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1. Introduction

A set € C R is said to be convex, if
(1 _ﬂ)gl +ﬂg2€6:a Vgl’gZEG:aﬂe [05 1]
A mapping = : € — R is said to be convex, if

E((1 = 9s1 +T62) < (1 = NE(6)) + I=(52),  Vs1.62€ €9 €[0,1].
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Convex analysis is a vital and extensive branch of mathematics that investigates convex sets and
mappings defined over them, as well as their properties. It encompasses both geometric and classical
aspects of the problem and has numerous applications in functional analysis, topology, optimization
theory, fixed-point theory, economics, engineering, and other fields. The theory of convex mappings is
closely linked with the theory of inequalities. Inequalities are crucial in mathematical analysis due to
their vast applications. In recent years, the theory of inequalities has attracted many researchers, as it
presents various intriguing problems. The development of this theory, in conjunction with convex
mapping, has been remarkable over the past few decades. Numerous inequalities can be derived
directly from the application of convex mappings. One of the most widely studied results in this
context is the Hermite-Hadamard (also known as trapezium) inequality, which provides a necessary
and sufficient condition for a mapping to be convex. It reads as:

LetZ: 1 =[¢1,52] € R — R be a convex mapping, then

2 _ _
1 - = =
2 =61 2

S1

[

One of the fruitful results pertaining to the convexity property of the mappings is Jensen’s inequality,
which reads as:

Theorem 1.1. [/] Let 0 < x; < xp < x3 < .... < x, and let u = (uy, Yo, . . ., 1,) nonnegative weights

such that Y u= 1. If£ : I = [¢1,$2] € R — R is a convex mapping, then
i=0

B (Zn: lvtixi] < Zn: HE(X)),
i=1 i=1

where x; € [¢1,62] and y; € [0, 1], (i = 1,n).

In 2001 Mercer, [2] derived the discrete version of the Jensen inequality known as the Jensen-Mercer
inequality, and is given as:

Theorem 1.2. Let = : I = [¢1, 2] € R — R be a convex mapping, then
E{S‘l +§2_Z,uixi) < E(§1)+E(§2)_Zﬂié(xi)a (L.1)
i=1 i=1

for each x; € [¢1, 5] and w; € [0, 1], (i = 1,n) with S p=1

Convex mapping theory has numerous applications in approximation theory, particularly in
obtaining error bounds using inequalities. The Hermite-Hadamard inequality (HHI) plays a crucial
role in some trapezoidal quadrature rules and estimations. Specifically, the left and right estimations
of HHI provide the error bounds for the midpoint rule and trapezoidal rule, respectively. For details,
see [3].

Building upon inequality (1.1), Kian and Moslehian [4] proposed a new refinement and extension
of the trapezium inequality. Subsequently, Ogulmus et al. [5] derived fractional analogues of TIM-like

AIMS Mathematics Volume 8, Issue 9, 20841-20870.



20843

inequalities based on their work. There have been several recent publications on this inequality. For
example, see [6—10].

The h and q calculus was introduced by Euler in the 18th century, and since then has undergone
significant developments and gained much attention. It is a type of time scale calculus that focuses on
the 0 < g < 1 domain, with major areas of study including qg-derivatives, g-integrals, and their
generalizations using various techniques such as pg-calculus, interval valued technique, and
trapezoidal strips. This calculus has numerous applications in special mappings, physics, number
theory, combinatorics, cryptography, and other fields.

In recent years, the study of inequalities based on g-calculus has become a prominent subject in
mathematical analysis. Many researchers have dedicated their efforts to obtaining new g-analogues of
classical inequalities. For example, Sudsutad et al. [11] discussed g-Holder’s inequality and
Hermite-Hadamard’s inequalities via quantum calculus, while Noor et al. [12] derived some g-variants
of integral inequalities. In 2018, Alp et al. [13] corrected the q-HHI derived some g-mid-point type
inequalities. Other recent developments include Zhang et al. [14] formulating g-integral inequalities
via (@, m) convex mappings, Deng et al. [15] investigating a stronger version of g-integral inequalities
in terms of preinvex mappings, Kunt [16] deriving fractional quantum variants of HHI, and Cortez et
al. [17] deriving fractional quantum integral inequalities involving new generalized convex mappings.

Further research in this field has resulted in Iftikhar et al. [18] proposing new quantum analogies of
Simpson’s type inequalities, Wang [19] presenting some g-outcomes related to s-preinvexity, Chu et
al. [20] introducing the concept of generalized right g-derivatives and integrals and developing new
Ostrowski’s type inequalities involving n-polynomial convex mappings, and authors in [21] deducing
some parametric quantum inequalities with respect to preinvex mappings. Additionally, Kalsoom et
al. [22] analyzed the generalized quantum integral inequalities involving preinvex mappings, Ali et
al. [23] incorporated with some g-mid-point HHI and derived some trapezoidal type inequalities, and
Bin-Mohsin et al. [24] established some new generalized TIM type inequalities in the light
of g-calculus. The quantum and post quantum variants of TIM inequalities have also been proven
in [25,26], which has opened new avenues for researchers. For more information, refer to [27-29].

Our paper aims to explore the mid-point-TJM inequality by utilizing q-concepts and majorization
techniques. The theory of majorization plays a significant role in mathematical analysis and has a wide
range of applications in information theory and inequality theory. It encompasses both discrete and
continuous forms of inequalities, which are detailed in [30-32]. Our work is organized as follows:
the first section serves as an introduction to the topic, while the subsequent section provides a review
of essential definitions and facts that are instrumental in proving our main results. The third section
discusses quantum TJM inequalities and presents two new g-integral identities in the first subsection,
followed by the presentation of new associated bounds in the third subsection. In the final section, we
delve into the applications of our findings, including numerical examples and graphical analysis. The
novelty of the current study is that we develop some new generalized TIM inequalities in the frame of
quantum calculus by linking the concepts of majorization theory. Results obtained in the current study
unifies many known and new results in both continuous and discrete form. We hope that our approach
and methods will stimulate further research in this field.
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2. Preliminaries

In this section, we discuss some preliminaries which will be helpful during the study of this paper.
First of all, we recall some basic concepts from quantum calculus. Tariboon and Ntouyas have defined
the g-derivative as:

Definition 2.1. [33] Assume Z : J = [¢1, 2] € R — R is a continuous mapping and suppose u € J,
then

= _ 2 = E(Qqu+ (1 - a)s1)
DB = =g e u# 6 0<a< 1. @.1)

We say that Z is g-differentiable on J provided ¢ D,=(u) exists for all u € J. Note thatif ¢; = 0in (2.1),
then (D,E = D,ZE, where D, is the well-known classical g-derivative of the mapping Z(11) defined by

=) — E(qu)
(1 —aqu

Also, here and further we use the following notation for g-number

DEW) =

1-q"
I—q

[n], = =14+q+¢*+...+q7", q€(0,1).

Jackson gave the definition of the g-Jackson integral from O to ¢, for 0 < q < 1 as follows:
2 *© _
f S@)odoo = (1 - )52 Y d"Elbg") (22)
0 n=0

provided the sum converges absolutely. Jackson also gave the g-Jackson integral on a generic

interval [¢, ¢»] as:
S S 1
f E(0)d,0 :f E(Q)dqg"'f E(0)d,0.
S1 0 0

We now give the definition of the q,-definite integral.

Definition 2.2. [33] Let Z : [¢1, 2] — R be a continuous mapping. Then, the q¢, -definite integral
on (1, ] is defined as:

2 x© _ L
f E(0)¢do = (1 = a)(s2 — S‘l)z q"Z(q"s2 + (1 = q")s1) = (62 — S‘l)f E((1 = 0)s1 + 052)d.q0.
S1 n=0 0

Now we recall some more important results, which will help us in deriving our main result.

Theorem 2.1. [33]IfZ: [¢1,s2] = Risa CM and v € [g, §»), then
Y4
a D, f E(), d = Z(2).
. Sl
f a D2, d 1 = E(z) - E(0).
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Now we recall the definitions of the q*> derivative and definite integrals.

Definition 2.3. [34] Let 2 : [¢1, 2] = R be a CM and v € [¢1, 3], then
E(qu + (1 - 9)¢2) — E(u)
s u<ae.

"D,E(u) =
=) (I - a)(s2 — )

Definition 2.4. [34] Let Z : [¢1,¢,] — R be a continuous mapping. Then, the q5*-definite integral

on [¢1, ] is defined as:
2 © B L

f E(@)7dye = (1 = a)(s2 = 1) Z a"2(9"¢1 + (1 = a")62) = (2= 61) f E(W¢1 + (1 = 0)2)dq.
Sl n=0 0

Now we rewrite some further results.
Theorem 2.2. [34]IfZ: [¢1,52] = Risa CM and v € [¢, ], then

2
2P, f Ew)du = —E(2).
Z

2
f 29,22 dau = E(g) — E(2).
Zz

c

Lemma 2.1. [34] For a continuous mappings E,® : [¢1,5:] = R, then
0

DNZEDs) + (1 - 9)s2)
2 — 6l

f DD DEWs) + (1 - Hs2)dy D
0
f DOHE(adsy + (1 - a9)g2)dgd -

inequality.
2 E(s1) + q=
f Swedo < (5‘1)1 +Clq (5'2)_

S1

Theorem 2.3. [13] Let E : [, 2] = R be a convex mapping, then for 0 < q < 1, we have

+
Sl qu) <
2 — 61

Inspired by ongoing
trapezium inequality.
Theorem 2.4. [23] Let Z : [, 5] — R be a convex mapping then
S
. E(x)dgx

1 S1 *2'92 B
2(x)., dox + f <
s1 e 2

2 Y XY
Now we recall some known definitions and results regarding majorization theory.

[x]

(S‘l +§2) <

AIMS Mathematics

-6 0
Using the Definition 2.4, one can have the following quantum version of the Hermite-Hadamard’s

E(s1) + E(gz).

(2.3)

d( 1+q
research, Ali et al. [23] calculated a new quantum version of the mid-point

(2.4)

Volume 8, Issue 9, 2084120870



20846

Definition 2.5. [35] Let ¢ = (§11,S12,---551;) and 2 = ($21,$22,-..,S2;) be two [-tuples of real
numbers and §i;1) 2 Sipp = ... 2 2 S2(1] 2 S22 = - - - = Soy be their ordered components, then ¢ is
said to majorize §, (symbolically ¢, < ¢1), if

k k
Yo ay k=123..1-1

s=1 s=1
and
! I
Z §2[s] = gl[s]'
s=1 s=1
Majorization is a partial ordered relation of two [-tuples ¢ = (S11,S12,---5S17)
and ¢ = ($21,$22,--.,62;) Which explains that ¢; is more nearly equal to ¢;. Now we recall

majorization theorem due to Hardy, Littlewood and Polya [36].

Theorem 2.5. Let ¢; = ($11,S12,---,-617) and ¢ = ($21,622,-..,S2;) be two real I-tuples such
that €15, 62, € I = [§1,62]. Then

1 1
Zf(gZS) < Zf(gls)
s=1 s=1

is valid for each continuous convex mapping Z : I — R if and only if ¢; < g.
The weighted version of the above theorem is given as:

Theorem 2.6. [37] Let = : I — R be a continuous convex mapping and §; = (S11,S12---,S11),S2 =
(621,622, ---5627) and p = (p1,pa,...,p1) be the three I-tuples such that ¢,,62, € I,ps > 0,5 €
{1,2,3,....,1}. If ; is a decreasing [-tuple, then

k k
D psaa £ ) i k=1,23,..,1-1, (2.5)
s=1 s=1

! l
ZPsS'Z[s] = Z PsS1is)5
s=1 s=1

then

1 1
> pEe) < ) pElsr).

s=1 s=1

Theorem 2.7. [38] Suppose that Z : [¢1, 2] — R be a real valued convex mapping (x; j)isanxXmreal
matrix and uw = (W, 1, ..., W) is a I-tuple such that u;, x;;,w; > 0 fori=1,2,3,...,nwith 3, w; = 1.
If u every row of x;; then

-

] n ] -1 n
[ Us — Z Z Wixij] < Z E(u,) - Z Z wi f(Xij)-
— .

1
j j=1 i=1 j=1 Jj=1 i=1

[in
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3. Main results

In this section, we derive g-TJM inequality associated with convex mapping. Furthermore, we also
establish q-TJM like inequalities with the help of auxiliary results.

3.1. TIM inequality

In the following section, we established a new mid-point TJIM- inequality involving convexity and g-
integrability of =.

Theorem 3.1. Suppose that = : I = [¢,s] — R is real valued convex mapping
and w = (@, @,...,@),¢ = (&1,6,...,8),n = (1,1n2,...,1m) are three [-tuples w@., &, for
all s € {1,2,3,...,1}. If ¢ < w and n < @, then

[ -1
ShEE
— S
s=1 s=1 2
&s+ns

) -1
= 1 2 = Tls =
< Z:(ws) D N [ f E) e, dgu + ﬁ E(u) "sdqu]
s — Gs & —»5;’75

<N Ew) - E(§9+’79) 3.1)

1 Zl Te— 21 1 fsw"]a Zi:] ws_zi;ll fs B l .
p f s_a(u)zlszl w3 nsdqu + fz E(u)zm T—X ) fsdqu
5 )y

Zs 1 Ms — l— _Zl;ll 7s 5_22;11 &*—Tr’h

< Z E(w.) — Z M (3.2)

s=1

Proof. To use Theorem 2.7 we show that @ majorizes r and z where
i 2-9 9 2-9
r:(r19r2a---7rl)9Z:(Z17Z27---7Zl)9rj:%gS (2)ngande:%ns‘F(2)§5f0r5:{1,2,3,...,l}.

For this, let $%_, & = Bix and T5_ my;y = B fork = 1,2,...,1— 1. Then

k k
2-9) ) 2 -9
Z = me t— Z’][j] = 2B+ ——— P
=1 =1

j=1

Since ¢ < @ and n < @ then by definition of majorization, we have lec‘:lf[j] < Z’J‘.zl @
k k .
and Zj:l Yin < Zj:l W) that is

k
Pu< ) @y (3.3)
j=1

AIMS Mathematics Volume 8, Issue 9, 20841-20870.
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and
k
ﬁZk < Z ’ZD'[j]. (34)
=1
% and then adding the resulting inequalities, we get
(3.5

Multiplying (3.3) by and (3.4) by

9 Q-9 £
5 Bas Z @)
=1

k
D= P+

=

ButY' @, =Y &and ¥, @, = 3\, 5., then by using (3.5), we have

1 )
TSI

s=1 s=1

Hence r < w. Similarly, we can show that z < @. Then by using Theorem 3.2 for w; = w, % we
have

! I-1

ﬁ( Nkt ns]
s=1 s=1 2
S 19 9 2-9
ns == st s]]- 3.6
) (277 76 )] (3.6)

-9 L (9 2 -9
ns)dqm f E(—n5+—§5)dqﬁ].
o \2 2

571_ l—l1 1
< E(“’S)‘ZEUO (fs

After simplifying, we obtain the left inequality of (3.1)
For the right inequality of (3.1), using (2.4), we have
-1
— 55 + 775
SeEgn) e

fs‘*'ls "
[ f E(u) g, dqu + L . =) ”quu] <
& =z s=1

B Z s —&s
(@) on both sides of (3.7), we obtain our required result. In this way, we complete the

Adding Y7' 2
proof of our (3.1).
To prove (3.2), we apply the definition of convex mapping, we have
2% o
(Z wg Z fs]]
=1

T (1) R

s=1 3

s=1

Volume 8, Issue 9, 20841-20870.
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! -1
&+ n)) 35)

s=1 s=1

Now, taking the g-integration of (3.8) on both sides over [0, 1] and using the definitions (2.1) and (2.3)

then
l -1
25(2@ e +"s}
s=1 s=1
f i[(l—ﬂ)(Zws ng)m[zl:ws ifgzm))dqﬁ
s=1 =1
-1
§b+ns)]dqﬂ

l
fi((l—ﬁ)(Zws ZUS)w[b 3 =

) T o o
:‘(u)zéﬂ -3 'Isdqu + I -1 Estns
lfc, 1 @s _Zs:] T2

22:1 ws_Zé_zll &s _ ! -1
E(u)Ze1 T L1 6d |

s =& [ oty
Hence we complete the proof of our first inequality of (3.2)
To prove, our second inequality, we use the notion of convex mappings
! -1 -1 ! -1 -1
- ? 2-9 - ) - 2-19 -
= s — = s~ ——— <) BE(ws)—= ) BE(&)——— ) B 39
[le 25215 > 5:1"] Z} (@) 221 €)== 2 =) (39)
-1 -1 ! I-1 -1
- ) _ 2-9 -
S < E s) T A E s) — T ~ E 5). 310
177) 2, 5@ ZZ; ()= =5~ 2,5 (3.10)

s=1
Adding (3.9) and (3.10), then g-integration of resulting inequality yields the required inequality

e If we choose [ = 2, then

_ s +
= (wl + Wy — i é::g)
2
= ﬁ% = ’71 = m m + ‘f]
_E(W1)+._(ZD'2)——§ ._(ll)fldll-f' o (11) dll <_.(QD'1)+._‘(1D'2)— 3
m —q1|Jdg .
and
- +
E(W1+1U2—§1 Th)
2
1 ‘(D’1+w’2—% _ w1 +wr—E| _
f E(W) gy 4y dglt + f E(u)™ ™2 4d
- é:l w1 +wy-1N w1+wz—$1;"l
Volume 8, Issue 9, 20841-20870.
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E(&) + E(m)
—

For further demonstration, we discuss a numeric example in the support of Theorem 3.1.

< E(@)) + E(m) -

Example 3.1. Considering Z(1) = 12, withw, = —1,&, = 1,17, =2, @, = 3 and q = 0.5, then

E(W1+W2—§l+nl):(l)2:i.

2 2
w1+W2—7§1;"1 _ % ) 1
f E(W e +my—p dqit = f u” gdu = 7R
wt+wr—1N 0
w1+wz—§1 _ 1 5
f E(u) w1+wz—fldqu — f u2 ldqu =
w|+w2_51;'71 ! 21

B +Em) 15
2 2

From above calculations, we can infer that 0.25 < 0.31 < 7.5.

E(w)) + E(@) -

3.2. New q-identities

In the following subsection, our first target is to derive two new quantum integral identities
involving ., q and *2q differentiability of the mappings and ordered n-tuples. Here, we propose a new
general identity of mid-point type which will play a critical role in order to compute some new error
bounds of mid-point schemes.

Lemma 3.1. Let w = (@, @,, @3, ..., @)),E = (&1, &, ..,&) andn = (1,12, . . ., 1) be the three I-tuples
suchthatws,fg,ns 1] forall s € {1,2,...,1},9 € [0,11and = : J - Rbea CM and 0 < q < 1.
If‘zlszlws_zi_:ll 5D,E and s eyl qu_ an lntegrable mapping on J°, then

WNws; E51s)
Zi_:l (s — &) ! Iyl -1 £+,
=== [fo qi St TR O D E [(1 - ﬁ)(z @ - Z &)+ ﬁ(z @, - ; o

-1

_fol 0 51 s, qu[(l —0)(2155 ZUS)H’(ZWS e '7] dqﬁ},

(3.11)

where

W@ €5 15)

1 [fzé] @-pl) sLwere I
= E(u) / N d "+ f E(ll) w1 Xl1é
-1 DI YN » q
2ot (1 = &) S =X s B : Y we-yl s

o |

s=1

[I]l

AIMS Mathematics Volume 8, Issue 9, 20841-20870.
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.

Proof. Consider the right-hand side of (3.11) as
-1 _
[ =2t 028 (ZS i), (3.12)
By Lemma 2.1, we have
! I -1 l =L f +
= [ apaectens [(1 - 0)(2 . - Z &)+ ﬂ(Z @ -y ’7]] 4,
5= s=1
2 fl ) ( I -1 I -1 £+,
= — = (1 - qﬂ)( ws — fs) + qﬂ ws — Od 9
1:11 (ns — &) Jo SZ:; ; 5=1 5=1 2 !
! -1
2q = &+ 15
Sz (Ye- 3 B
Zs:] (775 - é‘:ﬁ) a=1 =1
2(1—q) o0 I -1 ! I-1 £+
— Z qn+l'—[ _ n+1)(z @, — Z‘fs) + qn+1 (Z w. — S 3 5]]
S (s =€) =0 =1 =1 =1 =1
= (ZI: S 775
- = ws —
Z (775 b s=1 5=
21 - ) o0 I -1 I -1 £+
= _ an (1 - qn)( ws — é:s) + qn( ws — . S]]
Zl | (ns _‘fs) ; ( ; SZ:; ; s=1 2
— 2 - 55 + 775]
= W, —
s=1 s=1
-1 I -1 £+ Us]]

_Z (m

— 2(1_Q) N nE _ s _ n _
Zi;ﬁms—fs);q ((1 q)(;ws ;&Hq(;ws 2,75
2 [iw_l_zlfs"'%]
) s=1 2

B Zi_:ll (775 - fs)

[

s=1

4 Zi:lws_z;ll £ _ ! -l
Ty 2f E(u)Ze1 T Ze16d,
(Z =1 (775 gs)) o 1175—21111 fs;ns
y N
BT Rera VI e | (3.13)
po (m [Z‘ 2 )
Similarly, we get
1 I-1 £+
b= f W5l westhn ““((1 - ﬂ><2 @, - Zm) * ﬂ[z @. - D
' s=1
Zs:l m—g,zézll Es+is
B0 3!, -yi g Aot
(3.14)

2

_ 4 f
l_:ll (r]S - é:S))z 215 1 Ts— Zi, 17s
i_:ll (ns - é:s) )

(
l &+
NESRS

s=1

[

Volume 8, Issue 9, 20841-20870.
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Combination of (3.12)—(3.14) yields the required result.

o If we choose / = 2 in Lemma 3.1, then we have

§1+1]1
1 T+~ _ m'1+m'2—§1 _ ~ _ é:l + 771
E (W) 9py gt + Sy Ed | - & (wl ro - )

_é:] w+w2—1) w1+w2—‘5'%
- 1 i
_n : &1 [f g =i E ((1 - w + @, — &) + 19(731 P &1 -2H71 ))dqﬁ
0

1
= +
_f qﬂwlmz_mbq:((l—ﬂ)(wl+wz—n1)+ﬁ(w1+wz—§l 2’“))dqﬁ].
0

Now, we establish a general Dragomir-Agarwal-type inequality, which is crucial to establish some
error bounds of the trapezoidal rule.

Lemma 3.2. Let w = (@, @), @3, ..., 0)),E = (&1, &, ..,&) andn = (71,12, . .., 1)) be the three I-tuples
such that w,,&,n. € [I] forall s € {1,2,...,1},9 € [0,11and = : J - Rbea CMand 0 < q < 1.
]fZLl oA Ve 5D,E and S @yl USEQE an integrable mapping on J°, then

Q@55 155 &)

_ 15;1] (s — &)

]
<1—ﬁ><2ws Z&Hﬂ{zws Z&;”S]]q

1
f (1-aq9) DR A Yl &DQE

—1
f @0 =D gt gt q~(<1 —ﬂ)(Zws Zm) +ﬂ[Z .- Z = +"“] asl. 619
where
Q(ws; ns, fs) =:
2T @ - 2 E) + BT, @ - X 1)
2
1 ML A N NS Y P A R
- Zi_:ll (ns — &) f GRS H(u)z:é:lm_z{;:ll mdqu ’ Ll Y =T )dqu .
Proof. Consider the right-hand side of (3.15) as
-1,
J= 2= BT g (3.16)

4

By Lemma 2.1, we have

1 1 -1 1 -1
oYl = &+ 1)s
fo(l—qﬂ)l Zfﬁq_[(l—ﬂ)(§ @, - § §S)+0[§lws— § 5 ))dqﬁ

s=1

Ji

l -1

;‘;—‘) f [(1 - qﬁ)(Z @, - Z &) +q9 [Z I '7)) od,

(775 s=1 s=1

e
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-1

e

21-9) -~ §s+ns)
- & s — +
Zb_l(nb fs) [;w :,Z 2 ZF] (77)_65) s=1 s=1
_2(1 B q) n+1v—[ n+1 n+1 \ l_l é:S + 775]]
= q - &)+ aq ws—
Z (779 5 % SZ Z 5= s=1 2
201-9) ~(x o §s+775) 2 ;(Z S ]
T — s + = s gs
.- &) [Zw ~ 2 Ll - &) Zw Z:
_21_ -1
((n i Zq [(1 q)(Zws ng)m[zm— i )]
s 5 n=1 s=1
20 - \ ll§s+m~,) 2 i[l _“ ]
S - s“[;"”s (m_{;ws 2,

__20-0 el N
ERITEIP R Q)(Zws Z&’”q wa’ 273

e 5

+ -1
Zs=l (T]c, - é‘:s) s=1 s=1
_4 Zi:] WS—Z{;I] & _ / 1
= = Zq: wS_Zg,: ‘fs
B - - 2 fl -1 £s+s _4(11) . l dqu
(ZS:I (775 65)) Yo T2y =7
2 I -1
t— ) @ - Y &l (3.17)
lezll (ns - fs) [5:1 ) s=1 )
Similarly, we get
: NI
I = f @9 =1 gs psi1, DE ((1 - ﬂ)(Z @. - Z 0 +9 [Z w- D
s=1 s=1
_ ! =1 Zs=1w5_zi=]l &% _
= E n ) f E(u) I gyl sdqu.
Z ()75 Zl s=1 ) ()7“1 65))2 Z{?ZI ws_Zé_zll s 25—1 Zb_l "
(3.18)

Comparing (3.16)—(3.18), we conclude our required result

o If we choose [ = 2 in Lemma 3.2, then

E(w) + @ — &) + E(w) + 2 — 1)
2

@+ —E] ;
= w1 +wr—
E)”T T du

|

1 w1+m2—§1;m _
E(W g +m—md u+f
_é‘:l L1+w2 m G w1+w2—ﬁ%
— 1 _ +
_m-& f (1- qﬂ)wwz-%qa((l — 9w + @2~ &) +19(w1 PP i - ))dqﬂ
+
& 2n1))dqﬂ].

1
+ f @ = 1) v Do (1 = @+ =)+ 9
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3.3. g-Estimations of TIM inequality

In this section, we propose some new generalized left and right estimations connecting to newly
proved q-TJM inequality proved in the previous section. We use auxiliary results, the convexity
property of the mappings, and some well-known inequalities to obtain new refinements of existing
results.

Theorem 3.2. Under the assumptions of Lemma 3.1 and if |1 ™2 6D | and 5 moxit Dol are
convex mappings, then

DGR RTA
Zi_:l] (775 é‘:b) Zl ws— Z Eb

< J [ | D,E(w.)
alB3ly + 1 N[5, o5 g = A S P
R ' =) - 2[31“2:11 o= 00)

: =
+2_] Z ‘215:1 ws—zi—zll USDQ‘:‘(WS)

[3]q + qz] .
2[2],[31, SZ 'Zs | BT, q‘—‘(ns) ]

Proof. Using Lemma 3.1, property of modulus and the convexity of |21 2 ON
and |21_1 @3l nquL we have

2[3]q ; 'Zs 1 @=Z s —(fs)

|Hw@;n; &)
PR YA | I S, < 1 < £+,
Slf[«[o qi) [Fer @ Eaiép (1—19)(2135 ;gs)m ;ws—; | [
1 ! -1
- fo a? z;lws-zg;m@@(ﬂ—19‘)@@—2'75)*1’(2“ 255 ) daﬂ]
s=1 s=1 s=1 s=1

-1
2-19 ! vl =
- |25=1w5 26D E(E)

le_:l] (nb_é:S) : 1 Yowe-YllE N =
s == fo at| 3 [P D E )| - =5

s=1 s=

s ]dqﬂ] + ZSIS+ [f [Z ’21 . Zz i~ qu(wb)

-1
‘%Z'zg=lws—zz=a B2 ()| - Z'zum S a~("s>]dﬂ]

After simple calculations, we achieve our final result.

-1
_2 'Zi:l ws—Z’;ll SSD —_

e If we choose [ = 2 in Theorem 3.2, then

E(W e, +as—p, dglt + f
m - é:l e @+ — 2

@+

4
I ‘ID1+‘IH2—EIT’” w1 +wr—€)

= = +
E(u)w‘]+w’2_§ldqu:| — E (WI +wy — u)

£+
B
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al[31, + ¢?]

w+wr—§1
| DEE)

m ;fl |:2;q] (|w1+wz—fl in(wl)| + |w1+wz—fl DQE(WZ)D
q

al[31q + %1

2L, |7 SEl

|131+Uz*m bqé(mlﬂ + im +wy-n) DQE(WZ)D |m|+mz - q—(fl)i -

q
+ﬁ( 2[3

Theorem 3.3. Under the assumptions of Lemma 3.1 and if|2’s:] =X D" and 5! wexit g, Dol are

convex mappings with % + % = 1, then we have

[ n; O
S (7 = &) T
=T ([ q) {[[%(Z TR

gt 2 _ r
- q]Z\ZZ R EE)

2[2] 31,
% l
r q )

-1
q ‘215:1 ws_Zi,_:ll ESD 'E( ) !
2[3](‘( < q 775

-1

q

_all3], + ] _
2[21131; SZ 'zs | @-5i) n, DaE5)

le:l ws_zls_:ll ’lSD

1]
Proof. Using Lemma 3.1, property of modulus, power-mean inequality and the convexity property

S wS & | rwithl + 1 =
Of st 7212 ["and |51 o g1, Bgl” with & + & =1, we have

[N m; )

-1 _ 1 - 1
< Zs=1 (Zb fs) (f qﬂdqﬁ) [ f qﬂ
0 0

<=

l -1
SEEENETEN [(1 Y-Sk
s=1 s=1
! -1
DYEECAS Y 7]53‘13 [(1 - ﬂ)(z wWs — Z 1s)
s=1 s=1

1

r ¥

l 1
&+ s
+ﬁ(;w5—5:1 . dd| +| | o
1

! -1 r ¥
+ﬁ( @, — 55“75)] d,9

s=1 s=1 2

_ 1 ! -1

21:11 M—=&) ([ q | fl ! vl _ roo2— 19 I -

< 5 ﬁ 25: Wy 25: st E . _ 25 W Z fsb = .
A [ wlgpersrnse 25 s

S=

g 1=l ! . r 1 ! - r
5 Z ' R YA =D __‘(;75) d, 19 + fo qt Z 'Zézl w3l HSZ)Q.:.(WS)
s=1

s=1 s=1
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1

ol

9 ,
_5 Z |Zé=1 B YRTR q'—‘(é:g Z 'ZI -3 DQE(US)
s=1 =1

After simple calculations, we achieve our final result.

e If we choose [ = 2 in Theorem 3.3, then

£1+m

1 R el ihach i S B ‘fl + 1
— — + —, —
E(W) g +ay— dtt + E(u)@1reré dou|-Z= (wl + @y — > )
/IR ST N — oy EL211

m-—<&( qa - @ +@y—] w+wr—£)
_Z_«Ei) Ku}q R« i)

1
r
r)

r q =
) - ﬁ |1U1+1U2—771tD

__q[[3]q + q2] |zm+w2—§1
2[2],4[3],

L |w|+w2—§|

2131,

+ (ﬁ (|1D'|+1ﬂ'2—77] Dqé(w])r + |w1+w2—m D

al[3], + o] o)
— 2[2]q[3]q |m'1+w'2—mb ) ]

. . i il
Theorem 3.4. Under the assumptions of Lemma 3.1 and if |*<=1 @~ 2<=15D,|" and 5! ooyt Dal” are
convex mappings with ]; + é = 1, then we have

(@ 763 £
D N A S | B
= 4 [+ 11, Z" N D@

1
r
r

-1
2{;1@5_22;11 fs@ E( &)
2121, & | a=\

— r
Z |Z @s 25 17s q:(fs)

1+2q < 5! _yile _ r
— s=1 Ts s=1 5@ E s —

1
+ (Z 'Z T Zl l qi—d(@’g)
s=1

142
2;21:2’2’ LEYETN Q‘—‘(ns)]

Proof. Using Lemma 3.1, property of modulus, Holder’s inequality and using the convexity property
of [Zo ™ 26D 1 and |y, sim, Dyl with L+ 1 = 1, we have

1

[N @< 1755 )

-1 _ 1 1-1
S Zs:l (775 fs) (f (C[ﬂ)rdqﬂ)
4 0
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Tawlabp § [(1 - ﬁ)(zl: @, - i £)+0 (2 @, - i X, D
s=1 s=1 s=1 s=1
1 1 -1 l -1 f n
+ (fo 5L, ol g, DeE ((1 ~( @ = ) 1)+ [Z s Z - USD
s=1 s=1 s=1

_SH g ;
4 [r+1],q

i

1
r ]r

ML S -yl = ro2—1 - Sl -yl = r
f Z oI ED B ()|~ ‘ w1 @I b 2(E,)
0 \'sex1 1

=

1
=1 -1 ! L
J ! -l = r ; -
ERY ]dqﬂ) +[fo [Z 31,3t 0 D)
1 s=1

s=1 s=

1
-1 v
pRCRS q—'(é:s Z ‘Zl | T q—'(ns) ) ] .
=1

s=1

|
N>

After simple calculations, we achieve our final result.

e If we choose [ = 2 in Theorem 3.4, then

1 mﬁwz—m @+ —E€) _ _ ((;_—1 +1
f f _‘(u)wﬁwl_mdqu + f o E(u)w|+w'2—fl dqll _ E(’w'l + @y — T)
—GqG1 w1+ mlﬂnz—]T”
- 1-1
_g q) " @+~ = r @+~ = r 1+2qm w5y — = r
T (e e T

1

_ @+o—ipy T a

|m1+wz - q'—‘(fl)|

l+2q = r %
2[2 '

+ ('wl +wy-1; Dqé(wl)ir + |m1+wz—m bqé(wﬁ)‘r - 2[2]q |w1+w2—m ©¢1E(771)| )

Now we derive some new results related to the right side of TIM inequality using Lemma 3.2.

. . I il
Theorem 3.5. Under the assumptions of Lemma 3.2 and if |>=1 @ Zf>=1fi*Dq| and |Zi:1 e nqul are
convex mappings, we have

|Q(@s; ns; €
g, - I -1 _ 2[3], = 1] |« -1 -
< s=1 (nb é:S) Z | Ts— 5:1§§D E(w-s _ [+ 25:1 ws—25:1§SD E( S)
4 [2]q A ‘ “ 2121,131, =
1

! vl g =
Lo @2 &9 2(n,)

B L DE(E.
2[2]4[3], s w5l g, DaE ()

2031, -1] |
2121131, 1%

l
1 —
t o o DE(w,
121, (; ’Z’s:] -3t n DeE(@)

|

Proof. Using Lemma 3.2, property of modulus and the convexity property |21 @iy SON
and g1 o i1, Dol, we have

-
221,131,

L@l n Do)

|QU@s; 155 &)
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S fﬁq_((l—m@m Zfs)w[i]m Z&;”ﬁ]]
s=1

=Z—‘5U (1 - )l |2
s=1 s=1
! O &t s
R R T 2ns>+ﬂ[zws—z 52 foe
Zlg;ll (775_55) ! ! 1 T -l g = 1 T e =
< T f (1 - q) ; }ZF] Yot s qu(ws) _sz ; ’ZF] Y1 &5 @q:(&)
9 -
EZF 2tien z|as
(g - i . 9 E! )
+ 4 {f (1 B qﬁ) ; |ZQ:1 WS_Z-I;_:ll USEQE(WS) - 5 ; |Z’g:1 wS_Zé_:ll ﬂsqu(éj‘:’)
2-9 ¢ 3
2 Z|zf |3 e qE('Is)]dqﬂ :
s=1
After some calculations, we obtain our required result.
o If we choose [ = 2 in Theorem 3.5, then
E(w) + @y - &) + E(@) + @2 — 1)
2
1 1F1+1H2—§];”l _ Tt
— f E(u)wl+m_mdqu+f - E(u)wwwz—fldqu
fl w1 +w2—N1 w1+ — 12'71
- gl 1 @ +wy—E&) = @ +@—E) =
7 m(| FmED E(ay)| + [T D E(w))
[2[3]q 1+@2—€] 1 - =
et B (A D _‘( ) w1 +w2 le E( )
21214131, | =& | 21,31, | o=\ |
1 — — —
+[2_]q (|w1+wz—m®q:‘(wl)| + |w1+wz—m®q:‘(w2)|) - m |w1+wz—m D1‘{‘:‘(§:1)|
2Bl - 11,
2121431, 7T ’

where % + é =1.
Theorem 3.6. Under the assumptions of Lemma 3.2 and the convexity property of |%=1 @ 2=15D |

.
and |Zi=1 - Tlsbql , we have

|Q(@s; 16 €
S -8 (11 O e S A N N |
== ([2]) [2]q ‘ @) - o X D)
1 -1 , r 1 [ -
- N'[pLeitiep ® — , 1 DeE _
2[2]q[3]q; DQ“‘(US) ) +[[2]QSZ:;'Z Z q (ws)
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1
Proof. Using Lemma 3.2, property of modulus, power-mean inequality and the convexity property
of |Z=1 @ XL 6D | and 5! mxit , Dal’s we have

203 _
2[2] Z|Z W*le;llﬁ (65) - 2[2]q[3]q SZ'ZSIM -xiy q':‘(ns)

Q@53 155 €5
-1 _ 1 I=5
< Zszl (775 ‘fs) (f (l—qﬁ)dqﬁ)
4 0

[ 1

x[f(l—qﬁ)
0

+f(1—qﬁ)

< Zi_:ll (775 _6‘3) ( q )
B 4 (2],

-1

B2 (u_ﬂxzws z&)m[zwg SE ’7]

s=1

dqﬂ]

1

-1 r H
5+ s
Y =2 e q“‘[(l —ﬁ)(Zws ZUS)"'ﬁ(Zws Zf n ]] dqﬂ]
s=1 s=1
1 ! ) s
1 —qd Zi= wﬁ_zé; st E(w,
[(j()‘( q)(;‘ 1 1 2(w)| — 5
1
r " 1 [
]dqﬂJ +( fo (1—(119)(2l |5 oozt

1
9 -1 . -1 B
_5 Z ‘25;1 T=Z\ s qu(fs Z |Z -3 §5©q:‘(775)
s=1 =1

] dqﬁ) .
After simple calculations, we achieve our final result.

-1

~ =

1 _yi-1 —_ 4
Zg:l @s Zszl »&’Dq:(é“s)

s=1

9 -1
1 _yi-1 =
—_— ‘Zszl @5 Zg:lgsbq:(ns)

e If we choose [/ = 2 in Theorem 3.6, then

E(@ + @y~ &) + E(@ + @ — 1) 1 @1+ - =
2 B ‘:‘(u)’w’]-l-’w'z—)]ldqu
gl w+wr—1N|
w1 +wr—E] _
* f E(u)”’l*“’ffldqul
w1+wz—‘fl%
_1
< m—¢& 1 r 1 (|w1+w2—‘flb = n |w1+w2—§1b = r) L |w1+w2_€lb
< 4 [2], [2], q O

1
-
r)

1 - r
+ (m (|m1+w2—m DqE(zD-l)| + |w1+w2—m D

|W1+m—fl D, =

2021031,

, 1 _
) T RLGN [—

[2[3], -

S ez |
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where 1 + 1 = 1.

Theorem 3.7. Under the assumptions of Lemma 3.2 and if Izls=1 @-Te fﬁ)qlr and |2’,1 B ,IBDqV are
convex mappings, we have

Q@53 1755 €5))

-1 _ 1
< s=1 (Zs é:s) (f (1 —Qﬁ)rdq’ﬂ)
0

1

P XD S ()| -

1+ 2q Z ‘25 3] oy _(fs)

1 -1 o .
— [2] ’Z ws‘Z;,:] stqE(ns) ]
q S5=

- r
+ [Z ‘Zizl ws—Z’s;'] Ustbq':'(wf’)
s=1

1+2q -t _
=S 2l mexcn, DeEe)
2[2]q — Zs:] s s=11s q 77

DI B Yl nsbqi(fs)

o)

) ,

Proof. Using Lemma 3.2, property of modulus, Holder’s inequality and using the convexity property
1 -1
of |1 ™21 &9 |” and 5! @yt 5, Dal’s we have

where 1 +1 = 1.
r S

|H@s; ms; €S

-1 _ 1 1-1
< 5:1(7]5 gb) (f (l—qﬂ)’dqﬁ)
4 0
1 i -1 £+
X U T @Il bp B [(1 —ﬂ)(Zws Z§)+ﬂ[2ws = 2”5]]
0 1 s=1
1 r 'l
i) o
0
1_—11 (ns — &) ! -7 ! s w3l e 2-0 =L ! Sl o =
== (f (1 -q®) dqﬁ) [fo [; e D, E(@)| -5 5:1’ Lie-shian @)
-1 1-1
0ZZ’ZI‘W A EDEG,) ]dﬁ]
s=1 s=1
(! ) .
+[L (Zpyzi—lmﬁzi—ll q._.(iD'g) 2 Z |Z’ mbqa(fs)
s=1

-1 7
) RN

Z'Zi:1 .-z £, DaZ(01:) ]dqﬂ) :

s=1

After simple calculations, we achieve our final result.

, 1
dqﬂ]
-1

= ]
1 @ E e D= {(1 - ﬁ)(Z wWs — Z ns) + {Z s — &+ s ]]
s=1 s=1

s=1

r
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e If we choose / = 2 in Theorem 3.7, then

E(w) + @y — &) + E(wy + @2 — 1)
2

1 1D'|+wz—ng“ w1+ =€) .
=1\ 1+ T2
- f _.(u)w]+w2_7,]dq1l + f P (1l) e ldqu
m _é:l @ +wr-1N w1+wz——l il

1-1

1 .
< an_é‘:l (ﬁ (1 _ qﬂ)’dqﬂ) [(|1D’1+mz-§1 bqé(wl)r

_ 1+2 = r
+ |w|+mr§1 @qa(w2)| _ % |m+w2,§] an(g:o' _ 2[2] |m+wz &1 un(m)| )
q
1
= r = r 1 2 = 4 ’
+(|wl+w2_771 DqE(w’l)i + |1U1+W2—771 qu(’ZUQ)| 2[2] |w1+wz -m q~(§1)| 2-['-2] ]q |w1+w'2—711 Dq.:.(rll)l ) ]

4. Applications

Finally, we present some applications to bivariate means of non-negative real numbers in the
support of main results. For more visualization, we check the validity through numeric examples and

a graphical explanation is also mentioned. The arithmetic mean: A(sy, ¢) = <322,

1
2p+l_§1p+l ]F
(p+1D(s2—s1)

The generalized log-mean: L,(g1,62) = [

where p € R\ {-1,0}, 61,52 €R, 61 # 6.
Proposition 4.1. Assume that all the assumptions of Theorem 3.2 are held. Then

m-&7 m —fl]
4[3], (2],

§1+771)

1
3 +§ (771+Wz—§1)2+

L%(ZD'] + @, —m,w + W —

'[3]q

— (@ + @ —A(é’l,m))z‘

61 9 (B, &) + B f))—u B.&) - £)
4 21, 2OV LBy, 2[3] :
al[3], + a*]
+[2—]q(C(w1,771)+C(Wz, 2[3 mC(m,m)],
where
B(z,&) =1 +a)z+ (1 = g)(w; + @2 =&, 4.1)
Cz.m) = (1 +q)z+ (1 — )@ + @5 — ). (4.2)

Proof. The assertion follows directly from Theorem 3.2 for Z(u) = u>.

Now we give the numerical verification of Theorem 3.2.

Example 4.1. Taking w, = 0,&, = 1,1, = 2 and @, = 3 in Proposition 4.1, we have 0.0595 < 0.5357.
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For the graphical explanation of Theorem 3.2, we have

2+q+¢° 1
41 +q+09>) 2(1+09)
3q 39(1 + g+ ¢?) 3q

< — .
T 1l+qg 40+ +qg+g?) 40 +qg+0?)

i i i i i i i
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
q

Figure 1
Figure 1 clearly emphasizes the correctness of Theorem 3.2, where the red and blue colours indicate
the left-hand and right-hand sides respectively.
Proposition 4.2. Assume that all the assumptions of Theorem 3.3 are held. Then

m=-&7 m —51]
4(3], (2]

1
+§ (@) + @y — &) +

+
I[S—]qu ID']+1D'2—7]1,1D']+ZD'2—§12 1)

— (@) + @, — A, m)) ‘

m-&(a\ 7l a , all3ly + e, ) g
1 ([Z_L,) [([Z_]C, (B'(@1,&) + B (@,&1)) — m B'(¢1,&) - 2[3]qB (771,51))
, al13], + @1, '
([2—]q (C'(@1,m) + C (w2, m)) — 2[3]qC (&.m) - mc (771,771)) ]
where
B'(z,&) =1+ qz+ (1 - a)w + @2 - &) (4.3)
C'zm) =1+ qz+ A -ag)w + @ — ). 4.4)

Proof. The assertion follows directly from Theorem 3.3 for Z(u) = 1.
Now we give the numerical verification of Theorem 3.3.

Example 4.2. Taking w, = 0,&, = 1,1, = 2 and @, = 3 in Proposition 4.2, we have 0.0595 < 0.7191.
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For the graphical explanation of Theorem 3.3 are held. Then

249+ 1

40 +q+a?) 2(1+9

1{ q ) , (+a+2)3-0? 8(1+q) )’
<-|—|l[e@-2 5+q)° - -
_4(1+q) (( 7+ G +a) 20 +q+d) T+q+

2049 (1 +a+20)3 +?)?
1+ q+ ¢? 2(1 +q+¢?) ’

+((1 — )+ (4 +20q) -

1.4 T T T T T T T

——LHs
——RHS

T i i i i i i
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
q

Figure 2

Figure 2 clearly emphasizes the correctness of Theorem 3.3, where the red and blue colours indicate
the left-hand and right-hand sides respectively.

Proposition 4.3. Assume that all the assumptions of Theorem 3.4 are held. Then

(m —fl)2 ! —fl]
4[3], [2],

§1+m)+1
2

3 (W1+W2—fl)2+

3
ﬁl%(wl + @y —n,w +wWy —
q

— (@ + @ _A(é:l’nl))Z‘

NS
< m =& q
4 [r+ 1],
+2q

1 1 G
+ (Cr(wl’ m) + C (w2, m1) — Ecr(fl,nl) - mCr(m,m)) ]
q q

142 G
B8 - Br(m,fl))

2[2], 2[2],

(Br(wlafl) + B'(@2, &) —

B'(z,&) and C'(z,m,) are defined by (4.3) and (4.4) respectively.
Proof. The assertion follows directly from Theorem 3.4 for Z(u) = u>.

Now we give the numerical verification of Theorem 3.4.

Example 4.3. Taking w, = 0,&, = 1,1, = 2 and @, = 3 in Proposition 4.3, we have 0.0595 < 0.8157.
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For the graphical explanation of Theorem 3.4, we have following expression

24+q+q° 1
41+q+0%) 2(1+q)
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1 q2 2
< -|—
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2 (14206 + 9P\
l+q 2(1 + q) '

Figure 3

Figure 3 clearly emphasizes the correctness of Theorem 3.4, where the red and blue colours indicate
the left-hand and right-hand sides respectively.

Proposition 4.4. Assume that all the assumptions of Theorem 3.5 are held. Then

§1+m)

3
‘A(wl +wy - €, m +w—1) — —L%(wl + @, -1, T+ — >

[31
m =& m —51]

(@) + @ —51)2 +

2 4[3], [2],
m-=&| 1 [2[3], — 1] 1
— (B , B , - ——B(&, - —B(ny,
< ) [Z]Q( (@1,&1) + B(wy, &1)) 22100, (&1,¢1) HRED (m1,&1)
s (@i + C@nm) -~y - 2ok = Heg 0
[2]q 15 1/1 25 1[1 2[2]q[3]q 15 1/1 2[2]q[3]q 15 1/1 )

where B(z,&1) and C(z,1ny) are defined by (4.1) and (4.2) respectively.
Proof. The assertion follows directly from Theorem 3.5 for Z(u) = 1.

Now we give the numerical verification of Theorem 3.5.

Example 4.4. Taking w, = 0,&; = 1,y = 2 and @w, = 3 in Proposition 4.4, we have 0.1905 < 1.0000.
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For the graphical explanation of Theorem 3.5, we have following expression
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Figure 4

Figure 4 clearly emphasizes the correctness of Theorem 3.5, where the red and blue colours indicate
the left-hand and right-hand sides respectively.

Proposition 4.5. Assume that all the assumptions of Theorem 3.6 are held, Then

3

Alw + @, — &, @ + @ — 1) — [3—]QL§(131 twy —mn,w + Wy — & ;771)
1t Ry (771—51)2_7]1—51
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m-& (N[ : R
< Y (ﬁ) [([Z_]q (B'(@1,&1) + B'(@2,&1)) 221,00, B'(¢&1,&1) 2[2]q[3]qB (ﬂl,fl))

(L B @) + B - B E.m) - 2ol g 0 %

2. @, M @5, M 2213, &M 221,53, n,n)| |,

where B'(z,&1) and B'(z,m,) are defined by (4.3) and (4.4) respectively.
Proof. The assertion follows directly from Theorem 3.6 for Z(u) = 1%

Now we give the numerical verification of Theorem 3.6.
Example 4.5. Taking w, = 0,&, = 1,1, = 2 and w, = 3 in Proposition 4.5, we have 0.1905 < 1.4387.

For the graphical explanation of Theorem 3.6, we have following expression
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Figure 5

Figure 5 clearly emphasizes the correctness of Theorem 3.6, where the red and blue colours indicate
the left-hand and right-hand sides respectively.

Proposition 4.6. Assume that all the assumptions of Theorem 3.7 are held. Then

3
‘A(w‘ t@y =L@ @y~ 1) - ﬁLg(Wl + @y — 1, T+ @ - £ ‘;771)
__ PRy (Ul_fl)z_nl—fl
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S Th 4 61 (f(; (1 - Qﬁ)rdqﬁ) (Br(’w'l,é‘:]) + Br(’wz,f]) — 2[2]qur(§],§]) _ 2[2]qBr(r]1,é‘:]))

. I +2q
C'(&nm) -

+ (C’(wl,m) + C'(w2, 1) — 220, 2 C’(m,m))r],

B'(z,&)) and B'(z,1,) are defined by (4.3) and (4.4) respectively.
Proof. The assertion follows directly from Theorem 3.7 for Z(u) = 1.
Now we give the numerical verification of Theorem 3.7.
Example 4.6. Taking w, = 0,&, = 1,11 = 2 and w, = 3 in Proposition 4.6, we have 0.1905 < 1.4892.

For the graphical explanation of Theorem 3.7, we have following expression
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Figure 6 clearly emphasizes the correctness of Theorem 3.7, where the red and blue colours indicate
the left-hand and right-hand sides respectively.

5. Conclusions

The Trapezium-Jensen-Mercer (TJM) inequality is a well-researched and extensively studied result
in the literature. Various versions of this inequality have been derived using different concepts of
convexity, including fractional and g-calculus. In this study, we have introduced new continuous and
discrete quantum versions of TIM and established some new bounds of inequality through convex
mapping. Additionally, we have provided several applications and graphical analyses to support our
findings. Moving forward, we plan to derive g-fractional and (p,q)-analogues of TIM,
Simpson-Mercer, and Ostrowski-like inequalities that involve different categories of convexity.
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