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Abstract: In this paper, we consider the existence of periodic solutions for a class of nonlinear
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1. Introduction and main results

In this paper, we investigate the existence of periodic solutions for the following system involving
classical (¢1, ¢,)-Laplacian:

{ A¢1(Auy(n — 1)) = V,, F(n, uy (n), un(n)) (1.1)

Agyr(Auy(n — 1)) =V, F(n, uy(n), uy(n)),

where A is the forward difference operator, n € Z, F : Zx R¥Y x R¥ — R and ¢,,, m = 1,2 satisfy the
following condition:
(AO) ¢,, is a homeomorphism from RN onto RN such that ¢,,(0) = 0, ¢, = V®,,, where ®,, €
C'(RN, [0, +00)) strictly convex and ®,,(0) =0, m = 1,2.
(F) F(n,x;,x,) is continuously differentiable in (x1, x,), there exist a;,a, € C(R*,R*), b : Z[1,T] —
R* such that

|F(n, x1, x2)| < [a1(lx1]) + aa(|x2]1b(n),
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IV F(n, x1, x)| < [a1(|x1]) + ax(|x2[1b(n),
IV, F(n, x1, x)| < [ai(|x1]) + ax(|x2]16(n).

Remark 1.1. Assumption (A0) given in [1] is used to characterize the classical homeomorphisms.
Moreover, if ®,, : R¥ — R is coercive (i.e., ®,,(x) — +oo as |x] — o), then there exists §,, =
miny=; D, (x) > 0,m = 1,2 such that

@, (x) > 6,(x] - 1), xeRY. (1.2)

In recent years, critical point theory (see [2—6]) plays an important role in studying the Hamiltonian
systems, nonlinear differential equations, nonlinear difference system, etc (see [7-32]). In [1] and [7],
by virtue of critical point theorem, Mawhin investigated the existence and multiplicity of periodic
solutions for the following nonlinear difference systems with ¢-Laplacian:

A¢[Au(n — 1)] = V,F[n,u(n)] + h(n) (n € Z), (1.3)

where ¢ is a homeomorphism from X ¢ RY onto ¥ ¢ R" and the following three different types of
homeomorphisms were discussed:

(1) classical homeomorphism: if ¢ : RY — R¥;

(2) bounded homeomorphism: if ¢ : RY — B, (a < +0);

(3) singular homeomorphism: if ¢ : B, ¢ R¥Y — R",

where B, is a ball with its center at origin and radius a.

Inspired by [1,7], in [20], by using some abstract critical point theorems, the authors obtained some
multiplicity results of periodic solutions for difference systems involving (¢, ¢,)-Laplacian. In [21],
by using Clark theorem, the authors obtained that a class of nonlinear difference systems involving
classical (¢, ¢,)-Laplacian has at least m distinct pairs of homoclinic solutions. In [22], by using an
important three critial point theorem, the authors obtained that a class of (¢, ¢,)-Laplacian system has
at least three T-periodic solutions. In [23], by using the least action principle and saddle point theorem,
the authors obtained that system with classical and bounded (¢, ¢,)-Laplacian has at least one periodic
solution when F' has (p, g)-sublinear growth. In [24], the authors assumed that the nonlinear term F in
system satisfies a corresponding sub-linear growth condition in Orlicz-Sobolev space, by using the least
action principle, they obtained that nonlinear and non-homogeneous elliptic system involving (¢, ¢;)-
Laplacian has at least a nontrivial solution, and by using the genus theory, obtained that system has
infinitely many solutions under an additional symmetric condition.

As Oi(x) = Dy(x) = %lez and F(n,x,y) = F(n, x), system (1.1) reduces to the following second
order discrete Hamiltonian system:

A’u(n - 1) = VF(n,u(n)), VY neZ. (1.4)

In [10], Guan and Yang investigated the existence of periodic solutions for system (1.4). By using
the variational minimizing method and the saddle point theorem, they obtained that system (1.4) has at
least one T -periodic solution.

Theorem A. (see [10]) Suppose that F(n, x) = Fi(n, x) + F,(x) satisfies
(H)) F(n,x) € C'(RY,R) foranyn € Z, Fn + T,x) = F(n, x) for all (n,x) € Zx RN, T is a positive
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integer;
(H,) there exist f,g : Z[1,T] — R* and a € [0, 1) such that

IVFi(n, )| < f()lxl* + g(n), forall (n,x) € Z[1,T] xRY;
(H3) there exist constants r > 0 and y € [0, 2) such that

(VFy(x) = VF,(y), x —y) = —rlx = y|", forall x,y € RY:

T
(Hy) lim infy oo ) F(n,2) > —— Z ).

n=1 SSm = n=1
Then system (1.4) has at least one T-perzodlc solution.
Theorem B. (see [10]) Suppose that F(n,x) = Fi(n,x) + Fy(x) satisfies (H,), (H,), (Hs) and the

following conditions:
(Hs) there exist § € [0,2) and C > 0 such that

(VFy(x) = VF3(y), x — y) < Clx = yI°, forall x,y € RY;

T
(H) Tim sup,_,, . Jx* > F(n,x) < - Z 1.

n=1 SlIl — n=1

Then system (1.4) possesses at least one T—perzodzc solution.

Motivated by [10, 20-23], in this paper, we consider the existence of periodic solutions for
system (1.1) and obtain the following main results.

Theorem 1.1. Suppose that F(n, x1, x;) = F(n, x1, x2) + F2(x1, x,) and the following conditions hold:
(A1) there exist constants dy > 119, dy > f] p > 1 and g > 1 such that

D (x1) + Dy(x2) > |11 + ol x|, VY x1,x, € RY;
(Fo) F(n, x1, x5) € C{RY xRN, R) for everyn € Z, and F(n+T, x1, x2) = F(n, x1, x2) for all (n, x;, x,) €
Z xRN xRN
(Fy) there exist fi,h; : Z[1,T] > R*,i=1,2and a; € [0,p — 1), ay € [0,q — 1) such that
Vi Fi(n, x1, x2)l < fi(m)|xi[* + hy(n),

IV, Fi(n, x1, x2)| £ L(m)x2|™ + hy(n),

forall (n, x1,x,) € Z[1,T] x RN x RV;
(F3) there exist constants r; € (0,+00),i = 1,2, v, € [0, p) and y, € [0, q) such that

(Vi Fa(x1, x2) = Vy Fa(y1,y2), X1 = y1) = =rlx; = yi]”

and
(Vi Fa(x1, x2) = Vy, Fa(y1, y2), X2 = y2) 2 —1a|x2 — yo|
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for all (x1,x3), (y1,y2) € RV xR";

(F3)
1 T
lim inf—e———m ) F(n,x,x)>M
[x1|+|x2]—00 |_x1|q&1 _i_lx2|pa2 ; (n X1 .xz)

where

qa’l . T pas , T

M= max{ [Cp. pOI? Z Ay, [C(‘I"] )] Z fz(n)p},

n=1 n=1

T-1*" 17, p)
Tr=t 7 (pr+ elr

T ’ , ,
, n\"+! n 1\l 2 qplp
ow.n=Y |7 +(-F+7) -~mm| -

C<p,p'):min{( botpep =1,

Then system (1.1) possesses at least one T-periodic solution.

Theorem 1.2. Suppose that F(n,x;,x;) = Fi(n,x1,x) + Fa(x1, x2),(A1),(Fy),(F1),(F3) and the
following conditions hold:

(F4) there exist constants ry € |0, é’é‘p)) r, € [0, +00), r3 € [0, qu];q)) ry € [0, +00), ag € [0, p) and
Bo € 10, g) such that

(Vo Fa(x1,x2) = Vo Fa(y1, ¥2), X1 = y1) = =rilxi = yilP = ralx; — ™

and
(Voo Fa(x1, X2) =V, Fo(y1,¥2), X2 — y2) = —13lx2 = yal? = r4lxa — yof®
for all (x1, x3), (y1,y2) € RV xR".
Then system (1.1) possesses at least one T-periodic solution.
By Theorem 1.2, it is easy to obtain the following corollary.

Corollary 1.3. Suppose that F(n,xi,x;) = Fi(n,x1,x) + Fy(x1, x2),(A1),(Fy),(F1),(F3) and the
following conditions hold:

(Fs) there exist constants ry € [0, £
Bo € 10, g) such that

L), € [0,+00), 3 € [0, 4221 1, € [0, +00), ay € [0, p) and

’C(pp) > Cg.9")”"

IV Fa(x1, X2) = Vo, Fa(i, y2)l = =rilx; = y1P7 = ol — yy ™07
and
IV, Fa(x1, X2) = Vi, Fa(v1, y2)| = =13l = yal™" = rglxa — yo™!

for all (x1, x3), (y1,y2) € RV xR".
Then system (1.1) possesses at least one T-periodic solution.

Remark 1.2. Theorem 1.1, Theorem 1.2 and Corollary 1.3 generalize Theorem A. In fact, when
D;(x) = Oy(x) = %|x|2 and F(n, x,y) = F(n, x), System (1.1) reduces to system (1.4) and Theorem 1.1
become Theorem A. Moreover, Theorem 1.2 and Corollary 1.3 is still a new result, which shows that
(F,) can be weaken to (Fj).
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Theorem 1.4. Suppose that F(n, xi,x,) = F\(n, x1,x2) + F2(n, x1, x3), Fy and F, satisfy (), (Al),
(Fy),(Fy) and the following conditions hold:

(Fs)
Fr(n, x;,x) >0,

forall (n,x1,x,) € ZXRY x RN with |x;| > 1, |xa| > 1;
(F7) Fy(n,.,.) is (A, p)-subconvex with 1 = (11, A3), u = (uy, 42) and A, > }U Uy < 2”‘1/111’, A > é
Uy < 297129 that is

Fr(n, 1i(x1 + y1), Ada(x2 + y2)) < i Fo(n, x1, x2) + poFa(n, yi, y2);

(Fy)

T T
1 1

m — Fi(n,x1, %)+ — Fs(n, A1 xq, Arx )>M
x1 [+ |22 | 00 |x1|qa/1 +|x2|paz(; 1( 1 2) w Z 2( 141, 42 2)

n=1

991 q d 2px L 4
where M = max {%[C(p,p’)]v Z fim)4, T[C(C]» q)le Z fz(n)f’}.
n=1

n=1
Then system (1.1) possesses at least one T-periodic solution.

2. Preliminaries

First, we present some basic notations. We wse (-,-) and | - | to denote the inner product and the
Euclidean norm in RV. Let

Hr ={v:= v} +T) = v(n),v(n) e RY,n € Z}.

For 1 < s < +o0 and v € Hr, we define

T T 1/s
Wil = (It + " or)

n=1 n=1

For v € Hy, set
T r
Mo = (D bo0r) or> 1 and bl = max ool
= nezZ[1,T]

Let E = Hy X Hy. For u = (u;,u,)" € E, define

llull = lleer[l, + lluzlg-

T T
For any u € Hr, it can be expressed as u(n) = u + u(n), where u = % Z u(n), and Zﬁ(n) =0.
n=1

n=1

Lemma 2.1. (see [16])Let u(n) = (u;(n), u>(n))", then

T T
2 En(ml* < Cls.s) Y 1Aun(ml’, m = 1,2.
n=1

n=1
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where 1/s+1/s" =1and s, s > 1.

Lemma 2.2. (see [20])For any u = (uy,uy)", v = (vi,v2)" € E, the following two equalities hold:

T T
= > (Agi A (= D), vim) = > (1A (), Avi (),
n=1 n=1

T T
= > (Aga(Aus(n = D), va(m) = Y ($a(Aur(n)), Ava(m)).
n=1 n=1

Define
T

JWw) =T, uy) = Z [@1(Aui () + Do(Aur(n)) + F(n, uy (1), ux(n))].

n=1

then

(I’ (w),v)

<:7ﬁ(ul,u2),(V1,V2)>
T
= Z [(@1(Aui(n)), Avi(n)) + ($2(Aus(n)), Ava(n))

n=1

(Vo F 11 (1), 12()), v1 (1) + (Vi F (1,11 (1), 142()), v2())]
T
= = [AgiAui (= 1), vi(m) + (Aga(Aur(n = 1), v>(m))
n=1
(Vi F 11 (n), 12(m)), v1 (1) = (Vi F 01,11 (1), 103()), v2())]

and then it is easy to obtain that critical point of J in E is T-periodic solution of system (1.1).

Assume that E is a real Banach space and for ¢ € C!'(E,R), we say that ¢ satisfies the Palais-
Smale(PS) condition if any sequence (u,) C E for which ¢(u,) is bounded and ¢’(u,) — 0 asn — oo
possesses a convergent subsequence.

Lemma 2.3. (see [6])Assume that X is a real Banach space, ¢ € C'(X,R) is bounded from below and
satisfies the (PS) condition, then c = inf,cx ¢(u) is a critical value of .

3. proofs

Proof of Theorem 1.1. 1t follows from (F), Holder inequality, Young inequality and Lemma 2.1 that

T
| L, ) = Fi o0, )
n=1

r 1
Z f (Vi +simmF1(n, ui(n), uy + suz(n)), ux(n))ds
n=1 0

IA

T 1 T 1
Z f LMy + sur(n)| " [ux(n)lds + Z f hy(n)[ux(n)lds
n=1 0 n=1 0

AIMS Mathematics Volume 8, Issue 5, 10579-10595.
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T T
< A0+ )R]+ Y ki)
n=1 n=1

T T T
< D27 AW+ )27 AEamI™ + > @)
n=1 n=1 n=1
T 1T 1 T -l T @+l
< 2@ ) por ) ( Y mer) +2m( Y s ) (Y ) |
n=1 n=1 n=1 n=1
T 1T 1
H Y mr ) (Y mor)
n=1 n=1
T 1 T 1
< 2“2|ﬁz|“2(2f2(n>”)”[0<q, q’)ﬁ(z (At
T q-ap-1 @+l
2(Zf2(n)"“’qz ) c@ar’ (Z |AM2(”)|q) "
=1
(thmv) [Clg. 4 (Z|AM2(H)|q)
< mrICGq) Zfz(ﬂ)p e Z At
T M T a+l
+2“2[C<q,q’)]2q(2fz<n)w"z-l) (D o) ”
n=1 n=1
T 1T 1
+HC@ Y ha) (Y sl (3.1)
n=1 n=1
and
T
D UF I w(), i) = Fi(n, 0y, )]
n=1
= i oy+sinm F1(n, up(n) + suy(n), u), u (n))ds
< Z f i + STl @ (wlds + Z f () (s
< Z A+ G )™ i ()] + Z (), ()
< 2‘“|ﬁl|‘“(2f1<n)q) (Z rﬁ1<n)|f’) v 2‘“(Zf1<n>v-fl ) o (Z ool v
n=1 n=1 n=1

H ZT; h1<n>q);(n§: @ (nw’);
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IA

IA

2“‘|u1|“'(i f(n)q) [C(p, p)] l(ZlAu](n)I”)
(Y prte) |

eyl D Aunr)
n= n=1

(Z hl(nw) 1€, /15 D |Au1<n)|f’)‘l’

n=1

qay

T
Sl e, ) Zﬁ(n)q Z|Au1<n>|"
n—l

p-ap-1 T ap+l

(> 1ameor)

n=1

+HC(p. )] v(z h«n)’f) (Z Aunp)'.

+2°[C(p, P 7 (ifl(”)m )

==

Then by (F,), Holder inequality and Lemma 2.1, we have

and

AIMS Mathematics

T
D [P (), ua(m) = Fa(uy (), )]
n;l 1
= Z j; (Vayesimmy Fa(ui (n), ua + sup(n)), ux(n))ds
n=1

T 1
1 _ — _ .
= D [ S T Palia )+ ST) = Vi ) ST
— 0

r 1
1 _
S f L\ smmpds
n=1 0o S
r T
2
> ——= ) [wm)”
7 2
r q-y: T E
2 2
> _Ip ( @(n)w)
Y2 ;
Y2
>

2T cE (Z|Auz(n)|q)

M1~

[Fo(uy(n), uy) — Fo(uy, us)]
1

n

Zf (Va, sy F2(uy + suy(n), up), uy(n))ds

n=1

(3.2)

(3.3)
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T

1
1 _ — _ _ . -

E f ;(Vﬁ]+sﬁl(n)F2(M1 + suy(n), u, — Vi, F(uy, uy), suy(n))ds

n=1 0

T 1
1
-r —|suy(n)|"'ds

T

- IO
Py L o
(Y mor)

n=1

\Y

\Y%

\Y

2l

T
[CCo. 17 Y ) (3.4)

n=1

il

\Y

_npen
Y1
Then by (A1), (3.1),(3.2),(3.3),(3.4), we have

I (w1, uz)
T
= D [®1(Auy(m) + ©a(Aus(n)) + F(n, 1y (), 1x(m))]
n=1

T T

T
di Y 1A +dy D Al + > [Fi(n, (), ur(m)) = Fiy(n, 10 (), )]
n=1

n=1 n=1

\Y

T T
+ 3 IFi(n (n), o) = Fi(n, iy, i)l + ) [Fa(us (n), ua(m) = Fa(auy (n), 1)
n=1 n=1

T T
* Z[Fm (1), 1) = Fa(thy, )] + Z F(n, i), )

\Y

(di - —) Z (A (m)]? + (d> - —) Z A ()
n=1

T 1 T

~[Cp. )T (Z (n)‘I)"(ZmLtl(n)V’)"

LT 1

(> |Au2(n>|q)q

~[Clq. )] (ihzmy’)"
n=1
T
2 C (Y i )

~2%[C(q. q’)]“i”(ifzm)w"z—l)
=1

T T
_%Tpp”[C(p,p'n?(ZmM(n)v’) - 2T ) )

n=1 n=1
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qa paz

S, pOY Zﬁ(n)" paC e COTRL Zfzw + ZF(n i1, i)

z:@—?meww@—?memq
= n=1
T 1 T 1
—wwmwzlwﬁQ}mwﬁ
n=1 n=1
T 1 T 1
1€ ) hany?) (Y Ittt
n=1 n=1
T ool T a4l
=2, (Y A=) (Z|Au1(n>|f’) ”
n=1 =1
T gx-l T ap+l
27(Ca, a0 (Y o) (Y o)
n=1 n=1
T patk T 72
S HCp.p) ?(nzzllmul(n)w)” - 2ric, q')ﬁ(;muz(rznq)"
me+WMﬂEV;m@;Zmem>M) (3.5)
pas

T
where M = max {Z[C(p, p/)1 Zﬁ(n)q —IC@, q’)]"Zfz(n)P} Note that (F). a1 € [0,p 1),

a; €[0,g—-1),y, €0, p) and y, E [O q). Hence, together w1th (3.5), implies that
J (i, uz) — +oo,  as|l(uy, up)|| — oo. (3.6)

Hence 7 is bounded from below and (PS) condition holds. Then by Lemma 2.3, it is easy to know that
J has at least one critical point u, such that

T (uy) = inf T ().

Thus the proof is complete. O

Proof of Theorem 1.2. 1t follows from (F,), Holder inequality, Young inequality and Lemma 2.1 that

T
Z Fa(uy (n), tn(n)) = Fa(u(n), )]

T
) f (Ve st Pt (), + s (n), o)

T
Z f (Vi wsinm Fa(ui(n), uy + sup(n)) — Vi, F (U, Uy), sur(n))ds
-

AIMS Mathematics Volume 8, Issue 5, 10579-10595.
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r 1

1 — —
E f ;(—r3|su2(n)|q — rylsip(m))ds
n=1+0

T T
- Z ()l - = Z [

>
T Ao
> ol C])Z|AM2(”)|q— ST TICE O ( ) 18w (3.7)
n=1 n=1
and

T

Z Fa(ui(n), ) = F(ity, )]

"
) f (Ve st (@ + 570 (1), 7o), T ()5

£ |
= Z f ;(Vﬁﬁsﬁl(n)FZ(ﬁl + suy(n), uy — Vg, F(uy, up), suy (n))ds

i
> Z fo ~(=nlsm I’ = rlsiLmI*)ds

=1
T
> o Y mer - 2 Z [ ()|
n=1 n=1
T 20
> e p) Z Al = 215 10, 1 () 1Awnp ) (3.8)
p n=1 o n=1
Then by (A1), (3.1),(3.2),(3.7),(3.8), we have
I (uy, u2)

T
= Z[d)l(Aul(n)) + Oy(Auy(n)) + F(n, uy(n), ux(n))]

(dl 1+ r1C(P P ))i |Alx[1(i’l)|p + (d2 _ W) i |Au2(n)|q

>
n=1 n=1
—[C(p. p )]:‘v(i1 1<n>q);(n2; |Au1<n>|P)
~1Ca. () hz<n>f’)’l’ ( D |Auz(n)|q)
n= n=1
29 C(p. p')] (nZilﬁ(n)f- )(i1 |Au1<n>|f’)nl”+l
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T T Bo

2 [C<p,p)]v(Z|Au](n>|P) - TGN ) )

n=1 n=1

T T
[Clg, )17 D ) + ) Fln, iy, o)
n=1 n=1

qai

T
== I C T D A
n=1

’ T ’ -
(dl _ %); |Auy (m)|” + (dz - W) Zl sl

qaz

\%

1T

mo) (3 |Au1<n)|P);

n=1

~1C. P

(

2 [Clp, p’)]"'%l(

Q=

1~ 3P

~[C(q.4)] |Auz<n)|‘f)5

M1~

h2<n>P)’l'(

S
1l

—
Il

—_

n

p— 011 1 ap+l

(i punp) "

ar+l

fimr) |

qazl

=) " (ET] Aut)

n=

B
1= 1M

“2a5C(q, q’)]”q”(

, :
=T CE P ( Y 1autor) - 2T [C(q,qnq(Zmz(n)rf)

n=1
() Z FnT,7) - M ), (3.9)

2P

where M = max{ L[C(p, p)]l’z Ay, s Z fz(n)p} Note that (F3), r €

[0, £5=5).r5 € [0, &25).a0 € 10, p) and Bo € [0, q) Hence, together with (3.9), implies that

Ty, up) = +oo,  as ||(ur, ux)"|| — oo. (3.10)

Hence 7 is bounded from below and (PS) condition holds. Then by Lemma 2.3, it is easy to know that
J has at least one critical point u, such that

J(u,) = inf J(u).

Thus the proof is complete. O

Proof of Theorem 1.3. Let B; = log,, (2u;),i = 1,2 then By < p, B> < q. For |xj| > 1,i = 1,2 there exist
positive integers /, m such that

[=1<logy, x| <l, m—1<log,, x| <m

then
P > )P = u)™, x| < Ay,
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Il > 2)" 2 = Qua)™!, x| < (24)"
by (F), (F) and (F7), we have

X1

F , =F (A ), (= + —

»(n, x1, X7) »(n, 1(2/11 2/1) 2(2/12 2/12))
<: N
< i Fa(n, 2/11 2/12) M Fs(n, 2/11 2/12)
< 2 F — )+ 2 F
< 2uFr(n, — 2/11 2/12)+ o Fo(n, — 2/11 2/12)
< 2uiFs(n, a2 ——) + 4 F 2(’1,—1, a2 ——=_—) + 2p5Fa(n,
- (m )2 24 )2 241)% (24,)? 2
< Qu)Fsn =2 2y ) Py, =2 2
< Qui)Fan ) (2/12)2)4‘( ) Fa(n IBE (2/12)2)

X1 X2 X1 X2

< - < 2 KF 5 A K 7 K 2 KF N A R N 2
< < Qui)" Fa(n AR (2/12),()"‘( o) Fa(n IR (2/12),()
< (D) M P+ Qua) T xa P )agb(n)

(2/1 Q1) 2A)

X2

)

(3.11)

fora.e. n € [0, T] and |x{], |x»] > 1, where ay = maxg<,<; a;(s),i = 1,2. Then, for a.e. n € [0, T] and all

lx11, |x2], we have
Fa(n, x1, %) < (u) Pt + (2u2) " 1o + Dagb(n)

Then by (A1), (3.1),(3.2), (3.12), we have

j(ula MZ)
T
= D D1Aw () + Oo(Aus(m) + F(n, 11 (n), u(m))]
" T T T
> di ) A +da ) Al + > [Fi(n, u(n), un(m) = Fy(n, 1 (n), )
r;:l n=1 n=1 . .
+ Y T (), 1) = Fr(n, i, )] + ) Fi(n, T, ) + )| Fa(n, (), ()
_T T zqmn:1 , nT:1
> di ) @)l +ds Z Al = =@ [C(p. )] Z filny?

n=1 n=1

- Z [Au ()P -
~[C(p.p )]i(ZT] 1<n>q);(i Al )

n=1 n

~[C(q. q,)];(ihz(n),,)é(

n=1

T
g Y hm) -~ Z [Au(m)e

=1

Sl- 3

Il
—_
Q=

M1~

|Au2(n>|‘f)

S
Il
—_

ap+l

—2a,[C(p, P (ZT:fl(n)p o 1) (ZT: |Au1(n)|p) ’

n=1 n=1

p—al—l

(3.12)
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q-ap-1 T ap+l1

el i A ) (Y Awor)
n=1

T T T
. 1 _ _ M2 —_ —_
+ ) Fi(n,ui,up) + — ) Fao(n, Ljuy, Luy) — — > Fo(n, —ui(n), —uy(n))

\%

1. w 1 v
(=) Al +(d = =) D 1A

1 1

(ET] o) 3 AP )

n=1 n=
1 1

-[C(q, q’)]é( ZT: hz(n)p);( ZTl |Au2(n)|q)q

n=1 =1

~21[C(p. pI (Zﬁ(n)p )

q— (12 1 ar+1

~2021Cl. N Y )" (Z o)
n=1

T
B2 @u) N =+ Q) = T + Dagh(n)
1 =

==

—[C(p, p")]

—_

3

p— a/l 1 ap+l

(i A p)

n=1

@+ ) (

T T
1
(N Fin i) + — S Faln, Ay, dofia)) — M )
D " Z

77, |9« 774 | P
[y |77 + [uap|P2 o

\%

1 T 1 T
(=) D 1@l + (da = ) ) |
n=1 n=1

1 1

M~

~[C(p, P’)J;(éhl(n)‘f)q( 2 |Au1(n)|”)”

~IC(g. a1 i hg(n)f’);(nZil IAuz(n)lq);

—2a1[C(p, Pl)]a%l( ZT: fi(n) e )p v ( ZT: |Aul(n)|p)al”+
n=1
T g-an—1 T ay+l

—2m,[C(g,9)] ¢ I ( Z So(n)aeT ) (Z |Au2(n)|q) !
n=1 n=1

p r 2
e Z by — €112 (Z )l ) = CE2( 3 1At
n=1

(I + )7 (

T T
_ 1 _ _
(Z Fi(n,uy,up) + ,U_ Z Fy(n, Ljuy, Aun)) — M )
1 n=1

77, |q@ 774 | P
iy [901 + [l £

(3.13)
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T T
where Ci = (u) ™'Y bn)] 7 [C(p. N7, C2 = @u)* ™1y )] 7 [Clq. )T M =
n=1

n=1

qa q L 2[7(1’2 p T
max{le[C(p, PO1F Y A0 ——1Cq g Y fz(n)p} . Hence, together with (3.13), implies that
P
n=1 n=1
I (1, up) — +oo,  as||(uy, up)’|| — oo. (3.14)

Hence J is bounded from below and (PS) condition holds. Then by Lemma 2.3, it is easy to know that
J has at least one critical point u, such that

I (u,) = inf J ().
uekE
Thus the proof is complete. O
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