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1. Introduction

Over the past decades, the study of nonlinear problems has been the interest of many researchers [5,
10,11, 14,19,24-26]. Also, study of fractional calculus has recently gained great momentum, and has
emerged as a significant research area [5, 7, 15,20,21, 30]. Fractional derivatives provide an excellent
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tool for the description of memory and hereditary properties of various materials and processes; see,
for instance, the contribution [2—4,6, 16,22,23,28,29] and references therein.
The authors in [8] focused on the study of nonlinear jerk problems due to its various physical

applications, as form
d? dy d°
8 5[y, 2,2,
dt3 dt” dt?

In 2020, the authors investigated the existence and uniqueness of solutions for the following nonlocal
generalized fractional Sturm-Liouville and Langevin equations:

‘o ([p(t)@} +q0)
y(0) +x:(y) = y1 €R,
C@ZY(T) +x:(y) =y2 €R,

y(t)) = Tt yd), te[0,T]ay e O, 1],

where ‘Z)fi, CZ)V are the Caputo fractional derivatives, p,q € C([0,T]) with |[p| > K > 0,

Ky, %y C(J) - R are continuous functions and ¥ € C([0,T] X R) [27]. The second derivative of
the accelaration (fourth derivative of position) is a physical quantity called a snap or jounce, which can
be modeled as

d dv dy
D), 2oty 23 =y,
dy :

22 = Y1, Y2, Y3, Ya)-

It is obvious that the model (1.1) can be reduced to the following equation:

d'y; —I( 1 dy, d%, d3Y1)

— 21z 21 1.2
dt* dt’ dt2 7 dt? (12

Scientifically, jerk and snap are the third and fourth derivatives of our position with regard to time,
respectively. The Eq (1.1) contains a 4"-order derivative of the variable y,, and it describes a 4"-order
dynamical vibration model.

The corresponding fractional model is achieved by using the fractional derivative (of order less
than or equal 1) instead of the standard delvatlve ;- Many types of fractional derivatives can be used
here, such as Riemann-Liouville, Caputo, Hadamard etc. We prefer to use the generalized fractional
derivative (GFD), with respect to differentiable increasing function G. In 2020, Liu et al., developed
two iterative algorithms to determine the periods, and then the periodic solutions of nonlinear jerk
equations for two possible cases with initial values unknown and initial values given [13]. The authors
in arecent article [23] considered the G-fractional snap model (GFSM) with constant, initial conditions

CZ)LO?Gy(t) =y, (1), y(t1) = Vo,
cz)j;Gy](t) = yo(t), yi(t) = v,
; (1.3)
CZ)?/T’ yZ(t) = y3(t), Y2(L1) = Vo,
CZ)iiGyg(t) =T (Y, ¥1,Y2,¥3), Yy3(u) = vs,
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where the G-Caputo derivatives are illustrated by the symbol
‘DIe, ne {a/,ﬁ, Y, 6}, 0<np<l,
1

here and the increasing function G € C'([11,¢,]) is such that G'(t) # 0, for each t € [i1,¢,] and
continuous function 7~ belongs to C([¢1,¢] X R*) and Yo, Y1, Y2, Y3 € R. Abbas et al. studied the
following coupled system of fractional differential equations:

RLZ)ZJ “yih) = Tt yi (1), y2 (b)),
RL@Z?;QYz(f) = Ty(t, y1 (1), y2(b)),
for t € [¢1, t;] equipped with the generalized fractional integral boundary conditions
yi(t) =0, yi() = Iii;QYl(m),
y2(72) = 0, ya(e2) = ff:f;g}h(ﬂz),

where o € (0,1], RLDTJ;@ denotes the generalized proportional fractional derivatives of Riemann-
1

Liouville type of order 1 < a; < 2, T ffg that denotes the generalized proportional fractional integrals
1

of order 0 < ; < 1 and 7:,1; € (11,1,) and T; € C([11,12] X R?) [1].

We center our consideration on the problem of the existence and uniqueness along with the Hyers-
Ulam stability (U-H-S) of solutions for fractional nonlinear couple snap system (CSS) in the G-Caputo
sense (GC) with initial conditions

OF i) = wi(t), D va(bh) = ua(h),
D Cu () = wid), <D uy(b) = wah),
D wih) =xi1(h), D walt) = xa(t), (14)

S 1:G _
LDLS Xl(t) - hl(t9 Vi, V2, Uy, U, Wi, Wa, X1, XZ)a

52;G _
C@LT Xo(t) = ha(t, vi, V2, Uy, Uz, Wi, Wa, X1, X2),

subject to the following integral boundary conditions

vi(n) = fLILZ gio(s) ds, Va(u) = j:z g20(s) ds, (1.5)
u () = f“tz gu(s)ds, () = j:z g21(s)ds,
wi(u) = leLZ g12(s) ds, W) = j:z g2(s)ds,
Xi(n) = fj gi13(s) ds, Xa(4) = j:z g23(s)ds,

where the GC derivatives are illustrated by symbol

. 77=G
LDL; , ne {C]k,pk, Tk Sk}’ 0 < gk, > 1> sk < 1,
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here the function G € C!(Z) is increasing with G’(t) # 0, for all t € £ = [1,1,] and the functions
h € CEXR®,(k=1,2)and g € CE,R),(j =0,1,2,3; k = 1,2) are continuous functions. It is
obvious that the CSS (1.4) and (1.5) can be rewritten as

D (-0 (-0 (D)) = et
1 1 1 1
L L2
vilty) = f gro(s) ds, C@f’;ﬁvkmL = f gi(s)ds,

L] 31
)
:f gro(s)ds,
t=q 1

L2
o (o (Do) = [ ewwas k=12
t=1 1

(1.6)

CD?;G (ez)tqlf;GVk(t))

where
By k(1) = Iy (t, vi(t), va(t), "D i (), “DE v,
D (D), D (D vach).
cDLr%;G (CDZJ G (C@Zf Sy, (t))) , CD:IE;G (cz)f}z;G (CDLqTZ;GVZ(t)))) '

The main novelty of this work is that we establish our results with the help of the technique of fixed
point theorems for a fractional nonlinear CSS furnished with generalized operators, which leads to
some general theoretical findings involving the following special cases: G as G(t) = 2, Gy(1) = ¢
(Caputo derivative), G3(t) = In¢ (Caputo-Hadamard derivative), G4(t) = i (Katugampola derivative).

This paper is organized as follows: In Section 2, we present some necessary definitions and lemmas
that are needed in the subsequent sections. In Section 3, we adopt some fixed point theorems to
prove the existence and uniqueness of solutions for problem (1.4). The stability results are extensively
discussed in Section 3.2. An illustrative example is presented in Section 4.

2. Preliminaries

Some primitive notions, definitions and notations, which will be utilized throughout the manuscript,
are recalled here. Consider the function G with assumptions in system (1.4). We start this part by
defining G-Riemann-Liouville fractional (GF-RL) integrals and derivatives [17]. For > 0, the -
GEF-RL integral for an integrable function v : ¥ — R w.r.t G is illustrated as follows

t
o) = = f (G(H) ~ G(o)"' T ()v(e) dor, @b
4 F(T]) 1

where I'(n) = f0+°° e t"1dt, p > 0. Let n € N and G, v € C*(Z) be such that G has the same properties
mentioned above. The ""-GF-RL derivative of v is defined by

DIEv(t) = AT ()

t
f (G(H) - G(0))""' G (0)v(0) do,

1

— 1 A
I'(n-n)

AIMS Mathematics Volume 8, Issue 6, 12576-12605.



12580

in which n = [] + 1, where A = ﬁ The 7™-G-fractional-Caputo derivative of v is defined by
CZ)" Oyt = I ”GA(”)V(’[) in whichn =[] + 1, (n ¢ N), n = n for n € N [17]. In other words,

{EO-GET
oy =1 S, -y o O mER 2)
A'v(1), n=neN.

This extension (2.2) gives the Caputo derivative when G(t) = t [17]. Also, in the case G(t) = Int, it
yields the Caputo-Hadamard derivative. If v € C*(Z), the n'"-G-fractional-Caputo derivative of v is
specified as [18]

0}
DIv() = D)° [v(t) ZAJV(“)(G(t) Gw)|.
1 1 ]

=0
The composition rules for above G-operators are recalled in this lemma.

Lemma 2.1. [I8] Letn—1<n <nandv e C"(X). Then the following holds

A(J)V(Ll)

I DIv() = v(b) - Z [G® - GV,

Jj=0
forallt € . Moreover, if m € N and v € C""™(X), then, the following holds

T [G() = G

ATV, 2.
TG rn—n-meny @3

A (D) () = DIt +
1 1

Observe that from Eq (2.3) if AYv()) = 0, for j = n,n+1,...,n+m— 1, we can get the following
relation
A™ (CD?ij) () = “DO"Ov(), tex
1 1

Lemma 2.2. [12] Letn,v > 0, and v € C(X). Then for each t € £ and by assuming
F, ) = G(t) - G(u), (2.4)
we have

(1) T (125) 0 = T2 vy

(2) D1 (T2%V) ) = vet:

;G 1 _ IO van-1.
(3) L, (F,(0)" = Iﬂ(y_i_n)(l'*ﬂq('f)) (e
; _ I'(v) e
4 CDU;G F, () 1 _ FL] ) 1,.
(4) ‘D (Fat) F(v—n)( (1)
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(5) CO"(F,()) =0, n-1<n<nneN, j=0,1,...,n-1.
1

Theorem 2.3. [9] (Banach’s fixed point theorem) Consider I1 : Y — Y to be a contraction operator,
such that M is a Banach space. Then, there are only one y* € Y, such that II(y*) = y*.

Lemma 2.4. [9] (Krasnoselskii’s fixed point theorem) Assume that B C X is a closed convex and
nonempty, and £, £, : B — X nonlinear operators, such that:

(1) &u + &v € Bwhenever u,v € B;

(i1) &, is a contraction mapping;

(ii1) &, is compact and continuous.
Then, there exists w € B, such that w = L w + Low.

Definition 2.5. [29] Let X,, X, be Banach spaces and Ay, A, : X; X X, — X; X X, be two operators.
Then, the operational equations system provided by

{ ur(t) = Ag(ug, up)(1), (2.5)

u (1) = Ao(uy, up)(d),
is called U-H-S, if there exist a; > 0, (i = 1,...,4), such that, ¥ py,p, > 0, and each solution (uj,u) €
X\ X X, of the identities
ot = Avwt wp)l| < o,
o3 = Asut wp)]| < o,

there exists (Vi,V;) € X X X, a solution of system (2.5), such that

i

Theorem 2.6. [29] Let X1, X, be Banach spaces and A1, \; : X; X X, — X; X X, be two operators
that satisfy

uj = vil| < @ip1 + aops,

u; — V;” < a3p1 + @405

b

{ I, = 5] o o ]+ o — .

||A2(H],U2) - Az(UT,u;)” <a3 ||U1 - UT” + 4 ||UZ — u;|

2

for each (uj,u,), (uj,uy) € X; X X, and if the matrix
-_ (a1 @&
- a3 Q4 ’
it converges to zero. Then, the system (2.6) is U-H-S.
3. Main results
Here, we analyze the existence properties of solutions, and their uniqueness for the proposed
fractional G-CSS (1.6) using Krasnoselskii and Banach fixed point theorems. We need after lemma,

which indicate the corresponding integral equation.
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Lemma 3.1. For given continuous mappings h, g (k = 0,1,2,3) belongs to C(X), and the solution of
the linear G-snap problem is

O (05 (27 (0 v = v

b b
v = [a@de D = [ a@de

. (3.1
D (D) = [ e@rd

3l

o (07 (D vw)) = [ e@rae

Lt

where q, p, 1, s € (0, 1], are formulated by

— L2 L2 M L2 (FLl(t))q+pg2(§)
V(t)—j; go(&) d¢ +  TTgeD -  TgertD dé¢
*E, ) 85(E) o (Featriret
t r(f]+p+r+ 1) d§+£ G(f)r(q+p+r+k)h(§)d§

Define the vector space
X = {w € CER) DI v D% (D1 %,), D° (D% (‘D wh)) e CE R
1 1 1 1 1 1

Then, X}, kK = 1,2, are Banach spaces via the norm

CZ)?T" ;Gvk(t)‘ + sup
tex

vl = sup [vi(H)] + sup D1 (D)
1 1

teX teX

+ sup
teX

L‘D:’i;G (CZ)LPTMG (C.Z)[q_{]_(’GVk(t)))| .

1

Hence, the product space X; X X; is a Banach space with the norm
w1, v2)Il = max {llvall, Ivall}.

3.1. Existence and uniqueness

In view of Lemma 3.1, the solution of the coupled system (1.6) can be given as

(" 2 (F, (1)) g (&)
vi(t) —f“ gro(&) dé + ) Wdf
2 (F, ()P g (§) ds + flz Via(F, (1) Pk g3 ()

y Tl +pe+1) I(gi + pe + e+ 1)

dé

G (é:) hvl,vz,k(é:)dg-

I(qr + pr + re + i)

’ (1 f(t)) K
f
L]
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Define the functional A; : X; — R, such that

_ > (Fy,(0)"gi (&) 2 (F, 1)) " ga()
e A R e s e M ey ol
(» K+ PEFFL t k+Pr+re+sg—1
(F, (D)7 g13(8) dt + f G,(f)(Ff(t))‘f " I, v (€)

0w Tt petrn+1) I(qx + pi + ric + s¢)

dé. (3.2)

Under some conditions, we show next that the functional A : X; X X, — R? is a contraction, where
A 1s given as
A(vi,v) = (Al V1, v2), Ay (vy, Vz))-

Theorem 3.2. Let hy € C(Z x R®), (k = 1,2) be continuous functions. Moreover, assume that

(H1) there exist real constants €, > 0, (k = 1,2), so that

8
it V1, V2, V8) = etV Vs VI < G ) i = Vi, (3.3)
i=1

foranyteX, v;,vi € C([a,b]) and i =1,2,...,8.
Then, the fractional G-CSS (1.6) admits a unique solution on X if ®f < 1, whenever € = max{{;, {,},
O = max{®,, D,} and

(F,, (1)) It Pt (F,, (1p))Prrits
= +
T petritsi+ ) T(pp+r+s+1)
(F, () . (F, (1))

, 34
F(I’k+5k+ 1) F(Sk-i' 1) ( )
with O, < 1.
Proof. First of all, we define a closed bounded ball
B, = {(vi,v2) € Xi x Xp ¢ [l(vi, vo)ll < &},
satisfying
A+ h(l)q)l Ay + hg(bz}
£ > max , , 3.5
{(1 -6 ®@) (1-6D,)
where
F, ax
Ak = MkO + Mkl (1 + —( I(LZ)) )
Ilge + 1)
FL Pk FL qk+Dk
Mo (1 N (F,()) N (F,(n)) )
Fipe+ 1) Tlge+pe+1)
F, Tk F, PitTi F, G+ Dr+ T
e M1+ (F,()) . (F, () N (F, (1)) ’ (3.6)
F(l"k-l-l) F(pk+rk+1) F(qk+pk+rk+1)
and

0
Mkj = SUPf |gkj(§)|d§’ (7=0,1,2,3),

tex A
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. = sup (t,0,0,0,0,0,0,0,0),

Now, define the operator

A1, v2) = (A1(vi,v2), Aa(vi,v2)),

(k= 1,2).

teX

Y (vi, ) € X1 X Xo,

(3.7

where A, is given in (3.2). To show that A(B,) c B,, by using hypotheses (H1), for (v{,v,) € B, and

t e X, we get

IAr(vi, vo)(D)] <

<

< Mo + My

o * (Fy(0)*lg @)
| e+ [

2 (F, ) g (@) 2 (F, ()P g ()

y Dl +pe+1) y Tlge+pe+r+1) a
+ Iff*””’k”“G(mvl,Vz,k(t) — Iy(t,0,0,0,0,0,0,0,0)|
+ |h(t,0,0,0,0,0,0, 0,0)|)
2 (F, ()| gr (&)l
d
f o@lde + [ CEATE g
2 (F, (1) P g (8)] 2 (F, ()P g3 (€)] a

g L@+ pe+ D o T+ pe+rne+1)
. ff;*”k*’k”“G(fk(|v](t)| +va(b)

+ [0V +

‘DI (1)

+[rope (o ;le(t))' "
1 1

O (“1)713;%(0)'

+ CDLQ;G (chil ;@ (C@Zi’le(t)))‘
1 1

+ CZ)?;G (CD?,Q;G (CDZZE’GVQ(t)))‘ )
1 1 1
T hut,0,0,0,0,0,0,0, 0)|)

(F, (i)™

g + 1)
(F ()P

K3
U(gr + pr+ e+ 1)
(F (1) )IiFPRTTIESK

F(qk+pk+rk+sk+1)

(F, (12)) 81"
“Iig + pe+ 1)

(G Qvill + valh) + 7).

Also,
e G 2 (F,y ()P
DL MW < [ lsn@lass | ( r((;)k lg’f)(f)' dé
2 (F 111 ((t))””’k |813(8) d
0 Dk tre+ 1)
AIMS Mathematics
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+ If}k+rk+sk;G(|thyV2’k(t) - h(1,0,0,0,0,0,0,0,0))

+h(t,0,0,0,0,0,0,0, O)I)

: % (F, () |ge@) % (F, () g @)
Sf“ Bu@lde+ | —ro 7 ¥t TTgian+D

+ T2 O+ V(0] + DIV O]+ DE V()

d¢

+[rope (o ;le(t))' ¥
1 1

O (@f;ﬁw(t))‘

+ CDLVl;G (CD? ;G (CZ)?I ;le(t)))‘
1 1 1

+ CZ)?;G (cz)fiz;G (cz)qu,GVZ(t)))‘ )
1 1 1
£ I(t,0,0,0,0,0,0,0, 0)|)

FL Dk FL PitTk
< Mkl + Mkzﬂ +Mk3%

T+ 1) T+ rn+ 1)
F I (G (vl + Dvall) + BY)

(Fu@)"  (Fu@)"
T(pe+ 1) CT(pe+re+ 1)

(Foy (1)) 0
Tt oD (& AVl + Nvall) + A). (3.9)

< Mkl + Mk2

(F,(12)"
['(r,+1)

(Fy ()
ot s r Ty e mall +livald + ). (3.10)

‘“DZJ‘;G (CZ)Zf T (Ar(v1, Vz)(t)))‘ < Mo + My

and

D1 (D8 (D (Autwr, v 0) |

(F, ())*
+ e —
T(s; + 1)

Thus, due to (3.8)—(3.11) and (3.5), we obtain

< M3

(G Avall + lIvally + Ap) (3.11)

IAKVL VDIl = sup [Ag(vi, V)] + sup DL (Ax(vi, v2) (t>1
teX teX

+ sup
teX

CZ)ZJ‘;G ("’Z)ZIF F(Ar(v1,v2)) (t))'

+ sup
teX

D (D (DI (A, v2) (t)))‘

(F, (i)™ )

<
(g + 1)

Mk() + Mkl (1 +

AIMS Mathematics Volume 8, Issue 6, 12576-12605.
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( (Ftl (Lz))pk (Fll (Lz))LIk‘*'Pk )

+ Mk2 1+ +
I(pe+1)  Tlge+pe+1)

() Ful) | F@P(F e
© F(rk+1) F(pk+rk+l) F(qk+pk+rk+1)

FL L qk+PrtTEtSk
+ (Gl (vi.v) 11 + 1) r(q(k ;;i)i —
(Fy s (Fy @)™ (Fy @)
I(pr+ri+se+1) T(r+se+1) T(se+1)
(FH(Q»%)
Tlgi+ 1)

<

Mk() + Mkl (1 +

( (Ftl(LZ))pk (FLI(LQ))qu" )
+ Mk2 1+ +
I(pr+ 1) Tlge+pc+ 1)
( (Ftl(tz))r" (FLI(LZ))PHW (FLI(Lz))qHPHrk )
+Mis |1 + + +
F(rk+1) r(pk+l"k+1) r(Qk+Pk+l’k+1)

(F, (1) )rPErncse (F, ()P
I'gr+pr+r+se+1) T(pr+r+se+1)
(F, (02))*"* N (F,())*
I(re+s¢+1)  I'(sp+1)
<A+ (G + 1) D < &

+ (é’ks + hg)

Hence, we deduce that |[A(v, vy)|| < &, for (v, v2) € B, so A(B,) C B,. Next, we prove that A is a
contraction operator, by using (H1), for (v, v»), (uj,u;) € B, and t € Z, we have

IAK(V1, V2)(1) = Ag(ur, uz)(®)]

< TEPTE () = g )
< TR () = w O]+ () = wa(h)

+ DIV (1) - D Cuy )] +

“DEV () - D un(t)
1 1
+ CDZJ G (CDZJ ;GV1(’£)) - CZ)f’T‘ © (CZ)ZJ ;Gu1(t))|

+ cz)f}z;@ (CZ)Z]?;GVZ(t)) _ cz)tl}z;G (CZ)E?;GUZ(O)|

+ CD:i;G (CZ)? ;G (CDLqul ;le(t)))
1 1 1
_CD:”_:;G (CD?IZG (CDZ{-I ;Gul (t)))‘
1 1 1

+

cz)Lr;;G (CD?;G (CZ)Z?;GVQ(t)))

— D¢ (CZ)ZE;G’ ("Df’lfﬁuz(t)))

)

A+ Pi+T+sKG
< ff’li PEEEE (G (ve = will + (va = wall)

AIMS Mathematics Volume 8, Issue 6, 12576-12605.
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(F ()1

_F(qk+pk+rk+sk+1)

(G (vi = wll + |lv2 = u2lD)) (3.12)

FDL (A1, v2)) () = “DE (Aw(ur,u) ()]
< Ifik+rk+s1<;G th’vz’k(t) _ hu1,uz,k(t)|
1

< 207 (i) = wi O] + va(t) = (o)

+ [ D) - DI P b)
+ [ DI ) - D u )|
+ C'Z)Zrl ;G (CDZ: ;le(t)) _ C.Z)f? ;G (LZ)?T] ;Gul(t))‘

+ CD{?;G (CDqu’GVZ(t)) _ CDfiZQG (CDZ]E,GuZ(t))‘
1 1 1 1

+ CD:};G (Cz)fil ;G (Cz)tq_*l ;GVI (t)))
1 1 1
—cpn ;G (cz)m G (cz)th ;Gul (t)) '
q q q

+

cqy2:G [ c 2:G [ c q2:C
a7 o)

_CD?;G (CD?;G (CD?E;GUZ(D) ' ))
1 1 1
< ff}wmk;@ (i (v =l + llv2 = ualD)

(F (1))Prrrers
- F(pk+rk+sk+l)

G (v =l + llv2 = u2l])) (3.13)

DI (D (Auur, v | &) =D (D (A, w2) )

Ry

<o Gvi—ul+ e —wl), (14

and

‘D ("Z)f]f;G (0137;@ (Aw(v1, vZ)))) (t) —“Dx° (C@fgﬁ (“DZFG (Ax(uy, uz)))) (t)'

F, Sk
< % (G (v =Wl + llva = u2l])) . (3.15)

Therefore, due to (3.12)—(3.15), we get
IAK(V1, v2) = Ar(ug, up)|

< (F, (1) )i Pricts (F (1))Prrriers
- F(qk+pk+rk+sk+1) F(pk+rk+sk+1)
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N (F, (1)) N (F, ()%
I'(re+s,+1) T(sp+1)
< Ol (v — gl + [[va —up]) .

(G (v = w [ + llv2 = u2l))

Consequently,
1AV, v2) = Alag, w)ll < DLI(vi, up) = (va, w)l.

Since ®¢ < 1, therefore, A is a contraction operator. Thus, by Banach’s fixed point Theorem 2.3, the
operator A has a unique fixed point, which is the unique solution of fractional G-snap system (1.6) and
the proof is finished. O

Next, we are ready to study the existence of solution of fractional G-(CSS) (1.6). For this regaed,
we define the operators Q,I1 : X; X X, — R%,Q = (Q;,Q,),I1 = (I1;,I1,), such that A, = Q; + I,
where

Qv () = f (e LI e (3.16)
kHk B 0 F(qk + P+t Sk) vivak ’ )
and
(o) = fug @ de+ O (7 @
o 0 K0 1—‘(q,’c + 1) 0 “
2 (F, (1) %P gin(€) N 2 (F,, (1) 3Pk gra (&) dé. (3.17)
y Dl +pe+1) w gt petrn+1)

Theorem 3.3. Let h, € C(Z x R®), (k = 1,2) be continuous functions. Moreover, assume that
(H2) there exist real constants A, > 0, (k = 1,2), so that
|h(t, Vi, Vo, o, Vo) < Ak, VieX&v, e C), (i=1,2,...,8).
Then, the fractional G-CSS (1.6) has at least one solution on X.
Proof. At the beginning, we define a closed bounded ball
B, = {(vi,v2) € X; X X5 ¢ [I(vi, v)ll < 7},

which satisfying
r > max{r, r}, (3.18)

where

F, a
ry = MkO + Mkl (1 + —( 1(L2)) )

(g + 1)

(F, @) (F, (1) %*P
+ M |1+ +
Iipr+1) Tlge+pet D)
(F, @)% (F, ()P "' (F, (tp)) ke Pictre
+ Mz |1+ + +
F(rk+1) F(pk+l’k+1) F(qk+pk+l’k+1)
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(F, (1))

F(qk+pk+rk+sk+1) ke

Firstly, we will prove Qv + ITu € B,. By using (H2), for v = (v, v2),u = (u;,u;) € B, and t € [a, b],
we have
(F, )y

Q 5 < 5
1€2% (v, Vo)l Tt petrntstl k

(3.19)

and

qk
T (ur, w)ll < Mo + M (1 N %)
N (F, ()™ N (F,, (12))3+Px )
T(pe+1) T(g+pe+ 1)
(F, ()™ N (F,, (1))Pr+7e . (F,, (o)) Petne )
C(re+1) T(pp+r+1) D(ge+pi+r+1))

+ M, (1

+ M (1 + (320)

Hence, from (3.19) and (3.20), we have

192 (v1, v2) + I (uy, up)|
FL dk
< Mk() + Mkl (1 + —( I(LZ)) )
L(gr + 1)
(F, ()™ N (F, (1)) 1P )
Cpr+ 1) Tlge+p+ 1)
(F, ()™ N (F, (t2))Prm N (F (1)) terpri
F(I’k-f‘l) F(pk+l’k+1) F(qk+pk+rk+1)
FL Gk PrtTitSk
(F, () A<r
F(qk+pk+rk+sk+1)

+ Mk2(1 +

+Mk3(1+

Then,
12(v1, v2) + II(uy, w)l| < r,
this implying that Qv + ITu € B,.
Secondly, we will prove that the operator II is a contraction mapping. It is clearly that 1 is a
contraction with the constant zero. Thus, II is a contraction operator.

Third, we will prove that the operator € is a continuous. Let (v, 1, v,2) be a sequence of a bounded
ball B,, such that (v, 1,V,2) = (v, v2) as n — oo in B,, we find that

(€2 (V15 Va2)) () — (i (v1, v2))(D)]
- ft G,(f)(FH(f))qk+pk+r"+sk_l

Ju T+ pr+ i+ s1)
(FL1 (Lz))qk+pk+rk+sk

ST+ pe+re+ s+ 1)

|hv,,,|,v,,$2,k(§) - hv|,vz,k(é‘:)| d{f

hvn,l,vn,z,k(-) - hvl,vz,k(-)” .

By continuity of Ay, v, x, we have

1€24(Vn,1, Vin2) = E4(V1, V2)ll = 0,

AIMS Mathematics Volume 8, Issue 6, 12576-12605.
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as n — oo. So, (2 is a continuous operator.
Fourth, we will prove that the operator € is a compact operator. By using (H2), forv = (v, v»),€ B,
and t,,t, € X with t, < t,, we have

(€ (v1, va))(t,)— (€ (V1, v2))(ty)l
ty G F, (t G+ prtritse—1
< f (&)(F,,(12)) hy o2 (E)E
o D(ge + pr+ rie + s1) o
ft" G (E)(F,, (ty))ntpetnts-]
u L(gx + pr + re + s1)
ty FL 1), )2kt Prtritsp=1
< f GOE, 0 Iy, v, 1(§) A
0 Dlge+ pi+ric+ sp)
f 0 G (E)(F,, (1)p) et Prtrictsi=]
0 D+ pi+ i+ s1)
ty G’ FL t q/\,+pk+rk+sk—l
+ f (é:)( l( 2)) hvl,Vz,k('f) d‘f
t U(gx + pi + 1 + 51)
[ Futyrees s
- kF(qk+pk+rk+sk+l) F(qk+pk+rk+sk+1)
(Fy () reries
kF(qk + pit e+ S+ 1)

th,Vz,k(‘f) d‘f‘

hy, v, 6(&) df‘

+A4

As t, — t,, we obtain

(v, va))(ty) — (Q(vi, v2)) ()l — O,
impling that Q is equicontinuous. Furthermore, in view of (3.19), Q is uniformly bounded. Hence,
due to the Arzeld-Ascoli theorem, we deduce that €2 is a compact operator. Then, all the conditions
of Theorem 2.4 are holding. Thus, fractional G-CSS (1.6) has at least one solution (vy,v,) € B,. The
proof is completed. O

3.2. Ulam-Hyers stability

In this part, we review the stability criterion in the context of the U-H-S for solutions of the fractional
G-CSS (1.6).

Theorem 3.4. Let (H1) and ¢ < 1,(k = 1,2) hold. Then, the fractional G-CSS (1.6) is U-H-S.
Proof. According to Theorem 3.2, we have
IAK(V1, V2) = Ar(ug, )| < Oplillvi — wil] + @plillva — usl,

which yields that

AV, v2) = Aug, w)l| < &' % (”Vl - ul”),

[[v2 — uy|

where

[x)

(Dl Dl
T \Dy, D0
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Since @, < 1 and each geometric sequences (Oyf;)" — 0, hence =" — 0 as n — oo. Therefore, due
to Theorem 2.6, the fractional G-CSS (1.6) is U-H — S. O

4. Application

We allow here a few illustrations of the fractional G-CSS, based on numerical recreation to analyze
their solutions. In these cases, we consider distinctive cases of the function G to cover the Caputo,
Caputo-Hadamard and Katugampola adaptations.

Example 4.1. Based on the system (1.6), by assuming ¥ = [0.05, 0.95],
q=073€,1], ¢ =036€(,1], p; =092€(0,1], p,=045¢€(0,1],

r=012€(0,1], rn»n=087€(0,1], s =054¢€(0,1], s,=0.27€(0,1],

we consider a fractional CSS as

DI = wit), DY va(b) = uah),
DO ) = wih), DL uy(t) = wa(h),
O Wi =xi(t), DT wa(t) = xa(h),

5t arctan®(v,)

+
36(V15 +12) 36 (7 + arctan?(vy))
exp(|va| + 1) 1 , u
+ — arcsin

36 (V15 + exp(va)) 72 V36 +u
N t  sin|uy) exp(wy) w3
3615 + si121 lual  36(V7 +exp(wy)) 108 (wy +3)° 4.1)
N (x1X2)
54 (x1x, + 21)?
. 2 tan’
D () = oy

VAR +49)  15(7+ an’(v,)

cos?(|Jva| + 1) 1 3u,
+ — arctan

+
36 (V15 + cos(val)) 25 V6 +u
arctan [u,| |wq] + 3 exp(wy)
+ 2
45 + arctan|uy| 48 (lwi| +5)"  45(V12 + exp(w))
(X1 +X2)

VIO (x; + Xy + 21)%

D) =

forteXand

LD L2
Vi) = f %ds = 0.2250, Va(ty) = f Vs ds = 0.6098,
L

thz 2 2 3
u () = 5 ds = 0.0571, uy(ey) = f Esds = 0.6750,

3}
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153 L2
wi(t) = f 2 ds =0.3181, Wo(ty) = f ﬁ ds = 0.0871,
3 \/E L 7
LD L)
x1(y) = f sin(zrs) ds = 0.6287, Xo(11) = f cos(ms)ds = 0.
L L
Clearly,
h] (t’ Vi, Va, U1, Uy, Wi, Wy, X, X2)
_ 5t . arctan®(v,) . exp(|va| + 1)
36(VIS+12)  36(7+arctan’(v) * 36( V15 +exp(val))
1 . u t  sin|uy| exp(wy)
+ — arcsin ——— + — -
72 V36 +u; 3015 +sinfuw|  36(V7 + exp(wy))
4 Wi (X1X2)®
108 (wy +3)> 54 (x1xp +21)*
and

hy(t, Vi, Vo, up, un, Wi, Wa, Xq, X2)
t2 tan®(v;) cos?(|vo| + 1)

T o\3 3(12 + 49) 15 (7 + tan®(vy)) 36 ( V15 + cos2(|v2|))

N + 1 arctan arctan [u,| N |wi|+ 3
\/ 6 +u, " 45 1 arctan | 48 (jwy| + 5)°
exp(wa) (X1 + Xp)°

45(V12 + exp(wz))  VIO(x; + Xz +21)*

Thus, we can rewrite the above system as Eq (1.6). At present, we will have

|h1(t,V1,V2, s vg) = (L vy, vs, . ,V§)|

_ 5t . arctan®(v,) . exp(|va| + 1)
36(VI5 +12) | 36(7+arcan’(v) * 36(VT5 + exp(va))
t  sin|val exp(Vvs)

I e+ 6 S s 36(V7 + exp(v))
N ve (V7vg)?

108 (v6 +3)* 54 (vyvg +21)°

5t arctan’(v}) exp(Jv;| + 1)

B (36( VI3 +0) 36 (7 + arctan®(v})) " 36 (V15 + exp(lv3))
+ i arcsin —V§ + * sin v + expvs)

72 Q/m 36 1S +sin vy 36(V7 + exp(vi))

A (viv3)’ ))

108(v;+3) 54(vivy +21)

93
<= ) Wvi—vil,
36 —

AIMS Mathematics Volume 8, Issue 6, 12576-12605.



12593

with €, = = and

* k *
|l’l2(t, Vi, Vo, Vg) - hz(t, VisVoeons

_ t2 . tan>(v;) N cos?(Jvo| + 1)
2\fkﬂ-+49) L5 (7 +an’(vi) 36 V15 + cos(|va)))
+ 1 arctan arctan |vy| N [vs| + 3

m 45 + arctan |[vq| 48 (|vs| + 5)°
exp(Ve) N (v7 + vg)*
45(V12 + exp(ve)) V10 (v7 + vg + 21)
t2 tan*(v}) cos*([vj| + 1)
(2V@a24-49)+ L5(7+4an%vp)4_36(\ﬁ§¥+co§av;n
1 arctan |v}| Vil + 3
+ -— arctan

3v;
+
56 + v; 45 + arctan |v}| 48 (|V§| N 5>2

A=

+
45(VI2 +exp(vy)) VIO (vj +vj +21)

with €, = 5 \f So € = #g Now, from (3.6), we consider four cases for G as:
e Gi(n =2,
e Gy(1) =t (Caputo derivative),
e G3(v) = In¢ (Caputo-Hadamard derivative),
e Gy4(t) = Vi (Katugampola derivative).

Thus,
_E @ (@)
I'gy+pr+r+s1+1) T(pe+r+s1+1)
0.4091, G =2,
(Fy@)™  (Fy@)" | 04106, G0 =1, w
L(ri+si+1) T'(si+1) 1.7597, G;() = Iny,
0.3473, G4() = Vi,
and
®, = ) N (F, ())rmre
g+ pr+r+s,+1) T(pr+r+s:+1)
0.3370, G() =2,
(Fy@)™  (Fy@)? | 03383, G =t 4.3)

C(ro+s:+1) T(s:+1) | 1.4912, Gi@) = Iny,
0.2826, Gu(1) = VL.
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Hence,

2.9461,
2.9567,
12.9144,
2.5009,

and we have

0.4091 < 1,
0.4106 < 1,
1.7936 £ 1,
0.3473 < 1,

oL

1R

Gi(v =2,
Ga(v) =1,
Gs3() = In,
Gu() = \/Z,

G =2,
G =1,
G3(t) = Iny,
Gu(v) = V.

On the other hand, by using equations in (3.7), we get

teX

My, = sup f 91,6 dé = 0.6328,

for j=0,1,2,3 and

1 = sup |h(t,0,0,0,0,0,0,0,0)| =

teX

h3 = sup |hy(t,0,0,0,0,0,0,0,0)| =

tex
fork =1,2. By employing Eq (3.6), we obtain

FL q1
A] = M]() +M11 (1 + ( I(LZ))

M;;

r(q1+1>)+M‘2(1+

= sup f 21, d€ = 0.7632,

teX

1

%a+ﬁf
1 1

2V§+1&L+VEY

36

(F, ()"
+

(F, ()™ )
I(py+ 1)

[(gi+pi+1)

M1+ (F, ()" N (F,, ()P (F, (rp))artpn ,
I'm+1) TI'(pr+nrnn+1) I'(gg+p1+r+1)
34102, Gi(t) =2,
34173, Go(1) =1,
] 93326, Gi) = 1ny,
3.1122, Ga() = i,
FL q2 F[ P2 FL q2+p2
Ay = Moy + Moy (1 N (F, (1) )+ M22(1 N (F, () (F, (1) )
I'(g2+ 1) [(pp+1) T(g2+pr+1)
(F,()?  (F, ()P (F, (p))rp2tr
+ M23 1+
F(I"2+ 1) F(p2+l’2+ 1) F(q2+p2+r2+ 1)
4.4208, G;() =2,
4.4285, Gy(t) =1,
] 9.8667, Gs(0) = Iny,
4.0927, Gu() = \/Z,
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and so we can choose

72317, Gi() =2,

A+ h(l)d)l Ay + hgcl)2} N 7.2597, G,(1) =,

(1= 6@))" (1 - 6,D,) —14.7276, Gs() = Inu,
6.1479,  Gu() = VL.

sZmaX{

We define the Algorithm 1 for obtaining the values of ®, A; and &, which is shown in the MATLAB
commands. One can check numerical results of ®, A; and € in Tables 1 and 2 for 1 € [0.05,0.95], and
in Figure 1. Accordingly, all requirements of Theorem 3.2 hold, and so the fractional nonlinear couple

snap system (CSS) in the G-Caputo sense (GC) with initial conditions (4.1) has one unique solution
on the [0.05,0.95].

—a—6,=2
— ¥ Gyl 12t
50 Gyeini 1

_::W of
0 =¥ .

Ay

(a) A (b) Ay
10
5k
—8—G,=2
or —h—G,=i
o Gg=ini
9 —8—G =i05)
5
0f
45 . . . .
0 02 0.4 06 08 1 1.2
L
(c)e>

Figure 1. Graphical representation of A;, A; and € for ¢ € [0.05,0.95] in Example 4.1.
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Table 1. Numerical values of ®¢, A;, A, and € in Example 4.1 V¢ € [0.05,0.95] when G; = 2

and G, = «.
Gi(v) =2 G0 =1
L oL A] Az E> of Al A2 g2
0.05 0.4092 0.0000 0.6098 1.4836 0.4107 0.0000 0.6098 1.4886
0.13 0.4092 0.0916 0.8907 1.9071 0.4107 0.0918 0.8915 1.9142
0.21 0.4092 0.2602 1.1697 2.3280 0.4107 0.2608 1.1713 2.3371
0.29 0.4092 0.4976 1.4321 2.7238 0.4107 0.4986 1.4344 2.7347
0.37 0.4092 0.7921 1.6660 3.0766 0.4107 0.7938 1.6687 3.0888
0.45 0.4092 1.1297 1.8627 3.3733 0.4107 1.1321 1.8658 3.3867
0.53 0.4092 1.4944 2.0267 3.6206 0.4107 1.4976 2.0300 3.6348
0.61 0.4092 1.8697 2.2517 3.9599 0.4107 1.8736 2.2552 3.9752
0.69 0.4092 2.2394 2.5593 4.5209 0.4107 2.2441 2.5634 4.5429
0.77 0.4092 2.5889 29421 5.1124 0.4107 25943 29469 5.1371
0.85 0.4092 29058 3.3892 5.6758 0.4107 29119 3.3949 5.6977
0.93 0.4092 3.1810 3.8873 6.4269 0.4107 3.1877 3.8940 6.4518

Table 2. Numerical values of ®¢, A, A; and € in Example 4.1 V¢ € [0.05,0.95] when G5(¢) =
In¢ and G4(1) = L.

63 =In. G4 \/Z
L DL A Ay g2 DL A Ay €2
0.05 1.7937 0.0000 0.6098  —2.4433 0.3474 0.0000 0.6098 1.2925
0.13 1.7937 0.2549 15187  -=2.7789 0.3474 0.0835 0.8562 1.6360
0.21 1.7937 0.7237 23707  -3.3959 0.3474 0.2373 1.1034 1.9805
0.29 1.7937 1.3828 3.1158  —-4.2635 0.3474 0.4537 1.3383 2.3081
0.37 1.7937 2.1996 3.7133  -5.3387 0.3474 0.7224 1.5507 2.6041
0.45 1.7937 3.1339 4.1339  —6.5685 0.3474 1.0303 1.7330 2.8582
0.53 1.7937 4.1410 4.3933  -7.8940 0.3474 1.3629 1.8890 3.0758
0.61 1.7937 5.1740 4.8174  -9.2538 0.3474 1.7053 2.1001 3.3700
0.69 1.7937 6.1876 5.4819 —10.5880 0.3474 2.0427 23850 3.7672
0.77 1.7937 7.1402 6.3609 -11.8418 0.3474 23617 27371 4.2581
0.85 1.7937 7.9969 7.4169 —12.9695 0.3474 2.6511 3.1472 4.8298
0.93 1.7937 8.7318 8.6033 —13.9368 0.3474 29026 3.6035 5.4660

5. Conclusions

In this paper, we defined a new fractional mathematical model of a BVP consisting of a coupled
snap equation with integral boundary conditions in the framework of the generalized sequential G-
operators, and turned to the investigation of the qualitative behaviors of its solutions, including

AIMS Mathematics
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existence, uniqueness, stability and inclusion version. To confirm the existence criterion, we used
the Krasnoselskii theorem, and to confirm the uniqueness criterion, we utilized the Banach theorem.
Different kinds of stability criteria were studied based on the standard definitions of these notions. In
the final step, we designed examples, and, by assuming different cases for the function G and order g,
we obtained numerical results of these two suggested fractional coupled snap systems in some versions,
such as Caputo, Caputo-Hadamard and Katugampola.
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Appendix
Algorithm A1: MATLAB lines for Example 4.1.
1 clear;
2 format short;
3 syms v e;
4 g.1=0.83; g.2=0.36; p.1=0.92; p_2=0.45;
5 r.1=0.12; r_2=0.87; s_.1=0.54; s.2=0.27;
6 iota_1=0.05; iota_-2=0.95;
7 Gl=2"v; G2=v; G3=log(v); G4=sqgrt (v);
8 g-10=v/2; g_20=sqgrt (v);
9 g-11=v"2/5; g-21=3%v/2;

10 g-12=v/sqrt(2); g-22=sqrt(v)/7;
11 g_-13=sin(v*pi); g_-23=cos (v*pi);
12 mathrmv_l=int (g_-10, v, iota.l, iota-2);
13 mathrmv_2=int (g-20, v, iota.l, iota-2);
14 mathrmu_l=int (g_-11, v, iota.l, iota-2);
15 mathrmu_-2=int (g_-21, v, iota.l, iota-2);
( )
( )
( )
) 4

’
’

16 mathrmw_l=int (g_-12, v, iota.l, iota-2);
17 mathrmw_2=int (g_22, v, iota.l, iota-2);
18 mathrmx_l=int (g_-13, v, iota.l, iota.2
19 mathrmx_2=int (g_-23, v, iota.l, iota-2);
20 el11.1=5/36; el1_2=1/(5+sqrt(3));

21 ell=max(ell_1l,ell_2);

22 h_1.0=5/36+1/(36x (1l+sqrt(7)));

23 h_2_0=1/(5xsqrt (3))+1/(18* (l+sgrt (15)));
24 $G1

25 t=iota_l;

26 column=1;

27 nn=1;

28 while t<iota_2+0.08

29 MTI (nn, column) = nn;

30 MI (nn, column+1l) = t

31 Phi,lz(eval(subs {v}, {iota- 2})

32 —eval (subs ( {v} {iota-1}))) " (qa- 1+p l+r_1+s_1).

33 /gamma (q- l+p l+r 1+s_1+1)+ (eval(subs , {v}, {1ota,2}))
34 -eval (subs (G1, {v}, {iota-1})) p 1+r 1+s 1).

35 /gamma (p- l+r l+s 1+1)+ (eval(subs , {v}, {1ota,2}))

36 -eval (subs (G1, {v}, {iota-1}))) (r- 1+s 1).
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, {v}, {iota-2}))

s,l)/gamma(s,1+1),

/gamma (r_ l+s l+1) (eval (subs (
-eval (subs (G1, {v}, {iota. 1}) "
MI (nn, column+2) Phl,l*ell,l,
MI(nn,column+3)*Phi 1xell_1<1;
Phi,2=(eval(subs {v}, {iota- 2})
—-eval (subs ( {v} {iota-1}))
/gamma (q- 2+p 2+r 2+s_ 2+1)+(eval(subs (G1,
-eval (subs (G1, {v}, {iota_1}))
/gamma (p- 2+r 2+s 24+1)+ (eval(subs
-eval (subs (G1, {v}, {iota- 1}) "
/gamma (r_ 2+s 2+1) (eval (subs (
-eval (subs (G1, {v}, {iota- 1}) "
MI (nn, column+4) Ph1,2*ell,2,
MI (nn, column+5)=Phi_2+xell_2<1;

(g- 2+p 2+r_2+s.2) .

{v}, {1ota 2}H))

p 2+r_2+s.2) .

, v}, {1ota 2H)

(r- 2+s 2) .

, v}, {1ota 2H)

s,2)/gamma(s,2+1),

Phi=max (Phi_1, Phi_2);

MI (nn, column+6) =Phi;

MI (nn, column+7)=Phixell;

MI (nn, column+8)=Phixell<];
M_10=int (abs(g-10), v, iota-l, t);
MI (nn, column+9)=M_10;

M_11l=int (abs(g-11), v, iota-l, t);
MI (nn, column+10)=M_11;
M_12=int (abs(g-12), v,
MI (nn, column+11)=M_12;
M_13=int (abs(g-13), v,
MI (nn, column+12)=M_13;
M_20=int (abs (g-20), v,
MI (nn, column+13)=M_20;
M_21=int (abs(g-21), v,
MI (nn, column+14)=M_21;
M_22=int (abs(g-22), v,
MI (nn, column+15)=M_22;
M_23=int (abs (g-23), v,
MI (nn, column+16)=M_23;
M_1j=max (max (max (M_10,
MI (nn, column+17)=M_17;
M_2 j=max (max (max (M_20,
MI (nn, column+18)=M_27;

iota.l, t);
iota.l, t);
iota_.l, iota.2);
iota.l, t);
iota.l, t);
iota.l, t);
M_11),

M_12),M.13);

M_21),M.22),M.23);

Delta_1=M_10+M_ 11*(1+(eval(subs(G1 {v}, {iota-2}))
-eval (subs (G1, {v}, {iota-1}))) " (g-1)/gamma(g-1+1))...
+M,12*(1+(eval(subs(Gl {v}, {lota,2}))

—-eval (subs ( {v} {iota-1}))
+(eval(subs , {v}, {iota-2}))
—eval (subs ( {v} {iota-1}))) " (g-1+p-1)/gamma (g-l+p-
+M,13*(1+(eval(subs(Gl {v}, {lota,2}

—eval (subs ( {v} {iota-1}))) " (r-1)/gamma (r_-1+1)...

“(p-1) /gamma (p-1+1) ...

+(eval(subs , {v}, {iota- 2})
—eval (subs ( {v} {iota- l}))) (p-l+r_1)/gamma (p_l+r_
+(eval(subs , {v}, {iota-2})).

)) "

—-eval (subs ( {v} {iota-1})
/gamma(q,l+p,l+r,l+l)),
MI (nn, column+19)=Delta.l;

g.l+p-l+r-1)...

Delta_2=M_20+M_ 21*(1+(eval(subs(Gl {v}, {iota-2}))
-eval (subs (G1, {v}, {iota-1}))) " (g-2)/gamma(g-2+1))...
+M,22*(1+(eval(subs(Gl {v}, {lota,2}))

—-eval (subs ( {v} {iota-1}))
+(eval(subs , {v}, {iota-2}))
—-eval (subs ( {v} {iota-1}))
+M_23% (1 (eval(subs(Gl, {v},

“(p-2) /gamma (p-2+1) ...

(g-2+p-2) /gamma (q-2+p-
{lota,2}
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—eval (subs ( {v} {iota_1}))) " (r-2)/gamma (r_2+1) .
+(eval(subs , {v}, {iota2})).

—eval (subs ( {v} {iota_1}))) " (p-2+r_2)/gamma (p_2+r_2+1) ...
+(eval(subs , {v}, {iota2})).

—eval (subs ( {v} {iota-1}))) " (g-2+p-2+r_2).

/gamma(q,2+p,2+r,2+1)),

MI (nn, column+20)=Delta_-2;
Dl=(Delta_-1+h_1_0*Phi_1)/(1-ell_1+«Phi_1);
MI (nn, column+21)=D1;
D2=(Delta-2+h_2_0*Phi_1)/(1-ell_2%«Phi_2);
MI (nn, column+22)=D2;
MI (nn, column+23)=max (D1, D2);
t=t+0.08;
nn=nn+1;

end;

$G2

t=iota_l;

column=25;

nn=1;

while t<iota_2+0.08

MI (nn, column) = nn;

MI (nn, column+l) = t;

Phi,1=(eval(subs {v}, {iota- 2})
—-eval (subs ( {v} {iota-1}))) " (g- l+p 1+r_1+s.1).
/gamma (q_ l+p l+r l+s_ l+1)+(eval(subs (G2, {v}, {1ota 2}1))
-eval (subs (G2, {v}, {iota_1})) p l+r_1+s.1).
/gamma (p- l+r l+s 1+1)+ (eval(subs , v}, {1ota 2H))
-eval (subs (G2, {v}, {iota- 1}) “(r- l+s 1).
/gamma (r_ l+s l+1) (eval (subs (G2, {v}, {1ota 2H)
-eval (subs (G2, {v}, {iota- 1}) ” s,l)/gamma(s,1+l),

MI (nn, column+2) Phl,l*ell,l,
MI(nn,column+3)*Phi 1xell 1<1;

Phi,2=(eval(subs {v}, {iota- 2})
—-eval (subs ( {v} {iota-1}))) " (g- 2+p 2+r_2+s.2) .
/gamma (q_ 2+p 2+r 2+s_ 2+1)+(eval(subs (G2, {v}, {1ota 2}1))
-eval (subs (G2, {v}, {iota_1})) p 2+r_2+s.2) .
/gamma (p_ 2+r 2+s 2+1)+ (eval(subs , v}, {1ota 2H))
-eval (subs (G2, {v}, {iota- l}) “(r- 2+s 2).
/gamma (r_ 2+s 2+1) (eval (subs (G2, {v}, {1ota 2H))
-eval (subs (G2, {v}, {iota- l}) - s,2)/gamma(s,2+l),

MI (nn, column+4) Phl,Z*ell,Z,

MI (nn, column+5)=Phi_2+xell_2<1;
Phi=max (Phi_1, Phi_2);

MI (nn, column+6) =Phi;

MI (nn, column+7)=Phixell;

MI (nn, column+8)=Phixell<1;
M_10=int (abs(g-10), v, iota-l, t);
MI (nn, column+9)=M_10;

M_11l=int (abs(g-11), v, iota-l, t);
MI (nn, column+10)=M_11;

M_12=int (abs(g-12), v, iota-l, t);
MI (nn, column+11)=M_12;

M_13=int (abs(g-13), v, iota-l, t);
MI (nn, column+12)=M_13;

M_20=int (abs(g-20), v, iota-l, iota-2);
MI (nn, column+13)=M_20;

M_21=int (abs(g-21), v, iota-l, t);
MI (nn, column+14)=M_21;

M_22=int (abs(g-22), v, iota-l, t);
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155
156
157
158
159
160
161
162
163

MI (nn, column+15)=M_22;
M_23=int (abs(g_.23), v,
MI (nn, column+16)=M_23;
M_1j=max (max (max (M_10,
MI (nn, column+17)=M_17;
M_2 j=max (max (max (M_20,
MI (nn, column+18)=M_27;
Delta_.1=M_10+M_ 11*(1+(eval(subs(G2
-eval (subs (G2, {v}, {iota_1}))

iota.l, t);
M_11),

M_21),

M_12),

M_22),

M_13);
M_23);

{v}, {iota-2}))
“(g-1) /gamma (g-1+1)) ...

164 +M,12*(1+(eval(subs(G2, {v}, {lota,2}))

165 -eval (subs (G2, {v}, {iota-1}))) (p-1)/gamma (p-1+1).

166 +(eval (subs (G2, {v}, {iota_2}))-eval (subs (G2, {v}, {1ota 1} (g-l+p-1).
167 /gamma (q-1+p-1+1))+M_13* (1+ (eval (subs (G2, {v}, {iota-2}))

168 -eval (subs (G2, {v}, {iota-1}))) (r-1) /gamma(r 1+1) .

169 +(eval (subs (G2, {v}, {iota- 2}) eval(subs {v} {1ota 11))) " (p-1+r-1).
170 /gamma (p-l+r_1+1)+ (eval (subs (G2, {v}, {1ota 2H)

171 -eval (subs (G2,{v}, {iota-1})) (q,1+p,1+r,1 /gamma(q,1+p,1+r,l+l));
172 MI (nn, column+19)=Delta.l;

173 Delta_2=M_20+M_ 21*(1+(eval(subs(G2 {v}, {iota-2}))

174 -eval (subs (G2, {v}, {iota-1}))) " (g-2)/gamma(g-2+1))...

175 +M,22*(1+(eval(subs(G2 {v}, {lota,2}))

176 —eval (subs ( {v} {iota-1}))) " (p-2)/gamma (p-2+1) ...

177 +(eval(subs , {v}, {iota-2}))

178 —eval (subs ( {v} {iota-1})) (g-2+p_-2) /gamma (g_2+p_2+1)) .
179 +M,23*(1+(eval(subs(G2 {v}, {lota,2}

180 —eval (subs ( {v} {iota-1}))) " (r-2)/gamma (r_-2+1) ...

181 +(eval(subs , {v}, {iota- 2})

182 —eval (subs ( {v} {iota- 1}))) (p-2+r_2)/gamma (p_2+r_2+1) .
183 +(eval(subs , {v}, {iota-2})).

184 —eval (subs ( {v} {iota-1}))) " (g-2+p-2+r_2).

185 /gamma(q,2+p,2+r,2+l)),

186 MI (nn, column+20)=Delta_-2;

187 Dl=(Delta_.1+h_1_0xPhi_1)/(1-ell_1xPhi_1);

188 MI (nn, column+21)=D1;

189 D2=(Delta_2+h_2_0xPhi_1)/(1-ell_2xPhi_2);

190 MI (nn, column+22)=D2;

191 MI (nn, column+23)=max (D1, D2);

192 t=t+0.08;

193 nn=nn+1;

194 end;

195 %G3

196 t=iota_l;

197 column=49;

198 nn=1;

199 while t<iota_-2+0.08

200 MI (nn, column) = nn;

201 MI (nn, column+l) = t;

202 Phi,l=(eval(subs {v}, {iota- 2})

203 —-eval (subs ( {v} {iota-1}))) " (g- l+p l+r_1+s_.1).

204 /gamma (q_ l+p l+r l+s_ l+l)+(eval(subs (G3, {v}, {1ota,2}))
205 —-eval (subs (G3, {v}, {iota_1})) p l+r_1+s.1).

206 /gamma (p_ l+r l+s 1+1)+ (eval(subs , {v}, {1ota 2H)

207 -eval (subs (G3, {v}, {iota- l}) “(r- l+s 1).

208 /gamma (r_ l+s l+1) (eval (subs (G3, {v}, {1ota 2H)

209 -eval (subs (G3, {v}, {iota- l}) - s,l)/gamma(s,1+l),

210 MI (nn, column+2) Phl,l*ell,l,

211 MI(nn,column+3)*Phi 1xell 1<1;

212 Phi,2=(eval(subs {v}, {iota- 2})

213 —-eval (subs ( {v} {iota-1}))) " (g- 2+p 2+r_2+s.2) .
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214 /gamma (q_ 2+p 2+r_2+s_ 2+1)+(eval(subs (G3, {v}, {iota_2}))
215 -eval (subs (G3, {v}, {iota_1})) p 2+r_2+s.2) .

216 /gamma (p_ 2+r 2+s 2+1)+ (eval(subs , v}, {1ota 2H)

217 -eval (subs (G3, {v}, {iota. 1}) “(r- 2+s 2).

218 /gamma (r_ 2+s 2+1) (eval (subs (G3, {v}, {1ota 2H)

219 -eval (subs (G3, {v}, {iota- 1}) ” s,2)/gamma(s,2+1),
220 MI (nn, column+4) Phl,Z*ell,Z,

221 MI (nn, column+5)=Phi_2+xell_2<1;

222 Phi=max (Phi_1, Phi_2);

223 MI (nn, column+6) =Phi;

224 MI (nn, column+7)=Phixell;

225 MI (nn, column+8)=Phixell<1;

226 M_10=int (abs(g-10), v, iota-l, t);

227 MI (nn, column+9)=M_10;

228 M_11l=int (abs(g-11), v, iota-l, t);

229 MI (nn, column+10)=M_11;

230 M_12=int (abs(g-12), v, iota-l, t);

231 MI (nn, column+11)=M_12;

232 M_13=int (abs(g-13), v, iota-l, t);

233 MI (nn, column+12)=M_13;

234 M_20=int (abs(g-20), v, iota-l, iota-2);

235 MI (nn, column+13)=M_20;

236 M_21=int (abs(g-21), v, iota-l, t);

237 MI (nn, column+14)=M_21;

238 M_22=int (abs(g-22), v, iota-l, t);

239 MI (nn, column+15)=M_22;

240 M_23=int (abs(g-23), v, iota-l, t);

241 MI (nn, column+16)=M_23;

242 M_1j=max (max (max (M_-10, M_11),M_12),M_13);

243 MI (nn, column+17)=M_17;

244 M_2 j=max (max (max (M_20, M_21),M_22),M.23);

245 MI (nn, column+18)=M_27;

246 Delta_1=M_10+M_ 11* (1+ (eval (subs (G3 {v}, {iota-2}))

247 -eval (subs (G3, {v}, {iota-1}))) " (g-1)/gamma(g-1+1))...
248 +M,12*(1+(eval(subs(G3 {v}, {lota,2}) )

249 —eval (subs ( {v} {iota-1}))) " (p-1) /gamma (p-1+1) ...
250 +(eval (subs , {v}, {iota-2}))

251 —eval (subs ( {v} {iota-1}))) " (g-1+p-1)/gamma (g-l+p-
252 +M,13*(1+(eval(subs(G3 {v}, {lota,2}

253 —eval (subs ( {v} {iota-1}))) " (r-1)/gamma (r_-1+1)...
254 +(eval(subs , {v}, {iota- 2})

255 —eval (subs ( {v} {iota-1}) )) (p-l+r_1)/gamma (p_l+r_
256 +(eval(subs , {v}, {iota-2})).

257 —eval (subs ( {v} {iota-1}))) " (g-l+p-l+r_1).

258 /gamma(q,l+p,l+r,l+l) ) ;

259 MI (nn, column+19)=Delta.l;

260 Delta_2=M_20+M_ 21* (1+ (eval (subs (G3 {v}, {iota-2}))

261 -eval (subs (G3, {v}, {iota-1}))) " (g-2)/gamma(g-2+1))...
262 +M,22*(1+(eval(subs(G3 {v}, {lota,2}) )

263 —eval (subs ( {v} {iota-1}))) " (p-2)/gamma (p-2+1) ...
264 +(eval(subs , {v}, {iota-2}))

265 —eval (subs ( {v} {iota-1}))) " (g-2+p-2) /gamma (q-2+p-
266 +M,23*(1+(eval(subs(G3 {v}, {lota,2}

267 —eval (subs ( {v} {iota-1}))) " (r-2)/gamma(r_-2+1) ...
268 +(eval(subs , {v}, {iota- 2})

269 —eval (subs ( {v} {iota-1}) )) (p-2+r_2) /gamma (p_2+r_
270 +(eval(subs , {v}, {iota-2})).

271 —eval (subs ( {v} {iota-1}))) " (g-2+p-2+r_2).

272 /gamma(q,2+p,2+r,2+l) ) ;
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273
274
275
276
277
278
279
280
281
282
283
284
285
286
287
288
289
290
291
292
293
294
295
296
297
298
299
300
301
302
303
304
305
306
307
308
309
310
311
312
313
314
315
316
317
318
319
320
321
322
323
324
325
326
327
328
329
330
331

MI (nn, column+20)=Delta_2;
Dl=(Delta_1+h_1_0*Phi_1)/(1-ell_1%«Phi_1);
MI (nn, column+21)=D1;
D2=(Delta_2+h_2_0*Phi_1)/(1-ell_2+«Phi_2);
MI (nn, column+22)=D2;
MI (nn, column+23)=max (D1, D2);
t=t+0.08;
nn=nn+1;

end;

$G4

t=iota_l;

column=73;

nn=1;

while t<iota_2+0.08

MI (nn, column) = nn;

MI (nn, column+l) = t;

Phi,1=(eval(subs {v}, {iota- 2})
—-eval (subs ( {v} {iota-1}))) " (g- l+p 1+r_1+s.1).
/gamma (q_ l+p l+r l+s_ l+1)+(eval(subs (G4, {v}, {1ota 2}1))
-eval (subs (G4, {v}, {iota_1})) p l+r_1+s.1).
/gamma (p- l+r l+s 1+1)+ (eval(subs , v}, {1ota 2H)
-eval (subs (G4, {v}, {iota- 1}) “(r- l+s 1).
/gamma (r_ l+s l+1) (eval (subs (G4, {v}, {1ota 2H)
-eval (subs (G4, {v}, {iota- 1}) ” s,l)/gamma(s,1+l),

MI (nn, column+2) Phl,l*ell,l,
MI(nn,column+3)*Phi 1xell 1<1;

Phi,2=(eval(subs {v}, {iota- 2})
—-eval (subs ( {v} {iota-1}))) " (g- 2+p 2+r_2+s.2) .
/gamma (q_ 2+p 2+r 2+s_ 2+1)+(eval(subs (G4, {v}, {1ota 2}))
-eval (subs (G4, {v}, {iota_1})) p 2+r_2+s.2) .
/gamma (p_ 2+r 2+s 2+1)+ (eval(subs , v}, {1ota 2H)
-eval (subs (G4, {v}, {iota- 1}) “(r- 2+s 2).
/gamma (r_ 2+s 2+1) (eval (subs (G4, {v}, {1ota 2H)
-eval (subs (G4, {v}, {iota- 1}) - s,2)/gamma(s,2+l),

MI (nn, column+4) Phl,Z*ell,Z,

MI (nn, column+5)=Phi_2+xell_2<1;

Phi=max (Phi_1, Phi_2);

MI (nn, column+6) =Phi;

MI (nn, column+7)=Phixell;

MI (nn, column+8)=Phixell<1;

M_10=int (abs(g-10), v, iota-l, t);

MI (nn, column+9)=M_10;

M_11l=int (abs(g-11), v, iota-l, t);

MI (nn, column+10)=M_11;

M_12=int (abs(g-12), v, iota-l, t);

MI (nn, column+11)=M_12;

M_13=int (abs(g-13), v, iota-l, t);

MI (nn, column+12)=M_13;

M_20=int (abs(g-20), v, iota-l, iota-2);
MI (nn, column+13)=M_20;

M_21=int (abs(g-21), v, iota-l, t);

MI (nn, column+14)=M_21;

M_22=int (abs(g-22), v, iota-l, t);

MI (nn, column+15)=M_22;

M_23=int (abs(g-23), v, iota-l, t);

MI (nn, column+16)=M_23;
M_1j=max (max (max (M_-10, M_11),M_12),M_13);
MI (nn, column+17)=M_17;

M_2 j=max (max (max (M_20, M_21),M_22),M.23);
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MI (nn, column+18)

—eval (subs (

—eval (subs (
+(eval(subs

=M_27;
Delta_1=M_10+M_ 11*(1+(eval(subs(G4 {v}, {iota.-2}))
, {v}, {iota.1}))) " (g.1)/gamma(g_-1+1)) ...
+M,12*(1+(eval(subs(G4 {v}, {lota,2}))
{v} {iota-1}))) " (p-1)/gamma (p-1+1) ...
, {v}, {iota-2}))
{v} {iota-1})) g-l+p-1)/gamma (g_-l+p_1+1)) ...

—eval (subs (

+M,13*(1+(eval(subs(G4 {v}, {lota,2}))

—eval (subs (
+(eval(subs
—eval (subs (
+(eval(subs
—eval (subs (

{v} {iota-1}))) " (r-1)/gamma (r_-1+1) ...
, {v}, {iota-2}
{v} {iota-1})
, {v}, {iota-2}
{v} {iota-1})

)
)) (p-1+r_1) /gamma (p-1l+r_1+1).
)) .

))” ql+p 1+r_1).

/gamma(q,l+p,l+r,l+l))

MI (nn, column+19)

—eval (subs (

—eval (subs (
+(eval(subs

=Delta.l;
Delta_2=M_20+M_ 21*(1+(eval(subs(G4 {v}, {iota-2}))
, {v}, {iota-1}))) " (9-2)/gamma(g-2+1)) ...
+M,22*(1+(eval(subs(G4 {v}, {lota,2}))
{v} {iota-1}))) " (p-2)/gamma (p-2+1) ...
, {v}, {iota-2}))
{v} {iota-1})) (g-2+p-2) /gamma (g_2+p_2+1)) .

—eval (subs (

+M,23*(1+(eval(subs(G4 {v}, {lota,2}

—eval (subs (
+(eval(subs
—eval (subs (
+(eval(subs
—eval (subs (

{v} {iota-1}))) " (r-2)/gamma (r_-2+1) ...
, {v}, {iota-2}
{v} {iota-1})
, {v}, {iota-2}
{v} {iota-1})

)
)) (p-2+r_2) /gamma (p-2+r_2+1) .
)) .

))” q2+p2+r2)

/gamma(q,2+p,2+r,2+l))

MI (nn, column+20)

=Delta.2;

Dl1=(Delta-1+h_1_0xPhi_1)/(1-ell_1xPhi_1);

MI (nn, column+21)

=D1;

D2=(Delta-2+h_2_0xPhi_1)/(1-ell_2xPhi_2);

MI (nn, column+22)

=D2;

MI (nn, column+23)=max (D1, D2);

t=t+0.08;
nn=nn+1;

P
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