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Abstract: In this paper, we study the following problems with a general nonlinearity:

- Aju—Aju+ V(ex)(ulPu + ulu) = f(u), inR",
u € WP@RN) n WH(RY), in RY,

where € > 0 is a small parameter, 2 < p < g < N, the potential V is a positive continuous function
having a local minimum. f : R — Ris a C! subcritical nonlinearity. Under some proper assumptions of
V and f, we obtain the concentration of positive solutions with the local minimum of V by applying the
penalization method for above equation. We must note that the monotonicity of % and the so-called
Ambrosetti-Rabinowitz condition are not required.
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1. Introduction and main results

In this paper, we investigate the concentration of positive solutions for the following double-phase
problems with a general nonlinearity:

(1.1)

— Apu — Agu+ V(ex)(ul”u + [ul”*u) = f(u), inRY,
ue WPRN) N WHRY), in RY,

where € > 0 is a small parameter, 2 < p < g < N, the potential V is a positive continuous function
having a local minimum. f : R — R is a C' subcritical nonlinearity.

The content of this paper is closely related to the double phase problems, we briefly introduce
the development of this research. It is common knowledge that the first contributions to this field
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are due to Ball [9], in relationship with problems in nonlinear elasticity and composite materials.
The double-phase problem (1.1) is motivated by numerous local and nonlocal models arising in
mathematical physics. For example, we can refer to Born-Infeld equation [11, 12] which appears in
electromagnetism, electrostatics and electrodynamics as a model based on a modification of Maxwell’s
Lagrangian density:

_div (L
(1 -2|Vu)'?

In fact, according to the Taylor formula, we obtain that

] = h(u) in Q.

. 3 s (2n — 3)!!
-0 =142+ 2 + e
(I=x 2 Tt Tt (n— D1

n—1

+--- for x| < 1.

Taking x = 2|Vu|®> and adopting the first order approximation, we get a particular case of the
problem (1.1) for p = 2 and ¢ = 4.
When p = g, the problem (1.1) becomes p-Laplace equation:

—&”Aju + V(x)ulP?u = f(u) in RY. (1.2)

Elliptic problems like (1.2), in the semilinear case which corresponds to p = 2, arise from the problem
of obtaining standing waves for the nonlinear Schrodinger equations given by
o0 h?

iha—f + EA:// — VW + f@) =0, (¢t x)e RxRY,
where i is the imaginary unit and 7 is the Planck constant. Further backgrounds for these equations can
be found in [13,41] and references therein. Gloss in [23] studied existence and asymptotic behavior
of positive solutions by using penalization for quasilinear elliptic equations of (1.2). Note that, fis a
subcritical nonlinearity without Ambrosetti-Rabinowitz condition( (AR) condition in short):

0< Hfu f(s)ds < f(u)u for 6 € (p, p*).
0

In [21], by using a variational approach based on the local mountain-pass theorem, the author proved
the existence and concentration of positive bound states of the equation involving critical growth:
f(u) = g(u) + u”" =" in (1.2). However this g requires the (AR) condition and the monotonicity of fp(—f?
In [24], He and Li studied the following elliptic problem:

—ePA,u+ V(@)ulP~?u — f(u) = 0in Q,
u=00n0Q, u>0inQ, N>p>2,

where Q is a possibly unbounded domain in RY with empty or smooth boundary, £ is a small parameter.
f € C'(R*,R) is of subcritical and V : R¥ — R is a locally H6lder continuous function. As a result,
they obtained the existence and concentration of weak solutions by penalization method.

When € = 1 in problem (1.1), the main interest in this general class of problems has been due to the
fact that they arise from applications in physics and related sciences, such as biophysics, plasma physics
and chemical reaction, see for example [16]. In last decade, many authors paid their attention to seek
positive solutions, bounded states solutions, multiple solutions, see for instance [15,33,36,43] and the
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references therein. Perera-Squassina [37] studied double phase problems and stated an existence result
which was proved under different conditions by using Morse theory in terms of critical groups. The
corresponding eigenvalue problem of the double phase operator with Dirichlet boundary condition was
analyzed by Colasuonno-Squassina [17] who proved the existence and properties of related variational
eigenvalues. According to variational methods, Liu-Dai [34] treated double phase problems and proved
existence and multiplicity results.

Ambrosio in [4] dealt with the following problem

(=AY + (=A)u + |ulPu + |ul*u = Ah(X) f(u) + u|” 2w in RV,

Using suitable variational arguments and concentration-compactness lemma, the authors proved the
existence of a nontrivial non-negative solution for A sufficiently large. Note that [4] dealt with the
constant potential, and then in [27], under proper assumptions, Isernia proved the existence of a positive
solution and a negative ground state solution for the following class of fractional p&g-Laplacian
problems with potentials vanishing at infinity:

(=A)pu + (=A)u + V() (|ulP~u + [u9%u) = K(x)f(u) in RV,

Recently, Alves, Ambrosio and Isernia [1] by applying minimax theorems and the Ljusternik-
Schnirelmann theory, they investigated the existence, multiplicity and concentration of nontrivial
solutions for (1.1) provided that ¢ is sufficiently small. Costa and Figueiredo [19] used Mountain Pass
Theorem and the penalization arguments introduced by Del Pino and Felmer’s associated to Lions’
Concentration and Compactness Principle to overcome the lack of compactness, and then showed
existence and concentration results for (1.1). Ambrosio and Ridulescu in [7] considered the following
class of fractional problems with unbalanced growth:

{(—A);u + (—AY;u + V(ex) (jul2u + [ul?u) = Af(w), inRY, 03

ue W (RN) N W (RN) u>0, in RV,

Applying suitable variational and topological arguments, they obtained multiple positive solutions for
e > ( that were sufficiently small as well as related concentration properties, in relationship with the set
where the potential V attains its minimum. In [45], Zhang et al. investigated the following perturbed
double phase problem with competing potentials:

—ePApu — €A u + V(xX)(ulP2u + [ul'%u) = K(x)f(u), inRY,
ue WP®RNY A WHRNY, u > 0, inRY,

where (1 < p < g < N). The authors assumed that the potentials V, K and the nonlinearity f are
continuous but are not necessarily of class C'. Under some natural hypotheses, using topological and
variational tools from Nehari manifold analysis and Ljusternik-Schnirelmann category theory, they
studied the existence of positive ground state solutions. Moreover, they determined two concrete sets
related to the potentials V and K as the concentration positions and described the concentration of
ground state solutions as € — 0. Zhang et al. in [49] studied the following double phase problem

(=AYsu + (=A)u + V(ex) (jul2u + [ul'2u) = Af(u) + [ul®u,  inRY,
ue W (RY) n W (RV),u >0, inRY.
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They established the existence of multiple positive solutions as well as related concentration properties.
In [48], Zhang et al. considered the singularly perturbed double phase problems with nonlocal reaction,
they got the concentration result. For more results of the existence and concentration of solutions, we
refer to [8,30,46,47] and the references therein.

It is worth mentioning that all the works above assumed that the nonlinearity satisfied Ambrosetti-
Rabinowitz condition, so the authors can use Nehari manifold to obtain the concentration and
multiplicity properties of solutions. [7,49] are associated with fractional, but this it also true for s = 1.
On the other hand, the nonlinearities in these equations are not general, so by being motivated by the
above works, it is quite natural to ask if f(u) is a general nonlinearity which satisfies Beresticky-Lions
type assumptions, does the same results established for double phase problem? In the present paper,
we give an affirmative answer to this question.

Before stating our main result, we shall introduce the main hypotheses. Assume that the potential
V : R¥ — R is a continuous function fulfilling the following conditions which are always called del
Pino-Felmer type [20] conditions.

(V1) V e C@RYM,R)such that V; := inf V(x) > 0.
xRN

(V,) There exists a bounded open set A ¢ RY such that

Vo = }Cg{ Vix) < min V(x)

with Vo > 0,and0 e M:={xe A: V(x) = Vy}.

Moreover, the nonlinearity f : R — R is continuous, f(#) = 0 for ¢ < 0, and satisfies the following
hypotheses:

() hmf(’) 0;

w1 =

(f2) There exists v € (g,¢g") such that lim & < o0

ll—+o0 £V~ 1
Vo Vo
(f3) There exists T > 0 such that F(T) > —T? + —T¢.
p q

Theorem 1.1. Assume that (Vy) — (V,) and (f1) — (f3) are satisfied. Then, for small € > 0, there exists
a positive solution u, to (1.1) such that u, has a maximum point x, satisfying

ling dist (x, M) =0

and for any such x,, the function v.(x) = wu.(ex + x;) converges uniformly as € — 0 (up to a
subsequence) to a least energy solution of

- Apu— Agu + Vo(lulP~2u + || u) = f(u), inR",
u e WHRN) n WH®RN), in RV,

Moreover, we have
uy(x) < Cre >l forall xeR", Cy, C, > 0.

We note that, to the best of our knowledge, there is no result on the existence and concentration of
positive bound state solutions for double-phase problems with Berestycki-Lions nonlinearity.
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We use a truncation approach to aprove our result. The main difficulties in the proof of Theorem 1.1
lie in two aspects:

(1) The nonlinearity f(u) does not satisfy (AR) condition and the fact that the function % 1s not
increasing for u > 0 prevent us from obtaining a bounded Palais-Smale sequence and using the Nehari
manifold, respectively. Moreover, the arguments in [20] can not be applied in this paper;

(2) The unboundedness of the domain R" leads to the lack of compactness.

As we will see later, the above two aspects prevent us from using the variational method in a standard
way. In order to get over the above two difficulties, inspired by [13,25], we recover the compactness
by penalization method which was first introduced in [14].

The plan of this paper is the following. In Section 2, we define some function spaces. Section 3
is devoted to study ground state solution for the limit problem of (1.1), and we give the proof of
Theorem 1.1 in the last section.

2. Variational setting

In this section, we fix the notations and recall some results for the uses later.

—V
Letu : RY = R.For 1 < p < g, let us define D'"”(RY) = C*(R¥) . We denote the following
fractional Sobolev space
WYPRY) = {u : |ul, < +o0,|Vu|, < +00}

equipped with the natural norm
1/p
lellwrncesy :=( 1Vl + ul?)

where | - [} := fRN |- [Pdx.
For all u,v € W'P(RN),

(U, V)wirgyy i= f (|Vu|p_2Vqu + Iul”_zuv) dx.
RN
In this work we need to introduce the following Banach space
X = WPRY) n WH(RY)

equipped with the norm

llullx := ||M||WLP(RN) + ||u||leq(RN)-

Note that W'"(R") is a separable reflexive Banach space for all r € (1, +o0), and so X is a separable
reflexive Banach space.
For any fixed € > 0, we also introduce the following Banach space

X, = {u €X: f Viex)(JulP + |u|?)dx < +oo}
RN

equipped with the norm

llullx, == llully,., + llullv, g,
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where ||u||’V£J = fRN (IVul" + V(ex)|u|') dx for all ¢ € {p, q}. When V(x) = V,, we denote the following
Banach space

Xo := {u €X: f Vo(lul” + |ul")dx < +°<>}

RN
equipped with the norm

llullx, = lullvy,p + lleellve.g,

where ||ully, , = fRN (IVul" + Vylul") dx for all ¢ € {p, q}. Finally, we consider
Xeaa (RY) := {u € Xo ¢ u(x) = u(l)}.

Lemma 2.1. (see [42, Theorem 2.8]) (General Minimax Principle) Let X be a Banach space. Let M
be a closed subspace of the metric space M and I'y C C(My, X). Define

I':.= {7 € C(M’ X) : )/lMo € I_‘0}
If ¢ € C'(X,R) satisfies

a := sup sup p(yo(u)) < ¢ := inf sup (y(u)) < oo,
YE

Y0 ellp ueMy ueM

then, for every € € (0, (c —a)/2),6 > 0 and y € I" such that supy o y < ¢ + &, there exists u € X such
M
that

(a) c —2e < p(u) < ¢+ 2e,
(b) dist(u,y(M)) < 26,
(©) lle'wl < 2.

3. The limiting problem

First of all, in order to make functional of the limiting problem equation to be C! and let it is a
meaningful functional on X,,, we modify f as in [10]. Let f : R — R be define as follows:

(i) if f(r) > Oforall £ > T, put f(r) := f(2),
(if) if there exists 7o > T such that f(7y) = 0, we put

— f(@), fort< Ty,
f@) =
0, for t > 7y,
where T := sup{t € [0, T] : f() > Vo’ + Vora™1}.

It is clear that fsatisﬁes the same assumptions as f and

0< liminf@ < limsupM < o0,

t—00 tP 500 1P
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At the same time, note that, if (ii) occurs and u is a solution to (1.1) with f(t), we can use (1 — Tg), as
test function to obtain that u < 7 in R", then u is solution to (1.1) with £(#). From now on, we replace
f by ]?and keep the same notation f(¢).

In this section we focus on the following limiting problem associated with (1.1) :

{ — At — Agu + Vo(ul”u + |ul”2u) = f(u), inRY, o

ue WHRN) N WH(RY), in RV,
We define the energy functional for the limiting problem (3.1) by
1 1 1 1
Iy,(u) = — [VulPdx + — [Vul?dx + — VolulPdx + — Volu|?dx — F(u)dx.
P Jrv q Jrv P Jrv q Jrv R¥

In view of [38], if u € X, is a weak solution to problem (3.1), then we have the following Pohozaev
identity:

N - N -
Pow) = —L2 | wupdx+ —2 | |vupdx
0
P RN q RN

N N
+—f Volull’dx+—f Volulqu—Nf F(u)dx.
P JrN q JrV R¥

Lemma 3.1. Iy, possesses the Mountain-Pass geometry.

Proof. By (f1) and (f3), for all € R we get
[fOI < &l + Clel” ™!

and c
IF@)] < "+ =Sjepe .
p q

So, for 2 < p < g < N, we have

1 1 C.
Iy, (u) > —f (Vul” + Volul”)dx + —f (Vul? + Volul*)dx — E|M|ﬁ — —lulf,
P Jrw q Jrv p q

V() — &

Vo

1 C.
- f (IVul? + Volu|H)dx + f (|Vul? + Volu”)dx — —*|M|Z*
q Jrv RN q

1 C.
= —[f (IVul? + Volul”)dx +f (IVu|? + Volulq)dx] - —*|M|Z*
q*- JrN RV q

p

1 *
=l + 1l ) =l

where we used € = (% - Cl]) pVy. Hence, there exist p,d > 0 such that

1 .
R 2 =l + ) = Clll,
> lalf, — Cllull?,

24-1g
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> §
for |lullx, = p.
Now, for all R > 0, we define
T if (x) € B3 (0),
wi(x,y) =T (R+1- Vi) if (x) € B, ,(0)\B}(0),
0 if (x) e RY\B?,,(0).

It is easy to see that wg € Xi5q (R ) We note that, according to (f3), for R > 0 large enough it holds

Vo Vo
f [F (wr(x)) — —wR(x) - —w;(x)] dx > 0.
RY p q
Now, fix such an R > 0 and consider wgg(x) := wg (e%) Then,

1 1
A%w%@:—émﬂ{f|vwwx+—éMm{f |Vul?dx
p RN q RN

Vi V.
—Wf'meyi%m—lﬂmdx
RN P q
— —0 as 8 — oo.
This ends the proof. O

Hence, according to Lemma 3.1, we can define the Mountain-Pass level of Iy, by

ey, = inf sup Iy, (y(1), (3.2)
velvy ref0,1]
where the set of paths is defined as
L'y, :={y € C([0, 1], Xo) : (0) = 0 and Iy,(y(1)) < 0}. (3.3)

Obviously, cy, > 0. Moreover, similar to [3], we note that

Cvy = CVyrads
where
CVprad = Inf max Iy, (y(1))
VEFVO rad 1€[0,1]
and

Tvyraa = {y € C ([0, 1], Xeaa (RY)) : 7(0) = 0, Iy, (¥(1)) < 0}.

Next, we will construct a (PS) sequence {w,}>”, for Iy, at the level cy, that satisfies I, (wn) — 0 as
n— oo,i.e.,

Proposition 3.1. There exists a sequence {w,}", in X such that, as n — oo,

IV()(WI’Z) - cV()’ I(/O(Wl’l) - 03 PVo(Wn) - 0' (3‘4)
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Proof. Let we define RO(H, u) := (Iy, o @) (6, u) for (6, u) € RxX.\q (Rﬂ:’ ), where ®(0, u) := u (e%) Here
R X Xiaa (Rﬁ’ ) is equipped with the standard norm

1
10, )llzscx, = (161 + Nl )

According to Lemma 3.1 that ﬁ/o has a mountain pass geometry, so we can define the mountain pass
level of Iy,

Cy, := inf max]FIvVO(i(t)),

7EFVO t€l0,
where _ —
Ty, := {7 € C([0, 11, R X Xeua (RY)) : 7(0) = (0), Iy, (7(1)) < 0}.

It is easy to prove that ¢y, = cy,(see [6,26]). Then according to Lemma 2.1, we obtain that there exists
a sequence (6,, u,) C R X X,q(RY) such that, as n — oo,

(l) (IVO © (D)(en’ un) - CVO’

(ii) (Iyy © @) (O, ty) — 0in (R X Xaa(RY))',
(iti) 6, —» 0.
In fact, we only take &€ = &, = 5,6 = 6, = + in Lemma 2.1, (i) and (ii) follow by (a) and (c) in
Lemma 2.1. In view of (3.2) and (3.3), for e = g, := n—lz, it is easy to find that y, € I'y, such that

sup Iy, (y.(2)) < cy, + n% We define y,(7) := (0, y,(1)), then we have
1€[0.1]

1
sup (Iy, © P)(y,(1)) = sup Iy, (y.(1) < cy, + =
1€[0,1] 1€[0,1] n

From (b) of Lemma 2.1, there exists (6,, u,) € R X X, such that

b

SN

]ggg (6, 1), (0, 74(1))) <

which implies that (iii) holds true. Here, we used the notation

1
. . 2 k)2
dist((@w), A) = _inf (10— 7P+ flu = VI, )

T,v)ERXX(

for A € R X Xj. Now, for (h, w) € R X X, it holds
(v, © ®) G ttn) () = (I, (@ O 1)), D' (B W) + Priy (D (B, ) . (3.3)
Then, taking 2 = 1 and w = 0 in (3.5), we obtain that
Py, (@ (6,,u,)) — 0.

Moreover, for all v € X,, we only take w(x,y) = v(e""x, egny) and & = 0 in (3.5), it follows from (ii)
and (iii) that

(1, @ @,10).v) = o) [ ("x. )| = oDl

Therefore, w, := @ (6,, u,) is the sequence that fulfills the desired properties. O
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Lemma 3.2. Every sequence (w,) satisfying (3.4) is bounded in X.

Proof. According to (3.4), it is easy to see that

1
CV() + On(l) = IV() (Wn) - _PV() (W}’l)

N
1 1 1 1
= — [Vw,|Pdx + — [Vw,|7dx + — Volw,[Pdx + — Volw,|9dx
P Jrv q Jrv P Jrv q Jrv
1 (N- N-
- f F(w,)dx — — (—p Vw,[Pdx + IV, |dx
RN N V4 RV q RN

N N
+— Volw,,lpdx+—f Volwnlqu—Nf F(w,,)dx)
P Jrv qg JrN RN

1
= _( f Vw,lPdx + f |an|qu).
N RN RN

So we get that fRN |[Vw,|Pdx and fRN |[Vw,|?dx are bounded in R. On the other hand, P (w,) = 0,(1) and
(f1) — () yield

N- N - N N
a-p f IV, [Pdx + —2 f [V, [9dx + — f Volw,[Pdx + = f Volw,|%dx
P RN q RN P JrN q JrN

Nf Fw,dx + 0,(1)
RN
< NS wu(-, 07 + NCs [w, (- O)IZI + on(1).

Choosing ¢ > 0 sufficiently small and using the boundedness of (Iwn(-, O)Iq*), we can deduce that (Iw,,l p)

and (lwnlq) are bounded in R. In conclusion, (w,) is bounded in X,. O
The following lemma is a version of Lions’ concentration-compactness lemma.
Lemma 3.3. (see [42]) Let2 < p < & < g*. Assume {u,} is a bounded sequence in X, which satisfies

lim sup f |, (x)fdx = 0
Br(y)

n—+00 L pN

for some R > 0. Then u,, — 0 in LE(RY) for & € (p, g*).

Lemma 3.4. There exist a sequence (x,) C RN and constants R > 0,8 > 0 such that

f w2(x)dx > B,
rg(xn)

where (w,,) is the sequence given in Proposition 3.1.

Proof. By contradiction, we assume that the thesis is not true. Then, according to Lemma 3.3, we

deduce that
wa() > 0in L (RY), V€€ (p.q). (3.6)
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Consequently, by using (f;) — (f2), we have that
. f(Wn(x)) wp(x)dx = 0,(1).
R
According to <I(,O w,), w,,> = 0,(1), we can obtain that

[Vw,|Pdx + [Vw,|?7dx + f Volw,|[Pdx + f Volw,|9dx — f fww,dx = 0,(1),
RN RN RN RN RV

and so we deduce that ||w,||y, — 0. Therefore, Iy, (w,) — 0 and this leads to a contradiction because
Cy, > 0. O

Now we define
Ty, = {u € X(RN) \{0} : Iy, (w) = 0, {2@( u(x) = u(O)} ,
by, := inf Iy,(u),

LtE‘TVO

and
SVO = {I/l S TV() : IVO(M) = bvo} .

Lemma 3.5. There exists u € Sy,.

Proof. Assume that (w,) is the sequence given by Proposition 3.1. Let w,(x) := w,(x + x,), where x,
is given by Lemma 3.4. Due to Lemma 3.3, (w,) is bounded in X,,q(R"), that is [Wnllx, &y < C for
all n € N. Going if necessary to a subsequence, we can assume that w, — W in X,,q(R") for some
w € Xa(RV) \ {0} and we obtain that

wo(x) = w(x) in LERY) for any & € (p, ¢*).

f fw)w, — f fwyw. (3.7)
RN RV

Moreover, w satisfies
(=A), W + (=AW + V(WP >w + [W]7>W) = f(w) in RY. (3.8)

Therefore, we have

1 _ 1 _ 1 — 1 — —
— [VwlPdx + — f [Vw|?dx + — f Volw|Pdx + —f Volw|dx = f F(w)dx,
P JIrN q Jrv P JrN q JRrWN RV

N — — N — — N — N _
A 4 f [Vw|Pdx + 1 f [Vw|?dx + — f Volw|Pdx + — f Volw|?dx
N q RN P Jrv q JrN

p R
= N f F(w)dx.
RN

AIMS Mathematics Volume 8, Issue 6, 13593-13622.
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From (3.7) we can see that

|Vv~v|”dx+f |Vv7|‘1dx+f V0|v~v|pdx+f Volw|?dx
RV RV RV RV

lim inf[ [Vw,|Pdx + [Vw,|%dx + f Volw,|Pdx + f VOIW,,qux]
RN RN RV RN

n—oo

limsup[f |VWn|pdx+f IVWandx+f VOIWnlpdx+f VOIWnlqu]
n— oo RN RN RN RN

= lim sup[ |an|pdx+f Ianlqu+f Volwnlpdx+f V0|Wn|qu]
RN RV RN RN

n—oo

IA

IA

= limsup f (w)w,dx

n—oo

= limsup f fw,)w,dx

n—oo

fw)wdx

RN

|Vv7|"dx+f IVVv'qux+f Volﬁlpdx+f Volwl|?dx,
RV RN RN RN

which implies that [[W,|lx, = [IWllx, and thus w, — w in Xo. Therefore, by Iy, (w,,) = Iy, (W,) — cy,
and Iy, (w,) = Iy, (w,) — 0, we have that Iy,(w) = cy, and I{,O(W) = 0. Since w # 0, we deduce that
vy, > bV0~

Now, let w € X;\{0} be any solution to (3.1). Define

w (f) fort > 0,
wi(x) =
0 fort = 0.

Using the fact that w satisfies the Pohozdev identity, we get

1
Iy,(wi(x)) = IVw,(x)|Pdx + — f IVw (x)7dx + — f Volw(x)IP dx
RN P JrN
1
+-— f Volw,(x)|?dx — f F(w,(x))dx
q Jry RN
NP N4 1
= — IVw|Pdx + — IVw|?dx + —¢ VolwlPdx
P RN q RN P RN
1
+—zN Volwl¢dx — Y f F(w)dx
RN RN
tN 14 -q N —
= VwlPdx + — [ [vwpdx — 2P f IVwlPdx
RN RN Np RN
tN [Vw|?dx,
Nq RN

and differentiating with respect to t we obtain

d N- N-
Sl w(x) = L f IVwlPdx + ~——LgN=a-1 f IVwl9dx
dt P RN q RN
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N - N -
-"——Eﬂ*bf|Vm%u—-——ﬂﬂ*bf|vm%u
14 RN q RN

N - N-
= 2PNt oy [ VwPdx + —qtN“"l(l—t")f [Vw|?dx,
p q =

RN

so we obtain that
d d
d—tIVO(Wt(X)) >0 Vte (0, 1), &IVO(WZ(X)) <0 Vte (1, OO),

which implies that
max Iy, (wi(x)) = Iy,(wi(x)) = Iy,(w).

Therefore, we have that

£N-p fN-a N-p .,
Iy, (w(x)) = — [VwPdx + — [Vw|9dx — t [Vw|Pdx
P JrN q JrN Np RN

N-gq

N [Vw|?dx — —oo0,
N q RN

as t — oo. After a suitable scale change in 7, we obtain that w,(x) € I'y,. By the definition of cy,, we
see that Iy, (w;(x)) > cy,. Since w is arbitrary, we have that by, > cy, and this implies that by, = cy,.

Choosing w~ = min{w, 0} as test function of (3.1) we can deduce that w > 0in RY. By (f;)—(f>) and
using a Moser iteration argument (see [6]), we obtain that w € L™ (RN ) . According to Corollary 2.1 in
Ambrosio and Ridulescu [7], we can see that w € C7(RY) for some o € (0, 1). Similar to the proof of
Theorem 1.1-(ii) in Jarohs [28], we obtain that w > 0 in R"Y. Note that, the methods of [6] and [7] are
still applicable to this article, so they are directly quoted here. O

Remark 3.1. For m > 0, we use the notation

1 1
M@:—fﬂwmu+- NWM+ﬂfWWM+TfﬂWM—f}me
P JrN q JrN P JrN q JrN RN

and denote by c,, the corresponding mountain pass level. It is standard to verify that if m; > m; then
Cmy > Ciy-
In what follows, we aim to prove that Sy, is compact in Xj.

Lemma 3.6. Sy, is compact in Xj.

Proof. For any U € Sy,, we have that

1
cy, + 0,(1) Iy, (U)_NPVO(U)

1 1 1 1
= — |VU|”dx+—f IVUlqu+—f VolUlpdx+—f VolUl?dx
P Jrv q Jrv P Jrv q Jrv

1(N- N -
—j‘HUMX——(——Bj‘WMMx+ qfﬁwwmx
RN N P RN q RN

N N
+— V0|U|”dx+—f V0|U|qu—Nf F(U)dx)
P JIrN q JrN RN
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1
- _(f |VU|"dx+f |VU|qu).
N RN RN

So Sy, is bounded in Xj.
For any sequence {U;} C Sy,, up to a subsequence, we can assume that there is a Uj € X, such that

Uy — Up in X (3.9
and U, satisfies
—A,Uy — AUy + Vo(IUol"*Up + [Uol"*Uy) = f(Uy), inR", Uy > 0.
Next, we will prove that U, is nontrivial. Note that, up to a subsequence, we have
Uy — U in L (RY), t € (p,q"). (3.10)

From (3.10), {U ,’{} is uniformly integrable in any bounded domain in RY. By Lemma 2.2 (i) in [25],
Ukl (rvy < C. In view of [31], de € (0, 1) such that ”Uk”C“’(RN) < C. Due to {U;} c Sy,, by

Lemma 3.5, we have that U, > 0. It is easy to prove that 11m 1nf [|Uillss > O because of hn(} tf,,(’l) =0.In

fact, by using U, satisfies (3.1), we have that

—A, Uy = AUy + VoUlP 2 Uy + (U2 U) = f(UW),

N — N - VoN VoN
AP f VU, |Pdx + 4 f VU, |%dx + —2— f \U,Pdx + —2— f \U,7dx
p RN q RN p RN q RN

= Nf F(Uyp)dx.
RN

that is

According to hm 10 — (), we obtain that, Y& > 0,36 > 0 such that

tP- -1
f(t) < et’™! for|t| < 6,

then F(Uy) < §|U klﬁ. Assume by contradiction, we have likm inf ||U;||c = 0, then for ¢ given above, we
have |U;| < 6. Therefore,

N-— N -
A f VU dx + ~—4 f VU, [9dx

VoN VoN
= Nf F(Uk)dx—o—f |Uk|de—0—f |U,|%dx < 0,
RN

which leads to a contradiction. Noting that U;(0) = ||Uy||«, we know that U, # 0. Therefore, we can
find that 3Cy > 0 such that U,(0) > Cy > 0, then Uy(0) > Cy > 0, this means that U, is nontrivial.
Similar to the proof of Lemma 3.5, we can check that Jy, (Uy) = ¢y, and Uy — Ujp in X,. This
completes the proof that Sy, is compact in Xj. O
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4. Proof of Theorem 1.1

The energy functional corresponding to (1.1) is

I.(w) = lf(|Vu|p+V(6x)|u|p)dx+1f(|Vu|q+V(sx)|u|q)dx—f F(u)dx.
P Jrv q Jrv RN

We define

) 0 ifxeAle
e(X) =
X el ifx¢A/e

and
2

0:.(v) = (f stp - l) .
RN N

Js(v) = Ie(v) + Qs(v)-

Finally, set J. : X, — R be given by

Note that this type of penalization was first introduced in [14]. It is standard to prove that J. €
C'(X,,R). In order to find solutions of (1.1) which concentrate around the local minimum of V in
A as € — 0, we only look for the critical points of J. for which Q. is zero.

Let ¢y, = Iy,(U) for U € Sy, and 106 = dist {M, RN\A}, we fix a 8 € (0,0) and a cut-off function
pelCr (RN) such that 0 < ¢ < 1,¢(x) = 1 for |x| < B, ¢(x) = 0 for |x| > 26 and |V¢| < % Also, setting
w:(y) = ¢(gy). We will look for a solution of (1.1) near the set

Y, = {(p(sx— XU ((x—(X/e)): X e MP,U € SVO}

for sufficiently small &£ > 0, where MP := {y eRVN: in/\f4 ly—zl < ,8} . Moreover, for A C X, we use the
ZE

notation
A? = {u € X, rinf|lu—vllx, < a}.
vEA

For U € Sy, arbitrary but fixed, we define W, ,(x) := ¢(ex)U (f), we will show that J, possesses the
Mountain-Pass geometry.
Let U/(x) := U(7), similar to the proof of Lemma 3.1, we obtain that

NP N-e N
Iy,(U) = —f VU|Pdx + — IVUlqu+—f VolUPdx
P Jr¥ q Jrv P Jry

tN
+— VolU|dx — £V f F(U)dx
q Jrv RV

— —ooast — oo,

so there exists fy > 0 such that Iy, (U,,) < 3.
It is easy to check that Q.(W,,,) = 0, then from the Dominated Convergence Theorem we have, for
&> 0 small,

Js(Ws,to) = Is(Wa,to)
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1 1 1
= - VW, |Pdx + — VW, |9dx + — V(ex)|Wy,, |Pdx
10 510 510
P Jrv q Jrv P Jrv

1
+—f V(ax)IWs,,Ol"dx—f F(W,,)dx
q Jrv RN
— tN_p
=0 07 f |8I3Vgo(8t03c')U(ﬂ+¢(83¢)VU(3C)|pd3c'
RN
N
+2 f |63 Vet DUR) + p(eter) VUG)|" dX
q Jrv
tN
o f V(etDlp(eDUGP T
P Jrv
tN
+2 f V(stoD)lp(etoX) U@)|"dX
q Jrv

-+ [ FeennueE
RN
= Iy,(U,) +o(1) < -2.
By using (f}) and (f>), for2 < p < g < N, we have

Jo(u) = L (u)

1 1 Co
> — (IVul? + V]ul’)dx + — f (IVul|? + Vo u|")dx — EIulg — —*|M|Z*
P Ja q Jev P’ g
1 Vo - Co
> — [ VUl + Veluldx + 22 | (Vul? + VolulP)dx - =Elu?,
q Jrv PVo JrN q

1 Ce, o
= —| | (Vul + Voluldx + | (Vul? + Volul)dx| - =julf
q" Jrv RV q

1 .
=l , + el = Clll

where we used € = (% - é)pVo. Hence, there exist p, d > 0 such that, for ||lu||x, = p,

1 .
Towy 2l + ) = Cl,
1 .
> sl = Clul,
> 0.

Hence, we can define the Mountain-Pass value of J, as follows,

c. := inf max J.(y(s)),
e -= Inf max (y(s))

where I'; := {y € C ([0, 1], X,) | y(0) = 0,¥(1) = Wy, }.

Lemma 4.1. There holds L
lime, < cy,.

&—0

4.1)
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Proof. Denote W, = lin& W, in X, sense, then it is easy to see that W, = 0. Therefore, let y(s) :=
t—
We.s,(0 < s < 1), we obtain that y(s) € I';, then

ce < max J(y(s)) = max Jg (Ws,t) s
s€[0,1] 1€[0,10]

and we only need to prove that

lim max J. (W,,) < cy,.
£—0 1€[0,19] 8( 8’t) Vo

In fact, similar to (4.1), we obtain that

s e ) = 1 o U)o

< n[loax) Iy, (U) + 0o(1) = Iy, (U") + o(1) = ¢y, + o(1).
te[0,00

This finishes the proof. O

Lemma 4.2. There holds

limc, > cy,.

e—0

Proof. Assuming by contradiction that lin&cg < cy,, then there exist 6o > 0,&, — 0 and y, € I';, such
£
that J;, (y.(s)) < ¢y, — 0 for s € [0, 1]. We could fix an &, such that

1
—Voe,,(l +(1+ cvo)l/z) < min {5, 1} . (4.2)
p

Due to I, (y,(0)) = 0 and I, (y,(1)) < J, (y,(1)) = J., (W, ,,) < —2, we can look for an s, € (0, 1)
such that I, (y,(s)) > -1 for s € [0, s,] and I, (y, (s,)) = —1. Moreover, for any s € [0, s,,], we have
that

Qs,, (Yn(s)) = Jan (Yn(s)) - Is,, (’)/n(s)) < 1 + CV() - 60,

this implies that
f YE(s)dx < g, (1 +(1+ cVO)l/z) for s € [0, 5,,] .
RN\(A/én)

So for s € [0, s,], we have

I, (yu(5))
1 1

Iy, (yu(s)) + — f (V (g,x) = Vo) vE(s)dx + — f (V (g,x) = Vo) yI(s)dx
P JrY q JrN

1 1
> Iy, (Yu(s)) + — f (V (&%) = Vo) yE(s)dx + — f (V (g,x) = Vo) yi(s)dx
P IrM\(AJen) q JRNM\(A/en)
1
> Iy, (yu(s) + — f (V (8,x) = Vo) YE(s)dx
P IrM\(AJen)
> I ) = Vo (14 (1 +)").
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Then
1 1/2
Iy O () < Lo, (v (52)) + Vo, (1+(1+ey)"?)

1
=1+ Ve (1+ (1 +cy)"?) <0,
p

and recalling (3.2), we obtain that

max IVO (’}/n(s)) > CV()-
s€[0,s,]

[herefore, we get that
— > m > m > m
cy, — 0o = 36[61’71(] Je, (¥n(s)) = sE[g,)I(] I, (yu(5)) = se[&’i] I, (ya())

1
> slg[l()a?] IVo (7n(s)) - ;Vogn (1 + (1 + CVO)I/Z) ’

thatis 0 < g < ;—)Vosn (1 +(1+ cvo)l/ 2), which contradicts (4.2). As desired. O

By using Lemma 4.1 and Lemma 4.2, we have

e—0 \s€[0,1]

lim (max Je (ye(5)) — cg) =0,
where y.(s) = W, for s € [0, 1]. Denote
Ce = 3128:)1(] Je (%:(S)) s

it is easy to see that ¢, < ¢, and

limc, = limé&; = cy,.
e—0

e—0
Now define
Ji ={ue X, | J(u) < af,

and forasetA Cc X, and @ > 0, let A® = {u € X, | inﬁllu -V < a/}.
VE
Lemma 4.3. Let {&;};2, be such that lim &; = 0 and {u,(-)} C Yg such that
lim Jg, (u:,() < ¢y, and lim J; (u()) = 0.

Then, for sufficiently small d > 0, there exists, up to a subsequence, {y;}, C RV,xe M,U € Sy,
such that

lim fe;y; = x| = 0 and 1im [lus,() = ¢, =y) U ¢ =y, =0,

Proof. For convenience’ sake, we write & for g;. According to the compactness of Sy, and MP, there
exist Z € Sy, and x € MP such that

() = o — §>Z<- - §> <2d (4.3)

Xe
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1

for small & > 0. Note that, we denote ul(-) = ¢,(- — 2)u,(-) and u} = u, — u}.

As a first step in the proof of this lemma we will check that
Jo () 2 T (u}) + 7. (u2) + OCe). (4.4)

Suppose there exist x, € B(Z, 2f)\B(f, 'g) and R > 0 satisfying lim iglf fB(x X (u.)* dy > 0. Going if
£ £

necessary to a subsequence, we can assume that ex, — xy with x; in the closure of B(x,26)\B(x, 3)
and that u. (- + x,) — W in X, for some W € X,.. Moreover, note that W satisfies

(=A), W + (=AW + V(xo)(IWIP2W + [W*2W) = f(W) € X,.

According to definition, IV(XO)(V~V) > Cy(y- For large R > 0, by using Fatou’s lemma, we also have that

1 —
liminff |Vug|? dy > —f VW[ dy 4.5)
20 Jp(x.R) 2 Jgw
and |
liminf f Vu’dy > = | |YW|edy. (4.6)
20 Jp(x..R) 2 Jrn

Now, recalling from Remark 3.1 that ¢, > ¢, if a > b, we see that cy(,, > ¢y, because of V (xg) > V.
According to Pohozidev identity, for any U € Sy,,

l(f |VU|pdx+f |VU|”dx):IV0(U). 4.7)
N RN RN

Thus, from (4.5), (4.6) and (4.7) we get that

N —~ N
lim inf f Vi l” dy + lim inf f Vit 7 dy > > Iy (W) = ~cy, > 0.
B(xe.R) B(xe.R) 2 2

-0 -0

Then, taking d > 0 sufficiently small, we get a contradiction with (4.3), so there does not exist such a
sequence {x.}, and we deduce from a result of Lemma 3.3 that

lim inf lu| dy = 0,

&-0 j;(x/s,Zﬂ/S)\B(X/s,B/S)

where t € (p, q"). As a consequence, we can deduce using (f;), (f>) that

lim | (F ()~ F(u}) - F (u2))dy = 0.

e—0 RN

At this point, we write

Jo () 2 T, (u)) + T, (u2) - f (F (o) = F (u}) - F (u2)) dy + O(e).

R

Hence, the inequality (4.4) holds.
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Next, we estimate J, (ui) Due to {u,}, is bounded, it is easy to see from (4.3) that ||u>

small £ > 0. By using Sobolev’s inequality, for some C > 0, we have that
I () = L ()

1 1 .
> — f (IVi2P + VJuZP)dx + — f (IVi2l? + V|uZ|?)dx — f|u§|g — CuZl?,
P JIrN q Jrvy p

P 4d for

1 1 .
> — f (IVi2lP + VJuZP)dx + — f (V| + Velug|)ydx — Coluf |2,
2p Jrwy q Jry
1 1 .
> — f (V2P + VJu?|P)dx + — f (IVi2|? + Vo|u?|)dx — Clu|L.,
2p RN Zq RN q
1 1 .
> — f (V2P + VJud|P)dx + — f (IVi2|? + V|u?|)dx — Clu?]%,
2q RN 2q RN q
= 1 u _c u v
zq £ &
l *
> 2|l (— — C(4d)" —q).
& zq

In particular, taking d > 0 small enough, we can assume that J, (ug) > 0.
Now let W.(y) = ul(y + ). Going if necessary to a subsequence, we can assume that, W, — W in
X, for some W. Moreover W satisfies

(=), W) + (=A) W) + V(WO W) + W)W () = f(W(),y € RY.

According to the maximum principle, we obtain that W is positive. Let us prove that W, — W in X..
Suppose there exist R > 0 and a sequence {z,}, with z; € B(Z, %ﬁ) satisfying

X
Zg__
&

lim inf

e—0

. 1 2
=oco and liminf (ug) dy > 0.
B(z¢.R)

e—0

We can assume that ez, — zp € A as € = 0. Then we have Wg(y) = ué (v + z.) converges weakly to w
in X, satisfying

(—=A), W + (=A) W + V(z)((WIP2W + [W|T2W) = f(W), fory € RY.

At this point as before we get a contradiction, then by using (f}), (f>) and Lemma 3.3 we obtain that

lim F(W,)dx — f F(W)dx. (4.8)

&—0 RN RN
It follows from the weak convergence of W, to W in X, that
lim J,, (!
i 7 (1)

lim inf 7, (u})

&—0

\%

1 1
lim inf — f (VWP + Ve We(n)IP)dx + — f (VW7 + Ve We(y)|*)dx
P Jrv q Jrv

-0
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_ f F (W,()) dy
RN
1 1
> —f(|VW|p+V0|W|p)dx+—f(|VW|q+Vo|W|‘1)dx—f F(W)dy
P JrN q Jrvy RN
> ¢y, (4.9)

On the other hand, due to liII(l) Je(u:) < ey, Je (ug) > 0 and because of (4.4), we have

lim sup.J, (u}) < ey, (4.10)
-0
Combining (4.9) and (4.10), we obtain that J.(W) = cy,. Similar to [29], we can obtain that x € M. At
this point it is clear that W(y) = U(y — z) with U € Sy, and z € R".
Finally, by using (4.8) and (4.10) and the fact that V(y) > V}, on A, it follows from (4.9) that

f , (VWP + Vol W|") dy > lim sup f (VoI + Vel o) dy
R &£ R

> lim sup LN (|VM3;()’)|” + Volu;(\/)lp) dy

-0
> lim sup f (VWP + VolWe(»)I”) dy
-0 RN

and
f (VW + VolW|%) dy > lim sup f |Vl + Vieplullr) dy
RN e—0 RN

> lim supf (|Vu;(y)|‘1 + Volu;(y)yl) dy
-0 RN

> lim sup LN (VW + Vol We(n)I?) dy.
Moreover, by using weak lower semi-continuity, we prove the strong convergence of u! to W in X,. In
particular, setting y. = x/& + z we obtain u; — . (- —y:) U (- — y,) strongly in X,. This means that
u‘lg — Qs ( - ya) U ( - ya) Strongly in X.s-

In order to conclude the proof of the Lemma, it suffices to show that ui — 01in X,. Now, using (4.4),
lim J, (u}g) = cy, and the estimation of J, (uﬁ), we have that for some C > 0

&—0
1 Sk
. 2|14 -
ey, 2 m J, (up) 2 ey, + ][y, (ZI - C@dy’ q) +0(e).

This proves that #> — 0 in X,,, which completes the proof. O

Lemma 4.4. For su]j‘iciently small di > dy > 0, there exist constants w > 0 and gy > 0 such that
J‘;(u)| >wforu€ Jg N (Yfl\Ygz) and € € (0, &)).

Proof. To the contrary, we can suppose that for small d; > d, > 0, there exist {g;};>, with limeg; = 0
[—00

and u,, € Y;{.' \Yg2 satisfying lim J,, (us,) < cy, and lim |J, (ugt.)| = 0. Note that, for convenience’ sake,
100 1—00
we write ¢ for g;. By using Lemma 4.3, there exists {y,}, ¢ R such that for some U € Sy, and x € M,

ling ley: —x| =0 and 1irr01 e — 0 - = y) U (- = y)ll, = 0.

AIMS Mathematics Volume 8, Issue 6, 13593-13622.



13614

According to the definition of Y, we obtain that lir% dist (u,, Y.) = 0. This contradicts that u, ¢ Yfz,
and completes the proof. O

According to Lemma 4.4, we fix a d > 0 and corresponding w > 0 and &y > O such that
foru € Jﬁg N (Y;’ \Yf/ 2) and € € (0, &) . Then, we obtain the following Lemma.

Jw)| >

Lemma 4.5. There exists a > 0 such that for sufficiently small € > 0, J. (y.(s)) > c. — a implies that
Ye(s) € Ye"? where y,(s) = W, (5).

Proof. Due to supp (y.(s)) C Mgﬁ for each s € [0, 1], it follows that J, (y.(s)) = I (v.(s)). Moreover,
we see from a change of variables that

1 1
INCAT)). — f (IVy(IF + Vilye(o)IP)dx + — f (VY + Velye(s)D)dx
P Jrv q Jrv

- f F(ye(s))dx
RN

1 1
= — | (VY + Volye(s)I")dx + — f (VYN + Volye(s)|))dx
P Jrv q JRrN

1 1
+= | (Ve(x) = Vo)lye()IP)dx + — f (Ve(x) = Vollye(s)|)dx
P JIr¥ q JrvN

- f F(y.(s))dx
RN
)V P to)V 1 to)"
_ BT gupar s B0 f VU + S0 f VolUP dx
p q RN p R¥

RN

(SIO)N q N
+ p VolU|%dx — (stp) F(U)dx + O(e).
RN N

R

Then by using the Pohozdev identity, we have that

Ja(’)/s(s)) = Ia(’)/e(s))
t N-p t N-g N_
_ (sto) f VUPdx + S0 f VU[%dx — ~—L (st)V f IVU|”dx
P RN q RN Np RN
N —
- qu (sto)" f IVU[“dx + O(e)
RN
VP N-2
- ((S 0" " _ ~ (stO)N) IVU|Pdx
P P RN
t N-q N_
+((S o " _ q(sto)N) f IVU[“dx + O(e).
Nq RN
Note that

NP N-2 N1 N -
cy, = max (— — tN) f |VU|de+(— - qu) f IVU|%dx
10,00\ p Np RN q Ngq RN
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. . . N-p — N-gq —
and £1_I)I(} ce = cy,. Then, since, denoting g;(f) = ’T - NN—;tN ,g2(f) = ‘T - NN—;tN ,
>0 forre(0,1), >0 forte(0,1),
giHi=0 forr=1, g(H3=0 forr=1,
<0 fort>1, <0 fort>1.
Then we have g/(1) = p— N <0 and g7 (1) = g — N <0, the conclusion follows. |

Lemma 4.6. For sufficiently fixed small € > 0, there exists a sequence {u,}—, C Y4 N J& such that
J. (u,) > 0asn — oo

Proof. According to Lemma 4.5, there exists @ > 0 such that for sufficiently small &€ > 0, J. (y.(s)) >
cs — a implies that y.(s) € Y¥?.If Lemma 4.6 does not hold for sufficiently small € > 0, there exists
a(e) > 0 such that J;(u)| > a(e) on Yg N J%. Also we know from Lemma 4.4 that there exists
w > 0, independent of & > 0, such that J;(u)| > wforu € J& N (Yﬁ\Yf/ 2). Thus, recalling that
li_r)% (ce — ) = 0, by a deformation argument, for sufficiently small & > 0, it is possible to construct a

path y € I'; satisfying J.(y(s)) < c., s € [0, 1]. This contradiction proves the Lemma. O

Lemma 4.7. For sufficiently small fixed & > 0, J,, has a critical point u, € Y N Jé.

Proof. Let & > 0 be fixed, small enough. According to Lemma 4.6, there exists a sequence {u, .}, C
Y4 N Jg° such that |, (u,.)| = 0 as n — oo. Since Y¢ is bounded, we can assume that u,, — u, in X,
as n — oo. Similar to [14, Proposition 3], we obtain that

lim sup f (|Vu,,"9
R—% p>1 Jn=R

)4
+ V.

dx=0 4.11)

Upe

and

q
+ V.

Une

Jim sup f| g (|Vatn.e )dx =0, (4.12)

which immediately implies that u,, — u. in L’ (RN ) (p £ r < q")asn — oo. Moreover, by using
(f1) — (f2), we have sup ||f (u,,g)” < co. Then, for any ¢ € C§’ (RN),

f F () (s — 10) @l — 0 s 1 — co.
RN

Then, similar to [23, Proposition 5.3], u, . — u. strongly in X, as n — oo. Thus, J; (u;) = 0 in X, and
us € Y¢ N J;2. This completes the proof. i

Next, we use a Moser iteration argument [35] to obtain a fundamental L™ -estimate.

Lemma 4.8. Let (u,) be the sequence defined as in Lemma 4.3. Then, J,, (u,) — cy, in R asn — oo,
and there is some sequence {9,},.: C RY such that it,(-) := u, (- + 9,) € L (RN ) and |it,| Lo(rY) S C for
alln € N.
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Proof. Proceeding as in the proof of Lemma 4.1 and Lemma 4.2, we know that J,, (u,) — cy, in R
as n — oo. Then, we can use Lemma 4.3 to deduce that there is a sequence {$,},o; € RY such that
() = u, (- +9,) > () € Xoand y, := &,9, > yo € Masn — oo. Forany L > 0Oand 8 > 1 we
introduce the function

W (i) = ﬁnﬁz(ﬁ_l) € X, , where i, := min{i,, L} .

Choosing ¥ (it,) as test function, we have

Voo, (x)dx + f Vol i, (x)dx
RN

RN

+ f V (&nX + yu) lf1a|”™> By (B1,) dx + f V (&nX + yu) n|"2 i (@) dx
RN RN
= f f (&nx + Yn» 7 1 (it,) dx.
RN
According to the growth of f, we see that for any o > 0 there exists C, > 0 such that
If(O] < el + Clr? forall £ € R.

Using (V) and taking o € (0, Vj), together with the above relations, we can conclude that

IV it~ f1,(x)dx + f Vi7" 1, (x)dx < C f jial? 27%Ddx (4.13)
N RN ?

RN R

for some constant C > 0.
Now, let us introduce the following functions

li§

t ! , 1
o(t):=— and Y(t):= f (' (1)) dr.
q 0
We first observe that ¢ is an increasing function, so we have that

(a—b)y(a)—y(b)) >0 foralla,beR. 4.14)

Then by using (4.14) and the Jensen inequality, we can obtain that

¢’ (a—b)W(a) — (b)) = |T(a) — V(D) for all a, b € R. (4.15)
Obviously, we have
T (@) > éuuﬁLl (4.16)

Therefore, by using (4.13), (4.14), (4.15) and (4.16), we can look for some constant C > 0O such that

o AB-1|d g aq(B-1
uﬂl’é,L |q* < Cpe fRN il qu’Z dx. 4.17)
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Choose 8 = %* and let R > 0 large enough. According to i1, — i in X, as n — oo with the Holder
inequality, we can obtain that there exists some constant C > 0 such that

. 4
a-q\4 7
~ A
fRN it 7 dx| .

q
< C,qu RT3 dx + Ce
RN

-g\4 F
f (ﬁnﬁnz ) dx
RN ’
We choose a fixed € € (0, 1/C) and deduce that
=g \4
f (ﬁnﬁnqL ) dx
RN '

In the above inequality, we pass to the limit as L — +oo0 and we can obtain i, € L7 (RN )
Due to 0 < @, ,, < i1y, then in (4.17) we pass to the limit as L — +oco and we obtain that

4
*

q
< Cpe f R4 dx < +oo.

mn@ C:qu Aq a1 .
N

The fact means that

1 _1_
(f ﬁﬁq*dx)q o (Cl/qﬁ)i1 [f iﬂ*“’(ﬁ_l)dx]qw_l) .
RV RV

Next, we consider the sequence {8,,},,-; C R(m € N) which satisfies the following relation:

*

¢ +qBua—1)=Bug" and B = %,

It follows that
B+l = '1"(31 -D+1,
and so we have that

lim B, = +oo.

m—00

1
T, := f 7 dx 7 G ,
RV

Tm+1 ( /qﬁ )ﬁm:l_l Tm

Obviously, by using a standard iteration argument we obtain that

Define

then we have

m
Ty l_[ C”",Bk 1 Aot T, < CT,, where C is independent of m.
k=1

According to the above inequality we pass to the limit as m — oo and then we deduce that |i,| Lo(rY) S
C uniformly in n € N. o
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Proof of Theorem 1.1. According to Lemma 4.7, there exist d > 0 and &, > 0 such that, for € €
(0,&0), J. has a critical point u, € Y, g NI, Since u, satisfies

(=)t + (=A)gute + V(ex)(uel"us + lulu.) = flue) + 4 ( f Xeuldx — 1) Xelts in RY
]RN

+

and f(f) = 0 for t < 0, we have that u, > 0 in R¥. Moreover, by elliptic estimates through Moser
iteration scheme, that is Lemma 4.8, we obtain that {||u.||;~}, 1s bounded. Now by using Lemma 4.3,
we have

1 1
lim [— (f Vu.l? + V. (u,)? dx) + — (f Vu|? + V, (u.)? dx)] =0,
=0 P \JrM M2 q \JrM M2

and thus, by elliptic estimates (see [22]), we have that
1}_{% ||us||Lw(RN\Mgﬁ) = 0.
Similar to [44], it is easy to check that there exist C, ¢ > 0, independent of u € Sy, such that
u(x) < Cexp(—clx|).
In fact, by using the Radial Lemma ( [10], Radial Lemma A.IV) we obtain

lluell»

u(x) < C|X|N/”

for all x # 0,

where C = C(N, p). Thus |llim u(x) = 0 uniformly for u € Sy,. By the comparison principle there exist

C,c > 0, independent of u € Sy, such that
u(x) < Cexp(—clx]) forallxe RN,
According to a comparison principle, for some C, ¢ > 0, we obtain that
u(x) < Cexp (—c dist (x, Mﬁ‘s)) )

This implies that Q. (1#.) = 0 and thus u, satisfies (1.1). Finally let x, be a maximum point of u.. By
Lemma 3.6 and Lemma 4.3, we readily deduce that ex, — x for some x € M as ¢ — 0, and that for
some C, ¢ > 0,

u(x) < Cexp(—clx—xg).

This completes the proof.
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