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time where this kind of logistic problems have been analyzed.
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1. Introduction and previous results

This work is devoted to analyze the existence of positive weak solutions of the following
heterogeneous elliptic logistic boundary value problem with mixed and glued Dirichlet-Neumann
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boundary conditions given by

—Au=Au—-alxu? in Q, g>1,

u=0 on I,

(1.1)
u=0 on F?,
ou=90 on F’lv,

where the following assumptions are assumed:

i) The domain Q is a bounded domain of RV, N > 2 of class C?, with boundary 0Q = I’y UT';, where
I'p and I'; are two disjoint components of 0Q and I'y = 1"? U F’IV , being 1"? and F/IV two connected
pieces, open and closed respectively as N — 1 dimensional manifolds, such that aI'7 = oI c I'Y;

ii) —A stands for the minus Laplacian operator in R and 1 € R;
iii) The potential a € C(Q), with a > 0, measures the spatial heterogeneities in Q and satisfies that

Qo :=int{xeQ : alx)=0}#0, Q€ C?,

Q=T uly, TI9:=00,nQ,  dist@T),T})>0.

Set Q" :=Q\ Q.
iv) Ou = Vu o i1, where # is the outward normal vector field to 9Q.

Figure 1 shows a possible configuration of the domain €, its boundary 0Q2 = I’y U F? U F’IV and the
boundary conditions in each piece of the boundary.

—Au=Au—a(x)u

/

Figure 1. Configuration of Q and Q = T, UTP UTV,

The positive solutions of (1.1) are the positive steady-states of the associated evolutionary problem
given by
ov(x,t) — Av(x,t) = Av(x, t) —a(xv(x,n))? in QXR, g>1,

vix,t) =0 on IyXxR,

v(x,t) =0 on F? X R, (1.2)
ov(x, 1) =0 on F'IV X R,

v(x,0) = vo(x) >0 in Q,

which describes the dynamics of the positive solutions of many reaction-diffusion problems appearing
in the applied sciences and engineering. In population dynamics, (1.2) describes the dynamics of a
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population inhabiting a heterogeneous environment €2, growing accordingly with a generalized logistic
law. From this point of view, v(x, t) stands for the population density, —Av(x, ¢) is the diffusion term, A
is the growth rate of the population and a(x) measures the saturation effect responses to the population
stress in Q*. As for the boundary conditions, the homogeneous Dirichlet boundary condition on I'y UF?
means that Iy U l"? are hostile regions, and the homogeneous Neumann boundary condition on F’IV
guarantees no migration or null flux of population through F’IV . The different boundary conditions
considered in (1.1) and (1.2) may be due to a heterogeneous distribution of the natural resources
through the boundary or close to the boundary. The analysis of the positive solutions of (1.1) is crucial
to have a complete understanding of the long time behavior of the positive solutions of (1.2). Also, the
analysis of the existence of positive weak solutions of (1.1) is pivotal in the study of the asymptotic
behavior as y T oo of the strong positive solutions of heterogeneous logistic elliptic boundary value
problems with nonlinear mixed boundary conditions like the following

—Au=Au—-—axu? in Q, g>1,
u=>0 on I, (1.3)
ou=—-ybu on I'y, r>1,

where b € C(I'y) with b > 0 on I'; and
Y =570, Y =570, bl D),

which stand for again the positve steady-states of the associated parabolic problem with nonlinear flux
on I'y. In this kind of problems, when A belongs to a suitable interval, the limiting profile of the strong
positive solutions when y T oo, is a positive weak solution of (1.1), as it will be proved elsewhere. The
proof of this fact is out the scope of this work.

Although we have assumed throughout this paper that I'; splits in two connected pieces FID and F’IV ,
the results of this work may be generalized in a natural way to cover the case when I'; splits in 2k

, k
connected pieces {Fﬁ, F’]Vl} » Where now
L) =

r,=rury, rf=u_ry rP=uL b

1i ° 1i»

with F? and F’IV unconnected and where each piece le). ,i=1,...,k1is between two consecutive pieces
of the family {F’l\;}l;zl and viceversa.

On the other hand, owing to [5], the results into this work also may be generalized to cover the case
when, instead of imposing a Neumann boundary condition on I'?, it is imposed a boundary condition
of Robin type like du + b(x)u = 0, where b € C(F’IV ) with arbitrary sign satisfies adequate technical
conditions. The novelty of the results in this work is considering glued Dirichlet and Neumann
boundary conditions on a same component of the boundary. These results are pioners in the field,
because up the knowledge of the author, this is the first time where this kind of logistic problems have
been analyzed.

Before stating our main findings, we introduce some notations and previous results. Let us denote

Cruo(@ = {¢: Q>R : 9 C™WNC) A suppg € O\ (T UIT)),
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and let H!(Q) be the clousure in H'(Q) of the set of functions C;; LD (€), that is

H(Q)

HA(Q) = CY (@)

By construction if u € H!(Q), then u = 0 on Ij U F?. In the same way, taking into account that
0Qy =T Ul =Y UT? UTY, we denote

Crouro(Qo) 1= [6:Q0 >R : ¢ eC(Q)NCQy) A suppp c Qo \ (THUTD))

and

1 S o @

H!\(Q) = C%_(Q0)
1

I
Also we denote
H!(Qp) Z={<,0:Q—>R cpe HI(Qy) A <p:0inQ+UF0},

that is, any function belonging to H!(€) is the extension by 0 to Q of a previous function belonging
to H!(Qy). By definition, if u € H!(Q) then u = 0in 'Y UT) U Q* UT. Also, by construction it is
clear that

H,(Q0) ¢ Hy(Q). (1.4)

By a positive weak solution of (1.1) we mean any function ¢ € H!(Q) satisfying

>0, f a(g*! < oo,

and such that for each ¢ € C;‘(’) o), oré e H!(Q), the following holds

ston+fa(x><pq§=Afso§. (1.5)
Q Q Q

In particular, taking & = ¢ € H!(€) we have that

f|V<,0|2+fa(X)‘,0‘f’+1 =/1f902- (1.6)
Q Q Q

Thus, since any positive weak solution of (1.1) can not be constant, it follows from (1.6) that if (1.1)
possesses a positive weak solution ¢ for the value A of the parameter, then

IVel® + [, a(x)p! Vel
/l:fg fgz ng > >0, (1.7)
¥ ¥
and therefore, 4 > 0 is a necessary condition for the existence of positive weak solutions of (1.1).
Hereafter we denote B, %*(F/IV ) and %S(F’IV ) the boundary operators defined by

N « on T, o u on F(/)V
BNy = , BT u:=4q 6u on I |

Ou on T .

u on I7
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and
u on I}
By )u:=4 du on TV |
u on IP

and by D the Dirichlet boundary operator on dQ. Clearly, Y = B*(T';). Also we denote

WAQ) = [ | WAQ).

p>1

In the sequel we will say that a function u € WE(Q), p > N is strongly positive in Q, and we will denote
it by u > 0, if u(x) > 0 for each x € Q U T’} and du(x) < 0 for each x € I'y such that u(x) = 0.
Let us consider the eigenvalue problem

{—Agozov,o in Q,

BVo=0 on 0Q. (1.8)

By a principal eigenvalue of (1.8) we mean any eigenvalue of it which possesses a one-signed
eigenfunction and in particular a positive eigenfunction. Owing to the results in [1, Theorem 12.1] it is
known that (1.8) possesses a unique principal eigenvalue, denoted in the sequel by o*[-A, BV], which
is the least eigenvalue of (1.8) and it is simple. Moreover, the positive eigenfunction cp’lv associated to
it, unique up multiplicative constant, satisfies

Y>>0 in Q (1.9)

and in addition
PN e WHQ) cC(Q)  forall a€(0,1), (1.10)

A function ¢ € Wg(Q) for p > N is said to be a positive strict supersolution of the problem (—A, Q, BV),
if ¢ > 0 1n Q and the following hold

-Ap>0 in Q
BNp >0 on 4Q,

with some of the inequalities strict. Since any positive constant u > 0 is a positive strict supersolution
of the problem (-A, Q, BY), it follows from the characterization of the strong maximum principle
given in [2, Theorem 2.4] that

o [-A, BY] > 0. (1.11)

Now, for any K € L., (€2), let us denote L := —A + K and let us consider the eigenvalue problem with
mixed boundary conditions and glued Dirichlet-Neumann boundary conditions on I'; given by

Lrxp=up in Q,
{%*(Ff“)sozﬁ on AQ. (1.12)

A function ¢ is said to be a weak solution of (1.12) if ¢ € H!(Q) and for each ¢ € H!(Q) the following

holds
ston+fK¢§=uf<p§-
Q Q Q
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The value pu is an eigenvalue of (1.12), if there exists a weak solution ¢ # 0 of (1.12) associated
to u. In that case, it is said that ¢ is a weak eigenfunction of (1.12) associated to the eigenvalue
u. By a principal eigenvalue of (1.12) we mean any eigenvalue of it which possesses a one-signed
eigenfunction and in particular a positive eigenfunction.

Owing to the results in [5, Theorem 1.1] it is known that (1.12) possesses a unique principal
eigenvalue, denoted in the sequel by a?[LK, %*(F’IV )], which is simple and the smallest eigenvalue
of all others eigenvalues of (1.12). Moreover, the positive eigenfunction ¢* associated to it, unique up
multiplicative constant, satisfies that ¢* € H!(Q) and

¢ (x)>0 ae. in Q. (1.13)
Furthermore, 0'? [Lk, QS*(F{V )] comes characterized by
0 I L IVelP + [ K [ Ve P+ [ K(e*)
O-l [£K7 % (rl )] = llnf 5 = >
peH! (\(0} Je [XCS)

Also, owing to [5, Corollary 3.5] the following hold

(cf. [5, (2.27)]). (1.14)

o[ Lk, BV] < o[ Lk, B([TN)] < o[ Lk, D]. (1.15)

In the same way, substituting in (1.12) Q by Q, and B*(I'Y) by B;(T"}'), owing to [5, Theorem 1.1] we
obtain the following variationl characterization for 0'?" [Lx, %S(F{V )]

Jo, IVOP + [, K¢

o[ Ly, BT == inf . (1.16)
weH! (Q0)\(0} Jo,
In the particular case when K = 0, that is, when £, := —A, set

oP[D] := o -A, D],  oP[BN] = oP[-A, B8V,

and
o [B ] = o [-A, BT, P [BT] = P [-A, ByTN)].
Owing to (1.11) and (1.14)—(1.16) the following hold

Jo Vel [ IVe'?

BTN :=  inf = , (1.17)
: : petl@\0) [ @2 )2
IVel? Vo |?
o8] = inf Jo _ Jo —. (1.18)
eeH! (Q\(0 fQ fQO(goO)
and
0 < oP[BY] < o P[B*TN)] < oP[D], (1.19)

Where ¢" and ¢ stand for the positive principal eigenfunctions associated to o QB (FN )] and
0'1 B O(FN )], respectively, unique up multiplicative constant. Taking into account (1.4) and the
variational characterizations (1.17) and (1.18), it is clear that

B ()] < P [BHITN)]. (1.20)
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The statements and proofs of the main findings of this work appear in Proposition 1 and Theorem 1.
The main technical tools used to carry out the mathematical analysis of this work are variational and
monotonicity techniques.

The distribution of the rest of this paper is the following. In Section 2 is given a necessary condition
for the existence of positive weak solutions of (1.1), sharper than (1.7), and some results about the
pointing profile of such solutions. In Section 3 is given a sufficient condition for the exsitence of
positive weak solutions of (1.1) depending on the A-parameter, the spatial dimension N > 2 and the
exponent g > 1 of the reaction term.

2. Necessary condition for the existence of positive weak solutions of (1.1)

In this section is given a necessary condition for the existence of positive weak solutions of (1.1)
sharper than (1.7), and some partial results about the pointing profile and regularity of the weak positive
solutions of (1.1). The main result of this section establishes the following

Proposition 1. Let u be a positive weak solution of (1.1) for the value A of the parameter. Then,

0< o[BI <A (2.1)
and
u>0 in Q. (2.2)
Moreover:
a) If u € L(Q"), then
A< o[BI (2.3)
and
u(x) >0 a.e. in Q. 2.4)
b) If
N >3 d 1 < , 2.5
> an <q N_> (2.5)
then u € HX(Q') for any subdomain &' cC Q.
o) If
N=3 and 1 <g<3, (2.6)

then u € C(K) in any compact subset K C Q).

Proof. Let us denote
o= o[BI, o= o BT

Owing to (1.19) and (1.20) we know that
0<o]<oy.

To prove (2.1), let u € H!(Q) be a positive weak solution of (1.1) for the value A of the parameter.
Then
. fQ [Vul> + fga(x)bﬂ+1

2
Jeyu
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Now, since u(x) > 0 a.e. in Q and a(x) > 0 for all x € QF, we have that

f a(x)ut! = f a(x)u®' >0, (2.8)
Q Qr

and hence, since u € H!(Q) \ {0}, it follows from (2.7), (2.8) and (1.17) that

2 +1 2 2
o JoIVul? + [ aCxus g Jo IVl . Vel
| w? Juw2  eeri@vor [ @2

=0 (2.9)

and therefore,
A= o7 (2.10)

We now prove that (1.1) does not possess a positive weak solution for A = o-}. To prove it we will argue
by contradiction. Let us assume that v € H}(Q) is a positive weak solution of (1.1) for 4 = ¢} and
let ¢ be the positive principal eigenfunction associated to o7}, normalized so that fQ(go*)2 = 1. Owing
to (1.13) and (1.17) we know that

'(x)>0 a.e. in Q (2.11)
and )
. kIVe
O'l = —*2
[XCS)

Since v € H}(Q) is a positive weak solution of (1.1) for A = o > 0, we have that

fa(x) vt < oo,
Q

and for any & € H!(Q) the following holds

vaV§+ fa(x) VviE =0, fvf (cf. (1.5)). (2.12)
Q Q Q
Also, it follows from (1.6) that
f IVv* + fva()c)vqul =0 fvz. (2.13)
Q Q Q

Moreover, necessarily

v>0 in QF, (2.14)
because on the contrary, if

v=0 in QF, (2.15)

then for all £ € H!(Q) we have that
fa(x)vq.f = f a(x)v1éE=0
Q o+

vasza"[fvf Vée H(Q). (2.16)
Q Q

and (2.12) becomes

AIMS Mathematics Volume 8, Issue 6, 12606—-12621.
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Then, v € H/(Q) is a weak positive eigenfunction associated to o} and therefore, owing to the
simplicity of o] guaranted by [5, Theorem 1.1], there exists @ > 0 such that

v =agp in Q. (2.17)

Now, it follows from (2.11) and (2.17) that v(x) > 0 a.e. in Q" which contradicts (2.15). This completes
the proof of (2.14). Then, since (2.14) holds, we have that

fa(x)vq” :f a(xv?! > 0, (2.18)
Q Q-+

and hence, (2.13) and (2.18) imply that

WP+ [ aCov! N N\

2 fz’
Jov v

which contradicts the variational characterization of o} given by (1.17), and completes the proof of the
fact that (1.1) does not possess a positive weak solution for 4 = o7]. This fact, together with (2.10)
and (1.19), complete the proof of (2.1).

We now prove (2.2). To prove it we will argue by contradiction. Indeed, let v € H!(Q) be a positive
weak solution of (1.1) for the value A of the parameter and let assume that v = 0 in Q*. Then, (2.1)
holds,

3k
0

f Vv VE + f a(n?e = A f vé  VéEe H(Q) (cf. (1.5) (2.19)
Q Q Q

and since

f a(xWviéE= | aniE=0  Vée HY(Q),
Q Qr

(2.19) becomes

va VE=2A f vé YV Ee HI(Q). (2.20)
Q Q
Now, since v > 0 in Q, it follows from (2.20) that (4, v) is a principal eigenpair of the problem
-Ap=up in Q,
{ %*(F/lv)go =0 on 0Q, (2.21)

and owing to the uniqueness of the principal eigenvalue of (2.21) guaranteed by [5, Theorem 1.1], we
have that A = o7}, which contradicts (2.1) and completes the proof of (2.2).

We now prove (2.3) and (2.4). If u € H!(Q) N L(Q") is a positive weak solution of (1.1) for the
value A of the parameter, then u is a positive weak solution of the eigenvalue problem

{ (-A+aGu)u=a in Q (2.22)

B (MM )u=0 on 9Q,

where the potential
K = a(x)u®"' € Lo(Q).
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Now, since (2.22) fits into the abstract framework of (1.12), it follows from the uniqueness of the
principal eigenvalue of (2.22) and the structure of its positive eigenfunction, unique up multiplicative
constant (cf. [5, Theorem 1.1]) that

A= -A+a(xu’™", B (@TM)] (2.23)

and
u(x) >0 ae.in Q.

This completes the proof of (2.4). Now, taking into account the variational characterization of the
principal eigenvalue o$*[—A + a(x)u?™", B*(I'Y)] given by

IVel* + |, alout™"¢?
oP[-A+a(x)ut™, BTN = inf Jo Jo
peH! (@\(0) ¢

(cf. (1.14)),

(2.23), the definition of H!(Qy), (1.4) and (1.18), the following hold

[, IVel? + [ axus"¢?

A = infeepayo >
o ¢
, Jo Vel + [ a(xus"¢?
< infyeqiaonol R
2 Q"D 1,2
o Jo, VP + [, atut"¢
= Mlgen! @0} f >
o, ¢
Jo, Vel
= inf . Mo T
Migen! @0} =
o, ¢
= 0'0,

which completes the proof of (2.3).
We now prove b). Let u € H!(Q) be a positive weak solution of (1.1). Owing to the Rellich-
Kondrachov theorem we have that under condition (2.5) the following holds

H'(Q) C Ly, (Q). (2.24)

Then, since u € H!(Q), it follows from (2.24) that u? € L,(Q) and since a € C(Q), we have that the
function
f=—au’ € L,(Q). (2.25)

Now, since u € H'(Q) satisfies
—Au — Au = —au? in €

in the weak sense, owing to (2.25) it follows from [6, Theorem 8.8] that u € H*(Q') for any subdomain
Q) cc Q, which completes the proof of b).

We now prove c). Let u be a positive weak solution of (1.1) and let K be a compact subset of Q.
Let pick up Q' a subdomain of Q satisfying

KcQ ccQ. (2.26)
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Owing to (2.6) it follows from b) that
u€ H Q). (2.27)

Now, since for N = 3 under the general assumptions we have that
H*(Q) c C(Q) (cf. [6, Eq (7.30)]), (2.28)

the result follows from (2.26)—(2.28). This completes the proof of c).
This completes the proof. m|

Remark 1. It should be pointed out that owing to (1.19), (2.1) provides us with a necessary condition
for the existence of positive weak solution of (1.1) sharper than (1.7). In fact, as it will be shown in the
following section, the lower bound about the A-parameter for the existence of positive weak solution
of (1.1) given by (2.1) is optimal.

3. Sufficient condition for the existence of positive weak solutions of (1.1)

In this section is given a sufficient condition for the existence of positive weak solutions of (1.1)
depending on the A parameter, on the exponent ¢ > 1 of the reaction term and on the spatial dimension
N > 2. To prove it are used some of the arguments given in [7, Theorem 2]. The main result of this
section establishes the following

Theorem 1. Assume that
aUBMCN] < 2 < B ITN)] (3.1)

and either:

i) N=2(and g > 1), or

ii)NZ3and1<q<%—3.

Then, (1.1) posseses a positive weak solution. Moreover, if v stands for such a positive weak solution
of (1.1), thenv > 0 in Q.

Proof. At the beginning we remark that (1.19) and (3.1) imply that
2> BT > BN > 0. (3.2)

To prove the existence of a weak positive solution of (1.1) for each A satisfying (3.1), we will consider

the functional | | A
D) = — Vul? + — g+l _f 2,
(1) 2f9| ul q+1fga(X)|u| > Qu

and we will show that it reaches its minimum in a positive function of H!(Q). Before proving the
existence of such a global minimum ¢,, € H!(Q) of ® in H!(Q), we will prove that if it exists, then it
is nontrivial, that is, ¢,, # 0, and it may be considered positive. Indeed, since (3.1) holds, taking into
account the variational characterization of the principal eigenvalue 0'?[58*(1“’1\’ )] we have that

|Vul?
o [B TN = inf fQ—</1
ueH!@\O) [ 12
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Hence, there exists € H!(Q) \ {0} such that

V~2
,1vél o

ke

f|V¢|2—/lf¢>2 <0. (3.3)
Q Q

We can assume that > 0 because on the contrary we can replace @ by |@|.
Since $ € H!(Q), it follows from the Rellich-Kondrachov Theorem that under condition i), that is,
N =2 and g > 1, or under condition ii), thatis N > 3 and g € (1 N—”), we have that ¢ € L, () and

» N—2
hence
f a()F!
Q

Now, for each € > 0, let us consider the positive function

o [BMTY)] <

and therefore,

~19+1
< llallo@lI@lly, ) < oo (3.4)

o, = ep € H/(Q).

<I><¢v>=ez(l f v -2 f 7 f a(x)sb‘f“)
° 2 Ja 2 Ja qg+1Jg

and hence, owing to (3.3) and (3.4), we infer that ®($,) < 0 for € > 0 small enough. Then, a possible
minimum ¢,, € H!(Q) of ® must be nontrivial. Moreover, we can assume that ¢,, > 0 because on the
contrary, since ®(¢,,) = D(|¢,,|), we can replace ¢,, # 0 by |¢,,| > 0.

Now, in order to prove the existence of the global minimum of @ in H!(Q), we will prove that @ is
coercive and weakly lower semicontinuous.

To prove that @ is coercive we will argue by contradiction, assuming the existence of a sequence
u, € H(Q), n > 1 satisfying

We have that

1im a7 ) = o0, (35)
and
1 2 1 a A 2
Ou,) == | Vu,|"+ —— | a)u,|™ — < | u, <C 3.6)
2 Ja q+1Ja 2 Ja
for some C > 0. Then, it follows from (3.5) and (3.6) that
lim ”31 = o0, 3.7
n—oo le)

because on the contrary, if there exists a subsequence on u,, again labeled by n such that

fuﬁsD, n>l1, (3.8)
Q

for some positive constant D > 0, then, since 4 > 0 (cf. (3.2)), it follows from (3.6) and (3.8) that

1 1 1 Pl A
- f Vi, |* < = f Vi, |* + —fa(x)mnrf“ <C+= f u> < C+ =D,
2 O 2 O q + 1 Q 2 Q 2
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and hence
f |Vu,|> <2C + AD,
Q

which implies, together with (3.8), that u,, is bounded in H!(Q), which contradicts (3.5). This proves
that under conditions (3.5) and (3.6), (3.7) holds.

Now, set
Uy
= , n> 1
el
By construction,
Vally) = 1, n>1. 3.9
Taking into account the definition of v,, it follows from (3.6) and (3.9) that
C A
f Vv, [? o f a(OWal™ Nl < += (3.10)
2 el 2
and hence,
2C
f Vvl € ——=—+ 4. (3.11)
Q ”un”Lz(Q)

Now, (3.7), (3.9) and (3.11) imply that v, is a bounded sequence in H!(Q) and therefore, along some
subsequence of v,, again labeled by v,. we have that v, converges strongly in L,(£2), that is

lim v, = Vi@ =0, ve L@, (3.12)

and v, converges weakly in H'(Q),

V=V in H'(Q). (3.13)
It follows from (3.9) and (3.12) that
IVl = 1. (3.14)
Also, owing to (3.10) the following holds
A
— f aQOWl M ] ) < ——— + >
[T n||L2(Q)
Hence,
+1)C  Ag+1
[ atomier = [ aompet < 4EDE  SAED (.15)
: o a2l

and therefore, owing to (3.7) it follows from (3.15) that

lim a(x)|v,l* = 0. (3.16)

Q+

Now, owing to the Fatou Lemma, it follows from (3.12) and (3.16) that

f a(v*! =0,
Q+
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and since a(x) > 0 for all x € Q" we have that
v=0 a.e.in Q. (3.17)

Thus, owing to (3.17) and (3.7), letting n — oo in (3.11) we obtain that

f IVv)? = f Vv < A (3.18)
Q Q

On the other hand, it follows from (3.14) and (3.17) that
IVllzy00) = 1. (3.19)
Also, since by construction v, = 0 on Iy UT?, n > 1, taking into account (3.12) we have that
v=0 on T uI? (3.20)
in the sense of traces. We now show that
v=0 on TIY. (3.21)

Since I') = 0QyNQ = Q* NQ, let us consider the trace operator on I, ¥ € L(H'(QY), Ly(I'))). Owing
to the continuity of ¥, it follows from (3.17) the existence of K > 0 such that

||V|r8||L2(r8) < K”V”HI(Q*) =0,

and therefore v = 0 on Fg, which proves (3.21). Then, (3.18)—(3.21) imply that v € H!(€) and since
IV, = 1, it follows from (3.18) and the variational characterization for 0'?"[233(1"’1\/ )] that

BTN < | IV <4,
Qo

which contradicts (3.1) and proves that @ is coercive.
We now prove that @ is weakly lower semicontinuous in H!(Q). To prove it, let u, be a sequence
such that u, — u. Then, u, is bounded in H'(Q) and

el g1 @) < liminf ||, || o) (cf. [3, Proposition IIL.5]). (3.22)

By compactness we have that , — u in L,(Q2) and hence,

’}13)10 letnll @) = M|y () (3.23)
and
u,(x) = u(x) a.e. in Q. (3.24)
Then, it follows from (3.22) and (3.23) that
f |Vul*> < liminf f [V, (3.25)
Q n—oo Q
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Now, let us consider the sequence f, = alu,|?"' > 0 and f = alu|"'. Owing to (3.24) f,(x) — f(x) a.e.
in Q and hence, the Fatou’s Lemma implies that

fsliminfffn,
Q

—00
Q n

that is,

‘falul‘frl < lim inff alu,|T. (3.26)
Q n—=ee Jao
Now, (3.23), (3.25) and (3.26) imply that

®(u) < liminf O(u,),

and therefore @ is weakly lower semicontinuous.

Then, since @ is coercive and weakly lower semicontinuos, it follows from [8], [4] that ® reaches a
global minimun ¢,, in H!(Q) and, as it was remarked at the beginning of the proof, it may be considered
positive, that is, ¢,, > 0. Now, differentiating ® at ¢,, in any direction & € H!() we obtain that

d
7 2n + 8)li=0 = f Vo Vé + f a(xX)gyé — A f Omé » (3.27)
Q Q Q

and since @ reaches its global minimum at ¢,,, it follows from (3.27) that

f VQOmV§ + f a(x)%(if -4 f ‘pmé: =0,
Q Q Q

which proves, under condition i) or ii), the existence of a weak positive solution ¢,, of (1.1) for any 4
satisfying (3.1). The fact that v = ¢,, > 0 in Q* follows from Proposition 1.
This completes the proof. O
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