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1. Introduction

The classic Hardy operator and its dual operator are defined by

1 * ©
H@@:;Lf@@ H (P00 = %Qx

X

for the locally integrable function f on R and x # 0. The classic Hardy operator was introduced by
Hardy and he showed the following Hardy inequalities

Elfls 1 Pl < plflor

IH(Pller <
p
where 1 < p < oo, the constants [%, p are best possible.
Faris [6] first extended Hardy-type operator to higher dimension, Christ and Grafakos [2] gave an
equivalent version of n-dimensional Hardy operator H for nonnegative function f on R”,

Hf(x) = Jdy, xeRN\{0},

inxln [yl<lx]
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where ), r(1+ 5 s the volume of the unit ball in R". By a direct computation, the dual operator of H
can be defined by setting, for nonnegative function f on R”,
" O n
H(Hx) = Iyl x € R"\{0}.
yI=lx

Christ and Grafakos [2] proved that the norms of H and H* on L’(R")(1 < p < o) are also p%l
and p, which is the same as that in the 1-dimensional case and is also independent of the dimension.
The sharp weak estimate for H was obtained by Zhao et al. [19]. For 1 < p < oo,

IHOlNere < XSl

where 1 is best constant.

In recent years, the research on Hardy operator related issues is receiving increasing attention, Hardy
et al. provided us with the early development and application of Hardy’s inequalities. In [8,9, 15], Fu
et al. have engaged in many related discuss, which provide convenience for our research.

In this paper, we will investigate the sharp bound for Hardy-type operators in the setting of the
Heisenberg group, which plays important role in several branches of mathematics. Now, allow us to
introduce some basic knowledge about the Heisenberg group which will be used in the following. The
Heisenberg group H" is a non-commutative nilpotent Lie group, with the underlying manifold R*" x R
with the group law

X0y =|X1+Y15..-5Xm + Yon, Xon+1 + Yous1 + ZZ(ijrHj _xjyn+j)

J=1
and
2
5)’ ()C1, X2y e v vy X2y -x2n+l) = (rxla rXo,...,rXon, 1 x2n+l)’ r> 07
where x = (X1, -+, Xon X2n41)> ¥ = (V1,°** s Yan, Yans1)- The Haar measure on H” coincides with the

usual Lebesgue measure on R**!. We denote the measure of any measurable set E C H" by |E|. Then
6-(E)| = r°|E|, d(6,x) = rdx,

where Q = 2n + 2 is called the homogeneous dimension of H".
The Heisenberg distance derived from the norm

2n 2 174
|x|h = [[Z xzz] + x%n+l] >
=1
where x = (-xla X2, 5 Xons x2n+l)a is given by

d(p,q) = d(q"'p,0) =g~ pla.

This distance d is left-invariant in the sense that d(p, g) remains unchanged when p and ¢ are both
left-translated by some fixed vector on H". Furthermore, d satisfies the triangular inequality [12]

d(p,q) <d(p,x)+d(x,q), p,x,q€H".
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For r > 0 and x € H", the ball and sphere with center x and radius » on H" are given by
B(x,r)={yeH" : d(x,y) <r}

and
Sx,r)y={yeH":d(x,y) =r},

respectively. And we have
|B(x, r)| = |B(0,r)] = Qqr?,
where ]
Q. - 21" 2 (n/2)
e~ m+ DHI'MI((n+1)/2)
is the volume of the unit ball B(0, 1) on H", and the area of the unit sphere S¢~! is wg = 0Q (see [4]).

More about Heisenberg group can refer to [7,11,16].
The n-dimensional Hardy operator and its dual operator on Heisenberg group is defined by Wu and

Fu [18] . 0
FO)dy, W*f():=f dy, (L.1)
Qolx[? f|y|h<|x|h P G iz QolylC g

where x € H"\{0}, f be a locally integrable function on H". They proved that H, and H is bounded
from LP(H") to L?(H"), 1 < p < co. Moreover,

Hyf (x) :=

p *
Hu Lp ey = EHf”LP(Hﬂ), H, N r@ny = Pl (1.2)

This is the same as the result on R".

In [10, 13], Ledn-Saavedra and Gonzélez studied the behavior of Cesaro operator, Chu et al. in [3]
defined the n-dimensional weighted Hardy operator on Heisenberg group Hj, and n-dimensional
weighted Cesaro operator on Heisenberg group H; . Let us recall their definition.

Definition 1. Ler w : [0, 1] — [0, 00) be a measurable function. For a measurable function f on H",
the n-dimensional weighted Hardy operator on Heisenberg group H,,, is defined by

1
H, f(x) := f f@6:x)w(t)dt, xe€H".
0

For a measurable complex-valued function f on H", nonnegative function w : [0, 1] — (0, c0),

1
f rw)dt < oo
0

1
f 2I=UP () dt < oo,
0

the n-dimensional weighted Cesaro operator is defined by

1
H; f(x) = f JOUD i, x e,
0 19

and
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which satisfies

jﬂ; SO(Hwg)(x)dx = j}; 8()(Hy, (x)dx,

where f € LP(H"), g € LY(H"), 1 < p < o0, g = p/(p — 1), Hy,, is bounded on LP(H") and H;  is
bounded on L(H").

Remark 1. In [3], Chu et al. proved the equality

1
Hio f (x) := f f@xw(ndt = Hy,f(x), xeH"\{0},
0

was established when w(t) = Qt2~! and f is radial function.

Recently, many operators in harmonic analysis have been proved to be bounded on mixed radial-
angular spaces, for instance, Duoandikoetxea and Oruetxebarria [5] built the extrapolation theorems on
mixed radial-angular spaces to study the boundedness of a large class of operators which are weighted
bounded. In [17], Wei and Yan studied the sharp bounds for n-dimensional Hardy operator and its
dual in mixed radial-angular spaces on Euclidean space. Inspired by them, we will investigate the
sharp bounds for n-dimensional Hardy operator and its dual operator in mixed radial-angular spaces
on Heisenberg groups.

Now, we give the definition of mixed radial-angular spaces on Heisenberg group.

Definition 2. For any n > 2,1 < p,p < oo, the mixed radial-angular space Lf; th’; (H"™) consists of all
functions f in H" for which

p 1
”f”LP LP(H) *= (f (f |f(r, 9)|pd9) I’Q_ldl") < 00,
Wl 0 so-1

where S2~! denotes the unit sphere in H".

Next, we will provide the main results of this article.
2. Mixed radial-angular bounds for 7, and #;

Theorem 1. Let n > 2,1 < p,p1, o < . Then H, is bounded from L!, Ly'(H") 1o L, Ly*(H").

Moreover,
_ _ I 4 1/pa—1/p1
WHllzy, 11 oy, 102en) = p—170 '
Theorem 2. Let n > 2,1 < p,py,py < oo. Then H; is bounded from L, L' (H") 1o LY Li>(H").
Moreover;

1/p2—=1/p1
H; p p = pw .
1, ||L(;|hL51 @1l 12 e = P

Proof of Theorem 1. Set
1
gx) = — f(64,0)d0, xeH", (2.1)
Wo

se-1
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then g is a radial function. Moreover, we have

« ) P/ 1/p
Igllp o1y = (f ( f lg(r, 9)|p1d9) rQ_ldr)
i 0 o-1

~ = \P/D1 lip
= ( f (wolg™") rQldr)
0

~ 00 1/p
= wg” ( f |g(r)|p,Q-1d,,) :
0

where g(r) can be defined as g(r) = g(x) for any x € H" with |x|, = r since g is a radial function. By
using Holder inequality, we have

B 00 1 p 1/p
_ _ Up _ 0-1
gl 1y = 04 ( fo o [, sl » dr)
o 1
_ Upi-l o, VY
= wy f(6,0)d6| r*dr
0 se-1

_ _ 1/p
i 00 ) p/p plp,
<wy"! f ( f |f(5,6)|p'd9) ( f d0) rodr
0 so-1 so-1
co p/b1 1/p
:( f ( f |f(5,9)|f’1d9) rQ_ldr)
0 se-!

= ||f||L|px\hLZI(Hn).

Next, we use another form of Hardy operator

1
- H" )
HiP0) = o fB L Foxy xeE)

By change of variables, we can get

1 1
L — 5,4,0)d6)d
Hi8 ) = (50, B(O.xm( f F(010) )y

|x],
5,0)do| r¢'dy'd
|B(0|x|h>|f flylh (wa J(:6) ) yar

|x|h
= 5,0)r~'dod
B0, |x|h>|fo o OO :
=7{hf (x).

Thus, we have obtained

||7'{h(f)||Lﬁ_ll L2 ey ”ﬂh(g)”Lﬁthgz(Hn)

b

”f”l‘(,\)-\hLZI(Hn) ”g”L‘I)’(thﬁ;’l (H”)
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which implies the operator H and its restriction to radial function have same norm from L” Lg 'to

|x|h

L’ ng. Without loss of generality, we can assume that f is a radial function in the rest of proof.

|l
Consequently, we have

||7_(hf||LP Lﬁz(HVL) =
Ixlp, 6

i
i

plp2 P
( [H(f)(r, O)I 20«'9) rQ‘ldr)
0-1

I}

plp2
(f |7‘{h(f)(")|’_’2d9) rQ‘ldr)
§o-1

1/p

00 1/p
= wy" ( fo mh(fxr)v’rQ-‘dr) :

where H,,(f)(r) can be defined as H,,(f)(r) = H,(f)(x) for any |x|, = r. Using Minkowski’s inequality,

we can get

I
€

©©

3

IA

Qo Jpo.)

f(6:y)dy

B(0,1)

('UQ %) 1/p
o ( f | £ (S, r)|PrQ—1dr) dy
o B(0,1) 0

p 1/p
Sf(6,y)dy rQ‘ldr)

p 1/p
rQ_ldr)

wQ 0o 1/p
e [ ([ o) wiera
0 B(0,1) 0

1/pa—1/p
w/Pz /P1

00 1/p
_ 9 p/p1 p..0-1 -Q0/p
- | ( [ @i dr) 1,27 dy
(0,1) 0

1/pa=1/p1
Wo

_ P up-up
p-17°

Therefore, we have
p

On the other hand, for 0 < € < 1, take

0,

fe(x) = (2+9)

|,

Then we can obtain

”fEHLI’ Lﬁl =
xlp, 0

AIMS Mathematics

1/p2—1/p1
o< —
||7‘{hf||L£|hL52(H”) = p- 1%

-0/p
= WL, ayliflly oo
QQ \f[;(o’ 1 h le\h L9

”f”LIi\thl(Hn)'

||f||L£‘hL§1(H")' (2.2)
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and
0, Ixlp, < 1,
Wh(fe)(x) = -2 -2_¢ .
-1 P r
Qg ld, f|x|7,1<|y|h<1 "y, x> 1
So, we have
1/p2 P 1/p
w 0
0 _Q_ —=—€ 1
||7‘{h(.f€)”LP L’_’Z(Hn) = = f r.r Ef |y|hp dy rQ dr)
6 QQ r>1 rl<lylp<l1
1/pa p I/p
w 0 _o_
> 2 f re f v, " “dy rQ_ldr)
Qp r>1 e<[ylp<1
1/p2 1/p
w _o_
== f r"’f‘er) f " dy
QQ r>é e<|yln<1

w1+1/]_)2 1/p 1
e _1_2_
=2 [f r”Eer) erlpfdr
QQ r>% €
0
1 - EQ_ —€ 1/— =
— p2-1/p .
=TT ewo Ml
- - — = |xlp, 0
P (Y]
Thus, we have obtained
0
1 - GQ_;_G 1/— =
pa—1/p
WHllyr e ppy 2 €T —2@o T Melly -
Ity 0 Jlj, 0 1- 570 10, 0

Since €€ — 1 as € — 0, by letting € — 0, we have

i P Up-1p ,
||7’{/‘1||Lll;‘thl(Hn 2 p — 1(1)Q ||f||Lﬁ_thgl(H”)' (2.3)

Combining (2.2) and (2.3), we can get

o _ P m-1/p ]
||7‘{hf||L£|hL§2(H”) - p _ 1wQ ”f”Lﬁ‘thl(H")'

This completes the proof of Theorem 1. O

Proof of Theorem 2. The proof of Theorem 2 is similar to prove of Theorem 1, we omit the details. O
3. Mixed radial-angular bounds for %, and H;

Theorem 3. Letw : [0, 1] — (0, 00) be a function, n > 2,1 < p, p1, p» < oo Then the n—_dimensional
weighted Hardy operator on Heisenberg group H,,, is bounded from Lf; thg "(H™) to Ll‘; thgz (H"™) if and

only if
1
f P w(t)dt < oo.
0

1
H i a _ \/ba-1/p -¢
|| hW||L|I;\, Lgl(Hn)_)L‘lithgZ(Hn) - (.UQ f(; t pW(t)dt.

Moreover;
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Theorem 4. Let w : [0,1] — (0, o) be a function, n > 2,1 < p, p1, p> < 0. Then the n—flimensional
weighted Cesaro operator on Heisenberg group H;' is bounded from Lf; thg "(H") to Ll"; Ithz (H") if and
only if

1
f 0Py dt < oo,
0

Moreover,

1
= wy P f 0=UPy(p)dr.
0
The proof methods for Theorems 3 and 4 are the same, and similar to the proof method for

Theorem 1. But as a special case, here we will give the proof of Theorem 4.

* - -
I hwllLﬁ,‘th'(H”)HL{;‘thz(H”)

Proof of Theorem 4. Inspired by proof of Theorem 1, we have

0o 1/p
* 1/p -1
Hhm&$wfwgwﬁ|%ﬂﬁmde0,

where H; (f)(r) can be defined as H; (f)(r) = H; (f)(x) for any |x|, = r. Using Minkowski’s
inequality, we can get that

00 1 P 1/p
. RV f (610 0-1
IIM%ﬁWWwb(L L U yar| 12
~ 1 00 1/p
< wy” f ( f |f(61/tr)|”rQ_1dr) 2w(1)dt
0 0
~ 1 00 1/p
= wy" f ( f |f(r)|PrQ-1dr) 1Oy (1)t
0 0
~ ~ 1 00 . 1/p
:wIQ/P2—1/P1f (f w’é/p1|f(l’)|prQ_ldr) t_Q+Q/”W(t)dt
0 0

1
_ U/pa=1/p -0(1-1/p) 5
= “)Q ‘fov t W(t)dlllfllL‘};thgl.

Therefore, we have

1
* 1/p2=1/p -Q(1-1
||7'(hw||L|p‘ L2 < “)sz P f QA /p)w(t)dt”f”Llp‘ -
x|, 0 Xp

On the other, taking

C=|H,» » p b1 < 00
el LR Ll L e

and for f € L, L*(H"), we obtain

Ixln
*
_ < , _ .
I hw”LﬁthZZ(Hn) = C”f”LfX\thl(H")

For any € > 0, taking
0’ |x|h S 15

fn=1" (2.

— 2
xl, "7 e > 1
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then we have

p/p
W, i =
Tl 0 pe
and
0, Ixln < 1,

m(f(0) =1 e e ;
1], * f|x|,;1<t<1”+f Qwydt, |xlp > 1

where H; (fo)(x) satisfied H; (f)(x) = H; (fo)(r) for any |x], = r.

So we have , )
L TA U
1a1, Lo i Lo
/b -2- Qe " o
:w’émf re Ef 2 %(0d| 2 dr
r>1 rl<r<1
. 0 0 P
Zw’é/pzf r_ﬂ_ef 17 %(0)dt| 2 dr
r>1 e<t<1

P
b Qe
WP f rP<dr ( f 1ot Qw(t)dt)
r>1 e<t<1
= Q p
Wi f |x|,7’f‘de( f tp+E_Qw(t)dt) :
|l >1 e<t<1

By change of variable |x|, = d;/[yl,, we have

4
= he— Q.
CPUF, > ™ [ bl Cendy ( [ Qw(r)dt)
Xl [ylp>1 e<t<1

14
1/p2=1/p Qe
(prz Pleéf frte Qw(t)dt) ||f€||Llp L0 @y
l<t<e S

This implies that
€ f 15 Cw(dt < C.
I<t<e

Let €e — 0, we have |
f 1+ 2w(r)dr < C.
0

Thus, we have finished the proof of Theorem 4.
It should be noted that operators Hj,, and H; are very special cases of a general Hausdorff operator
over locally compact groups, introduced in [14]. m|

4. Conclusions

In this article, we investigated the sharp bound for Hardy-type operators in the setting of the
Heisenberg group, which plays important role in several branches of mathematics. Firstly, we
studied n-dimensional Hardy operator and its dual in mixed radial-angular spaces on Heisenberg group
and obtain their sharp bounds by using the rotation method. Furthermore, the sharp bounds of n-
dimensional weighted Hardy operator and weighted Cesaro operator are also obtained.
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