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processes. This makes representations of solutions complicated; therefore, approximate solutions
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1. Introduction

Stochastic differential equations (SDEs) are used to describe phenomena in the context of natural
science and engineering. To consider models of phenomena whose future states depend not only on the
present states but also on the past states, stochastic differential delay equations (SDDEs) are used. For
example, we refer to [1], in which the delay market model is studied. The study of SDDEs was started
in a previous paper [2], in which Ito and Nisio considered SDEs that depend on infinite past processes.
Following the paper, many properties of SDDEs have been discovered. Refer to the paper by Ivanov et
al. [3] for a survey.

Because solutions of SDDEs are influenced by past events, they do not have Markov properties.
This makes representations of solutions complicated; therefore, approximate solutions of SDDEs have
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been studied.

In [4], the strong discrete time approximation of an SDDE with a single constant time delay
is studied. Under the global Lipschitz condition, the explicit solutions for linear stochastic delay
equations are given. The global Lipschitz condition has been relaxed to the local Lipschitz condition
in [5] and [6]. However, studies of SDDEs with a single constant time delay are still ongoing under the
global Lipschitz condition (cf. [7] and [8]).

As mentioned in [9], when we consider approximate solutions of SDEs, it is important to know the
error rate of convergence of approximate solutions to the exact solutions. In [10] and [11], Kanagawa
obtained the rate of convergence of Euler—-Maruyama approximate solutions of SDEs in the L?-mean
and LP-mean for some p > 2, respectively. In [12], we stated the rate of convergence in the L?>-mean
for SDDEs with a single delay function. In [13], we studied the cases of SDDEs with multiple delay
functions and stated the rate of convergence in the L>-mean. However, in [12] and [13], the results
were given without detail of proof.

The Euler—-Maruyama approximation scheme for SDEs is implemented by a step function, which
is a discretization of Brownian motion B(#). The random increments are given by 4B, = B(t,) —
B(t,—1),n = 1,2,..., and the values provided by pseudo-random variables. Brownian motion, however,
moves the time interval [¢,_;,1,]. With the awareness of such issues, Kanagawa proposed a method
of confidence interval estimations to predict the exact solutions in [14]. His method is supported
by stochastic analysis ([10] and [11]) and Chebyshev’s inequality. Through confidence interval
estimations, we can expect sample paths of solutions of SDEs in each time interval (see Figure 6
in [9] and [15]). We remark that it is not possible to obtain confidence intervals by generating many
trajectories using simulation studies and measuring the results, because we cannot obtain information
on the behavior of {B(t),t € (t,-1,1,)}. Refer to Chapter 11 in [16], [9], [17] and [18] for details on
simulation studies for SDEs. In the case of SDDEs, the confidence interval estimations for the Euler—
Maruyama approximate solutions were studied in [12] and [13] only for the special case of SDDEs,
which have no drift terms following [14] and [15].

This paper is a continuation of our previous works [12] and [13]. In this paper, we consider SDDEs
under the global Lipschitz condition containing multiple delay functions. In this sense, the model
considered in this paper is an extension of those in [4], [7] and [8]. The purpose of this paper is two-
fold. The first is to state a convergence theorem in the L”-mean for some p > 2 following the method
by Kanagawa ([11]). We remark that the convergence theorem showed in this paper includes the results
in [12] and [13]. The second is to present the confidence interval estimations for the general case of
SDDEs, which have diffusion terms and drift terms.

This paper is organized as follows. In the following section, we provide a setting of the SDDE
and its Euler—Maruyama approximation scheme. After that we state our main theorem, i.e., the rate of
convergence in the L”-mean for some p > 2. In Section 3, we provide confidence interval estimations
for the Euler—Maruyama approximate solutions of SDDEs for the general case and the special case. In
Section 4, we present numerical examples of confidence interval estimations provided in Section 3. In
Section 5, we provide proofs for the general case of SDDEs. We also provide the proofs for the special
case of SDDE:s.
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2. Setting of SDDE and its solution

2.1. Setting of SDDE

Let (QQ, ¥, P) be a complete probability space. On the space, we provide a filtration {F;};»o that
satisfies the usual conditions; that is, it is right continuous and ¥, contains all P-null sets. We denote
such a space by (Q, F, P; F,). Let B(t) = '(B,(?), ..., B,(t)) be an m-dimensional standard Brownian
motion on (Q,F, P;¥,). Let t > 0 and C([—7, 0]; R") denotes the space of continuous functions ¢ :
[-7,0] — R" with norms generated by sup___,_, [£(7)|. Additionally, C# ([a, b]; R") denotes the family
of F,-measurable C([a, b]; R")-valued random variables.

We next provide a setting of an SDDE. We first introduce delay functions as follows:

(D) (i) Let 6;(r) be a Borel measurable function such that

—-T<o(<tfori=1,...,¢ (2.1
(i1) For each 6;, we assume that

|0:(1) — 0:(s)| < plt — s|, s, > 0 for some positive constant p. (2.2)

Cy ([-7,0]; R™). For &, we assume the following:
(P) (1) For some p > 2, there exists Ky < oo such that

Initial data are given by information for + < 0, which is denoted by {£(¢),-7 < ¢t < 0} €

sup E[IEDI"] = K. (2.3)

—7<t<0

(ii) For the same p in (2.3), there exist K; > 0 and y € (0, 1] such that
E[lE@) - £GP < Ki(t—s), -1<s<t<0. 2.4)

Let f(xo,...,x;) and g(xo, ..., x;) be B(R") ® B(R™’)-measurable functions with values in R” and
R™™ respectively. Let T be a positive constant. We consider the following n-dimensional SDDE:

dX(t) = f(X(©), ..., X©OB)dt + g(X(@), ..., X(©0())dB(®), 0<t<T,
X(t) =&, -t<t<O. (2.5)

For the functions f and g, we assume the following:
(H) For any xy, ..., x¢, X, ..., X, € R", there exists K, > 0 such that

1 (X0s - > %) = FGos -, XV |g(X0s - . . X0) — 8o, - . ., X0
<K)(Ixg = Xol* + - - - + |x, = %), (2.6)

where a V b := max{a, b}.
We remark that (H) implies that

1o -+ X0 V g(X0, - - > X)IF SK (L + |xo* + -+« + [, (2.7)
where

K :=2(K, V|f(0,...,0)” VIg(0,...,0)). (2.8)
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2.2. Euler—Maruyama approximation

We next explain the Euler—Maruyama approximation scheme for the SDDE (2.5). We set a time
step 4 with an integer N such that

1
4:=1/N < 29
T/N < oAl (2.9)
Using the time step, we provide a discrete approximate solution of the SDDE (2.5) by
(k + 1)) =ykd) + f (Ykd), ..., FIED) A + g (Fkd), ..., 515G 4)) 4By,
k=0,1,...,N—-1,
yo) =&(1), -Tt<t<0, (2.10)

where 4By = B((k + 1)4) — B(kA) and I{'} is the integer part of 6;(k4)/4 fori = 1,2,...,¢.
We consider a continuous approximate solution. Let 15(¢) denote the indicator function of a subset
of time interval §. We set

20() = > Tpa s Ik,

k=0

a(t) = ) Npaarm@FAGA,  i=1,...¢, @.11)
k=0

and define a continuous Euler—Maruyama approximate solution:

&), -t<t<0,

t — ! !
Y0 £0) + ff(zo(s), oo ze(8))ds + fg(zo(s), .o 20(8)dB(s), 0 <t <T.
0 0

We remark that for each k, the discrete solution y(kA) and the continuous solution y(kA) are the same.
Then, we obtain the rate of convergence in the L”-mean as follows.

Theorem 2.1. For the SDE with multiple delays (2.5), we assume (D), (P) and (H). Then, for p > 2 in
(P) there exist constants C| and C, such that

E [ sup [X(7) — y(t)l”]

0<t<T

<APUKDPTP(1 4 ¢))(£+ 2777 (Cy + €Cy) A7 - exp [477 KDPTP (1 + ¢,)(C + 2P (L + 1], (2.12)

pp(p+l)/2

where ¢, = PRIy IR

Remark 2.1. We remark that rates of convergence of approximate solutions of SDEs in the LP-mean
are given by the strong order to the power p/2 (e.g. Theorem 1 in [11]). For SDDE:s, the rates of
convergence are influenced by not only p but also the Holder continuous of initial data vy.

We provide the proof of Theorem 2.1 in the final section.

AIMS Mathematics Volume 8, Issue 6, 13747-13763.



13751

3. Confidence interval estimations for approximate solutions
In this section, we consider confidence interval estimations for approximate solutions. Theorem 2.1

implies an error estimation for Euler-Maruyama approximate solutions of diffusion processes governed
by SDEs with multiple delays. The inequality (2.12) tells us

0.

lim E [ sup [X(¥) - y(t)lz]
4-0  |o<i<r

The definition of time step (2.9) and Chebyshev’s inequality imply that for any € > 0,

P{ sup [X(1) — (1) < e} > - E [ sup |X(t) — y(t)|2] /€

0<t<T 0<t<T

>1-ONY/e¢ asN — .

This inequality provides only the order of the hazard rate; hence, more information is required to obtain
a confidence interval estimation. In this section, we present refined estimations for a general case and
a special case.

3.1. General case

Using the inequality (2.12) in Theorem 2.1 with p = 2, we obtain the following confidence interval
estimation.

Theorem 3.1. For the SDE with multiple delays (2.5), we assume (D), (P) and (H). Then, for any
e>0

20
P[ sup |X() — y(t)| < e] >1 - S KT*(C + £Cy)e0KT (D g (3.1)
0<t<T €
Proof. Theorem 2.1 and Chebyshev’s inequality imply that
1
P{ sup |X(r) — y(0)| > 6} <5E [ sup |X(7) - y(t)lz]
0<t<T € 0<1<T

20
<SKaTX(Cy + LCy)ePT D g,
€
which proves Theorem 3.1. O

3.2. Special case

The expressions of constants C; and C, in Theorems 2.1 are complicated, and they are given in
(5.5) and (5.9), respectively (see also (5.7) in Lemma 5.3). For SDDEs which have no drift terms,
the expressions become simpler. We next consider the special case and provide confidence interval
estimations.

For the case f = 0 in (2.5), the SDDE is given by

dX(r) = g (X(1)..... X(6,1))dB(®), 0<t<T,
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X(t) = &1, -t<t<0. (3.2)
y(¢) denotes a discreate Euler-Maruyama approximate solution of X(#). Then, we obtain the following

confidence interval estimation.

Corollary 3’.1. FOL the SDE with multiple delays (3.2), we assume (D), (P) and (H). Then, there exist
constants Cy and C, such that, for any € > 0

— _ 8 — —
P| sup [X(t) =3(1)| < €| 2 1 = S K T(Cy + €Cy)e® "0 g7, (3.3)
€

0<t<T

where
Ci = K{1 + C3(L + D)}, Cs = 2Ky + KT)e? ",

and C, is a constant which is given as follows:
for delay functions 6,(t),i = 1,...,¢,

Cilp+1), 0 <194 < 6,1),
Cip, 0 <6 <174,
Cy=1 2Cio+ D +2Ki(p+ 1y,  IH4<0 <680, (3.4)
2Cip + 2K p?, 6 <0 <14,
Ki(p+1y, 174 < 61 <0 or 6;(t) < I{}4 <0,
and we set
C, = max, 5’2 (3.5)

4. Numerical examples

4.1. Multi-dimensional SDDE

Example 4.1. Recall that B(t) = '(B(t),...,B,(t)) is an m-dimensional standard Brownian motion.
Given an n-dimensional vector function f = (fi,..., f,) and an n X m-matrix function g = (g;;), we
consider the following n-dimensional SDDE:

dX,(t) = fi(X(@), ..., X(0.(1)))dt + Z &i(X(@),...,X(0,(2))dB(t), 0 <t < T, 4.1)

J=1

which is the [-th component of the n-dimensional SDDE. We assume that Lipschitz’s constant in (2.2)
is given by p = 107", To apply Theorem 3.1, we give the setting as follows:

Finish time: T = 1;

Time step: A = 107%;

Uniform boundedness of initial data: K, = 107!;

Holder continuity of initial data: y = 1,K; = 107};

The constant K5 in (2.6) : K, = 10720,
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In the case of € = n = 2, we set C, as given in (5.9) (see also (5.7) in Lemma 5.3). Then, Theorem 3.1
implies that

P { sup |X(t) — y(1)| < 1.94 x 10—2} > 0.9.

0<r<1

Under the same setting as listed above, we present €’s in (3.1) for other cases of € and n with the
confidence levels 0.9 and 0.95 in Tables 1 and 2, respectively.

Table 1. Numerical results for n and ¢ on Example 4.1 with the confidence level 0.9.

n\¢ 1 2 3 4 5 10
2 [ 1.068x 1072 1.944x1072 3.028x 1072 4.404x 1072 6.156x 107> 2.470 x 107!
3
4

8.760 x 107* 1444 x 1073 2.038 x 10 2.684 x 107 3.399x 10 8.314x107°
8.742x 107 1.440x 107* 2.030x 10 2.671x10™* 3.379x10™* 8.224x 107

Table 2. Numerical results for n and ¢ on Example 4.1 with the confidence level 0.95.

n\¢ 1 2 3 4 5 10
2 | 1.151x 1072 2.749x 1072 4.282x 1072 6.228x 1072 8.706 x 1072 3.494 x 107!
3
4

1.239x 1073 2.043x 1073 2.882x 107 3.797x 107 4.807x 107> 1.176 x 1072
1.236 x 107* 2.037x10™* 2.870x 10™* 3.778 x 107* 4.778 x 10™* 1.163 x 1073

4.2. One-dimensional SDDE

We consider the following SDE with piecewise constant arguments (Example 1 in [19]):

dX() ={X@® + X([7]) + X([t = 1]D}dt + {X(@) + X([r = 1]D}dB(t), 0 <t <2,
X=1 -1<t<0.

Since the example above has piecewise constant time delays, the explicit solution is given by

exp {5 + B (§<o>+ fo B0 fo e-é-B“)dB(s)),
t€[0,1],

-1 s ' s
eXp{—2 + B(1) - B(l)} (X(l) +X(1) f e 7 PO Bl 4 f e 7 PP gp(s)),
1 0
te|l,2].

X(r) =

In the case of delay functions, the representations of explicit solutions of SDDEs by the stochastic
integral are complicated. In such a case, we consider approximate solutions for SDDEs.

Example 4.2. We consider the following one-dimensional SDDE with two-time delay functions.

dX(t) = {X(1) + X(6,(1)) + X(62())}dr + {X (1) + X (61(1)) + X(62(1)}dB(1), (4.2)
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where Lipschitz’s constant in (2.2) is given by p = 1071, To apply Theorem 3.1, we give the setting as
follows:

Finish time: T = 2;

Time step: A = 1074;

Uniform boundedness of initial data: Ky = 107";

Holder continuity of initial data: y = 1,K; = 107;

The constant K5 in (2.6) : K> = 1072
We set C, in the same manner as that in Example 4.1. Then, Theorem 3.1 implies that

P{sup |X(2) —y(@)| < 0.15} >0.9.

0<t<1

4.3. Special case

Example 4.3. We consider the SDDE (3.2). To apply Corollary 3.1, we give the setting as follows:
Finish time: T = 1;
Time step: A = 107,
Lipschitz constant of the time delay: p = 107';
Uniform boundedness of initial data: K, = 107";
Holder continuity of initial data: y = 1,K; = 107}
The constant K, in (2.6) : K, = 1072,
Under the conditions above, 52 in (3.5) is determined. In the case of { = n = 2, we obtain that

P{sup |1X(1) = 3(1)| < 8.04 x 10—3} >09.

0<t<1

Under the same setting as listed above, we present €’s in (3.3) for other cases of £ and n with the
confidence levels 0.9 and 0.95 in Tables 3 and 4, respectively.

Table 3. Numerical results for n and £ on Example 4.3 with the confidence level 0.9.

n\¢ 1 2 3 4 5 10

2 15458 %1077 8.040x 107 1.041 x1072 1.276x 1072 1.512x 1072 2.961 x 1072
3

4

4797 x10™* 6.935x10™* 8.691 x 10™* 1.027x 107 1.177x 107 1.893 x 1073
4791 x 107 6.925x 107 8.675x 107 1.025x10™* 1.174x10™* 1.886 x 10~

Table 4. Numerical results for n and £ on Example 4.3 with the confidence level 0.95.

n\{ 1 2 3 4 5 10
2 | 7.718x 1073 1.137x 1072 1.472x 1072 1.804x 1072 2.145x 1072 4.187 x 1072
3
4

6.784 x 107* 9.808 x 107™* 1.229x 107 1.453x 107 1.664x 107 2.678 x 1073
6.775x 107 9.794x 107 1.227x10™* 1.450x10™* 1.660 x 10™* 2.667 x 107™*
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5. Proofs

5.1. Proof of Theorem 2.1.
Lemma 5.1. Under the assumptions (P) (i) and (H),

sup E[ly(0)IP1 < 37 (Ko + C3T} - exp{37'C5(¢ + DT}, (5.1)
te[-1,T]
where
pl2
Cy = KP(L + 27! [T”‘l + TP {M} ) (5.2)
2

Proof. (i) For the case —7 <t <0,

Elly®I"1 < sup E[EDI] = Ko.

-7<t<0

(i1) Forthe case 0 <t < T,
Elly(I’]

=E[|§(0)+f0f(Zo(s),...,zg(s))a’s+f0g(zo(s),...,zg(s))dB(s)

|

f 8(zo(5), - - -, 2e(5))dB(s)
0

P
+ F

I

<371 {E[If(0)|”]+E f Faols),.- ze(s)ds
0

::3p—1(11 + 5+ 13)

Using Holder’s inequality and the inequality (2.7), we obtain
t
L <! E[f |f(Zo(S),...,Zg(S))|pdS]
0
!
<K?*'E [ f {1+ lzo(s)P + -+ + Izg(s)|2}”/2ds]
0
!
<KPP(€+ 2y ' E [ f {1+ lzo(s)I” + -+ + Izg(s)lp}ds] :
0
Using Burkholder—Davis—Gundy’s inequality, we obtain
_ 1 p/2 t
I < {%} E [ [ st zsnpas
0
_ 1 p/2 t
<Kl {—p(” . )} E [ f {1+ lzo() + -+ + |Z€(S)|2}p/2ds]
0

p/2 ¢
SKP/2(€+2)”/2“t”/2“{p(p—_l)} E[ f {1+|zO<s>|P+~--+|zf<s>|f’}ds].
0

2
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Thus,

_ p/2 1
L+ 1 < KPP+ 2)r* ! (ﬂ’-l + P> {M} ){t +(+1) sup E[Iy(u)l”]ds}

2 0 —1<u<s
!
< Cs {t +(+1) sup E[Iy(u)l”]ds}.
0 —-7<u<s

Using Gronwall’s lemma, we obtain

sup E[ly(0)’] < 371 {Ky + C3T} - exp{377'C3(£ + DT). O

—1<t<T

Following Lemma 5.1, we set
Cy := 3" {Ko + C3T} - exp{3"~' C5(¢ + )T}, (5.3)

which does not depend on 4.

Lemma 5.2. Under the assumptions (D), (P) (i) and (H), for any t € [0, T]

_ p/2
E[ly(t) — zo()IP] < 2P7LKP2(€ + 2)P/*! (Ap-l + AP/ {w} ){1 + Cu(€ + 1))4. (5.4)

Proof. For a fixed t, there exists k such that t € [k4, (k + 1)4). We remark that zo(f) = j(k4). In the
same manner as those for showing Lemma 5.1, we obtain

Elly(1) = 2oOI"] = E[ly(t) — y(kA)|’]

S (@o(s), ..., ze(8))ds + f 8(2o(8), . ..., 2¢(5))dB(s)
k4

e ) |

_ p/2 f
<27 KPR(€ + 2)P [A”“ + API>! {y} )E [ f {1+ lzo()P + -+ + sz(s)l"}ds]

<E

|
f 8(zo(5), - . ., 2¢(5))dB(s)

kA

P p

+FE

S @o(s), ..., ze(8))ds
kA

kA

_ 1 pl2
<2PIKPR(C + 2) (Ap‘l + 4P/ {%} ) {(1+Cy(t+ Did.o
Following Lemma 5.2, we set
_ 1 p/2
Cy := 2" KPP( + 27! (1 + {%} ]{1 + Cy(L+ 1)), (5.5)

which does not depend on 4 either.

Lemma 5.3. Under the assumptions (D), (P) and (H), for any t € [0, T]

El[ly(6:(t) — (D1 < CoA7, i=1,...,¢, (5.6)
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where C} is given as follows:

2P-1KPI2(€ 4+ 2)P/>] ((p 1P (o + D! {”“’T‘”}””) 1+ CulC+ Do + 1),

0 < IV < 6,(t),
2p—1Kp/2(€ + 2)p/2—1 (pp—l +pp/2—1 {P([JZ—I)}P/Z) {1 N C4(f N 1)}p,

0 < 6i(t) < 14,
21’-1{21’-11(1’/2(5 4+ )P/ ((p 1Pl 4 (o + P! {WT‘“}”/Z)H LG+ DY+ 1)

FKi(p + 1)7},

104 <0 < 6,(t),

2p-1 {K1p7 + 201 KPR 4 2)PI2 ((p 1P 4 (p + 1) {@}”/2) {1+ Cyll + 1)}p} ,

§i(t) <0 <104,

Ki(p+1y, 104 < 6i(t) <0 or 6(t) < 14 < 0.
(5.7)

Proof. (I) Case in which 0 < 1)1 < 6,(t):
For a fixed r € [0, T'], there exists k such that ¢ € [k4, (k + 1)4). Then,

Y(6:(0) = z(t) = y(5:(0)) — yI)A).
As 8i(1) = I4 < (p + 14,

E[ly(6:(1)) = z(DI"]

ST )

f(ZO(S)’ B Zg(S))dS
_ p/2
<P LRPI (€ + 2)P ! [{(p + DAY+ {(p + DAY {_p(p2 1)} ){1 + Cy(£ + DY + D4.

i(0
f 8(z0(5), . .., z¢(5))dB(s)
14

kA

(i)
1,4

This inequality and 4 < 1 imply a constant C;, for this case.
(IT) Case in which 0 < 6,(1) < I{)4:
As I - §,(1) < 5i(kA) — 6,(t) < pA,

E[ly(6:(1) — z:(DI"]

(i)
- { 104
2P E

f(ZO(S)’ ) Zg(S))dS
_ p/2
<QPLRPI2(f 4 2)PI2! ((pA)p_l + (pa)yr'*! {y} ]{ 1+ C4(€+ D)pd.

p p

114
+ E f g(zo(s),...,z¢(5))dB(s)

0i(t)

|

0i(1)

: : @) .
(II) Case in which I, 4 < 0 < 6;(2):
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As 6;(t) < 0:(1) — I/EZA < (o + 1)4, Lemma 5.2, and (P) (ii) imply that

Elly(6:1)) — z(1)|"]
<27 E [Iy(6:(1)) — £O)] + E[IE(0) - TSI}

_ r/2
szp—l{zp—lm/z(f + 2yt (5,-@)1’-1 +8,(t)P1*! {w} ) {1+ Cy(€ + 1)}0i(0)

+ Kl(—l,ﬁgd)y}
_ p/2
szp—l{zp—ll(pﬂ(f + 2y [(p + 1)P7APT 4 (p + PRI {y} ] {1+Ca(t+Dip+1)
+ K(p+ 1)7}417.

(IV) Case in which 6:(¢) < 0 < I{)4:
As I,(CZA < I,((’Z,A — 0i(t) < 6;(kA) — () < p4, in the same manner as that in case (III) we obtain
E[ly(0:(5) — z(DI"]
<2 HE [6,(1) - §O)F] + ELEO) - £

p/2
<2p_1{K1p7 + 2P P + 2y [(p + )PP 4 (p + )PPy {p(p—_l)} )
- 2

{1+Ca(t+ 1)}p}A7.

(V) Cases in which I;)4 < 6,(1) < 0 or 6;(t) < I;}4 < 0:
As16:(t) = 141 < (o + )4,

Elly(6:(1) - z(0)"] <E [|€@i0) - Eaa)|' |
<K |6:(t) — 14|

<K|(p+1)47. 0O (5.8)
Following Lemma 5.3, we set
C, = max C’. (5.9)
Proof of Theorem 2.1. Forany t; < T,
E [OSUP 1X(@®) - y(0I"]
| s | [ X X = F Gl 2D s
<t<1y 0
’ P
+ f {8 (X(9), ..., X(6e(5)) — g (2o(5), . . ., 2(5))} dB(s) ]
0
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t p
SZP‘IELsup f{f(X(s),...,X(51(S)))—f(Zo(S),...,Ze(S))}dS ]
<t<t| 0
t P
+2”_1E[OSUP f {g(X(9),...,X(6e(5)) — g (20(5), ..., 2¢(5))} dB(s) ]
<t<t; 0
=27, + I5). (5.10)

Using Holder’s inequality, for any #; < 7" we have

I, <T"'E

pl2
]. (5.11)

fo (f (X(8), ., X(8e(s) = f zo(5), - - -, ze()Y s

Using Burkholder—Davis—Gundy’s inequality, for any #; < T we have

Is <T""'c,E

t p/2
U; (g (X(5), ..., X(0e(9)) = g (20(s), - .., ze($)) ds ] (5.12)

pp(p+ /2

where ¢, = PRy IR

The inequalities (5.11) and (5.12), and the assumption (H) imply that

(the right-hand side of (5.10))

<P VKPP 4 e, )€ + 2P - E

15 4
f {|X(s) = 2 + D IX(@i(s)) - z,~<s>|P} ds}
0 i=1

<DAP=DRPRTP(Y 4 ) (£ + 2)7/*!

1 4
- {E fo {|X<s> — YOI + Y IX(@i(5)) - y((si(sw} ds]
i=1
1 4
j(: {b’(s) — 20(I” + Z [v(6,(s)) — Zi(S)lp} ds}}
i=1

<A TKIPTIN + )0 + 27 {<f+1> f lE[sup |X(r>—y<r)|f’]ds
0

0<r<s

+F

+T [E [ sup [y(s) — zo(s)l”

0<s<T

¢
N [ sup [y(6(s)) ~ Zi(s)lp])} . (5.13)
i=1

0<s<T
Lemma 5.2, Lemma 5.3 and Gronwall’s lemma imply that

(the right-hand side of (5.13))

1]
<4~ KPPTPTN(L + e, ) (€ + 2)7 {(f +1) f E [ sup [X(r) - y(r)|2] ds + T(C\4 + fczm)}
0

0<r<s

<A KYPTP(1+ ¢,)(€ + 2771 (C1d + €Co A7) - exp |47 KYPTP (1 + ¢,)(E + 277 (€ + 1)
<4 KYPTP(1+ ¢p)(€ + 2)P77H(Cy + £Cy) - exp |47 KIPTP(1 4+ ¢,)(€+ 2”7 (L + 1|47 D
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5.2. Proof of Corollary 3.1.

We prove Corollary 3.1 in the following steps:

1st step (corresponding to Lemma 5.1)

For the case —7 < t < 0, we obtain that E[[y(1)]*] < K.
For the case 0 <t < T, we obtain that

2

E[y(t)*] =E

‘5(0) + f 8(z20(5), 21(5), - . ., 21(5))dB(s)
0

!
<2 {E EOF] + E f 18(z0(5), 21 (), - .-, Zl(s)lde(S)]} :
0
This inequality and Gronwall’s lemma imply that
sup E[F(0I] < 2(Ky + KT)e* T = 5, (5.14)
—-7<t<T

2nd step (corresponding to Lemma 5.2)
We consider the approximate solution of SDDE (2.10) with f = 0 and use the same notation
zi(1),i =0,1,...,¢1in (2.11) in the following step. We obtain

2
E[(t) - 20(t)I*] <E

f 8(z0(8), z1(8), . .., 2i(5))dB(s)

kA

<KE [f {1+ |zo()IP + -+ + IZe(S)I”}dS]
kA
sK{l + Cy(C + 1)}A = C . (5.15)

3rd step (corresponding to Lemma 5.3)

In the fifth case in (3.4), we can show that the constant 5’2 coincides with C%, by using the inequality
(5.8) with p = 2.

We next provide the proof for the third case in (3.4). As 9;(¢) < 6;(t) — I/({?,A < (p + 1)4, we have

E [0 - 2P| <2 {E 560 - £0)F ] + £ [e0) - £ (173 |}
=2{ls + I7}. (5.16)
Using the estimation (5.15) with ¢ = 0, we have
I < Ci(p + 4. (5.17)
Using the estimate (5.8), we have
L < Ki(p+1y4. (5.18)
Then, (5.17) and (5.18) imply that

(Right-hand side of (5.16)) < 2{Ci(p + 1) + Ki(p + 1)} 4.
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For the other three cases in (3.4), proofs are given in the same manner as those for showing the
cases (I), (Il) and (IV) in the proof of Lemma 5.3.
We set C, as (3.5). Then, for any ¢ € [0, T] we have

E[[(6(0) = z(0F] < CoA”. (5.19)
4th step
In the case of f = 0, we obtain that

E [ sup |X(1) —'y‘(t)|2]

0<t<t

ftl
0

[ 5l ~ ¢ —_~
< [ [|x<s> -2 + X X6 - a(s)F)ds}
| Jo i=1

<4E

g(X(9),.... X(@u(5) = 8 zo(9), . ,zf(S))'z ds]

[~ . ¢ —
<8K,E fo (|X(s) —')7(s)|2 + Z |X(5i(S)) —F)7(5i(f))|2) a’s}
i i=1

| ¢
+ 8K, E fo (rﬂs) — 2(F + ) F6i(1) — z,-(s)ﬁ]ds}
i=1
:§8K2(Ig + Ig) (520)
For I3, we have
Iy <(£+1) f E [ sup |X(r) —’y*(s)|2] ds. (5.21)
0 O<r<s

Using (5.14) and (5.19), we have

Iy <T {E[ sup [(s) — zo(s)

0<s<T

t
N [ sup [Y(6:(1)) — Zi(s)lz]}

=1 0<s<T
<T (Cid + (C). (5.22)
(5.21), (5.22) and Gronwall’s lemma imply that

E [ sup |X(?) —'y‘(t)F] < 8K, T (Cy + £Cy) 70 17, (5.23)

0<t<T

This inequality and Chebyshev’s inequality imply (3.3). O
6. Conclusions

In this article, we consider the problem of Euler-Maruyama approximate solutions of SDEs with
multiple delay functions. The main result of this article is Theorem 2.1. In the theorem, we obtain
the rate of convergence of approximate solutions to the exact solutions. We have applied the results
to obtain confidence interval estimations for the approximate solutions. This information improves the
understanding of gaps between exact solutions of SDEs with multiple delays by applying stochastic
analysis and numerical solutions through simulation studies.
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