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1. Introduction

Many physical phenomenon can be described by integral equations. Non-linear integral equations
play a vital role to solve many mathematical problems arising in engineering and applied science.
There are various techniques available in the literature for the existence of solutions of these
equations. Many researchers used fixed points techniques to the existence of a unique solution to
non-linear integral equations. For instance, refer to [1-7]. Especially, Shoaib et al. [2] studied fixed
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point results and its applications to the systems of non-linear integral and differential equations of
arbitrary order, while Rashwan and Saleh [8] established fixed point results to find the existence of a
unique common solution to a system of Urysohn integral equations. As opposed to that, Pathak et
al. [9] and Rashwan and saleh [8] ensured the existence of a unique common solution to a system of
Volterra-Hammerstein non-linear integral equations. Additionally, Baklouti and his co-authors have
made significant contributions to related areas, including optimal preventive maintenance policies for
solar photovoltaic systems (c.f, [15]) and quadratic Hom-Lie triple systems (c.f, [16, 17]).

In the current article, existence of solutions for the following systems of Volterra-Hammerstein
integral and the Urysohn integral equations are investigated, respectively:

b
D(x) = &(x) + f Wi(x, y, D(y))dy,

where x € (a,b) CR; D,¢; € C((a,b),R") and W, : (a,b) X (a,b) X R" — R", fori =1,2;
and

D(x) = 7i(x) + 4 fo m(x, y)gi(y, D(y))dy + u fo n(x, y)hi(y, D(y))dy,

where x € (0,00),4,u € R, D, T;, m(x,y),n(x,y), gy, D(y)) and h;(y, D(y)) for i = 1,2 are measurable
functions with real values both in x and y on (0, c0).

The most elaborated result in this area, known as the Banach fixed point theorem, ensures that a
solution exists. The extensive usage of the fixed point theory, particularly in metric spaces [10,11], has
then had an impact on the study of its evolution over the past few decades.

Due to important applications of the Banach contraction principle, many researchers generalized
this principle by elaborating the underlying spaces or changing the contractive conditions. See [12—-14]
for details. In recent decades, scholars concentrated on applying such an aforementioned theorem to
various generalized metric spaces, see [18,19]. Among these generalized spaces, there is the b-metric
space, where the coeflicient of the triangle inequality is s > 1. It was introduced by Bakhtin [20].
Moreover, in [26] Czerwik provided the Banach contraction principle on this space. Recently, Salmi
and Noorani [21] presented several properties in these spaces and established some common fixed
point theorems in ordered cone b-metric spaces. Khojasteh et al. [34] introduced the concept of a
simulation function. This concept has been refined in [22] in order to guarantee the presence of a
unique coincidence point for two non-linear mappings.

Later, the concept of a b-simulation function was introduced to ensure the existence and uniqueness
of a fixed point. In [23], Olgun et al. presented the concept of a generalized J-contraction. In [24],
Jawaher et al. utilized the idea of a b-simulation function and investigated some common fixed points
for two contractive mappings. In the same direction, using the concept of a generalized J,-contraction
with a b-simulation function, Rodjanadid et al. [23] proved some fixed point results in complete b-
metric spaces.

Motivated by the above contributions, using b-simulation functions and J,-contractions, some fixed
point theorems are constructed. As applications of these findings, some examples and existence results
for systems of integral equations are also discussed. We note that by using the presented work, some
well known results can be deduced from the existence literature.
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2. Preliminaries

This section includes all those concepts (definitions, theorems, lemmas, etc.) which will help us to
prove the main results of this manuscript. These concepts are taken from different papers, like [25-27]
etc. Throughout the manuscript, the following notions and symbols will be utilized. F, Q, 3J and
J represent a non-empty set, a metric, a simulation function and a family of simulation functions,
respectively. Also, the initials R and N in the sequel stand for the sets of all real and natural numbers,
respectively.

Definition 2.1. [25] (Metric space) Let F # 0. A function Q : F X F — [0, ) is known as a metric on
F, if for all a,b, c € F the following conditions hold:

ml) Qa,b) =0 ifand only if a = b;
m2) Q(a,b) = Q(b, a);
m3) Q(a,b) < Qa,c) + Q(c,b).

The pair (F, Q) is a metric space.

Definition 2.2. [26] (b-metric space) Let F # 0 and assume b > 1 . A function Q, : F X F — [0, 00) is
called a b-metric on F if for all a, e, c € F, the following requirements are satisfied:

dl) Qy(a,e) =0ifandonlyifa = e;
az) Qua,e) = Que, a);
d3) Qu(a,e) < b[Qy(a,c) + Q(c,e)l.

The pair (F, <) is known as a b-metric space, in short (bMS).

Definition 2.3. [27] (Convergence, Cauchyness and Completeness) Let {f,} be a sequence in a b-
metric space (F, Y, b).

a) {f,} is called b-convergent if and only if there is f € F such that Q,(f,, f) = 0asn — oo.
b) {f.} is a b-Cauchy sequence if and only if Q,(f, f) = 0 as n,m — co.
c) The b-metric space is complete if every b-Cauchy sequence is b-convergent.

Proposition 2.4. [27] The following assertions hold in a b-metric space (F, <y, b):
i) The limit of a b-convergent sequence is unique;
ii) Each b-convergent sequence is b-Cauchy;
iii) A b-metric is not continuous generally.

Definition 2.5. [28] (Simulation function) Let 3 : [0, 00) X [0, 00) — R be a function. If 3 satisfies the
criteria below:
(31) 3(0, 0)=0;
(32) A(t,s) < s—tforallt,s >0,
(33) if {t,}.{s.} are sequences in (0, o) such that
lim ¢, = lim s, > O,
then
lim sup 2(¢,, s,) < O,

n—oo
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then it is referred as a simulation function. The set of all simulation functions is denoted by the symbol

3.

Example 2.6. [28] Let 3 : [0, 00) X [0,00) — F be defined by 2(t,s) = As — t for all t, s € [0, 00),
where A € [0, 1). Then 2 is a simulation function.

Example 2.7. [28] Let 3 : [0, 00) X [0, 00) — F be defined by
2(t, s) = Y(s) — O(t) for all t, s € [0, 00), where ¥, D : [0, c0) — [0, o0)
are two continuous functions such that ¥Y(t) = ®(t) = 0ifft =0
and ¥Y(t) <t < ®(¢t) for all t > 0. Here, 2 is a simulation function.

Definition 2.8. [28] (J-contraction) Let (F, Q) be a metric space, T : F — F be a mapping and J € 3.
T is called a 3-contraction with regard to 3 if the following condition holds

2(QUTx,Ty),Q(x,y)) >0 for all x,yeF.

If T is a 3-contraction with respect to 3 € J, then QT x, Ty) < Q(x,y) for all distinct x,y € F.

Theorem 2.9. [28] Suppose (F,Q) is a complete metric space and T : F — F is a 3- contraction with
respectto 3 € 3. Then T has a unique fixed point u in F and for every x, € F, the Picard sequence {x,}
(where x, = Tx,_, for all n € N) converges to the fixed point of T.

Definition 2.10. [29] (Generalized 3-contraction) Suppose (F,Q) is a metric space, T : F — F is
a mapping and 2 € 3. Then T is referred to as a generalized 3-contraction with regard to 3 If the
following condition is satisfied:

2(Q(Tx,Ty),M(x,y)) >0 Y x,y€F,

where .
M(x,y) = max{Q(x, y), Q(x, Tx), Q(y, Ty), E(Q(x, Ty) + Q(y, Tx))}.

Theorem 2.11. [29] Assume (F,Q) is a complete metric space and T : F — F is a generalized J-
contraction with respect to 3 € 3, then T has a fixed point in F. Moreover, for every xq € F, the Picard
sequence {T"x,} converges to this fixed point.

Definition 2.12. [33] (b-simulation function) Let (F,<),) be a b-metric space with a constant b > 1.
A b-simulation function is a function 3 : [0, 00) X [0, 00) — R satisfying the following conditions: (31)
a(t,s)<s—tforallt,s > O0;

(32) If {t,,},{s.} are two sequences in (0, o) such that

0 < limz, < liminfs, < limsups, < blimt, < oo,

n—00 n—00 n—o0o n—o0o

then
lim sup 3(bt,, s,) < 0.

We represent the set of all b-simulation functions by the symbol 3.

Some examples of b-simulation functions are as follows.
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Example 2.13. [33] Let t, s € [0, c0).

(1) 3(t,s) = Y(s) — (1), where O,V : [0,00) — [0, 00) are two continuous functions such that
Y&) =) =0 — t=0and ¥(t) <t < O(¢t) forall t > 0,

(2) 3(t,s) = s%t where y,z : [0,00) X [0, 00) — [0, c0) are two functions which are continuous
respect to each variable, i.e., y(t, s) > z(t, s) for all t, s > 0;

(3) A(t, s)=s — O(s) — t, where © : [0,00) — [0, 00) is a lower semi-continuous function such that
dH=0e1t=0;

(4) 3(t,s) = sO(s) — t, where @ : [0, 00) — [0, 00) is such that lim,_,,»®(1) < 1Y p > 0;

(5) 2(t,5) = As — t, where A € [0, ).

Definition 2.14. [31] Let (F,Q,,,b) be a b-metric and y, z be two self mappings on F. Then the pair
{y, z} is said to be compatible if

lim Q,(yzx,, zyx,) = 0,

whenever {x,} is a sequence in F such that

lim yx, = lim zx, = p for some p € F.

n—o0 n—oo

Lemma 2.15. [24] Let (F,Q,, b) be a b-metric space. If there exist two sequences {f,} and {r,} such
that

lim Qb(fn, rn) = 0,

whenever {f,} is a sequence in F such that
lim f, = p for somepcF

then

lim r, = p.
Theorem 2.16. [30] Let T : F — F be a mapping and (F, ) be a complete b-metric space with a
constant b > 1. Assume there is a b-simulation function 2 such that 2(bQ(T f, Tr), Qu(f,r)) = 0 for
all f,r €F, then T has a unique fixed point.

In this work, we introduce generalized J,-contraction pairs of self-mappings on a b-metric space.
We will show that such mappings have a common fixed point. Some examples and applications are
presented making effective the new concepts and obtained results. Well known results in literature are
investigated and compared.

3. Results via generalized J,-contractions

This section includes the main work of this article. We initiate this section with the definition of
generalized J,-contractions and a related example. Before the proof of the main theorem, we prove
some basic lemmas. For the support of the main theorem, some examples are presented. In the last of

this section, some remarks are presented.
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Definition 3.1. Consider a b-metric space (F,<,,b) with b > 1, fi, f> : F — F are two mappings and
Je Sb.

Then f, f> are called generalized 3,-contractions with respect to 3 if the circumstance listed below
is true

A(bQy(f1s, fi1), Mp(s,1)) > 0 for all s,t € F,
where

My (s, 1) = max[Q(f2s, f21), Qp(fot, fﬂ) Qb(fzs SiD)].

Example 3.2. Consider the be metric space (F,Qy,, b) with F = [1,2] and Q;, = (s — 1)* for all s,t € F
(Here, b=2). Then the self-mappings fi, f> : F — F defined by

fils) = (%)2

As) = %

are generalized 3,-contractions with respect to J(s,t) = —s — t. Indeed,

2By (f1, 1), Mp(s,1)) = 0.

Lemma 3.3. Suppose (F,Q;,b) is a b-metric space, and fi,f» : F — F are two generalized J,-
contractions. Suppose fi(F) C f>(F) and there is a b-simulation function 3 such that

3D (fit, f15), My(t,5)] 20 V1,5 €F, 3.1
then there is a sequence {a,} in F such that

lim Qb(an—l’ an) =0
Proof. Assume f is an arbitrary point. Since fi;(F) € f>(F), we can construct two sequences {¢,} and
{sn} such that s, = fi(t,) = fa(t,+1) for every n € N. If there is ny € N such that ,, = 1,,,1, then it
follows from the given inequality (3.1) and from (31) that for all n € N,

)
A

SO (fitng+1s fitng2)s Mp(fotngs1s fatng+2))
My(fotng1s fotng+2) — DL(fitng+1, fitng+2)

Mb(snoa Sno+1) - be(sn0+1a Sno+2)-

]
IA

That is,

My(fat, f25) max[Q,(f2t, f25), Qp(f25, fls) Qb(fzt fls)

My(fatny+1, folng+2) max[Q(falng+1 folng+2)s Q6(fatng+2, fi n0+2) Qb(fztnoﬂafl Ing+2)]

maX[Qb(sn(), Sn0+1) Qb(sn0+l, Sn0+2) Qb(sn(), Sn0+2)]
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Therefore, by triangle inequality,

My (fatng+1s fatngr2) = mMax[Qp(Snys Sng+1)s Lb(Sng+15 Sng+2)]

0 - maX[Qb(sn(p Sn()+1)7 Qh(sn0+1 i Sn0+2)] - be(Sn0+1, Sn0+2)-

A

Since s,, = §,,+1 implies that €, (s,,+1, S,,) = 0, consider

IA

0 maX[Oa Qb(sl’l0+1 5 sn0+2)] - be(sn0+l ’ sn0+2)

0 < Qb(sn0+l’ Sn0+2) - be(Sn()+l’ Sn0+2)

0 < [1-DbIQ%(Sng+15 Snps2) <0
Qp(Sng+15 Snpr2) = 0
sno = Sn0+1 = Sn0+2 = Sﬂ0+3 =,

which implies that
lim,, 00 Qp (8,1, 5,) = 0.

Now, suppose that s, # s, for every n € N. Then, it follows from (3.1) and (31) that for every n € N,
we have

)
A

bR (fitns fitwe)s Mp(fotn, folni1)]

2D (s, Sns1), Mp(Sp-1, S0)]

< Mp(Sn-1, $n) — D&% (S5 Sns1)

max[Qp(Sn-15 $n)> Qp(Sns Snr1)] = DE(Sps Sps1)-

If Qh(sn» Sn+1) = Qh(sn—la Sn), then 0 < Qb(sn’ Sn+1) - th(Sn’ Sn+1)- That iS,
be(Sn, sn+1) < Qb(sn, Sn+1)’
which is a contradiction. So we have

Qb(sn—l ’ Sn) = Qb(sn’ Sn+])
0 Qb(sn—l, Sn) - be(sna Sn+1)
be(sn, Sn+l) = Qb(sn—h Sn) YneN.

A

This implies that {Q,(s,_1, 5,)} is a decreasing sequence of positive real numbers. Thus, there is some
I' > 0, so that

lim Qb(sn_l, Sn) =T.

n—o00

Assume I" > 0, so from the condition (32), with a,, = ©,(s,, $,+1) and b, = Q,(s,_1, $,), One writes
0 < lim sup :[be(Sna Sn+1), Mb(sn—l’ Sn)] < O,
which is a contradiction. Hence, we get that ' = 0. It ends the proof. m]
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Remark 3.4. Let (F,Qy,b) be a b-metric space and assume fi, f> : F — F are two generalized J,-
contractions. Assume that f;(F) C f>(F) and there is a b-simulation function 3 such that

0 < 3[b(fit, f15), My(fot, f29)]V t,s € F.
Then there is a sequence {s,} in F such that
be(Sm’ Sn) < Mb(sm—l’ Sn—l) A m,n e N.

Proof. By a similar argument of Lemma 3.3 for every n € N, we have s, = fi(¢,) = f2(t,+1). Hence,
from (3.1) and (31), we have for all m,n € N,

0
0
0
b (S, $n)

IA

26 (fitms fi180)s Mp(folms fo1n)]
26 (Sims $n)s Mp(Sm-1> Sn-1)]
Myp(Sim-15 Sn-1) = bQy(Sim Sn)
Mp(Sm-15 Sn-1)-

IA

O

Lemma 3.5. Let (F,Q,,b) be a b-metric space and assume fi, f» : F — F be two generalized 3,-
contractions. Assume that fi(F) C f,(F) and there is a b-simulation function 2 such that the
inequality (3.1) holds. Then there exists a sequence {s,} in F, such that {s,} is a bounded sequence.

Proof. By a similar argument of Lemma 3.3, when for some ng s,, = s, 1 We have ,(s;, s;) < M for
alli,j=0,1,2,---, where
M = max{Q,(s;, s;) : i, j < np}.

Let us assume that s, # s, for each n € N and suppose {s,} is a sequence which is not bounded.
Then there is a subsequence {s},, of {s,} such that for n; = 1 and for each k € N, ny; is the minimum
integer such that Q,(s,,,, s,,) > 1 and Q,(s,, 5,,) < 1 for ny < m < ng, — 1. By triangular inequality,
we obtain

p—
A

Qp(Sny15 Sn)

DI (Snr> Snpe-1) + Qp(Snpyy-15 S )]
DI (Snys Sy -1) + 1]

by (Sny, s Snpuy-1) + b).

IA A

Letting k — oo in the above inequality and using Lemma 3.3, we get

I < lim inf Q4(sy,,,, Sy,) < 1im sup Q(sy,.,, Sn,) < b.
k—o0 k— o0

Again from Remark 3.4 we have

be(snkH’ snk) < Mb(sﬂk+1—l9 Snk—l)

maX[Qh(snkH—l, Snk—l)’ Qb(snk—la Snk)’ ﬂgb(snkﬂ—l’ Snk)]
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1
max[b[Qb(SnkH—l» snk) + Qb(snka Snk—l)]’ Qb(snk—l, Snk)a _Qb(sn]H,I—I, snk)]

<
2b
1
< max[b[1 + Qp(8y,5 Sn—1)], Lp(Sn—1, S, )s %(1)]
1
< max[D[1 + € (sues Sp-1)], Qu(Sp—15 Sy %(b)]
1
= max[b(1 + Qp(sy5 S=1)s Qp(Spp=15 Sn,)s 5)]'
Now, as
1 < Qb(snk+17 Sl’lk)
b < be(snk+| s Snk)
< Mb(snk+l_1’ sl’l—k—l)
1
< max[b[1 + Qp(Sps Sn—1)], Qp(Si—1, Snp)s 5]’
then taking kK — oo, one gets
b < ]}11’1’1 Mb(snk+1—1’ Snk)
1
< l}im max[b[1 + Qp(Sn, Sn—1)1, Qp(Sn—15 Snp)s 5]

1
= max[b(1 +0),0, 5]

= max[b] = b,
1.e.,
]}11’1’1 Qb(snk—l, Snk) =0.
That is,

Lim My (Spi-15 Sw-1) = b.
Using the inequality (3.1) and (32) with a; = Q,(sp,,,, Sy,) and ¢, = My(Sp,, 1, Sp,—1), We have

0< ]}im sup (b (Sn,, > Sn)s Mp(Snp, =15 Sn—1)1 < 0,

which is a contradiction. Hence, {s,} is a bounded sequence. |

Lemma 3.6. Suppose (F,<,,b) is a b-metric space and assume fy, f, : F — F are two generalized
Jy,-contractions. Assume that fi(F) C f>(F) and there is a b-simulation function 3 such that the
inequality (3.1) holds. Then there is a sequence {s,} in F, such that {s,} is a Cauchy sequence.

Proof. Using a similar argument as in Lemma 3.3, we have for every n € N, 5, = fi(t,) = fo(tys1). If
there is n, € N such that s,, = s,,+1, then we have {s,} is a cauchy sequence. Let us s, # s, for every
n € N and let

C, = sup{Q(s;, s;) : i, j > n}.

AIMS Mathematics Volume 8, Issue 9, 20892-20913.
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Now, from Lemma 3.3, C,, < oo for every n € N. Since C, is a positive decreasing sequence, there
is some ¢ > 0 such that
limC, =c.

n—oo

Let us consider that ¢ > 0. Then by the definition of C,, for every k € N there are n;, m; € N such
that m;, > n; > k and

1
Ck - % < Qb(smka snk) < Ck~

Letting k — oo in the inequality above, we have

lim Q4 (Spy,» Sp) = €
k—o0

and
lim Qb(smk—] s Snk—l) =C.
k— o0

By the inequality 3.1 and property (31), we have

0

IA

:[be(Smk’ Snk)a Mb(smk—b Snk—l)]
Mb(smk—l’ Snk—l) - be(Smka snk)

Mb(smk—la Snk—l)

1
maX[Qb(fQka’ f2tnk)’ Qb(lenk’ ﬁ tnk)a %Qb(ﬁtmk’ ﬁ tnk)]

be(smk» Snk)

1
maX[Qb(smk—l7 Snk—l), Qb(snk—l, Snk), Tbe(smk—l, Snk)]

1
maX[Qb(Smk—l, Snk—l)’ Qb(snk—l’ Snk)a E[b(gb(smk—la smk) + Qb(smk, Snk))]]

IA

1

= maX[Qb(smk—l» Snk—l), Qb(snk—l» Snk), E(Qb(smk—l’ Smk) + Qb(smka Snk))]'
Letting lim;_,. in the above inequality using Lemma 3.3,
l}lm Qb(smka snk) =c

and
lim Qb(smk—l’ Snk—l) =cC.

k— o0

We have

be = I}im b (s Sny)

< Mp(Spp-15 Sn—1)
. 1
< l}l—{g max[ (S —15 Sme—1)> L (Sn—15 Sny ) E(Qb(smk_l’ Sm) + Qp(Spys S, )]

1
= max]c, 0, E(O +0)]

= C.
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Then

—00

bc < ]}im inf My(Sp-1, Sp—1) < ]}im sup My,(Spm-15 Sn-1) < C.
—00

From the above inequality and since ¢ > 0 that is b = 1, then by the property (32) with

ay = Qb(smk’ Snk)
and
gk = Mb(smk—l’ snk—l)

we get
0 < lim sup S[6€ (S Sn)s Mip(Sm-15 $-1)] < O

which is a contradiction, thus ¢ = 0, i.e.,

limec,=0 V b>1.

n—oo

This proves that {s,} is a Cauchy sequence. O
We are now going to present our main result.

Theorem 3.7. Consider (F, <, b) be a complete b-metric space, and f, f> : F — F be two generalized
Jy,-contractions with fi(F) C f2(F) and the pair (fi, f>) is compatible. Assume that 3 a b-simulation
function 2 such that 3.1 holds, that is,

2D (fit, fi15), Mp(fot, [5)] >0 Vi, seF.

If f> is continuous, then there is a coincidence point of fi and f> , that is, there exists t € F such that
f1(t) = fo(t). Moreover, if f; is one to one, then fi and f> have a unique common fixed point.

Proof. Consider x; € F. Since fi(F) € f,(F), we have for every n € N, s, = fi(t,) = fo(t,+1). Now,
from Lemma 3.6, the sequence {s,} is Cauchy and since (F, €),, b) is a complete b-metric space, there
is some s € F such that

lim s, = s,

n—oo
that is,
s = lim fi(5,) = lim f(0,).

We claim that s is a coincidence point of f; and f>. Since f, is continuous, we have
,}Lnolo Lfi(t) = ffa(t) = fo(s).

Also, since {f, f>} is compatible, we have
lim Q4 (fi fo(t). fof i) = 0.

Hence, by Lemma 2.15 we deduce

r}l—g}o f1f2(tn) = fZ(S)‘
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Using (3.1), we have
0 < 3[D(f15, f1/2(2), Myp(f25, f212(2))].

That is,
< My(f2s, [2f2(t,)) — D (f15, f1/2(20)).

Letting n — oo,
0 < lim inf My(f2s, 2/5(t2)) = b lim sup Q,(fis, f1 f2(t,))-

But

My(fas, f2/2(t2)) max|[Q,(f2s, f>/2(2)), Qp(f25, flfz(fn)) Qb(fZS fif2(@))]

hm inf max[€,(f25, f2/2(80)), 4 f25, flfz(tn)) Qb(fzs Sifa(t)]

r}ijg inf My(f2s, fofo(t,))

= max[Q,(f25, f25), Qp(f25, f25), EQb(fz&fzS)]
0

which implies that
0 < My(fas, f2f2(t2) — DQ(f15, f1/2(20)
0 < ’}Lrgo inf My (f25, fofo(tn)) — b r}g{}o sup ,(f15, f1./2(t))
= -b 31_{210 sup £ (f1s, f1./2(8,)) < 0.
Thus,
111_)1’1; sup Qb(fl S, f1f2(tn)) =0

that is
I}I_{{}o Hifa(t) = fi(s)

therefore fi(s) = f2(s).
Now, assume there is p € F such that fi(p) = f>(p) then the inequality (3.1) and (22) imply that

0 < 3[bQy(fis, fip), My(f25, fop)]

= Mb(fzs, fgp) - be(fls’ flp),

where
My(fas, fop) = max[Q,(f2s, fop), Qb(fzp flp) Qb(fzs fip)]
= max[Q(f>s, flP) Qb(fZS Sip)]
My(f2s, op) = Qu(fas, fip)

0 < Qu(fas, fip) — bQ(fis, fip)
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Q(f25, f1p) — bE&% (25, f1p)
[1 = bIQ%(f25, f1P)

0

0.

IA

Q(f25, fip)

Hence,
by (fis, fip) < Qp(fis, fip)-

If b > 1 then fi(s) = fi(p). If b = 1, by the condition (J2) with

a = Qp(f15, fip)

and
Vi = My(fas, fop)

we get
0 < ]}Lrg Sup:[be(flsa flp)a Mb(f2s7 f2p)] < O

which is a contradiction. Therefore,

fip) = fi(s) = fa(p) = f2().

Now, suppose that f; is one to one. If s, p are two coincidence points of f; and f, In this case, by the
above argument we have

fi(s) = fa(s) = filp) = fa(p).

Since f; is one to one, it follows that p = s. Also, since f>(s) = fi(s) and the pair {fi, f>} is compatible
we have

fifa(s) = fafi(s).
Therefore,
Lfi(s) = fifa(s) = fifi(s).
That is, f;(s) 1s a coincidence point of fi and f,. Therefore, f;(s) = s and hence
fi(s) = fo(s) = 5.

That is, f; and f, have a unique common fixed point s € F. O

Corollary 3.8. Let (F,Q,,b) be a complete b-metric space and fi, f» : F — F be two generalized
y-contractions with fi(F) C f>(F) and the pair (fi, f>) is compatible. Suppose that there is A € (0, 1)
such that

bQy(fis, fit) < AMy(s,t) ¥ s,t€F.

If f> is continuous, then there is a coincidence point of fi and f>, that is, there is t € F such that
f1(t) = fo(t). Moreover, if f, is one to one, then fi and f> have a unique common fixed point.
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Proof. By taking the b-simulation function

2(x,y)=Ady—-x Yx,y=0.

The result follows from Theorem 3.7.

Example 3.9. Let X = [0,00) and d : X X X — X be defined by

0 if s=t;
if s,t €[0,1),
d(s,t) = .
(s, 3+ sl e
5= otherwise.
Then, clearly d is a b-metric on X with b = %.

Here, we observe that when s = 2 and u

S 2 (both belong to [1, 00) and t € [0, )), we have

1 2

disu)=3+ =2

§+2 7
and 333366
d(s,t)+d(t,u) = g + g = g

Hence, d(s,u) # d(s,t) + d(t,u). Hence, d is a b-metric with b = §(> 1), but it is not a metric. We now
define f,g: X — X by

(242 ifsel0,1)
f(s)_{gs—Z if s €[1,00)

and

s ifse[0,1);
g(s)‘{§ if s € [1, 00).

Clearly, f and g are b-continuous functions. Now, we define 2 : [0, 00) X [0, 00) — [0, c0) by J(x,y) =
%‘ y — x. We have the following possible cases:

Case 1: 5,1 € [0,1).

In this case , d(fs, ft) = 3 + - and My(s,1t) = 8

s+t

4 5 1
=(bd(fs, f1), Mp(s, 1)) = 3(8) - 4_1(3 + S—_H) > 0.

Case 2: s,t €[1,00).
Here, d(f's, ft) =3 + ﬁ and My, = 8. We have

4 5 1
2(bd(f's, f1), Mp(s,1)) = 5(8) - 4_1(3 + s_-i-t) > 0.

Case 3: s€[0,1)andt € [1, ).
Here, d(f's, ft) =3 + ﬁ and M, = 8. Also,
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4 5 1
=(bd(f's, f1), Mp(s, 1)) = 5(8) - 4_1(3 + S—H) > 0.

Case4: se[l,00)andt € [0,1).
In this case d(fs, ft) =3 + %H and M, = 8. Also,

4 5 1
2(bd(fs, f1), Mp(s, 1)) = 5(8) - 1(3 + s_—i-t) > 0.

So the pair {f, g} is a generalized 3,-contraction. It satisfies all the conditions of Theorem 3.7.
Hence, f and g have a common unique fixed point.

Example 3.10. Let F = [0, 1] be endowed with the b-metric Q(s,t) = (s — t)?, where b = 2. Define f,
and f, on F by

) =7

and

£ls) = (;i).

Obviously fi(F) C f>o(F) and furthermore the pair {f, f>} is compatible. Consider the b-simulation
function given as

1
a(r,q) = Eq—r V r,qg>0.
For all s,t € F we have

0

IA

3[2Q4(fis, fit), My(s, 1)]
1
0 < EMb(s’ 1) —2Qu(f1s, fit)

1
_Mb(s’ t)

Q,(fis, fit) 1

A

Now,

(fis — fit)*

= (G- Ly
4 4

_ (S oS 1o

= G+C-D
Lo los 1o

< GG 9

2
= (Z)sz(fzs, NE1))

Q,(f15, fi1)

1
< ZM[,(S, 1)

1 1
= 7 max[Qy(f25, f21), L (f2t, f11), %Qb(fzsa fiD].
As all the requirements of Theorem 3.7 are satisfied, so f, and f> have a unique common fixed point,

which is 0.
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Example 3.11. Take F = [0,1]. Define Q, : F X F — R by Q,(s,t) = (s — 1)>. Clearly, (F, Q) is a
complete b-metric with b = 2.
Now, we define the functions fi, f> : [0,1] — [0, 1] by

as 1
= Y seF,ae(0,—
his 1+s S ac( \/j]
and ;
t=—— V teF.
f2 1+1¢
Clearly,

Si(s) € f2(9)

and furthermore the pair is [ fi, f>] is compatible. Now, consider the b-simulation function 3 : [0, c0) X
[0, 00) — R defined by

A
:(xay) - f] +1
We have My(s.1)
=S D
2Q2Qy(f15, f11), My(s, 1)) = Mys.0) + 1 20 (f15, f11)
Qb(S, t)
> m = 2Qu(f1s, fiD)
3 (s —1)° as at ,
T (s—-02+1 s T T

B (s —1)? s a’(s —t)?
(s—12+1 [(1+s)(1+0]?
(s —1)? a’(s —1)?
Ts—t2Hl T(s-02+1
_(s— 1)? = 2a*(s — 1)?
(s—02+1
(1 =2a%)(s —1)?
RN
>0 Vs,teF.

Thus, all the assumption are satisfied of Theorem 3.7, and hence f, and f, have a unique common fixed
point, which is 0.

Remark 3.12. If in Lemma 3.3, M,
of [24].

Remark 3.13. If in Remark 3.4, M, = Q,(f»t, f>5) in inequality (3.1), then we will get Remark 3.2
of [24].

Remark 3.14. If in Lemma 3.5, M,
of [24].

Q,(fot, f>5) in inequality (3.1), then we will get Lemma 3.1

Q,(fot, f>5) in inequality (3.1), then we will get Lemma 3.3
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Remark 3.15. 1f in Lemma 3.6, M, = Q,(f»t, f>5) in inequality (3.1), then we will get Lemma 3.4
of [24].

Remark 3.16. If in Theorem 3.7, M, = Q,(f>t, f>5) in inequality (3.1), then we will get Theorem 3.5
of [24].

4. A system of non linear Urysohn integral equations

In this section, we present an application of our result to integral equations. Namely, we study the
existence of the unique common solution of a system of non linear Urysohn integral equations.
Let us consider the integral equations

b
f(X)=r1(x)+f ki(x, 1, f())dt 4.1)

and ,
o(x) = () + f kol 1, g(1))dt “2)

where (i) f, r1,r> and g are unknown functions for each x € [a, b].
(i1) k; and k, are kernels defined for x, ¢ € [a, b].
Let us denote

= [ Gt fa)ds
and ab

ﬂzg(x)Zf ky(x,t, g(1))dt.
Assume that i

o (A) D f(x) +ri(x) + ra(x) =@ f(x) + ri(x) + r(x) =0
o (Ay) ri(x) = ra(x) + 9 f(x) — i1 g(x) = 0.

We will ensure the existence of a unique common solution of (4.1) and (4.2) that belong to
G = (Cla, b],R") (the set of continuous mappings defined on [a, b]). For this, define the continuous
mappings 71,7, : G — G by
T, f(x) = ri(x) + d1f(x)
and
Thg(x) = 2f(x) — 92/ (x) = ra(x)

where f, g, 1, € G. Weclaim T C T5.

Proof. 1f we show that T,(T f(x) + r2(x)) = T, f(x), then it is conformed that T, C T,. Hence,

(T f(x) + ra(x)) 2[T f(x) + ra(0)] = KT f(x) + ra(x)] = ra(x)
= 2T f(x) + 2ry(x) = [T f(x) + r2(x)] — r2(x)
= Tif(x) + ri(x) + r(x) + 91 f(x) = R[T f(x) + ra(x)]

= Tif(0) + [r(x) + r2(x) + 91 f(x) = DT1f(x) + r2(0)]].
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Using (A)),
DT, f(x) + r2(x0)] = Ty f(x).
It shows that
T f(x) € T2 f(x).

We endow on G the b-metric (with b = 2) given as Q,(x,y) = |x — y|>. Here, (G, ;) is complete.
Further, let us suppose that ki, k; : [a, b] X [a,b] X R" — R" are continuous functions satisfying

VMy(f, )

k1 (x, £, f(1)) = ka(x, 1, f(D)] < Vib—a)

4.3)

where
1
My (f, g) = max{Q,(T>(f), T2(g)), p(T2(g), T1(g)), ZQb(Tz(f ), T1(8)}-

O

Theorem 4.1. Under the conditions (A,), (A,) and (4.3), the Egs (4.1) and (4.2) have a unique common
solution.

Proof. For f,g € (G,R") and x € [a, b], we define the continuous mappings 7, T> : G — G by

T f(x) = ri(x) + 9 f(x)

and
Tof(x) = 2f(x) — U2 f(x) — ra(x).

Then we have

200(T\(f), Ti(g) = 2Ti(f) - Ta(g)f

2IT> f(x) = T1g(x)I*

212f(x) = Do f (x) = r2(x) = r1(x) — 1 g(x)f

2/[r1(x) = ra(x) + T f(x) — F18(0)] + P f(x) = Do f (I
219 f(x) = S f ()

b b /

2( f lk; — ko|)?dr < 2( f Mdt)
a « V2(b-a)

= Mb(f’g)

I IA

IA

This shows that all the requirements of our main theorem are satisfied, i.e.,
2Q,(T1(f), T1(g)) < My(f, g). Therefore, the integral equations (4.1) and (4.2) have a unique common
solution.

O
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5. A system of non linear Volterra-Hammerstein integral equations

In this section, we give a second application and we ensure the existence of the unique common
solution of a system of non linear Volterra-Hammerstein integral equations.
Let us take F = (L(0, c0), R) the space of real-valued measurable functions on (0, co). Consider

00

D(x) = 71(x) + 4 fo m(x,y)g1(y, D(y)dy + u fo n(x, y)hi(y, D(y))dy (.1

and

00

D(x) = 12(x) + A fo m(x, y)g2(y, D(y))dy + u fo n(x, y)hy(y, D(y))dy (5.2)

for all x,y € (0,00), where A,u € R, and D, 1y, 1, m(x,y),n(x,y), g1, &2, h1,and h, are measurable
functions with real values in § and r on (0, o),

@i = fo m(x, y)gi(y, DOY)dy

vi = fo n(x, YAy, D))y
fori=1,2

SiD(x) = @ D(x) + ¢ D(x) + 71(x)
faD(x) = 2D(x) — w2 D(x) — Y2 D(x) — 72(x)

with
HDx) C fr(v(x). (5.3)

Assume that

(cr): @ D)+ YD) + 11(x) + 12(x) — @2 (@1 D(x) + Y1 D(x) + 71(X) + 72(X))
—Y2(@1D(x) + Y1 D(x) + 71(x) + T2(x)) = 0.
We consider the b-metric space Q;(x,y) = |x — y|.

Theorem 5.1. Under the assumption (c,) and the condition (5.3), the system of non linear Volterra-
Hammerstein integral equations has a unique common solution.

Proof. Note that the system of non linear Volterra-Hammerstein integral equations (5.1) and (5.2) has
a unique common solution if and only if the system of operator f; and f, has a unique common fixed
point.

Now,

Q(fiD(x), fiv(x) = I(fiD(x) = fiv(x))P
< |(fov(x) = vl
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= Q,(HL((x)), fi(v(x)))
1
< My (D(x), v(x)) = max Q,(/D(x), H1(x)), L (frv(x), fiv(x)), ZQ;,( [2D(x), fiv(x))

Qp(fiD(x), fiv(x)) < M, (D(x), v(x)).

This shows that all the requirements of our main theorem are satisfied, and therefore the integral
equations (5.1) and (5.2) have a unique common solution. O

6. Conclusions

Rodjanadid et al. [23] used the idea of generalized J,-contractions with b-simulation functions and
proved some fixed point results in complete b-metric spaces. Jawaher et al. [24] utilized the idea of b-
simulation functions and investigated some common fixed points for two contractive mappings. In this
manuscript, we combined these two ideas and proved some common fixed points for two contractive
mappings using the idea of generalized J,-contractions with b-simulation functions in b-metric spaces.
Different examples and applications are given to demonstrate the validity of the concept and the degree
of applicability of our findings. Many applied problems can be described by systems of Fredholm
and Volterra integral equations. The presented results can be utilized to study the existence of unique
common solutions of these systems.
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