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1 1 1@

92 p) n
when p(z) is not necessarily constant at infinity.
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1. Introduction
Let g is a non-negative integrable function in R*. The classical Hardy operator can be defined as
1 [* = glx
Hg(z) .= - f g)dx, H'g(z) := f &dx, z>0.
< Jo X X
The Hardy operators H and H* are mutually adjoint.
f 8()H f(2)dz = f f(@)H g(2)dz,
0 0

where f € LP(R*), g € LY(R*) with 1 < p,q < oo and % + }1 =1.
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Nowadays, there is a vast boom of research related to the study of variable exponent function spaces
and the development of operator theory in these spaces. This is due to the influence of some of their
possible applications in modeling with non-standard local growth conditions (in differential equations,
fluid mechanics, elasticity theory, see for example [1-5]). The boundedness of various operators in
these spaces has intensively been studied in the last few years. In [6], remarkable results were proven in
which authors discussed the boundedness of sublinear operators on homogenous Herz spaces Kf(()) “(R™)
and non-homogenous Herz spaces Kf(("))’”(R") with variable exponents.

Besides, fractional integral operators are of frequent interest among the researchers, for reference

see [7-9]. In [10] authors considered the Herz-Morrey spaces MK;V(')’A(R”) with variable exponent

V()
and investigated mapping properties for the fractional Hardy type operators Hg., and H . in these

BC)
spaces. In [11] authors proved the boundedness for variable potential operator I from the Lebesgue
space L”") into the weighted Lebesgue space L% in R", under the conditions that p(x) is satisfying the
logarithmic condition locally and at infinity. It was not only supposed that p(x) is constant at infinity
but also assumed that p(x) took its minimal value at infinity.

Variable exponent grand Herz spaces was introduced in [12] and proved boundedness for sublinear
operators in these spaces. Boundedness of other operators on grand variable Herz spaces can be seen
in [13]. Sultan et al. [14] introduced the idea of grand variable Herz-Morrey spaces and proved
boundedness for Riesz potential operator in these spaces. Grand weighted Herz spaces and grand
weighted Herz-Morrey spaces was introduced by Sultan et al. in [15, 16] respectively. Inspired by the
concept, in this article we will define the idea of fractional Hardy-type operators of variable order and
obtain its boundedness from grand Herz spaces to weighted space under some proper assumptions on
weight.

We divided this article into different sections. Apart from introduction, a section is dedicated to
basic lemmas and definitions. One section is for Sobolev type theorem for fractional Hardy-type
operators of variable order in grand Herz spaces.

2. Preliminaries
For this section we refer to [17-20].

2.1. Lebesgue space with variable exponent

Definition 2.1. If H is a measurable set in R” and p(-): H — [1, o) is a measurable function.

(a) Lebesgue space with variable exponent L (H) can be defined as

POE) = O .
L"(H) = | f measurable : — dy < oo where vy is a constant ; .
H\ Y

Norm in L") (H) can be defined as

26
1/l ooy = inf {y >0: fH (lfyﬂ) dy < 1},
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(b) The space L (')(H ) can be defined as

loc

LIO(H) = {f . f € LP(K) for all compact subsets K C H}.

loc

We use these notations in this article:

(i) Let f € L' (H) be a locally integrable function. Then, the Hardy-Littlewood maximal operator

loc

M is defined as
Mf(y) = sup s f lfWldy (v € H),
’ B(y.5)
where
B(y,s) ={xe H:|y—x| < s}
(i1) The set P(H) consists of all measuable functions p(-) satisfying

p-:=essinf p(h) > 1, p,:=esssup p(h) < co. 2.1
heH heH
(iii) P'¢ = Plo¢(H) consists of all functions g € P(H) satisfying (2.1) and log condition defined as
Clg) 1
g0 — g € —— T [x—) <z, xy €H. (22)
—In|x —y| 2

(iv) Let H be unbounded. ¥.,(H) and By (H) are the subsets of L(H) and values of these subsets
lies in [1, 00). P (H) and Py . (H) satisfy following conditions:

lg(h) — goo| < (2.3)

In(e + |h|)’
where g, € (1, 00).

|hl < (2.4)

C 1
— < _
lg(h) = qol < il o

respectively.
(V) XI = XF;» F, =D, \ D,_, D, = D(O,2l) = {.X eR": |)C| < 21} foralll € Z.
C is a constant, its value varies from line to line and independent of main parameters involved.
We are assuming that order of Riesz potential operator (x) is not continuous rather we are assuming
that it is a measurable function in R” satisfying the following conditions:
(1) & := essinf gn {(x) > 0,
(2) esssup,gn p(X)(x) < n,
(3) €8S SUp,n P(O)(x) < 1,
where p(o0) = |llim p(x).
The following proposition is one of the main requirement to prove our main results. This proposition
was proved in [11] and commonly known as Sobolev theorem for Riesz potential operator in Lebesgue

spaces under the some necessary assumptions on exponent.
We consider the Riesz potential operator

—f(x) dx 0<{(z) <n. (2.5)

{(2) —
IF9f(2) o @

Note that the {(z) is the order of the Riesz potential operator which is variable.
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Proposition 2.2. Suppose that
p() € BER") N By (R N BR")
and assume
1 < p(e0) < p(x) < py < 0.

Let {(x) satisfy the above conditions (1)—(3). Then, we have following weighted Sobolev-type estimate
for the fractional operator I°®

-2
(1 + |z]) (Z)I{(Z)(f)”LW(R") < Cllfllzro @y

where

1 1 {2

9@  pk)  n

is the Sobolev exponent.

n
Az) = CL(2) (1 - @) < -C,
n 4
with C is being the Dini-Lipschitz constant from the inequality (2.3) in which a(-) replaced by p(-).

Remark 2.3. (i) If {(z) is satisfying the condition (2.3):

(o)

£(2) = Lol <

~ In(e + |z[)

for x € R™. Then, (1 + |z])™® is equivalent to the weight (1 + |z])™=.

(i1) One can replace the variable order of Riesz potential operator {(x) by {(y) in the case of potentials
over bounded domain, such potentials differ unessential if the function {(x) is satisfying the smoothness
logarithmic condition as (2.2) since

Cilzi — 2" < |z = 2" *® < Cylzy = 2o,

Lemma 2.4. [2]]Let D > 1 and p € B (R"). Then,

| . n_
— 570 < lrop,llpe) < 10570 (2.6)
) A
for0<s<1and
| B .
57 < ke, llpe) < LS 27)

(o8]

for s > 1, respectively, where ty > 1 and t, > 1 is depending on D but not depending on s.
Lemma 2.5. [17] (Generalized Holder’s inequality) Consider a measurable subset H such that H C
R*and 1 < p_(H) < p.(H) < oo. Then,
Lfgllrow < N lro@nlgllzeo e
holds, where f € LPO(H), g € LY9(H) and
1 1 1

0 0 4
foreveryte H.
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2.2. Variable exponent Herz spaces and Herz-Morrey spaces

In this section we will define variable exponent Herz spaces.

Definition 2.6. Let u,v € [1,0), { € R, the classical versions of Herz spaces commonly known as
homogenous and non-homogenous are defined by their norms such as,

Igle ey = llglliemony + 4 2% f go)l“dy| ¢ (2.8)
feN
2[—1,25
vy L
18llxz ey = 22“" f lgol“dy| ¢ . (2.9)
teZ o

respectively, such that F,; denotes the annulus F;, := D(0,7)\D(0, 1).

Definition 2.7. Let u € [1,00), v(-) € B(R") and { € R. I'(f(’f;(R”) is the homogenous version of Herz
space and its norm is given as

RESE) = {g € LU\ (0D : gl < 0 2.10)

where

(= 1
12
el ey = [ > IR 4g)a||;v<.)] .

{=—00

Definition 2.8. Let u € [1, 00), £ € R and v(:) € P(R"). The non-homogenous Herz space Kfég(R”) can
be defined as

KSR = {g € LR\ (O] : lgllges ey < oo}, (2.11)

where

{=c0 u
‘
||g||K§£f4)(Rn) = |lgllomo,n) + [Z 12 5gxellﬁ,,(,>) .

{=—c0

Now, we will define variable Herz-Morrey spaces.

Definition 2.9. For a(-): R" - R, 0 < u < o0, v(-) € PB(R") and 0 < S < 0. A variable Herz-Morrey
spaces MKZ(VZf (R") is defined by

Mka(-),ﬁ(Rn) - {g c LV(-)(RH \ {0} : ”g”MKZ({if(R") < oo} ,

u,v(-) loc

where

ko i
_ —koB Ca()u u
llg ”MKva'zf(R") = Z}gz Z 2 Nexellpo@n | -

{=—0c0
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2.3. Variable exponent grand Herz spaces
Next we define variable exponent grand Herz spaces.

Definition 2.10. Let a(-) € L*(R"), u € [1,00), vi: R" — [1,00), 8 > 0. A grand Herz spaces with

variable exponent K“( 00 is defined by

Ri = {g € LU0 ¢ gllgopme < o,
where

u(T+y)
L 1 (1+¢)
||g||Ka()u)9 = sup [lﬁ Z ntal Ju( +w)||g)( ”]My(-) w]

¥>0 teZ

= sup lﬁu(lﬂﬁ) ||g||Ka()u(1+l//)
>0

Definition 2.11. Let g is a locally integrable function on R", 0 < {(z) < n. The n-dimensional
fractional Hardy operators of variable order {(z) can be defined as

1 PN 8(x) n
|Z|n_((z) L<|Z| g(-x)dx, 7_{ g(Z) = LZlZl |x|n—§(2) dx, Z € R \O

3. Sobolev type theorem for grand Herz spaces

Hg(z) :=

Now we will prove main results of our paper:

Theorem 3.1. Let 1 < u < oo,
1/q1(z1) = 1/qa2(z1) = {()/n,
0<{(-)<nanda,q, € Po(R"), such that

_—n<a <z " <a(0) < "
dio 4 @1(0) 7,(0)

Then,
-A
(1 + |z1]) (Zl)7’{(]()||1'<Z;-()j;f)ﬂ(Rn) < C||f||kzi‘(>:;«>.e(Rn).

Proof. Let f € K\ s"(R") and

f@) = Z fa @) = Z fiz),

Jm=eo J==eo

we have

1
IH (@) xe(z)] < Wf |fCOldx xe(z1)
Dy

¢
< 27" 3 N fillg ol llg ol o).

j=—00
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It is known, see e.g. [10] that

1
o e Ao

FO0m0@) 2 900 @) - (en)@1) = f
D,

> Clzil*Y xp,(z1)
> Clzi [ ye(z1).

Consequently, we have

(1 + 12D P HPllgaer < C27 il Il llg oI + 12D ™ H Ol lgare

¢
<2 Y Wfllaollesllgold + 12D H o s

]:—00

4
-
<27 3 llaelsllgolbeodlao

j:—oo
4
—{
<C ) 2 IS llgolle ol g,
j:—oo

1
u(l1+y)

sup ¢! > 2Oy (1 + |2y [ D H(PI Y

L+ [z1 ) H N gearon g
e L =

1
u(1+Y)\ u(@+)

IA

14
0 Ca(-)u(l -t
sup|y® )" 21NN 2= il ol g ol ol

¥>0 tez jm—oo

1
u(1+¢)\ u+p)

-1 {
0 Ca(-)u(l —¢
<sup|y? > 21NN T2 il ol g ol o lac
{=—00

¥>0

j=—

1
u(1+¥)\ u(T+d)

00 l
6 Ca(-)u(l -0
+sup [y > T2 DN N2 £l Gl g ol o
=0

>0

Jj=—0

= FE+ E,.

Now, we will find the estimate for E;. By the Lemma (2.4)

jn (=0On

27y ol Nl < C2200270 < €240 S

Applying above results to E; to get

1
u(1+¢)\ u(l+y)

E;

IA

-1 14
0 Ca(-)u(l -t
sup ! D" 2“0 27 il ol el

¥>0

{=—0c0 j=—00

1
u(1+¢)\ ull+y)
(=0n

-1 4
C sup l//H Z 2 ta@u(1+y) Z 24O ||fj||q1(~)

>0

IA

{=—00 j:—oo
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Let b := =%~ — a(0). Applying the fact 274+ < 2% the Holder’s inequality and Fubini’s theorem to
70 pplying quality
get,
_1 ) u(1+y) u(llJrW)
0 0)j b(j-t
E; < Csup|y D 29O fll 200
¥>0 {=—00 \ j=—0c0
1 ¢ u(1+y) u<11+¢>
0 0)j b(j-t
< Csup|y Z 290 £l (2200
¥>0 (=00 \ j=—c0
1
A ¢ gy |
< Csug u’ Z 2O 1. ||Z$w)2bu(1+w>(/—f>/2 % Z 2bu(1+)) (j=0/2
v> | {=—00 \ j=—00 J=—00

_1
u(1+y)

[ -1 ¢
< Csup we) Z Z 2u(0)u(1+¢/)j” f, ||Z§1.';l//)2bu(l+w)(j—f)/2
¥>0 | ¢

——00 j:—oo

-1 -1 1
o Yu(1+p) j (1+y) bu(1+9)(j-0)/2 | "M+
g0 ) e e 7 g >/]

j=—00 {=j

< Csup
¥>0

1
u(l+y)

-1 -1

7] 0)u(1 j 1+y) bu(l i—€)/2

< Csup|w Z pa(Ou( W)J”fJ”Z&ow Z Hbu(1+9)(j=0)/
¥>0 h =

Jj=—00

-1 T
0 0)u(1 j (1+¢)
< Csup|y Z pa(Ou( +w)1||fj”zl(.)w
¥>0 I——

1
u(1+y)

_ 0 Yu(l+4)j (1+y)
= Csup|y" ) 20
P>

JEZ

< C| |f| |K;E()';‘)-9(Rn) .

Now for E;, using Minkowski’s inequality we have

1
u(1+)\ u(i+)

o0 t
E, < sup wezzt’ab)u(lﬁm Z ye(1 + |Z1|)_A(Zl)7'{(fj)”q2(~)
=0 j

>0

Jj=—00

1
u(1+¢)\ ull+)

00 -1
< sup[f 7 290NN (1 + ) O H S g
=0 j

>0

]:700

1
u(1+)\ u(l+)

¥>0

o ¢
sup| g )" 29O NN Yy (14 [z ) OH Sl
=0 =0
=A + A,
As we can easily find the estimate for A in a similar manner to E;. We will replace ¢/ (0) with ¢ and
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by virtue of the fact b := -~ — a., > 0 to get our desired results. For A, we have

loo

jn

(n /7” —tn 7
2 en g ol llg o < C277205270 < €20270, (3.2)

Asam—q,i < 0 we have

loo

1
u(1+¢)\ ull+)

00 -1
0 Casu(l -A
A} < Csupl|y Z placoutl+4) Z e+ 12D O H gy
>0 =0 j=—00
- _1 u(l+y) 1
0 Cawu(140) —tn i ,17” u(1+4)
< Csuply? Y 2t | 3 oozt ||
¥>0 =0 Jj=—00
© _ ) u(l+y) |
llo;)* ﬂu(l‘f‘lﬂ) ,7" u(1+y)
< Csup[tpg Z 2 %o Z 299 fillg ) ]
¥>0 =0 J==00
-1 P u(14y)\ @5
H ’
< Csuplv’| D 297l
¢>0 j:—oo
» } u(1-4)\ T
o 0 B—a(0)]
< Csup|y Z 29D\ fill 425
Y>0 j=—c0

Now, by applying Holder’s inequality and using the fact that ﬁ —a(0) > 0 we have
1

) wl+h) m
- - (A —aopateny |
A, < Csup |y Z 2a(0)ju(1+¢)||fl_||u(}‘;l//) % Z oXC

- Jhq1t

Y>0 | Jj=—o0 Jj=—00

1
u(1+y)

< Csup wa Zza(oyu(lw)”fj”ﬁjw)

>0

JEZ
< C“f”KZi())MW(R")
Combining these estimates we get
1L+ |21 ) SO H P gatrns gy < ClLFl geaorns g
q() q1()
Theorem 3.2. Let 1 < u < oo,
1/q1(z1) = 1/g2(z1) = {()/n,
0<{(-)<n, and a,q, € Po(R") such that

_—n<a < " " <a(0) < "
Do G q2(0) ¢5(0)

Then,
-2
I+ Bl ™ VH (Pllgsrsen, < Cf sy
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Proof. Let f € K{\\"(R") and
fay= D) fawi) = ). fiz).
Jj=—00 j=—0
We have

1
(1 + 1z ) SO H () (z)xe(z)l < f s I (ldx.(1 + z1 ) xe(z1)
won lza=é@

<C Z 1 illgu o ICE + Tz D] K40l oxe(z).
j=t+1
It is known, see e.g. [10] that
IO%p)@1) = 00 )21 -(ep 1)

1
= —d | .
L.i |Z1 - Z2|§(ZI)—n yXDJ( 1)

> Clzt|"™ xp,(z1)
> Clag [ x (2.

Consequently, we have

-A 5 ] —
el + =D OH Pllgsiy < C Y Mgyl + a1 F 1o lelgacs

j=t+1

—j -1
<C Y 27MNA oA+ 12D =g o bl

j=t+1

< C27" 3 ol llgolheelleo.

j=t+1

1
u(l+y)

—-A * [ Ca()u(l -1 * 1+
1T+ 1) OH Pl gty = sup [0 ) 2“0 (14 1aa) OH (s
0

¥>0 leZ

1
u(1+¢)\ u(t+y)

0 Ca(-)u(l —j
< sup |y’ 3" 2900 LN 27 il ol Aol ol

>0 ez j=t+1
-1 00 u(1-+0)\ T
0 Ca(-)u(l —J
< sup|y? 37 290NN 27 il ol ol s
>0 (o j=+1

1
u(1+¢)\ u(l+p)

6 Ca(-)u(l —j
+sup |y )" 290NN 2= il Aol s
=0

Jj=t+1
= E, + E,.

We will find estimate of E,,

(E=jn

. .
27y ellgao e fllgyey < €C277"2002%0 < C2 20 (3.3)
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1
u(1+¢)\ u+p)

Es < Csup| ¢/ ZZW(”‘” S el + ) Rl

¥>0 Jj=t+1

<Csuply? D1 > 2| fillg, 277 :

) [ ) u(1+y) u<1+w>
>0 =0 \I=(+1

where "
d=—+a.,>0.
(]200
Then, by virtue of the well known Holder’s theorem for series and 27 < 27 yields

1
u(1+) 7 u(l+9)
co ) w+9))

E, < Csup GZ Z 2amu(1+w>j|| f, ”z;fglﬁ)zdu(lﬂp)(é’ N2 % Z Ad(1+9)Y (=))/2
>0 =0 \j=t+1 j=t+1

[

b Ll(l'H//)
< Csup[l//az Z parsulj f”u(lw)zdu(lw)(f mz]

>0 Y20 =i+l

1
u(l+y)

< Csup %1/9 Z Zaoou(lﬂl/)]”f ||u(1+1//) Z du(1+)(l=j)/2
>0 -

1
u(1+y)

j-1
< Csup we Z zamuuw)j” fi ”Z%w) Z du(1+4)(E=j)/2
¥>0 jez (=0

1
u(1+y)

] Du(l j 1+
= Csup|y Z paCu( W)J”ff”Zf(-)w

>0 jeZ

< Cl |f| |KZ;())”>H(RI1) .

For E, by using Minkowski’s inequality
u(l) \ s

-1 &)
Ey<suply’ > 29001 S (1 + i O H (s

L - j=y

1
u(1+y)\ u(i+y)

-1 -1
<sup|y’ 3 2N S e+ ) H ()l

L -~ j=C+1

1
u(1+y)\ u(i+y)

+sup |y’ Z 20O S e+ D™ O H Dl

L G —— =0
=D+ D,.

The estimate of D; can be obtained in a similar way to E, by replacing ¢, with ¢,(0) and using the
inequality

qz(O) +a(0) >0
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and

For D, we have

D, < Csup
¥>0

< Csup
>0

< Csup
¥>0

< Csup
v>0

< Csup
>0

< Csup
¥>0

< Csup
>0

n
— +de > 0.
qZOO

27" p Mgl llgy < C27M200272% < C200 20,

. . u(1+y) m
9 Ca(Oyu(l B )
0 2O (1 ) H
{=—c0 j:O
| N [ . u(1+y) m
y’ Z S laOyu(1+0) 22””2W 2% || filli
{=—0c0 jZO
| . . u(1+y) m
0 La(0)u(1 0D s
" Z 2 laOu(1+) quzw)z%wllﬁ-llq](-)
{=—00 J=0
L - v u(1+y) m
0 £(a(0 0)u(1 e
v Z o lla( )+n)/q2(O)u(l+y) Z 2020 ||fj||q1(')
Pm— =0
u(1+y) ﬁ
N u(1+y
9 o] (1200t teo
0| 3 2l 200
J=0
1
) u(14+y) /1 o % -
v’ 22”mju(1+¢)||fj||u<1+w szqwam)ﬂ(“w
q1(-)
=0 =
T
u(l+y
P Yiu(l u(1+y)
" Z Hal)ju( ﬂb)”fj”ql(')

JEZ

S C a(-),u), nye
”fHKZi()‘))G(R)

Combining the estimates for £, and E, yields

4. Conclusions

ICL+ 120y OH | garwos gy < Clllgaorvsgg-
a2() q10)

(3.4)

In this paper we proved the boundedness of fractional type Hardy operator of variable order on

grand Herz spaces with variable exponent under some proper assumptions on exponent.
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