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Abstract: This paper is dedicated to studying the existence of periodic solutions to a new class of
forced damped vibration systems by the variational method. The advantage of this kind of system is
that the coefficient of its second order term is a symmetric NxN matrix valued function rather than
the identity matrix previously studied. The variational principle of this problem is obtained by using
two methods: the direct method of the calculus of variations and the semi-inverse method. New
existence conditions of periodic solutions are created through several auxiliary functions so that two
existence theorems of periodic solutions of the forced damped vibration systems are obtained by
using the least action principle and the saddle point theorem in the critical point theory. Our results
improve and extend many previously known results.
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1. Introduction

Consider the following forced damped vibration systems:

{(A(t)u(t))' +AMa®u(t) = VE(tu(t) + f (),
u(0) —u(T) =u(0)—e*"u(T) =0, aete[0T] (1.1)
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where T>0, qel(0,T;R), Q('f)=j;(1(5)d5 , fel'(OT;RY), AM)=[a;(] is an invertible
symmetric NxN matrix-valued function defined in [0,T] with a, €C([0,T]) for all i,j=12,---N
and there exists a positive constant 24 such that 1| &< (A(t)¢, &), for all Se RY, aete[0,T]
and F:[0,T]xR" —R satisfies the following assumption:
(A) F(t,x) is measurable in t for every xeR™ and continuously differentiable in x for
a.e.t €[0,T], and there exist aeC(R",R"), be L(0,T;R") such that
[F(t,x)| <a(xb(t), [VF(t,x)|<a(x)b(t), forall X< R" and a.e.te[0,T],

When q(t)=0, A{t)=1,, and f(t)=0, the forced damped vibration systems [i.e., (1.1)]

reduce to the following classical second order non-autonomous Hamiltonian systems:

{U(t)va(t,U(t)),
u(0)—u(T) =u(0)—u(T)=0. (1.2)

By the variational method, many existence results have been obtained under some suitable conditions
in the last two decades. The readers may refer to [1-12] for more relevant results. In particular, Wang
and Zhang [4] gave the following two existence theorems of periodic solutions of problem (1.2).
Theorem A. Suppose that F satisfies assumption (A) and the following conditions:

(H.) There exist constants ¢ >0, «k,>0, K,20, a<[0]) and a non-negative function

h e C([0,400);[0,400)) With the properties:

(i) h(s)<h(t) Vs<t,s,t e[0+0),
(ii) h(s+t)<C,(h(s) + h(t)) vs,t €[0, 4+0),

(i) 0<h(t) <Kt“+K, Vt e [0, +00),

(iv) h(t) — +oo as t—+o.

Moreover, there exist f e L'(0,T;R") and g L'(0,T;R") such that
IVE(t,x)| < f(@®)h(x)+g(t), for xeR", aete[0Tl

(H;) There exists a non-negative function peC([0,+00);[0,+00)) Which satisfies the conditions

1 T
(i)-(iv) and —_[)F(t,x)dt—>+oo,as | X | +o0.

h*(x1)
Then problem (1.2) has at least one solution which minimizes the functional ¢ on H:.
Theorem B. Suppose that (H,) and assumption (A) hold. Assume that

1 T
(H.) WLF(LX)dt—)—OOas | X|= +c0 . Then problem (1.2) has at least one solution in H:.

With the increase in research, scholars began to study a more general form of Hamiltonian
systems: damped vibration systems. In damped vibration, due to the need of the system overcoming
resistance, the displacement and energy of vibration continuously reduced and their decreasing trend
is correlated to factors such as the natural frequency and damping coefficient of the system.

Therefore, the damped vibration system is greatly based on physics and can be one of the important
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mathematical models.
Wau [13] studied the existence of periodic solutions of the following damped vibration systems:

() +qt)u(t) = At)u(t) + VF (t,u(t)),
{ u(0)—u(T) =u(0)—e* u(T) =0. (1.3)

where q(t)u(t) is called damping term. The systems [i.e., (1.3)] are called damped vibration
systems in physics. Wu put forward the variational principle of problem (1.3) for the first time and
studied further the existence of periodic solution of problem (1.3). Subsequently, in case A(t)=0,
Wang [14] studied the existence of periodic solution of the corresponding system.

In addition, the vibration of a nonlinear vibration system under the action of a periodic dynamic
force f(t) is called forced vibration. Take the spring oscillator model as an example. Suppose that

: . . . . dx .
the spring oscillator is subjected to both resistance _7E and dynamic force F,cosat, and then
Dynamic equation of the spring oscillator is

d’x dx

m—; = —kx—y —+ F,cosat.

dt? Ta e

This equation is a special forced damped vibration system. Another example is the famous Duffing
oscillator model: Assume that it is subjected to both resistance cx and dynamic force fcoswt, and

then the dynamic equation of the forced damped vibration of the Duffing oscillator is

d’x 3
md?+cx+k(x+,8x ) = fcosawt.

The forced damped vibration systems [i.e., (1.1)] we have studied are more general than the two
equations above. Therefore, the systems [i.e., (1.1)] are proved to not only have a very strong
physical background but also be a more general class of new systems.

Generally, a nonlinear vibration system is complex and it is difficult to get a strong solution to a
differential equation. In recent years, the variational method has been used by many scholars to study
the existence of solutions of differential equations, such as the classical second order non-autonomous
Hamiltonian systems [i.e., (1.2)] (see [1-12]), the damped vibration systems [i.e., (1.3)] (See [13,14])
and the damped random impulsive differential equations under Dirichlet boundary value conditions
(See [15-17]). The variational principle, including the Hamilton principle, is widely used in the
nonlinear vibration theory. For the case of Hamiltonian-based frequency formulation for nonlinear
oscillators (See [18]), its Hamilton principle is established by the semi-inverse method.

Inspired by [4,13], we obtain a new class of forced damped vibration systems [i.e., (1.1)] and
decide to study the existence of periodic solutions of this problem by the variational method. We
explore, in depth, the existence of variational construction for problem (1.1) and study further the
existence of periodic solutions of it under some solvability conditions by following the least action
principle and the Saddle Point Theorem 4.7 in [3], and obtain two new existence theorems.

2. The variational principle
Let us suppose Hi={u:[0,T]—R"|u is absolutely continuous, u(0)=u(T), uel*(0,T;R")}

with the inner product

AIMS Mathematics Volume 8, Issue 9, 22162-22177.
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(uv)=[ @)+ [ @), v@)dt, for any uveH?,

where (-,-) and |-| are the usual inner product and norm of R". The corresponding norm is
defined by

1

jul=( [/ 1w de+ [ jacoe ) for we .
Then, H; isobviously a Hilbert space.

Set

1

Jul, = UOT e®® (A(t)u(t), u(t))dt +IOT eQ(t)(U(t),u(t))dt)z, for ueH;.

Obviously, the norm ||{, is equivalent to the usual one || on H:.The proof is similar to the
corresponding parts in [19].

Let H:={ueH:|[ udt=0},itiseasy to know that H: isasubsetof Hi and Hi=RM®H;.
It follows from Proposition 1.3 in [3] that

J:|u(t)|2dt < I—;J: lu(t)[dt, for every ue H: (Wirtinger’s inequality),
and
ul’ < 1T—2J'OT ut)’dt, for every ueH: (Sobolev’s inequality).
Hence,

o < @) Jaf o, for every ue ;. @)
Define the functional @(U) on H; by

o(u) = % LTeQ“’(A(t)u(t),u(t))dt + LTeQ("F(t,u(t))dt +LTeQ(“(f(t),u(t))dt . (2.2)

We have the following facts.
Theorem 2.1. The functional ¢(u) is continuously differentiable and weak lower semi-continuous

on Hy.
Proof. Set L(t,x,y):eQ“)[%(A(t)y,y)JrF(t,x)+(f(t),x)] for all x,yeR“ and te[0,T]. Then

L(t,x,y) satisfies all assumptions of Theorem 1.4 in [3]. Hence, by Theorem 1.4 in [3], we know
that the functional ¢(u) is continuously differentiable on H; and

(¢'(u),v) = jOT e?W(A(t)u(t), v(t))dt + L €20 (VF (t,u(t)) v(t)dt + LTeW(f(t),v(t))dt !

AIMS Mathematics Volume 8, Issue 9, 22162-22177.
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for all u,veH;. Moreover, the proof for the weak lower semi-continuity of ¢(u) is similar to the
corresponding parts in [3, P12-13].
Theorem 2.2. If ueH; is a solution of the Euler equation ¢'(u)=0, then u is a solution of

problem (1.1).
Proof. Since ¢'(u) =0, then

0=(¢/(u)v) = [ € (A®MU(L),v(B)dt + [ 00 (VF (t,u(t)),v(t))dt + LTeQm (f (),v())dt,
forall uveH;.ie.,
[ €2 (A (), vit)dt = -LTeW (VE@,u(t)+ f () v()dt, forall veH:.

By the Fundamental Lemma and Remarks in [3, Ps.7], we know that e®®A(t)u(t) has a weak-derivative,
and

(€2 AM)U(t)) =e?“[VF(t,u(t)+ f(t)], ae.te[0,T]. (2.3)
e?WA)u(t) = J:eQ‘”[VF (s,u(s))+ f(s)lds+C, ae.te[0,T]. (2.4)
LTeQ("[VF(t,u(t)) + £ (t)]dt =0, 2.5)

where C isa constant. We identify the equivalence class e*®A(t)u(t) and its continuous representation

[ 29 [VF (s,u(s))+ f (s)]ds +C .
Then, by (2.4), we have

2@ A(0)u(0) =0

i.e., u(0)=0.
By (2.4) and (2.5), one has

e A(T)U(T) =0.

e, e2Mu(T)=0.

By the existence of u(t), we draw a conclusion similar to (2.5), that is
T
j u(t)dt =0.
0
i.e.,, u(0)—u(m)=0.

AIMS Mathematics Volume 8, Issue 9, 22162-22177.
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Therefore, u satisfies the following periodic boundary condition
u(0) —e*u(T) =u(0) —u(T) =0.
Moreover, by (2.3), u satisfies the following forced damped vibration equation
(A(t)u(t)) + A@)q(t)ut) = VFE(tu(t))+ f(t), ae.te[0,T].

Hence, u is asolution of problem (1.1). This completes the proof.
From the proof of Theorems 2.1 and 2.2, it can be seen that the variational principle of problem (1.1)

is indeed the ¢(u) [i.e., (2.2)] we defined above.

In fact, we can also directly derive the variational principle of problem (1.1) by using the
semi-inverse method [18]. The derivation process is as follows.

In case q(t) =0, we can easily obtain the following variational principle:
1 oy
@ (u)= j; E(A(t)U(t),U(t))+ F(tu(®) -+ (f (©),u(t))dt.

In order to obtain the variational principle of problem (1.1), we introduce an integrating factor
g(t) which is an unknown function of time, and consider the following integral:

2,(8) = [ {9 (AQU().UE) + F (Eu®)+(F O]+ G, b, -}t (26)

where G is an unknown function of u and/or its derivatives. The semi-inverse method is to identify
such g and G that the stationary condition of Eq (2.6) satisfies problem (1.1). The Euler—Lagrange

equation of Eq (2.6) reads
gO(VE(tu®)+ (1)) - (g®I(Atu®mD + % =0, (2.7)

where % is called variational derivative [20-22] defined as

A ou otou
We re-write Eq (2.7) in the form

10G

g (AU (L)) + (A®u()) = (VFtu®)+ f ) +—— (2.8)
g g ou

Comparing Eq (2.8) with problem (1.1), we set
g’ oG
2 =q(t),—=0.
] a7,

Therefore, we have

AIMS Mathematics Volume 8, Issue 9, 22162-22177.
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g =exp J:q(s)ds =e%",G =0.

Consequently, we obtain the needed variational principle for problem (1.1), which reads

0,(0) = [[ € (AQU.U®) + L)+ (FOUO)EE.

Obviously, ¢,(u)=¢(u).

3. Existence of solutions for the forced damped vibration systems

In convenience, we set

d, =maxe®”, d,=mine%, a= max {a[}
te[0.T] te[0,T] {,61[31+j4,N

Theorem 3.1. Let F(t,x)=F(t,x)+F,(x), suppose that F(t,x) and F,(x) satisfy assumption (A) and
the following conditions:

(H,) There exist constants c >0, K, >0, ae(%,l) and a non-negative function
h, € C([0,+);[0,+0)) with the properties:

(i) h(s)<h(t) Vs<t, s,te€l0,+x),

(ii) h(s+t)<C,(h(s)+h(t)) Vs,t €[0,+0),

Gy fim 1) <

S—>+o0 Sa
Moreover, there exist r,r, e L'(0,T;R") such that
VR (@t x)| <r®h(x)+r, (), for xeR", aete[0,T].

32d,

1'%2

and

(H,) There exist a constant k,>o0 and two functions k e L'(0,T;R") with IOT k(t)dt <

h, € C([0,+0);[0,+2)) which is non-decreasing, such that

(VF,(X)-VF,(y)x=y) <k({t)h,(x-y]), for x,yeR", ae.te[0,T],

and
Iimsuphz—(zs)s K,.
S—>+00 S
: 1 7 o C2d2TK? ¢1 5
(H) lim = [0 F @t ST ([ oy

Then problem (1.1) has at least one solution which minimizes the functional ¢(u) on H;.
Proof. It is clear that

AIMS Mathematics Volume 8, Issue 9, 22162-22177.
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1 T Q(t) . . 1 T . 2 _ 1 .12
> jo e®(AMU(D), u(D)dt > > jo Ad, [u(t) [P dt _E}Ld2||u||2.
It follows from condition (H,) and Sobolev’s inequality that

‘ [ OR Lu®)- Rt U)]dt‘

- ‘ e LI(VFl(t,U+sU(t),G(t))dsdt‘

<[ [eronnqu+sao 1T (0 dsdt+ [ [e2°r, 0T dsot

<[ [2e20n0)C,(h( T )+ h(s|at) D) |act) | dsdt+ [ e®Or,(t) |a(t) | dt
<[ e2On,MC, (h (T ) +h (G D) G(E) | dt + ], [ e2r, ()l

<, (T )+ha] Nlal, [ rode ([ lu F d?

=can(up|a], [ nwydt+cdhal)]al, [ r®dt+C,([ lu@ bz

34d, e CAT oo
sCldl(ﬁ” IF+ 3, ZL W2 (|0 |)(j R (t)dt)?) + C,d, (K, o] +C,)|d]. j r, (t)dt
e ([T F d:

Ad. . C2d&T a+l .
<= Ell+ . (J, 5O (T +CoK )zj r(t)dt u]

T3 :
HCC (), n0dt+C,)|u
It follows from the condition (H,) and Sobolev’s inequality that
[} e2OLF, (u) - F (@t = [ €2 [ (VF (@ + s (1)), T (1)) st

_ [T aem* T et Ty

= jo e jo (VF (0 +si (t)) - VF, (@), T (t))dsdt

~ [Teov j:% (VF (0 +si(t) - VF, (@), sd(t))dsdt

< jOT e E K(t)h, (| ST (t) )dsdt
T 11 -

<[ e[ KO, (5[], )dsc
j g j k(t)s?K, | dsdt

<K j e?Wk (t)dt|d|

< ST [k@ata:,

for sufficiently large || . By Sobolev’s inequality, we have

3.1)

(3.2)

(3.3)

AIMS Mathematics Volume 8, Issue 9, 22162-22177.
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jOT &0 (f (1), u(t))dt = jOT &0 (f (1), G(t))dt + joT &0 (f (t), T)dt
<[ &2 | £ | dt[T], + [ €2 £ )|ty
<c,ul,+ [ 00 | £ ()| dt[T]. (3.4)
Thus, by (3.1)~(3.4), we obtain
o) = [ 20 (AU, u)dt + [ eXOF u®)at+ [ 20 @), u()e
- % [[ €20 (AMu(R).u()dt + [ e2OLF, (t u(t) - F(t,mdt

" j ' eQ(‘)[F (u() - F,(0)]dt + [ eROF ¢, mydt + [ 2O (f (1), u(t))al
d K,T I

T %ﬂ T L+l
_( kdofal; -CdK [ rdtal;

L R | _
—(clcgdl(—)z jo L©)dt+C, +C,)|ul, [T} (W jT e?VF (¢, T)dt

_CldT h' ()
t)dt)® e?W | f(t)|dt 35
i U0 e - e 1010t ) @5)
Since
Jul =+ < (@] +[u,)? -+, (3.6)
ad, dK,T 3ad, .
and —=-—7 S [kOdt>0 as fy kOdt < T o it follows from (H). (H.). (35) and (3.6) that
2

p(u) >+ as |u|—>+o, ie., @) is coercive. By Theorem 1.1 and Corollary 1.1 in [3] (i.e., the
least action principle), we complete the proof of Theorem 3.1.

Remark 1. The condition Im@ <K, in Theorem 3.1 is weaker than the condition h(t) < Kt* +K,

in Theorem 1.1 in [4] (i.e., Theorem A in the present paper), so that Theorem 3.1 generalizes Theorem 1.1
in [4] even in the case of F,(x)=0,q(t)=0, A(t)=1,, and f(t)=0.

Theorem 3.2. Let F(t,x) = F,(t,x) + F,(x), and suppose that F,(t,x) and F,(x) satisfy assumption (A)
and(H,) . If the following conditions hold:

(H,) There exist constants ¢, >0, K, >0, a <[0]1) and a non-negative function h, € C([0,+0);[0,+x))

with the properties:

(i) h(s)<h/(t) Vs <t,s,t €[0,+x),
(i) h(s+t)<C,(h(s)+h(t)) Vs,t €[0,4+0),
(i) lim h(s )< K,.

S—+o0 S
Moreover, there exist r,r, e L'(0,T;R") such that
VRt x)| <r®h(x)+r, (), for xeR", aete[0,T].

AIMS Mathematics Volume 8, Issue 9, 22162-22177.
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(") (I DY [ (R 0+] FO 11Dt =

Then problem (1.1) has at least one solution on H; .
Proof. We will use the Saddle Point Theorem 4.7 in [3] to prove Theorem 3.2. First, we prove that
the functional ¢(u) satisfies the (PS) condition. Suppose that {u.} is a (PS) sequence for ¢(u),
that is, !Tl ¢'(u)=0 and ¢(u,) isbounded. By a way similar to (3.2)—(3.4), we have

UOT eQW (VF1 (t,u. (t),U, (t))dt‘

a+l

/1d Czdlz-l- T
4 L

CdlKl( ) = (CCd( >’ [t O (1T, 1),

jOT &2 (VF (u, (1)), ., (t))dt = jOT 2O (VF (T, +, (1)), T, (t))dt
- jOT 2O (VF (U, +0, (1)~ VF,(@,), T, (t))dt
< jOT 2Ok (t)h, (| T, (t) )t
< [ 2Ok (t)h, ([, ], )at

< j ek (V) (K, [T, | +C,)dt

dKT

and

j eV (f (), (t))dt < j

Hence,

- LT eV (A(t)u, (1), u, (t))dt
+ J'OTeQ(t) (VF,(t,u (t)),ﬁ ()t +J‘Teo(t) (VF, (un(t)),ﬁn (t))dt +IT eQ® (f (1), Gn (t)dt

d, ; Cld7T T asl
el sz, ([ BOA(T ) -CaK () 7 [ ndtlo);
~CLA() jTrl(t)dt+cz)||un|| AT C.lu[,-C,
:3;21 dKT 2 CdT(jr(t)dt)hl(lul)
~C,d,K, (- >2j ~(CCH (7 )jr(t)dt+c +Cy) ., -

It follows from (2.1) that

AIMS Mathematics Volume 8, Issue 9, 22162-22177.
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_ L 2
8= @, )2 1o, @ 2.

Thus,

un

, < C.h(u, )+C,, for sufficiently large n. (3.7)
By (3.2)—(3.4) and (H,), we have

o(U,) = % [[ €20 (AU, ), U, ()t + [ e2OF tu, O)dt+ [ 2O (f (),u, (D)et
= ) €% (AU, @0, )t + [} VIR (u, () - (¢8It
+ jOT e?O[F,(u, (1)) - F,(T,)]dt + jOT e?WF(t,u,)dt + jOT eV (f (t),u, (t))dt

da“ Ad, dKT ¢t o T ot o o
< (- D SR [kaa ) +CaKi() ? [ ot

Ty (T L CHIT g -
HCC,O, ()2 [ mOdt+C, +C)a [, + o, ([ nwdy’ni(a, )

+[ €201 £ )] dm,| + [ e?9F (t,T, )t
< C9 h12(| l‘Tn |) +C10h1‘7‘+1(| Un |) +Cllh1 (l Un |) +J;r eQ(t) | f(t) | dt|Un| +J;r eQ(t)F(t’Un)dt

=h{ (T, |)(h12 (IlUn ) J;TeQ(”(F(t,Un)+| f@t)|lT, Dt +C,

un

1 1
—yC. — C9
o Cohgap T

—> —00 as

— 400,

which contradicts the boundedness of ¢(u, ). Therefore, {Ju, [} is bounded, and then {u } is

bounded by (3.7). We conclude that the (PS) condition is satisfied.
Next, we only need to prove the following conditions:
() @(u)—>-w as |u—>+wo in RY;

(1,) @u)—>+o as u|—>+o in H:.
In fact, by (H,), we obtain

T T
p(u) = [ F (Lu)dt+ [ (f (), u)dt
0 0
SJ.TeQ‘”(F(t,u)+|f(t)||u|)dt >0 as |u >+ in R
0

Thus (1)) is proved.
For ue |—~|$ , as we have argued in (3.2) and (3.3), we have

‘ [EREAEIOBAC ,O)]dt‘ - ‘ [ e[ (VR . sa), l](t))dsdt‘
< [ ['eOn @ (| sa) )|t dsdt+ [ [e20r ()| ae) | dscl

<dn (], al, [, n®dt+C, ([, lu® F dvy*

AIMS Mathematics Volume 8, Issue 9, 22162-22177.
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1
<d, (K, +C], [ n(dt+C,([ [u@ P dt)?
a+l

<dK,(35) * [} R@dfall ™ + €y [ rdt+C,) o]

2

and

dKT

J'OTeom [F,(u(t))-F,(0)]dt < _[ K (t)dt” ”z '

which implies that
o(u)= %LT e®0 (ADUE®, Ut + [ 2R tu®)dt+ [ e (f 1), u(n)at
— [} ¢ (AU, u0)t + IR (€u®) - F (0ot

+f €Y[F, (u(t)) - F,(0)]dt + ITeQ("F(t,O)dt +[ e (O, u)at

ad, dK,T T “er st
> (52~ 1 j k(t)dt) |ul; ~Ki () ? [ n(dt]ul;
T2 T o
~(Cith ()’ jo r(t)dt+C, +C,)ul, + j e°VF (t,0)dt (3.8)

forall ueH:?.
By Wirtinger’s inequality, one has

||u|| -+ & ||u||2 —>40, Ue H~i .

32d,
dK,T

1

@ dKT

We know that It follows from (3.8) that

jk(t)dt >0 as jk(t)dt <

o(u) > +ooas ||u||—>+oo in HT,that is, (1,)is proved.

By making use of the Saddle Point Theorem 4.7 in [3], we prove that problem (1.1) has at least
one solution on H;.

Remark 2. The condition lim ——~>2 h(s) <K, inTheorem 3.2 is weaker than the condition h(t) < Kt“ +K, in

S—+w0 S

Theorem 1.2 in [4] (i.e., Theorem B in the present paper), so that Theorem 3.2 generalizes Theorem 1.2

in [4] even in the case of F,(x)=0, q(t)=0, A(tt)=1,, and f(t)=0.

4. Examples

In this section, we give two examples to illustrate the feasibility and effectiveness of our main
conclusions.

AIMS Mathematics Volume 8, Issue 9, 22162-22177.
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A+t 0 0 - 0
0 A+t 0 - 0
Example 4.1. Let A(t)=| 0 o . - 0 ,where 350
0 0 0 - A+t)
Let E(tx)= (2T —t)n? @+ [x[), F(x) =2 |xf h1(|x|)—ln%(1+|x|2)
Y 3d, C dK,T2 '
Then,
1 1 1
N[+ (s+t)?]<2(In?(1+5°) +In?(1+t2)), VS te[0+0),
ie.,
h(s+t) <C,(h(s) +h,(t)), Vs, t e [0,4+00)
and
fim ) _ jim (145 —0<K,:

S—>+00 S‘Z S—>+00 S

Moreover, we obtained the following results through simple derivation:

3 d,
VF, == -2 x

1
I+ x[*
< |=T- tIn 1+ x
2|OI |In? @+ xF)

=LOh(x)+r),
34d

2d
VE,(X)—=VF,(y),x—-Yy) = X— k(th (| x— k(t)dt <
@ (VR(X)-VF,(y),x-y)= dKT2| y[=k®h,(x-y)), (I ® OIKZT),
® limsup =+ 2() =1<K,,
Q(t)
lwlxlmj e?OF (t,x)dt
. 1 1 Ad
=lim e?® d, T tIn 1+] x dt+||m e x [ dt
wxraf (T ~Oin=(@+1xF) |x|2aj Pl

T 2
ZJ. eQ(t)( 2 T t)dt " In (1+2| XI ) ﬂdz "m |X |2—2a
o x| | Xl a d KZT |X| >0

= 400,
B AIXF<(A+)]|x=(A(t)x,x), forall xeR" and a.e.te[0,T].

It is easy to see that A(t), F(t,x), F,(x) and h/(|x]) satisfy all conditions of Theorem 3.1.
Hence, problem (1.1) has at least one solution on Hj; .
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A+t 0 o -~ 0
0O A+t 0 --- O
Example4.2. Let A(t)=| 0 o . - 0 , where 1>0.
0 0 0 - A+t)
Let F(t X)—(iT—t)lng(l+|X|2) F,(x)=- Ad, [ x [ h1(|x|)—ln%(l+|x|2)
o 3d, L dKT2 '
Then,
e*“(F(t,x)+| f(t)[] x]dt
'X'”“"hl(l |)I
_I|m In 1+] x e 2T t)dt — lim Qm—dtﬂim e® | f (t)|dt
XD, G, Y lxl»w|n(1+|x|)j d,K,T? le%ln(1| |)I O
2 1 2
<%l i e x ) - 70, jim — X[ + [0 1) ot m— Xl
6 o= d, K, T #o= In(+] x [*) i In(L+[x[*)

= —00,

The derivation of other conditions for Theorem 3.2 is the same as Example 4.1.
It is clear that A(t), F,(t,x), F,(x) and h(] x|) satisfy all conditions of Theorem 3.2.

Therefore, problem (1.1) has at least one solution on H; .
5. Conclusions

In this paper, we study the existence of periodic solutions of the forced damped vibration systems
[i.e., (1.1)] by using the variational method and the critical point theory.

First, we provide an expression for functional @(u) and further prove that the functional ¢@(u)
is continuously differentiable and weak lower semi-continuous.

Then, we prove that the critical point of @(u) is a solution of problem (1.1) in the sense of
weak-derivative. Moreover, we directly derive the variational principle of problem (1.1) via the
semi-inverse method.

Finally, it is proved that problem (1.1) has at least one solution under the given sufficient
conditions through the least action principle and the saddle point theorem.

In the future, we can continue to study this problem by looking for new sufficient conditions.
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