilinear wave equations, Math. Ann., 366 (2016), 667-694.
https://doi.org/10.1007/s00208-015-1346-1

10. K. Hidano, K. Tsutaya, Global existence and asymptotic behavior of solutions
for nonlinear wave equations, [Indiana Univ. Math. J., 44 (1995), 1273-1306.
https://doi.org/10.1512/iumj.1995.44.2028

11. N. Tzvetkov, Existence of global solutions to nonlinear massless Dirac system
and wave equation with small data, Tsukuba J. Math., 22 (1998), 193-211.
https://doi.org/10.21099/tkbjm/1496163480

AIMS Mathematics Volume 9, Issue 10, 26854-26876.


https://dx.doi.org/https://doi.org/10.1002/cpa.3160340103
https://dx.doi.org/https://doi.org/10.1016/0022-1236(81)90063-X
https://dx.doi.org/https://doi.org/10.1080/03605308308820304
https://dx.doi.org/https://doi.org/10.1016/j.na.2013.02.013
https://dx.doi.org/https://doi.org/10.1016/j.matpur.2012.01.007
https://dx.doi.org/https://doi.org/10.1142/S0252959901000280
https://dx.doi.org/https://doi.org/10.1016/j.jmaa.2010.08.052
https://dx.doi.org/https://doi.org/10.1080/03605302.2013.863916
https://dx.doi.org/https://doi.org/10.1007/s00208-015-1346-1
https://dx.doi.org/https://doi.org/10.1512/iumj.1995.44.2028
https://dx.doi.org/https://doi.org/10.21099/tkbjm/1496163480

26873

12. D. B. Zha, Global stability of solutions to two dimension and one-dimension systems of semilinear
wave equations, J. Funct. Anal., 282 (2022), 109219. https://doi.org/10.1016/j.jfa.2021.109219

13. S. Kitamura, K. Morisawa, H. Takamura, The lifespan of classical solutions of semilinear wave
equations with spatial weights and compactly supported data in one space dimension, J. Differ.
Equations, 307 (2022), 486-516. https://doi.org/10.1016/;.jde.2021.10.062

14. N. A. Lai, M. Y. Liu, K. Wakasa, C. B. Wang, Lifespan estimates for 2-dimensional semilinear
wave equations in asymptotically Euclidean exterior domains, J. Funct. Anal., 281 (2021), 109253.
https://doi.org/10.1016/j.jfa.2021.109253

15. N. A. Lai, Y. Zhou, An elementary proof of Strauss conjecture, J. Funct. Anal., 267 (2014), 1364—
1381. https://doi.org/10.1016/j.jfa.2014.05.020

16. Y. Zhou, Cauchy problem for semilinear wave equations in four space dimensions with small initial
data, J. Part. Diff. Eq., 8 (1995), 135-144.

17. B. T. Yordanov, Q. S. Zhang, Finite time blow-up for critical wave equations in high dimensions,
J. Funct. Anal., 231 (2006), 361-374. https://doi.org/10.1016/;.jfa.2005.03.012

18. Y. Zhou, Blow up of solutions to semilinear wave equations with critical exponent in high
dimensions, Chin. Ann. Math. Ser. B, 28 (2007), 205-212. https://doi.org/10.1007/s11401-005-
0205-x

19. Y. Zhou, W. Han, Life-span of solutions to critical semilinear wave equations, Comm. Part. Diff.
Eq., 39 (2014), 439—-451. https://doi.org/10.1080/03605302.2013.863914

20. S. Ming, H. Yang, X. M. Fan, J. Y. Yao, Blow-up and lifespan estimates of solutions
to semilinear Moore-Gibson-Thompson equations, Nonlinear Anal.-Real, 62 (2021), 103360.
https://doi.org/10.1016/j.nonrwa.2021.103360

21.S. Shen, Z. J. Yang, X. L. Li, S. M. Zhang, Periodic propagation of complex-valued
hyperbolic-cosine-Gaussian solitons and breathers with complicated light field structure
in strongly nonlocal nonlinear media, Commun. Nonlinear Sci., 103 (2021), 106005.
https://doi.org/10.1016/j.cnsns.2021.106005

22.S. Shen, Z.J. Yang, Z. G. Pang, Y. R. Ge, The complex-valued astigmatic cosine-Gaussian soliton
solution of the nonlocal nonlinear Schrodinger equation and its transmission characteristics, Appl.
Math. Lett., 125 (2022), 107755. https://doi.org/10.1016/j.am1.2021.107755

23.L. M. Song, Z. J. Yang, X. L. Li, S. M. Zhang, Coherent superposition propagation of
Laguerre-Gaussian and Hermite-Gaussian solitons, Appl. Math. Lett., 102 (2020), 106114.
https://doi.org/10.1016/j.am1.2019.106114

24.7. Y. Sun, D. Deng, Z. G. Pang, Z. J. Yang, Nonlinear transmission dynamics of mutual
transformation between array modes and hollow modes in elliptical sine-Gaussian cross-phase
beams, Chaos Soliton. Fract., 178 (2024), 114398. https://doi.org/10.1016/j.chaos.2023.114398

25. K. Deng, Blow-up of solutions of some nonlinear hyperbolic systems, Rocky Mountain J. Math.,
29 (1999), 807-820. https://doi.org/10.1216/rmjm/1181071610

26. W. Xu, Blow-up for systems of semilinear wave equations with small initial data, J. Part. Diff. Eq.,
17 (2004), 198-206.

AIMS Mathematics Volume 9, Issue 10, 26854-26876.


https://dx.doi.org/https://doi.org/10.1016/j.jfa.2021.109219
https://dx.doi.org/https://doi.org/10.1016/j.jde.2021.10.062
https://dx.doi.org/https://doi.org/10.1016/j.jfa.2021.109253
https://dx.doi.org/https://doi.org/10.1016/j.jfa.2014.05.020
https://dx.doi.org/https://doi.org/10.1016/j.jfa.2005.03.012
https://dx.doi.org/https://doi.org/10.1007/s11401-005-0205-x
https://dx.doi.org/https://doi.org/10.1007/s11401-005-0205-x
https://dx.doi.org/https://doi.org/10.1080/03605302.2013.863914
https://dx.doi.org/https://doi.org/10.1016/j.nonrwa.2021.103360
https://dx.doi.org/https://doi.org/10.1016/j.cnsns.2021.106005
https://dx.doi.org/https://doi.org/10.1016/j.aml.2021.107755
https://dx.doi.org/https://doi.org/10.1016/j.aml.2019.106114
https://dx.doi.org/https://doi.org/10.1016/j.chaos.2023.114398
https://dx.doi.org/https://doi.org/10.1216/rmjm/1181071610

26874

27. M. Ikeda, M. Sobajima, K. Wakasa, Blow-up phenomena of semilinear wave equations
and their weakly coupled systems, J. Differ Equations, 267 (2019), 5165-5201.
https://doi.org/10.1016/].jde.2019.05.029

28. H. Kubo, K. Kubota, H. Sunagawa, Large time behavior of solutions to semilinear systems of wave
equations, Math. Ann., 335 (2006), 435-478. https://doi.org/10.1007/s00208-006-0763-6

29. J. Y. Lin, Z. H. Tu, Lifespan of semilinear generalized Tricomi equation with Strauss type exponent,
2019 Arxiv:1903.11351v2.

30. N. A. Lai, N. M. Schiavone, Blow-up and lifespan estimate for generalized Tricomi equations
related to Glassey conjecture, Math. Z., 301 (2022), 3369-3393. https://doi.org/10.1007/s00209-
022-03017-4

31. W. H. Chen, S. Lucente, A. Palmieri, Non-existence of global solutions for generalized
Tricomi equations with combined nonlinearity, Nonlinear Anal.-Real, 61 (2021), 103354.
https://doi.org/10.1016/j.nonrwa.2021.103354

32. M. Hamouda, M. A. Hamza, Blow-up and lifespan estimate for the generalized
Tricomi equation with mixed nonlinearities, Adv. Pure Appl. Math., 12 (2021), 54-70.
https://doi.org/10.21494/iste.op.2021.0698

33. S. Lucente, A. Palmieri, A blow-up result for a generalized Tricomi equation with nonlinearity of
derivative type, Milan J. Math., 89 (2021), 45-57. https://doi.org/10.1007/s00032-021-00326-x

34. A. Palmieri, Blow-up results for semilinear damped wave equations in Einstein-de Sitter spacetime,
Z. Angew. Math. Phys., 72 (2021), 64. https://doi.org/10.1007/s00033-021-01494-x

35. M. Ikeda, Z. H. Tu, K. Wakasa, Small data blow-up of semilinear wave equation with
scattering dissipation and time dependent mass, Evol. Equ. Control The., 11 (2022), 515-536.
https://doi.org/10.3934/eect.2021011

36. N. A. Lai, M. Y. Liu, Z. H. Tu, C. B. Wang, Lifespan estimates for semilinear wave equations with
space dependent damping and potential, Calc. Var., 62 (2023), 44. https://doi.org/10.1007/s00526-
022-02388-0

37.S. Ming, S. Y. Lai, X. M. Fan, Lifespan estimates of solutions to quasilinear
wave equations with scattering damping, J. Math. Anal. Appl, 492 (2020), 124441.
https://doi.org/10.1016/j.jmaa.2020.124441

38. M. Hamouda, M. A. Hamza, A. Palmieri, A note on the non-existence of global
solutions to the semilinear wave equation with nonlinearity of derivative type in the
generalized Einstein-de Sitter spacetime, Commun. Pur. Appl. Anal., 20 (2021), 3703-3721.
https://doi.org/10.3934/cpaa.2021127

39. M. Hamouda, M. A. Hamza, A. Palmieri, Blow-up and lifespan estimates for a damped wave
equation in the Einstein-de Sitter spacetime with nonlinearity of derivative type, Nonlinear Differ.
Equ. Appl., 29 (2022), 19. https://doi.org/10.1007/s00030-022-00754-7

40. A. Palmieri, On the the critical exponent for the semilinear Euler-Poisson-Darboux-Tricomi
equation with power nonlinearity, 2021, Arxiv:2105.09879.

AIMS Mathematics Volume 9, Issue 10, 26854-26876.


https://dx.doi.org/https://doi.org/10.1016/j.jde.2019.05.029
https://dx.doi.org/https://doi.org/10.1007/s00208-006-0763-6
https://dx.doi.org/https://doi.org/10.1007/s00209-022-03017-4
https://dx.doi.org/https://doi.org/10.1007/s00209-022-03017-4
https://dx.doi.org/https://doi.org/10.1016/j.nonrwa.2021.103354
https://dx.doi.org/https://doi.org/10.21494/iste.op.2021.0698
https://dx.doi.org/https://doi.org/10.1007/s00032-021-00326-x
https://dx.doi.org/https://doi.org/10.1007/s00033-021-01494-x
https://dx.doi.org/https://doi.org/10.3934/eect.2021011
https://dx.doi.org/https://doi.org/10.1007/s00526-022-02388-0
https://dx.doi.org/https://doi.org/10.1007/s00526-022-02388-0
https://dx.doi.org/https://doi.org/10.1016/j.jmaa.2020.124441
https://dx.doi.org/https://doi.org/10.3934/cpaa.2021127
https://dx.doi.org/https://doi.org/10.1007/s00030-022-00754-7

26875

41

42.

43

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

. M. Hamouda, M. A. Hamza, B. Yousfi, Blow-up and lifespan estimate for the generalized Tricomi
equation with scale invariant damping and time derivative nonlinearity on exterior domain, 2023,
Arxiv:2308.01272.

M. F. B. Hassen, M. Hamouda, M. A. Hamza, H. K. Teka, Non-existence result for the generalized
Tricomi equation with the scale invariant damping, mass term and time derivative nonlinearity,
Asymptotic Anal., 128 (2022), 495-515. https://doi.org/10.3233/asy-211714

. B. B. Ding, Y. Lu, H. C. Yin, On the critical exponent p. of the 3D quasilinear wave equation
—(1+(8,4)")8?¢ + A¢ = 0 with short pulse initial data. I, global existence, J. Differ. Equations, 385
(2024), 183-253. https://doi.org/10.1016/;.jde.2023.12.010

F. Q. Du, J. H. Hao, Energy decay for wave equation of variable coefficients with dynamic boundary
conditions and time-varying delay, J. Geom. Anal., 33 (2023), 119. https://doi.org/10.1007/s12220-
022-01161-1

Q. Lei, H. Yang, Global existence and blow-up for semilinear wave equations with variable
coefficients, Chin. Ann. Math. Ser. B, 39 (2018), 643—664. https://doi.org/10.1007/s11401-018-
0087-3

R. Z. Xu, W. Lian, X. K. Kong, Y. B. Yang, Fourth order wave equation with
nonlinear strain and logarithmic nonlinearity, Appl. Numer. Math., 141 (2019), 185-205.
https://doi.org/10.1016/j.apnum.2018.06.004

K. Fujiwara, V. Georgiev, Lifespan estimates for 1d damped wave equation with zero moment
initial data, J. Math. Anal. Appl., 535 (2024), 128107. https://doi.org/10.1016/j.jmaa.2024.128107

M. Ikeda, T. Tanaka, K. Wakasa, Critical exponent for the wave equation with a time-
dependent scale invariant damping and a cubic convolution, J. Differ. Eq., 270 (2021), 916-946.
https://doi.org/10.1016/j.jde.2020.08.047

N. A. La, Y. Zhou, Blow-up and Ilifespan estimate to a nonlinear wave
equation in Schwarzschild spacetime, J. Math. Pure. Appl., 173 (2023), 172-194.
https://doi.org/10.1016/j.matpur.2023.02.009

M. Y. Liu, C. B. Wang, Blow-up for small amplitude semilinear wave equations with mixed
nonlinearities on asymptotically Euclidean manifolds, J. Differ. Equations, 269 (2020), 8573-8596.
https://doi.org/10.1016/j.jde.2020.06.032

S. Ming, J. Y. Du, J. Xie, Blow-up of solutions to the wave equations with memory
terms in Schwarzschild spacetime, J. Math. Anal. Appl, 540 (2024), 128637.
https://doi.org/10.1016/j.jmaa.2024.128637

M. T. Fan, J. B. Geng, N. A. Lai, J. Y. Lin, Finite time blow-up for a semilinear
generalized Tricomi system with mixed nonlinearity, Nonlinear Anal.-Real, 67 (2022), 103613.
https://doi.org/10.1016/j.nonrwa.2022.103613

M. Ikeda, J. Y. Lin, Z. H. Tu, Small data blow-up for the weakly coupled system of the
generalized Tricomi equations with multiple propagation speeds, J. Evol. Equ., 21 (2021), 3765—

3796. https://doi.org/10.1007/s00028-021-00703-4

AIMS Mathematics Volume 9, Issue 10, 26854-26876.


https://dx.doi.org/https://doi.org/10.3233/asy-211714
https://dx.doi.org/https://doi.org/10.1016/j.jde.2023.12.010
https://dx.doi.org/https://doi.org/10.1007/s12220-022-01161-1
https://dx.doi.org/https://doi.org/10.1007/s12220-022-01161-1
https://dx.doi.org/https://doi.org/10.1007/s11401-018-0087-3
https://dx.doi.org/https://doi.org/10.1007/s11401-018-0087-3
https://dx.doi.org/https://doi.org/10.1016/j.apnum.2018.06.004
https://dx.doi.org/https://doi.org/10.1016/j.jmaa.2024.128107
https://dx.doi.org/https://doi.org/10.1016/j.jde.2020.08.047
https://dx.doi.org/https://doi.org/10.1016/j.matpur.2023.02.009
https://dx.doi.org/https://doi.org/10.1016/j.jde.2020.06.032
https://dx.doi.org/https://doi.org/10.1016/j.jmaa.2024.128637
https://dx.doi.org/https://doi.org/10.1016/j.nonrwa.2022.103613
https://dx.doi.org/https://doi.org/10.1007/s00028-021-00703-4

26876

54

55.

56.

57.
38.
59.
60.
61.

62.

‘%1\545 AIMS Press

M. E B. Hassen, M. Hamouda, M. A. Hamza, Blow-up result for a weakly coupled system of
wave equations with a scale invariant damping, mass term and time derivative nonlinearity, 2023,
Arxiv:2306.14768.

W. H. Chen, A. Palmieri, Weakly coupled system of semilinear wave equations with
distinct scale invariant terms in the linear part, Z. Angew. Math. Phys., 70 (2019), 67.
https://doi.org/10.1007/s00033-019-1112-4

M. Hamouda, M. A. Hamza, New blow-up result for the weakly coupled wave equations with a
scale invariant damping and time derivative nonlinearity, 2020, Arxiv:2008.06569.

A. Palmieri, Z. H. Tu, A blow-up result for a semilinear wave equation with scale-
invariant damping and mass and nonlinearity of derivative type, Calc. Var, 60 (2021), 72.
https://doi.org/10.1007/s00526-021-01948-0

A. Palmieri, H. Takamura, Nonexistence of global solutions for a weakly coupled system of
semilinear damped wave equations of derivative type in the scattering case, Mediterr. J. Math.,
17 (2020), 13. https://doi.org/10.1007/s00009-019-1445-4

T. A. Dao, M. Reissig, The interplay of critical regularity of nonlinearities in a weakly
coupled system of semi-linear damped wave equations, J. Differ. Equations, 299 (2021), 1-32.
https://doi.org/10.1016/;.jde.2021.06.039

A. Palmieri, A note on a conjecture for the critical curve of a weakly coupled system of semilinear
wave equations with scale invariant lower order terms, Math. Method. Appl. Sci., 43 (2020), 6702—
6731. https://doi.org/10.1002/mma.6412

A. Palmieri, H. Takamura, Non-existence of global solutions for a weakly coupled system of

semilinear damped wave equations in the scattering case with mixed nonlinear terms, Nonlinear
Differ. Equ. Appl., 27 (2020), 58. https://doi.org/10.1007/s00030-020-00662-8

M. Hamouda, M. A. Hamza, Improvement on the blow-up for a weakly coupled wave equations
with scale-invariant damping and mass and time derivative nonlinearity, 2022, Arxiv:2203.14403.

©2024 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 9, Issue 10, 26854-26876.


https://dx.doi.org/https://doi.org/10.1007/s00033-019-1112-4
https://dx.doi.org/https://doi.org/10.1007/s00526-021-01948-0
https://dx.doi.org/https://doi.org/10.1007/s00009-019-1445-4
https://dx.doi.org/https://doi.org/10.1016/j.jde.2021.06.039
https://dx.doi.org/https://doi.org/10.1002/mma.6412
https://dx.doi.org/https://doi.org/10.1007/s00030-020-00662-8
https://creativecommons.org/licenses/by/4.0

	Introduction
	Related lemmas
	Proof of Theorem 1.1
	Case (n,1,2,p,q)>0
	Case (n,1,2,p,q)=0, (n+1,p,q)(n+2,q,p)
	Case (n+1,p,q)=(n+2,q,p)=0

	Conclusions

