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Abstract: Let S*! denotes the unit sphere in R" equipped with the normalized Lebesgue measure.
Let ® € L'(S"') be a homogeneous function of degree zero. The variable Marcinkiewicz fractional
integral operator is defined as
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The Marcinkiewicz fractional operator of variable order {(z;) is shown to be bounded from the grand
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1. Introduction

We consider the Riesz potential operator

F& f(z) —f 121 @) g <@y <, (1.1)

— Z2|n {(z1)

Note that the {(z;) is the order of the Riesz potential operator which is variable. Nowadays, there
is a vast boom of research related to both the study of the Herz spaces themselves and the operator
theory in these spaces. This is caused by the influence of some possible applications in modeling
with non-standard local growth (in differential equations, fluid mechanics and elasticity theory, see for
example [1,2]). Boundedness of various operators has been intensively studied in the last years and
one of the remarkable results was on the boundedness of the Hardy-Littlewood maximal operator in
these spaces. For references we refer to the papers [3-7].

In [8], the authors considered variable potential operators I to prove a Sobolev-type theorem
for the potential operator from the Lebesgue space LP" into the weighted Lebesgue space L1 in R

under the conditions that p(x) is satisfying the logarithmic condition locally and at infinity. It was not
supposed that p(x) is constant at infinity but also assumed that p(x) took its minimal value at infinity.

In [9], remarkable results were proven for boundedness on homogenous Herz spaces Kg( ) “(R™) and

non-homogenous Herz spaces K‘V()”(R”) with variable exponents {(-) and v(-). Meanwhlle they also
proved boundedness for variable fractional integrals on Herz spaces with variable exponent. In [10],
the authors considered the Herz Morrey spaces M Kg(()(R”) with variable exponent and investigated

mapping properties for the fractional Hardy type operators Hp., and ?{ﬁ()

Sultan et al. [11] introduced the idea of grand variable Herz-Morrey spaces and proved boundedness
for Riesz potential operator in these spaces. Inspired by the concept, in this article we will demonstrate
the boundedness of Marcinkiewicz fractional integral operator of variable order from grand Herz-

Morrey spaces to weighted space under some proper assumptions on weights.

in these spaces.

We divided this article into different sections. Apart from introduction, a section is dedicated to
basic lemmas and definitions. One section is for Sobolev type theorem for Marcinkiewicz fractional
integral operator of variable order in grand Herz-Morrey spaces.

2. Preliminaries
For this section we refer to [12—18].

2.1. Lebesgue space with variable exponent

Definition 2.1. If H is a measurable set in R"” and p(-): H — [1, 00) is a measurable function.

(a) Lebesgue space with variable exponent L”/(H) can be defined as

o (o .
L"(H) = | f measurable : — dy < oo where vy is a constant ; .
H\ 7Y

AIMS Mathematics Volume 8, Issue 9, 22338-22353.



22340

Norm in L") (H) can be defined as

P
W llzrocry = iﬂf{)’ >0: f(lf;_y)l) dy < 1}.
H

(b) The space Lﬁ)(c')(H ) can be defined as

Lp(')(H) = {f . f € L"(K) for all compact subsets K C H} .

loc
We use these notations in this article:

(i) Let f € L! (H) be alocally integrable function, then the Hardy-Littlewood maximal operator M

loc
is defined as

Mf(y) = sup s f lfDidy, (v € H),
- B(y,s)
where
B(y,s):={xe H:|y— x| <s}
(i1) The set P(H) consists of all measuable functions p(-) satisfying

p-:=essinf p(h) > 1, p,:=esssup p(h) < co. 2.1
heH heH

(iii) Pl¢ = Plo¢(H) consists of all functions g € P(H) satisfying (2.1) and log condition defined as,

C
1400 — gl < ——2

1
—, x-y[<z, xy €H (2.2)
In|x —y| 2

(iv) Let H unbounded. *B.,(H) and By (H) are the subsets of P(H) and values of these subsets lies
in [1, 00). B (H) and Py . (H) satisfy following conditions:

C
h) — o < —, 2.3
lg(h) — gl In(e £ 1) (2.3)
where ¢, € (1, 00).
g — ol <~ 1] < » (2.4)
A== M= '
respectively.
(v)
Xi=xr» Fr=B;\ B_1, By=B(0,2") = {x e R" : |x] < 2}
foralll € Z.

C is a constant, its value varies from line to line and independent of main parameters involved.
We are assuming that order of Riesz potential operator {(x) is not continuous rather we are assuming
that it is a measurable function in R” satisfying the following conditions:

(1) o := infyern {(x) > 0,
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(2) ess sup,pn p(22){(x) <,
(3) esssup, pn P(X){(x) < n,

where p(co) = limjy_, p(x).

The following proposition is the one of the main requirement to prove our main results. The given
proposition was proved in [8] and commonly known as Sobolev theorem for Riesz potential operator
in Lebesgue spaces under the some necessary assumptions on exponent.

Proposition 2.2. Suppose that
p() € BER") N By (R") N BR")
and assume
1 < p(e0) < p(x) < py < 0.

Let {(x) satisfy the above conditions (1)—(3). Then, we have following weighted Sobolev-type estimate
for the fractional operator I°®,

—-A 4
I+ 12D OO ()l < CNAllrogn,

where

L1 @
9@ pl@) n

is the Sobolev exponent.

Az) = Cg(z)(l - @) <cZ
n 4

where C is denoting the Dini-Lipschitz constant from the inequality (2.3) in which q(-) replaced by p(-).
Remark 2.3. (i) If {(z) is satisfying the condition (2.3):

(o)

0(2) = dol <

~ In(e + |2])

for x € R”. Then, (1 + |z)~*@ is equivalent to the weight (1 + |z])~*~.

(i1) One can replace the variable order of Riesz potential operator {(x) by £(y) in the case of potentials
over bounded domain, such potentials differ unessential if the function {(x) is satisfying the smoothness
logarithmic condition as (2.2), since

Cilzi — 2" < |z — 2" < Cylzy = 2o,

2.2. Variable exponent Herz spaces and Herz-Morrey spaces
In this subsection we will define variable exponent Herz spaces.

Definition 2.4. Let u,v € [1,00), { € R, the classical versions of Herz spaces commonly known as
homogenous and non-homogenous are defined by their norms such as

AN
u

el e 5= Nellnony +1 32| [ lgoray| ¢ . @5)

leN
20-1 5l
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Igllge gy =4 D2 f gy | t . (2.6)
leZ

ol-1 ol

respectively, such that F, ; is F,; := B(0, 7)\B(0, 7).

Definition 2.5. Let u € [1,00), v(-) € B(R") and { € R. KZ ”(R”) is the homogenous version of Herz
space and its norm is given as

KR = {g € LR\ (0D : liglges ey < oo}, 2.7)

where

||g||K€(’”)(Rn - (Z ||2l(gXl||L‘()) .

[=—c0

Definition 2.6. Let u € [1, 00), { € R and v(:) € P(R"). The non-homogenous Herz space K«’.L;(R”) can
be defined as

KR = {g € Li R\ (0D : ligllges ey < oo}, (2.8)

where 1

k=00
k
||g||K§(~f;(Rn) = llgllzoso,1) + ( Z 112 gg)(kuzv(»)] .

k=—oc0

Now, we will define variable Herz-Morrey spaces.

Definition 2.7. For a(:): R" - R, 0 < u < o0, v(:) € P(R") and 0 < B < oo. A variable Herz-Morrey
spaces M K“()ﬁ (R™) is defined by
MK, (R = {g € LR\ 0D llgllygetrozry < oo},

where

k k
”g”MK“('If(R" 2‘11;2 Oﬁ( E 2kaC )u”g)(k”Lv()(Rn ] .
uv(- c

2.3. Grand variable Herz-Morrey spaces and Marcinkiewicz fractional integral operator

Definition 2.8. Let a(-) € L*(R"), r € [1,00), s: R" — [1,00),0 > 0,0 < 8 < oo. We define the
homogeneous grand variable Herz-Morrey spaces by the norm:

MK R = {g € Ly R \{0D) : llgllygotmoqes, < oo},

where

v>0 1,€Z

k=—o00

u(1+y)
= k 1+ u(l+¢)
181z, = SUp SUp 2” °ﬁ( Z 24D gy ||LVO(R,I] .

Non-homogeneous grand variable Herz-Morrey spaces can be defined in the similar way.
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Let S"~! is denoting the unit sphere in R" with the normalized Lebesgue measure. Let ® € L'(S"™!)
is a function of degree zero which is homogeneous such that

f D(z)dD(z3) = 0, (2.9)
Sll—l

where 7, = z/|z;| and y is not zero. The Marcinkiewicz integral is introduced with Littlewood-Paley

g-function as:
1

r d
Mo (f)(z1) = lerb,s(f)(Zl)lzs_: ,
0

where
D(z; — 22)

Fo(f)(z1) = f mf(zz)dm-

lz1—22<s
The variable Marcinkiewicz fractional integral can be defined as:

1
o 2 2

D(z — d
fo(£)z1) = f f @) g, S—f

&1 = 2ol G-
0 ki-zl<s

2.4. Important lemmas

Following are the important lemmas to prove our main results.

Lemma 2.9. [19] Let B> 1 and q € ¥ (R"). Then,

1 o
57 < i ly < 1o, (2.10)
0

for0<s<1and

1 . o
t—S‘?Oo < ”XFLBS”(](') < foSi, (211)

[ee)

for s > 1, respectively, where ty > 1 and t., > 1 is depending on B but not depending on s.

Lemma 2.10. [12] (Generalized Holder’s inequality) Consider a measurable subset H such that
H C R", and
1 <p.(H)<p.(H) < oo.

Then,
Lfgllrow < N llro@nlgllzeo e
holds where f € L’V (H), g € LY9(H) and

1 1 1

= — 4+ —
rz) p q@

foreveryz e H.
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Lemma 2.11. [21]Ifa>0, s€[l,o],0<d < sand —-m+ (m—1)ds < u < oo then
1/d

d d
f |22|"|D(z1 = 22)|“dz2 < |Zl|("+m)/ ||(D||Ls(sm-l)-

2l<alzi|

3. Sobolev type theorem for grand Herz-Morrey spaces

The main purpose of this paper is to establish the boundedness of the Marcinkiewicz fractional
integral operator of variable order on grand Herz-Morrey spaces by using some properties of exponent.
As it can bee seen that grand Herz-Morrey spaces with variable exponent is the generalization of
Herz-Morrey spaces with variable exponent, our main results hold for Herz-Morrey spaces for variable
exponent. It is easy to see that our results also generalize the main theorems for [20].

Theorem 3.1. Let 0 < v < 1, a(-), qi1() € PooR) with1 < q; < g7 <00, 1 <u < oco. Let © be
homogenous of degree zero and ® € L*(S"™"), s > ¢}". Let a be such that:

() n n n n
- —v-=<a0) < —=-v—- -,
q1(0) s q,(0) s
(ii)
n n o < n n
- V- =< Qo< — V-,
ql(oo) S Q1(O°) s
—A(z1)
L+ 121D a0z < Clglggromy
Proof. Let
g € MK ®)
and . .
g(z1) = Z g )xi(z1) = Z gi(z1),
[=—c0 [=—00
we have

w>0 1,eZ

k=—0c0

1
lo u(1+y)
- = 0 ka(u(l -1 1
I8+ ™ a0z, = sUp sup2 oﬁ(w D 2O (141 <Z'>u@(g>||zg;)”]

< sup sup 270
v>0 [1,€Z

< sup sup 270
v>0 [,€Z

+ sup sup 2708
¥>0 l,eZ

= E, + E,.
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lo
1p9 Z ka(u(l+y)

k=—00

lo
we Z ka(u(l+y)

k=—0c0

lo
(l//H Z ka(u(l+y) (
k=—c0

1
0o W)
> b1 + |zlW‘“w@(g)(/mﬁf,jf)]]

|=—00

k
Z (1 + 121D (gx )l Lo

[=—00

]u(1+l//) u(11+a,//)

Z I (1 + lz11) ™ (gx Dl oo

1
)M(Hd/) u(T+)
1=k+1
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For E, splitting E; by using Minkowski’s inequality we have

0 ' u(1+)\ a5
Ey <supsup2# |y 3’ 2’“’(')"(”‘”[2 (1 + |zl|>—“Z'>u@(gxl)||m«>)
Y>0 [,€Z
u(1+)\ @)
+supsup 2™ |y ZZk““"(”‘”(Z (1 + ) *““u@(gx,>||moJ

Y>0 1,€Z =0

|=—c0

= E + Eqp.

For estimating E;, we use the facts that, for each k € Z and ! < k and a.e. z; € Fy, 2o € F;, we know

that
|21 — 2ol = |z = 2

ki o ) 2d 12
i1 — 22 t
luo(gx(z)l < f f mg)ﬂ(&)d& 5
o0 |-zt
2 1/2
D(z1 — 22) dt
+ f f mg)(l(zz)db =
21l ki—z2l<t
=: I + Is.
By the virtue of the mean value theorem we obtain,
1 1
B e - (3.1)
Iz =22 |zl |z =zl

For I,;, by using Minkowski inequaltiy, generalized Holder’s inequality and inequality (3.1) we have

lzil 172

(Zl ZZ)l dl_
I < lel 2! {(Z1)|gXl(ZZ)| 5 dz,

R” \z1-22l

f O —wl )\ o] — !
I\K2 -
|21 — zp|~1=¢GD) lz1 — 2 |al?

12
f D(z; — 22)| @l |22 / dz
)| /= 2
|21 — zp|P 174G |21 — 22
21/2

1/2

de

f@(zl — 22)|lg(z2)ldz2

Tz 7S |z LG
|z1]"*2. |z ¥,
—k)/2~—
< 20702272 F gyl o 1021 = Ol g0
Similarly, now consider /;,, we have

AIMS Mathematics Volume 8, Issue 9, 22338-22353.



22346

1/2

|P(z1 — 22)l dr
I < m@)ﬂ(bﬂ = dz

|D(z; — 22)

a m|g)(l(22)|dz2
Rl‘l

<z |z [F f |D(z) — 22)lIg(z2)ldz2

Fi

<27z F gz llpmo IO = WOl ar0-

R 21

We define g, (-) by the relation
1 1 1

—— = + —.
7,(x)  qx) s
By using Lemma 2.11 and generalized Holder’s inequality we have

1Pz — WOl g0 SN = Ol Ol oo
1/s

<2 f |D(z1 — 2P|z dza | Mg llzae

l—1<|22|<21

§2_lv2k(v+;)||(b||u(sn—l)||||XBZ||L4|<-)~
It is known, see [10] that

IO0s)(@1) = 00O (@)

1
) ‘ka mdy'/vlfk(zl)

> C|Z1|§(Zl)-)(3k(21)
> Clzil* xi(z1).-

Consequently, by Proposition 2.2 we have

ez 01+ 120 ) ™ o < 11+ 121D O ) o < s oo

Applying results to E;; we can get

-1 k u(1+y) M(11+l//)
Eyy < Csupsup 278 lwe Z 2ka<0>u<1+w>( Z QRGO g 1] (‘)) ]
v>0 [,€Z

k=—co |=—c0
SRS u(1+0)y iy
< Csupsup 2"0ﬁ[¢9 Z ( Z 200 g)(zlle(-)Zb(l_k)) ] .
U>0 [,eZ =N
Let i )
b=——-v-=-a(0)>0.
(]1(0) S
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Applying Hélders inequality, 27“!*¥) < 27* and Fubini’s theorem for series and we get

1
u(l+y) w(1+9)

k u(l+y)

i -1 k
Ei; < Csupsup 2l 1//9 Z Z 2a(0)u(1+¢)l” g)(l”u(l+¢)2bu(l+g//)(lfk)/2 % Z bu(l+y) (1=k)/2

q1()
y>0 [,eZ L

k=—00 \[=—0c0 |=—c0

1
-1 k e}
< Csupsup2 8|y’ Z Z 2eOu+p)) g)(ll|M(1+¢)2bu(1+z//)(l—k)/2)

q1()
Y>0 [,€Z L

k=—00 |[=—0c0

1
u(1+y)

-1 -1
<C sup sup 2_[0ﬁ wg Z ZQ(O)H(Hw)ll|g/\/l”z€,1]:)¢) Z 2lm(1+w)(l—k)/2
>0 1,2 k=1

[=—c0

1
u(l+y)

-1 -1
= 6 Ou(1+y)l (1+y) bp(l-k)/2
< Csupsup2 |y Z 2(O)u(1+) ”gXl”IMJq](')lP Z 2bp-k)/
>0 1,2 k=1

|=—c0

1
-1 e
< C sup sup Dl {p@ § 20O+ g/yzllu(“‘”)]

q1()
v>0 €2 £

[=—c0

_1
u(1+y)

lo
< Csupsup 28|y’ Z QI g 11+

q1()
v>0 €7 £

[=—c0

Now, for E, using Minkowski’s inequality we have

1
u(1+¢)\ ull+v)
>0 1,eZ )

o -1
E}, < supsup2 o [y? Z reCutep) (Z (1 + 121D ™o (gx )l o0
k=0 [=—c0

]u(1+w) u(llﬂ//)

Io k
+ supsup 278 | y? Z pRaOull+d) [Z (1 + 121D~ po (x| 20
lﬁ>0 lOEZ k=0 1=0

=1 A +A,.

The estimate for A, follows in a similar manner to Ey; by replacing g} (0) with g/ (c0) and by the use of
fact

For A; we have

Dy (1 + |Zl|)_/1(Z1)Nd>(g/\,/l)||mz<'> < Cz_knz_lvzk(wg)”XBk||Lt11<*>||/\/l||Lf/1<~>||g/\,/l||Lf/1<~>

)y k(i)
< CZI(‘“(O) v)2 v q}() ||g)(l||m1(‘>-

Now, by using the fact
- e 0,
ACY)) s

we have
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Io -1 u(14)\ T
< supsup 2708 |y )" gl (Z beeCl + L2y |>-‘<Z”u¢<gxl)||mo)

A <
Y>0 1,€Z k=0 ]=—00
Io _1 u(1+y) u(llw)
) k(-0
< Csup 1/1922"%”(“*”)(2 Py R Ing:Iqum)
¥>0 k=0 l=—c0

)u<1+w> T

0 -1
_ k(oo +v+5 == )u(l+) _n__
< Csupsup2 P wgz 2 f e X Z "5 gyl
v>0 [,€Z k=0 J=—

S

< Csupsup2 ™|y

u(l+y) u(11+¢/)
u>0 1,€Z )

-1
(=1 —
D 29 gyl
I=—

O )u<1+w> D)

S

Z 29O gy gy 2" 70 7

[=—c0

< Csupsup2 ™|y
Y>0 [,€Z

Now, by applying Holders inequality and using the fact that

n n
- ———v—a(0) >0,
q;(0) s
we have 1
[ < O (5 v-a )1+ ity |
1 —y—a(0))u(1+
A; < Csupsup2 |y’ Z 2“(0)1”(”‘”||g)(,|Iz(qlli;/’) X Z P
U>0 1,eZ -~ —
1
Iy u(1+y)
< Csupsup2™8 |y’ Z 2“(')1”(“"/’)||g)(1||2511;)¢)
v>0 [,€Z .

Now, we estimate £, foreachk e Zand [ > k+ 1 and a.e. z; € Fy, 2o € F;, we know that

I
lz1 — 22|l ® |22] = 2/,

we consider )
[z2] o | , d
l1 — 22 X
luo(gx ()l < f f mg)ﬁ(zz)d@ "
o ki—zlst
2 N\12
P~ z2) dt
' f f mgXl(Zz)dzz 3
2l k1—zal<t
= 131 + 132_

By using the similar arguments as used in /;;, we obtain

k—k)/2~—I
Ly <2%7902270 7, [F gyl o | D21 = Ol ap0-
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By using same arguments of /;,, we obtain

Iy <275 P llgxill oo 191 = Ol g0

Consequently, by Proposition 2.2 we have

alza <0+ 12D ™o 2 I+ D™ FO ) lno 2 s, llzao-

Consequently, we will

get

(1 + |z1) P (gxDllzno < C27" gyl mo s a0 2 259 il ao

—InAy—lvyk(v+2
< C27"27 M2 Dy g ol sl ao gyl o
< C2_1"2_1v2k(v+%)2["/‘“(00)21("/%(°°)||gX[||qu(A)

kD) (v g 0
Scz( )(v+‘+‘“(°°))||g)(l||m1<->-

Now, splitting E, we have

E, < max{

< sup sup 2708 | y? Z pka(u(1+)

Y>0 [,€Z

+ sup sup 2708 ¢ Z pka(Ju(l+y)

Y>0 1,€Z
= Ez] + Ezz.

For E,, we have

Ey < Csupsup2 P
Y>0 [,eZ

< Csupsup2 P
v>0 [,eZ

where

sup sup 9=l we Z ka(u(l+y)

Y>0 [,€Z

1
o u(1+9)\ @)

(Z Iex (1 + lz11) ™ (gx Dl oo
I=k+1

]M(H—w)

)u(l +i) u(11+w>

k=—c0

-1 u(l+y)

[Z k(1 + lza]) ™V (gx Dl a0

I=k+1

k=—00

2

D el + 121 o (@Dl

k=0 I=k+1

k-1
2, 27 S gl

I=k+1
(l k+1

n
+V+ —+a, >0.
S

]u(lw) u<11+am

]u(1+1//)

‘ﬁ Z kaeou(1+4) [

lo
gy pke ) gy |
=0

1
u(1+y)

n

u(l+y)
L410)

¢I|(<>°)

_ n
~ qi()

Then, we use Holder’s theorem for series and 27“0+%) < 27 to obtain

Ej < Csupsup2 P
Y50 1€z

< Csupsup2 P
v>0 1,€Z

AIMS Mathematics

1
u(1+y) w(i+9)

u(1+y)

[

% ( Z 2du(1+w)’(k—l)/2]
I=k+1

1
u(1+y)

u(l+y) 2du(1+¢)(k /2
L410)

Z zlawu(lﬂ//)” gy ||u(1+l//)2du(l+¢/)(k /2

v’ Z Ln©
i I1=k+1

Mi i 21t gy |

k=0 I=k+1
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1
u(1+y)

e -1
< Csup sup 7~loB o’ Z 21""""(”¢)Ilg)(zllzgl<+.)‘“ Z du(l+y)(k=D/2
v>0 1,€Z e

_1
o u(1+y)

<
5

e I0Ms I
~

< Csupsup2”

q1()
Y>0 1,€Z L

-1
2 jamu(lﬂb)” ng”u(Hw) Z o du(1+)(k=1)/2
k=0

l
-1
< Csupsup2 ™|y’ Adu(1+9)(k=D)/2
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Now, for E;; using Minkowski’s inequality we have
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The estimate for B; follows in a similar manner to E,, with g;(c0) replaced by ¢,(0) and using the fact

that

n n
+v+—+a0)>0.
q1(0) s

For B, we have
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b u(1+y) m
<C sup sup 2P [ y* Z 20! gy | 27 T )
Y>0 koeZ =0
S u(L+p)\ a5
<C sup sup 274 | y* Z Z zamjl|ng||qu(')2—l(v+;+m+aw)
Y>0 koeZ 1=0 j——eo

Now, by applying Holders inequality and using the fact that

+v+’1+a(oo)>0,
q1(e0) s

we have

00 u(l+y) u(|1+¢)
B2 S C Sup Sup 2_k0ﬁ w(} Z 2_l(v+;+W+QM) ||g||MKa(<).u),9(Rn)
Y>0 koeZ =0 Bay ()

< a(-),u), nye
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Combining the estimates for E; and E; yields
—-A(z1)
”(1 + |Z1|) “ “q)(g)llMKg;;?;Q(R") < C||g||MKg<q:(u>)9(Rn),
which ends the proof. O
4. Conclusions
In this paper we proved the boundedness of Marcinkiewicz fractional integral operator of variable
order on grand Herz-Morrey spaces with variable exponent under some proper assumptions on
exponent.
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