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1. Introduction

An essential area of applied theory of differential equations that deals with the study of oscillatory
processes in the social and technological sciences is the theory of oscillations, see [10, 18-23,25, 34,
39,41].

Fractional differential equations have popularity and gained importance during the past few years.
Several researchers trying to develop the earlier work with definitions of fractional derivatives like
Riemann-Liouville and Caputo derivative, see [17,24,28,32,35]. Khalil et al. [27] introduced a new
fractional derivative called the conformable derivative. Oscillation of theory conformable were done
by several authors [1,3, 8, 16, 26,29, 38]. The conformable fractional derivative seeks to extend the
common derivative while satisfying the properties of nature and provides a fresh approach.

The Emden-Fowler equations have been considered one of the important classical objects in the
theory of differential equations. This type of equation has a variety of interesting physical applications
occurring in astrophysics and atomic physics. The oscillation for the Emden-Fowler equation has
interest over the last 50 years, many results appeared in the oscillatory behavior of the Emden-Fowler
differential equations, see [5,9, 15,40,42] and references cited therein. The references [4, 13, 14] lists
numerous studies have been conducted on Emden-Fowler generalization when the gradient term is
utilized.

Elliptic partial differential equations have various uses in physics as well as practically all branches
of mathematics, including harmonic analysis, geometry, and Lie theory. The Laplacian equation and
Poisson equation serve as the fundamental illustration of an elliptic PDE. The theory of elliptic PDE
have application in electrostatics, heat and mass diffusion and hydrodynamics, see [2,6, 11, 12,30, 33,
36,43,44].

Throughout the past few decades, the issue of oscillation and nonoscillation of elliptic partial
differential equation solutions has drawn a lot of attention. To the present time, there exists almost
no literature in conformable Emden-Fowler type elliptic partial differential equations is of the form

n @

Au+cx)ulfu|D*w) |'P=0 Au= ) — (D) (1.1)

where a, 8 € (0, 1), A{ is the conformable nabla operator, D*(u) = (uy,, U,, ..., 4y,) for the conformable
gradient of order a of u with respect to the spatial variable x, || . || is the usual Euclidean norm on R”.
c(x) : R" — R is potential function ¢ € L}OC(Q), withQ : {x e R":|| x ||> 1}.

By a solution of (1.1), we mean a function u(x) : R* — R which is absolutely continuous with first
a-fractional derivative in every compact subset of Q and satisfies the Eq (1.1) a.e. in Q.

A bounded domain G C € is said to be a nodal domain for (1.1) if there exists a nontrival function
u € C*(G;R) N C(G;R) such that u is a solution of (1.1) with u = 0 on dG. Equation (1.1) is said to
be nodally oscillatory in Q if for any r > 0 Eq (1.1) has a nodal domain contained in 2, = QN {x €
R" : |x| > r}. Some different approach in the oscillation theory form the nodal domains. A bounded
domain is said to be the nodal domain of a nontrivial solution and 3o = O.

By the Hartman-Winter Theorem, we get the function C(r)
C(r) = B f f r' " e(x)dy xdyr (1.2)
reJi Jaan
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where
Ql,rn={xeR":1<|x<r}L

The motivation for this work comes from the papers [7,31,37]. In this paper, we studied the a-
fractional partial differential equations for Emden-Fowler type elliptic equations (1.1) using the Riccati
technique by considering the two cases

i) there exists a finite limit lim,_,,, C(r) = Cy;
ii) the case i) fails to hold and liminf,_,., C(r) > —c0.

We introduce several fundamental definitions, properties, and lemmas that are helpful throughout
the rest of this study in the following part, Section 2. We established the main findings in Section 3.
We provide an example to emphasize the key findings in Section 4.

2. Preliminaries

This part introduces several fundamental terms, characteristics, and lemmas that will be helpful
throughout the rest of the paper.

Definition 2.1. [27] Given f : [0, c0) — R. Then, the conformable fractional derivative of f of order
a is defined by

. fa+e"™) - f(
T.(f)0) = ng -

foreveryt >0, a € (0,1). If f is a-differentiable in some (0,a), a > 0 and lim,_,,+ f*(t) exists, then
we define

£ = lim £°(2).

Definition 2.2. [27] Leta > O andt > a . Also, let f be a functiondefined on (a,t] and a € (0, 1).
Then, the «a - fractional integral of f is given by

gie)

xl—a

L(H@O = ) = dx,

where the integral is the usual Riemann improper integral and a € (0, 1).

Properties 2.1. [27] Let « € (0, 1] and f, g be a-differentiable at some point t > 0. Then,
(1) Toaf + bg) = aTo(f) + bTo(g).

(2) To(f8) = fTa(8) + 8Ta(f).

(3) To(t?) = pr"™°.

(4) T,(C)=0,C eR.

(5) To(L) = LS,

(6) If f is differential, then T,(f(1)) = '~ 42,
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Definition 2.3. [3] Let f be a function with m variable x, ......, X,,, the conformable partial derivative
of f of order 0 < a < 1 in x; is defined as follows

b o fOx, X, X+ ex}‘“...., Xm) — f(x1,5 e s Xm)
J(xqy .. , X)) = lim .
e—0 €

Definition 2.4. [3] Consider the scalar field f(x) and the vector field F(x) that are assumed to possess
partial conformable derivative of order a with respect to all the Cartesian coordinates x;,i = 1,2,3.
We define the conformable gradient of order « of the scalar field f as follows

Vif = Zle(é‘iif)ei,

where e; is the unit vector in the i direction. The conformable gradient of order a of the vector fieldFF
is defined as follows

VIF = 31,87 F).

Definition 2.5. A solution of Eq (1.1) is called oscilatory if it has arbitrarily large zeros in G, and
is called nonoscillatory otherwise. Equation (1.1) are said to be oscillatory if all their solutions are
oscillatory.

Lemma 2.1. I[f T =X, +, +7, and r = [T| then D* f(r) = r'=*D(f(r)).
Proof. If f is differentiable, then using the Properties 2.1, we get
Df(r) = r'=*D(f(r)).
The proof of Lemma 2.1 is completed. O

Lemma 2.2. [ff{1) = At - B('F, then

B
At - BtﬁT1 < 45 4
BB+1)) p+1
where 8 € (0, 1).
Proof. 1f f differentiable, then
1 +1 1
fay=a-PHlpltn Bl
B B

so that the maximum point of f is realized in

(a8 Y
t_(B(ﬁH))'

iy <a 2P ﬂ_B Y S AR VY B
= \B@+1) BB+1)) ~\BB+1)) p+1°

Hence, the proof is completed. O

Consequently,
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First we introduce the Riccati technique. There exists a Q, = {x € R"” :|| x ||> r} and a solution
u of (1.1) which is positive on Q,. Let vector function W = (%) be the solution of Riccati
equation defined on the set €,.

The i - component of gradient is

gow,  ww (ID°uWf'Dow)  B(ID"ul Du) 54

{)x;.’
oxe (JulP~'u) lulf~1u?

1

Taking the summation, we get

divgW + Be(x) + B | W |7 =0, 2.1)

; aaf Wi

=gy
1

For the next, we define

where div,W = };

Q(a):{xeRn:aSr};
Q(a,b) ={xeR":a <r< b}
S(@)={xeR":r=aj.

Lemma 2.3. Let the Eq (1.1) be nonoscillatory, i.e., (1.1) has a positive solution on Q,, for some a < 1.
The following statements are equivalent:

i)
[ wi® dx <o 22)
Q(a,»)
ii) there exists a finite limit
lim C(r) = Cy; (2.3)
iii) there exists a infinite limit
liminf C(r) > —oo. (2.4)

Proof. Let the Eq (1.1) be nonoscillatory. There exists a number a € R* and a solution u of (1.1) which
@, 18-1 na

is positive on Q,. Let, vector function W = (%) is the solution of Riccati equation defined on

the set Q,,.

divgW + Be(x) + B || W |7 = 0.
By the Gauss divergence theorem [37],

dl‘va(i’a_nﬂ W) = “‘"”divaW + DQ(FQ_HM)W/
=r""div, W + r' DTN W, €3),
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that is,
dive (r*™ W) = r* "™ div, W + (@ — n + Dr "W, e;),

where e¢; is the unit vector in the i direction and (W, ¢;) is the usual scalar product in R, implies that W
satisfies the equality

f rm AW, e)dS — f r AW, e,)dS +
NG S(a)

B+l
B r M e(x)dx + 8 N W dx—
Q(a,r) Q(a,r)

(@—n+2) f YW, e;)dx = 0. (2.5)
Q(a,r)

Therefore, i) = ii). Next, we suppose that (2.2) holds, then the Cauchy inequality gives

1

1
el 2 Bt 2
f f””(W,e,-)dxs( f W dx) ( f P W a’x)
Q(a,r) Q(a,r) Q(a,r)

1

1 1
a—n+1 &1 ’ £1 ' —a—1+4 ’
= r IWIF dx| \w. | W7 r dr) ,
Q(a,b) a

n

where w,, is the measure of the unit sphere in R" and w, = 2%~ Therefore,
2
f W, e)dx < . (2.6)
Q(a,)

Combining (2.5) and (2.6), we get
C - B f re " e(x)dx = f r YW, e;)dS
Q(1,r) s(r)

+(@—-n+A) f YW, edx — B P W d 2.7)
Q(r,00)

Q(r,00)

where

—

C= f r* YW, e)dS + (@ —n+ ) f W, eydx
s(a) Q(a,0)
B+l
+ﬁ ra—n+/lc(x)dx _ﬁf ra—n+/l ” w ”7 dx
Q(1,a) Q(a,o0)

is a finite number. Next, we will show that

—_

C = a(). (2.8)

One can prove this results as in the proof of the Lemma 2.1 in [33]. This implies ii) = iii) is trivial.
To show, iii) = i), we suppose that (2.4) holds and (2.2) does not hold. Let us define the function

. ' 1-n+1 LAl
D(r) := B r | WI#F dyxd,r.
a Q(a,r)
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This function satisfies

®
lim ﬁ — 00 for r— o (2.9)

r—co r

and
1-n+1 &l
ﬂf T WATF dox = 0.

Q(a,o0)

Similarly, the rest of the proof follows from the Lemma 2.1 [33]. O

For the next, we define

o(r) = f r* YW, e)ds, (2.10)
S(r)

or)=r° (CVCO -B f rl_"”C(X)dax),
QL)
and

1
H(r) = — f P e(x)d,x
r Q(L,r)

where a, 3, 1 € (0, 1).
Lemma 2.4. Consider (2.3) holds and the Eq (1.1) have a nonoscillatory solution. Then the equation

(@ —n+Dri-e
B+a—1

Bri-@ 4,
B

<0,
wla+B+A-1)

Q(r)—( +1)l+

and

a—1 _ 1-a
2 (BPH() - BH () - 220 (x) - ( 2r @-n+ Hr7 _ 1) L

+
l+a-p 3—a-p
(1-(a+2)) "
+ pr L%SO
w,3—a—-1-p)

are solvable.

Proof. Let W be the solution of the Riccati Eq (2.1) defined on W, for some a € R. From Cauchy
inequality gives

O'ﬁ/fil(r) = wnr"_l”f rem | W ||ﬁ/3Ll ds. (2.11)
S(r)

The equalities (2.7) and (2.8) gives

Po(r) = O(r) + pr f ) SV (s — (@ = n + )i f ) s Yo (s)ds. (2.12)

Wy
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Differentiate (2.5) with respect to r, multiply by 7* and integrating over 7 to R, we get

R
RPo(R) = RP* (%0 (7) + BPH(t) — BRPH(R)) + 2R™* f S0 (s)ds+

RF2 R pe1
f BsC @V (5)ds.
n T

R
RF? f (@ —n+ s (s)ds —
. w

Now, substituting R = rand 7 = 7,

rPo(r) = 220 (o) + BreH(T) - BrPH(r) + 2177 f o(s)ds+

" rﬁ_2 " +1
P2 f (@ —n+ D)s* o (s)ds — f BsC- @D 5 (5)ds. (2.13)
T a)n T
Let us introduce the notation
[ = liminf o (7). L = limsup o (r).

Obviously, for any 0 < € < min{/, 1 — L} there exists 7. > ry and r. > 7. such that
l-e<rPo(r)<L+e. (2.14)

Due to this fact we have from (2.12) and (2.13) gives

(a, —n+ /l)’,.l—a ﬁrl—(a/+/1) pl
b0 - =y ot s sr a9
that is,
L+ e <P 2(t2p(re) + BrPH () — BrPH(r))+
2ro! (@-n+r'-e prit-e+r Bl
((1 Ta-B ' 3-a-B )(L+E)_(wn(3—a—,B—/l))(L+6) "
Therefore,
(a, —n+ /l)rl—a ﬁrl—(a+/l) Bl
Q(r)—( oy + 1)l+ wn(a+ﬁ+/l—1)lﬂ <0
and
g 27! (@ —n+Dr'-@
P2 (BPH(r) - BréH(r) - T2o (7)) — (1 o5t 3 a g YL
Br(1-(@+D) sl
+ w,,(?)—a—/i—ﬁ)Lﬁ <0.
Hence, the Lemma is proved. O

Lemma 2.5. Let Eq (1.1) has oscillatory solution u. Then all the solutions of Eq (1.1) are oscillatory.
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Proof. Assume the contrary. Let u be nonoscillatory solution of Eq (1.1). There exists ry > 0 such that
uD%u > 0. Let us introduce the notation

o(r) = f r* W, e)dS,
S

p(r) = f rY W, e)dS.
S

There exists r3 > r, such that
o(ry<p(r)y rs<r<ry+e o(r3)=p(rs). (2.15)

Because of this fact we have from (2.13) that

or)=c(m)+(@—-n+2A) %ds - wﬁ f s(l_(“”))o-ﬂﬁ%l(s)ds > p(r3)+
n r3

r3

(@—n+ /l)f @ds - ﬁ f s(l_(“”))p[%l(s)ds =p(r) for r3<r<r;+e,
r3 Sa a)l’l r3

but this contradicts the Eq (2.15) and hence it is proved. O

Lemma 2.6. Let there exists the function v which is locally absolutely continuous together with its first
derivative and satisfying the inequalities

Atv+c(x) | v P'yv| D% | <. for r>r. (2.16)

almost everywhere. Then Eq (1.1) is nonoscillatory.
3. Main results

In this paper, the following main results has been established.

Theorem 3.1. (Hartman-Wintner Type Oscillation Criteria) If

—oo < liminf C(r) < lim sup C(r) < oo. 3.1

—o0

or if
lim C(r) = oo, (3.2)

r—oo

then the Eq (1.1) is oscillatory

Proof. Suppose on the contrary that (3.1) holds and there exists number a such that positive solution
of (1.1) on Q, exists. Then, Lemma 2.3 would implies that there exists a finite limit lim C(r), this

r—o00

contradicts our assumption. O

Corollary 3.1. (Leighton-Wintner Type Criteria) If

lim rI*e(x)d,x = 0. (3.3)
r—00 Q(l,r)

then Eq (1.1) has no positive solution on Q, for any a > 1.
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Theorem 3.2. Let Eq (1.1) has oscillatory solution u. Then

Bri-@ 1 (@—n+ )r
0Nz e pri-n" " axp-1 VM 4
and
H(r) 2 ﬁ ey | 2(@2o(z) + BrH(T)) + P~ he) — M. (3.5)
are oscillatory. Moreover,
liminf Ao (r) > M, liminf Ao (r) < N. (3.6)

where M is the least nonnegative root of equation and N is the largest root of equation.

Proof. On the contrary we assume the Eq (1.1) have the nonoscillatory solution. The Eq (2.1) has the
solution of o : [ry, 00) — (0, o) satisfying the condition

liminf Ao (r) > M, liminf Po(r) < N.
Clearly, for any 0 < € < 1 — N(0 < € < 1) there exists r, such that

M—e<rPo(r) <N +¢, for r>re.

2—(a+f+A) .
Po(r) (2r“-ﬁ +(@—-n+)rr*F - pr (rﬂa(r))ﬁ) < h(e),

n

2—(a+B+1)

where h(e) = (N + €) (2 + (@ — n + A)?~eF - £
and (2.13) we get

(N +€)) (h(e) = 1). Finally, from (2.12)

Bri-@ g1 (@—n+ D'
< NF# — N - Ma €
0N @B+ 1-1) @+B-1) for r>r1
and
H(r) < ﬁ T | 2220 + preH () +1# ' he) - M|, for 1> 1,
but this contradicts (3.4) and (3.5) and hence the theorem is proved. O

Theorem 3.3. Let (2.3) holds and

lim sup
r—c0 logr

r*(Co — C(r)) S (1 +a-n+ /l)ﬁH o 37

B+1 "

Then the Eq (1.1) is oscillatory.

AIMS Mathematics Volume 8, Issue 6, 12622—-12636.
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Proof. By contradiction, a solution W of the Riccati equation defined on €2, and there exists number
a > 1. We combine the Eqs (2.7) and (2.8) and by using integration by parts, we obtain

r*(Cy — C(r)) = f f Fe W eNdS dr — Br f f At W ||‘% ds dr
a S(r) r S(r)

_’Bf rf A0 W ||/% dSd.,r+ (@ —n+ /l)rf f r YW, eNdS dr
a NG r S(r)

+a@—-n+2) f rf r YW, e.)dS d,r + constant,
a S(r)

that 1s,

r'(Co— C(r)) = f o(s)ds — &f sl_(“”)o-%](s)ds - wﬁf s]_ﬁa%(s)ds

n n

+(@—n+ /l)rf sYo(s)ds +(@—n+ Q) f o(s)ds + constant

r 1-1 |
:f((1+a/—n+/l)0'(s)—'gs O'ﬁ;(s))ds

n

o0 RGN
+ rf (@—n+A)s%(s) — o F (s)]|ds + constant
w
.

n

r -1 1
< f ((1 +a—n+)sPo(s) - Ps (SBO'(S))ﬁﬁ) % + constant.

Wy

Using Lemma 2.2, we get

l+a—-n+ay"
< (#) (wy) log r + constant.

B+1
Hence,
r“(Cy — C(r)) < l+a—-n+a)y" N const
log r - B+1 " logr’
a contradiction. Hence, the proof is complete. O

Corollary 3.2. Assume (2.3) hold, and

l+a-n+a\"
f et o0 d, x > (#) o
L) B+1

lim sup 1
roc lOgr

Then the Eq (1.1) is oscillatory.
Corollary 3.3. Assume (2.3) hold, and

(1+a—n+/l)ﬁ“w§-
B+1

liminf[Q(r) + H(r)] >
Then the Eq (1.1) is oscillatory.
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12633

Corollary 3.4. Assume (2.3) hold, and each conditions are guarantees the oscillation of the Eq (1.1)

1+oz—n+/l'8Jrl
B+1

1+oz—n+/lﬂ+1
B+1

o

ne

liminf O(r) >

F—00

o

ne

liminf H(r) >

r—oo

4. Example

In this section, we give an example to illustrate the main results.

Example 4.1. Consider the conformable partial differential equations in Emden-Fowler type
Laplacian equation

(n—1-a-2p"

-1 @ 1-6_

02
Alu +

In paper [27, Lemma 4], for a linear equation f = 1,1 < S and here 8 = 1,1 =0and a = 1. Then

2-n) ) (N (n—2)? ) _
5 r( )(7+n—1)+ 1 r( )—0.

By apply the result of Theorem 3.3, Corollaries 3.2—3.4 in the right hand side, the solution is satisfied.

5. Conclusions

In this paper, the authors have obtained some new oscillation criteria for certain class of conformable
Emden-Fowler type elliptic partial differential equations by using Riccati technique. These newly
derived results extend and complements the known results in the existing literature for the integer-
order equations. To prove the effectiveness of our result we have illustrate with an example.
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