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1. Introduction

Every day in our environment, we meet with various problems involving uncertainty. For example,
the beauty concept is uncertain because it is impossible to categorize beauty into two categories
beautiful and ugly. Therefore, the concept of beauty is not precise but somewhat uncertain. The
classic set requires precision for all mathematics. Numerous theories exist to address uncertainty, like
probability theory, vague set theory, interval mathematics, intuitionistic fuzzy sets, and fuzzy set theory
to deal with uncertainty, but each of these theories has its difficulties as mentioned in [15]. Soft set
theory was invited by Molodtsov [15], which is a helpful approach to dealing with uncertainty.

Another approach to address uncertainty is the rough set theory proposed by Pawlak in 1982 [17].
Numerous advantageous applications of rough set theory exist. In particular, in the areas of decision-
making, machine learning, pattern recognition, information acquisition, expert systems, knowledge
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creation from databases, inductive reasoning, cognitive sciences, and artificial intelligence. The rough
set techniques are essential [17,18,42,50]. Rough set theory’s major benefit in data analysis is that it
does not need any preliminary or supplemental data information like statistical probability. The Pawlak
rough set is constructed using the equivalence classes as its building blocks. However, for many
practical applications, the equivalence relationship is also restrictive in many situations. To tackle
this problem, the Pawlak rough set model can be generalized in several ways by substituting other
relations for the equivalence relation, tolerance relation, [24, 48], similarity relation [25], dominance
relation [8], neighborhood system [35]. Addressing the rough set using general binary relations
mentioned in [39, 41, 46, 47], the soft, rough set can be seen in [2,7,21], covering based discussion
in [4,11,38,43]. Rough approximation based on soft binary relation in [10], Xu et al. [39] expanded
this idea and approximated a set with respect to the aftersets and foresets of the binary relation over the
universe U. Recently, Shabir et al. [23] took this idea a step further and approximated a subset of one
universe, V, in another universe, U. Utilizing the aftersets and foresets of a soft binary relation over
UxV.

All of the generalized rough set models use single relation of the universe, which would have
limitations for addressing multi-granulation information in many real-world circumstances. Therefore,
Qian et al. [19,20] introduced a multi-granulation rough set for handling this issue. Multi-granulation
has gained the attention of numerous scholars worldwide as a hot issue in management science. A brief
review of multi-granulation is as follows. Qain et al. [34] proposed the pessimistic multigranultion
rough set. Xu et al. [37] presented a generalized multgranulation rough set; Yang et al. [44]
generalized multgranulation rough set from crisp to fuzzy, multi-granulation fuzzy rough set presented
by Xu et al. [40,49], Zhan et al. [49, 51] discussed two types of coverings based multigranulation
rough sets, Intuitionistic fuzzy multigranulation rough sets were presented by Huang et al. [9], Ali et
al. introduced a novel sort of dominance-based MGRS and discussed its use in conflict analysis issues
in [1].

Many practical as diseases symptoms and medications used in diagnostics and comprise a diverse
universe of objects. To address the rough set issues that occur in the single universe of objects Liu [13],
Yan et al. [45] introduced a generalized RS model over dual universes of objects instead of the single
universe of objects in respect of developing the relationship between the single-universe and dual
universe models. The probabilistic RS over dual universes was established by Ma and Sun [16]
to measure the uncertainty of knowledge, Liu et al. [14] discussed the graded RS model over dual
universes and its properties, Shabir et al. [23] presented SBr based approximation of a set over dual
universes and its application in the reduction of an information system, Zhang et al. [53] presented
FRS over dual universes with interval-valued data, FR approximation of a set over dual universes
were established by Wu et al. [36]. Sun et al. [32] presented MGRS over dual universes of objects.
MGRS over dual universes is a well-structured framework that deals with numerous DM problems.
It has become a hot topic in the field of multiple decision problems and attracting a broad spectrum
of theoretical and practical studies. Zhang et al. [52] presented PEFMGRS over dual universes, which
may be used in mergers and acquisitions. MGFRS over dual universes and its application to DM and
three ways GDM based on MGF decision theoretic RS over dual universes were presented by Sun et
al. [27,28]. Furthermore, applications in GDM of MG over dual universes can be found in [29, 30].
Zhang et al. [54] presented the FMGRS over dual universes for steam turbine fault diagnosis, Tan et
al. [33] demonstrated decision-making with MGRS over dual universes and granulation selection, Sun
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et al. [31] presented diversified binary relation based FMGRS over dual universes. Recently, Din et
al. [5] presented a pessimistic multigranulation roughness of a fuzzy set based on soft binary relations
over dual universes and its application to approximate a fuzzy set of a universe in another universe.

Qian et al. [19], presented the notion of MGRS by multi equivalence relations on a universe U.
Sun et al. [26], replaced multi equivalence relations by general binary relations. On the other hands,
Shabir et al. [22] presented multigranulation roughness based on soft relations, which is optimistic
multigranulation of crisp set over two universes to approximate a subset of a universe in another
universe. It was a very interesting generalization of multigranulation roughness. But some properties
are not satisfied like the lower approximation is not contained in the upper approximation, and
the accuracy measure is not defined to find the degree of exactness. To compensate for this issue
motivated us to study a novel multigranulation roughness in this paper, we mainly focus on pessimistic
multigranulation roughness of set over two universes U and V, to approximate the subset of N € U in
V by using the afterset set of soft binary relations. The paper is organized as follows. In Section 2,
we recall some basic definitions of the rough set, multigranulation rough set, soft set, and soft binary
relation. In Section 3, we present the pessimistic multigranulation roughness of a set based on two soft
binary relations over dual universes and their properties and present the pessimistic multigranulation
roughness of a set based on finite number soft binary relations over dual universes. Section 4 illustrates
an example and Section 5 concludes the paper.

2. Preliminaries

In this section, we recall some basic notions that will be applied in subsequent sections.

Definition 2.1. [I7] Let U be a finite non-empty set and p be an equivalence relation over U. Then
{v € Ul(u,v) € p} is called an equivalence class of u with respect to p, we denote it by [u],. Let X C U.
The Pawlak lower and upper approximations of X are defined as

PX) = U{lulpllul, € X},
pX) = U{lul,llul, N X # 0},
the pair (U, p) is called Pawlak approximation space.

The Pawlak rough set model was transformed by Qian et al. [19,20] to a multigranulation rough set
model, where the set approximations are determined by using multiple equivalences relations on the
universe.

Definition 2.2. [19] Let gy, 0, be two equivalence relations on the non-empty universal set U and
X C U. Then

)—(ﬁ1+ﬁ2 ={ue U :[uls € Xorlu]s; C X}
X" = (ueU:(uly NX #0and [ul; N X # 0}
are called the lower and upper approximations of X with respect to p; and p;.

Definition 2.3. [19] Let py,p2,...,0n be m equivalence relations on a universal set U and X C U.
Then the lower and upper approximations of U are defined as

Xzﬁ,ilﬁi ={ueU:uly, CX forsomei,1 <i<mj,
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Molodtsov (1999) defined a soft set as:

Definition 2.4. [15] A pair (p, A) is called a soft set over U, where p is a mapping given by p : A —>
P(U), U is a non-empty finite set and A is a subset of E (set of parameters).

A soft set (p1,A) is a soft subset of a soft set (0, B) over a common universe U, if A C B and for
all a € A,pi(a) C py(a). Two soft sets over a common universe are equal if they are soft subsets of
each other.

Feng et al. (2013) defined soft binary relation on a universe U as follows.

Definition 2.5. [6] Let (0, A) be a soft set over U X U. Then (p, A) is called a soft binary relation over
U. In fact (p,A) is a parameterized collection of binary relations over U, that is, we have a binary
relation p(e) on U for each parameter e € A.

We shall denote the collection of all soft binary relations over U by S Br(U).

Li et al. [12], generalized the definition of soft binary relation over a set U to soft binary relation
from U to V, as following.

Definition 2.6. [12]If (o, A) is a soft set over U XV, thatisp : A —> P(UXV), then (p, A) is said to be
a soft binary relation (SB-relation) from U to V. (p, A) is a parameterized collection of binary relations
from U to V. We shall denote the collection of all soft binary relations from U to V by S Br(U, V).

Shabir et al. [23] defined lower and upper approximations of a set by using soft binary relations as
follows:

Definition 2.7. [23] If (0, A) is a SB-relation from U to V and X C V, then we define two soft sets over
U, by

Ex(e) ={ueU: 0+uple) C X},
p ) ={ueU: uple)NX # 0},

where up(e) = {v € V : (u,v) € p(e)} for each e € A and is called afterset of u corresponding to
parameter e.

Moreover, p* : A — P(U) and p* : A — P(U) and we say (U, V,p) a generalized soft approximation
space. B

If X C U, then we can define two soft sets over V, by

X;_)(e) ={veV: 0+ple)ycCX)

Dle)={veV: pleyvnX +0)
where p(e)v = {u € U : (u,v) € p(e)} for each e € A and is called foreset of v corresponding to
parameter e.

Moreover, XE A P(Vyand*p : A — P(V).
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3. Pessimistic roughness of a set by two soft binary relations

In this section, we discuss the roughness of a set based on soft binary relation over dual universe.
We use the aftersets and foresets of a soft binary relations from U to V and approximate subset of V
in U and subset of U in V. In this way we get the corresponding soft rough subset of U(V), which is
called lower and upper approximations with respect to aftersets and foresets of soft binary relations.

Definition 3.1. Let (p1,A), (02, A) be two soft binary relations from universe U toVand X CV,ACE
(set of parameters). Then we define two soft sets over U by

P1 +0.X@)={uecU|0+upi(e) CXand® # up,(a) C X} forallae A
Pp; +p2X(a) ={ucU|upi(a)NX #0orup(e)N X # 0} forallae A

called the pessimistic lower and pessimistic upper approximations of X with respect to the
aftersets. We denote these soft sets by (,p1 + p2*(a),A), (Pp; + pzx(a),A), respectively. The pair

((ppl + 02 (A), (o1 + pzx(A)) is called the generalized soft rough set approximation of X with respect
to daftersets of py and p,. The sets POS ., (X) = ,p1+p2*(A), BN, .,n(X) = Pp; +p2X(A) -

pP1 + p2X(A) and NEG) , (A) = U — P01 ¥ py (A) are called p,pr-positive, p,pr-boundary and
p1, pa-negative regions X in U respectively. These regions induced the partition of U with respect
to each parameter, which classified the elements of U. If BN, ,,,(X) = 0 empty set then we say the
corresponding soft subset of U, to X C V is exact (definable) with respect to p, p,. Otherwise inexact
(Rough).

Definition 3.2. Let (p1,A), (02, A) be two soft binary relations from universe U to V and X C U,A C
E(set of parameters). Then we define two soft sets over V by

e +p2p(a) ={veVI|0+£p(a)yCXand ) # pr(a)v C X} forallae A
or+pl @ =veV]pavnNN=#0orp(a)vNX #0)} forallac A

called the lower and upper approximations of X with respect to the foresets. We denote these soft sets

by (Cp1 + ps (a),A), Xp1 + p2’(a), A), respectively. The pair ((Xp1 + 02 (A), (me(A)) is called
the generaliged soft rough set approximation of X with respect to aﬁel;sets of p1 and p,. The sets
POS 5y1pu(X) = *p1+02 (A), BN,yps(X) = Xor¥p3"(4) = "p1 + s (A) and NEGY,,,(A) = U —
Xp1 + p2"(A) are called py, p>-positive, py, p,-boundary and p,, p,-negative regions X in'V respectively.
These regions induce the partition of V with respect to each parameter, which classified the elements

of V. If BN, ,,,(X) = 0 empty set then we say the corresponding soft subset of V, to X C U is exact
(definable) with respect to p1, p,. Otherwise inexact (Rough).

To explain the above definitions, we have the following example.

Example 3.1. Let U = {uy,uy,u3}, V = {vi, v, v3} and A = {a,, a,}.
Let X = {vi,v2} C VY =A{uy,up} € U and (p1,A), (02,A) be two soft relations from universe U to V
defined by

pi(ar) = {(ur,vi), (a2, v1), (uz, v2)}, p2(ar) = {(uz, v2), (U2, v3), (u3, vi)},

pi(az) = {(uz, v2), (u3, v1)}, p2(az) = {(u1,v3), (u3, v2), (u3, v3)}.
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Then their aftersets and foresets are

up1(ar) = {vi}, upa(ar) =0, pi(a)vy = {ug, up}, pa(ar)vy = {us}
upp1(ar) = {vi}, wpa(ar) = {vz, v} pi(anva = {u}, paanvy = {ua}
uzpi(ar) = {2}, uspa(ar) = {vil, pi(a)vs =0, pa(a)vs = {u}
up1(az) = 0, uipa(az) = {vsl, pi(a)vi = {us}, paaz)vy =0
up1(az) = {va}, urpa(az) = 0, pi(a)vy = { 2}, p2(az2)vy = {us}
usp1(az) = {vi}, uspa(az) = {v2, v} pi(az)vs = 0, pa(ax)vs = {uy, us}

Then

pP1 + P2 (@) = {ush, o1 + pa(@2) = 0,71+ 2 (1) = {un, ta, us}, "1 + P2 (@) = {uiz, u3)

So we get two soft sets over U, (p;mx(a),A) = {us},0} and (I’plszX(a),A) =

{{ur, uz, us}, {un, ust}.

Similarly,

o1+ p2 (@) = 2o+ pa (@) = 0. o1+ p + 2 (@) = (i, va,vsh oy F 2 (@) = v, va),
So we ge two soft sets over V,("pi + ps (@),A) = {12}, 0} and ("p1 + 2" (@), A) = {{v1, v, v3}, {v2, va}}.

The following proposition shows the relationship between the lower and upper approximations.

Proposition 3.1. Let (01, A), (02, A) be two soft binary relations from universe U to V and X C V. Then

(1) pp1 +p2X(@) C7p1 + 2 (a)

(2) pp1 +p2* (@) € ("1 T2 (@)) .

(3) "o 2" (@) € (o1 + (@) -
Proof.

(1) Let u € ,p; + p2*(a). Then O # upi(a) € X and O + ups(a) C X, these imply that up\(a) N X # 0
and upz(m;é 0. That is u € Pp; + ps (a). Thus pwx(a) C Por ¥ o (a).

(2) Letu € pwxc(a). Then 0 # upi(a) € X and O # up,(a) C X. These imply that up,(a)NX =
0 and upz(a) NX =0 Thus u¢ PplszX(a), that is u € (f’gflszX(a))C. Thus pmx(a) -

(o1 +p2 (Cl))C
(3) Letu € P&, + p, +p2 (a) Then upl(a) N X # 0 or upy(a) N X # 0, these lmply that upi(a) € X or
uéy(a) & X. Thus u ¢ ppi + po*, that is u € (€, + po" (@) Thus Ppy + p; o2 (@) C (61 + P2 " (@)

To show that the reverse inclusion in the parts of the Proposition 3.1. It is not true that we have the
following example.

Example 3.2. (Continue from Example 3.1) Utilize the U,V and (p1,A), (02, A) of Example 3.1. Let
X ={vi,v} €W, X = {vs3}. Then

(1) pp1 +p2*(ar) = {ur} B {ur, up,u3} = Pp; + p3 X(an).
(2) pp1 +p2"(@2) = 0 2 {us) = ("1 ¥ 2" (@) -
(3) Pp +,02XC(612) = {uo} 2 {uy, up, uz} = (ppl + 02 (az))
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Remark 3.1. If upi(e) # 0 and up,(e) # 0 for all a € A and u € U, then ,p; + p,* = (”,01 + pZX)C and
= (pPl +P2X)
Proposition 3.2. Let (01, A), (02, A) be two soft binary relations from universe U to V and X C U. Then

c

Ppi +PzX

(1) *p +Pzp(d) C Xp1 +p2"(a)
(2) ¥ pr+p2 (@) € (Y& + 2 (@)
(3) ¥pr+pa(@) < (Yp1 +pa’ (@)

Proof. The proof is similar to the proof of Proposition 3.1.

c
b

c

Remark 3.2. If p;(e)v # 0 and p,(e)v # O foralla € A and v € V, then X' p, + p, = (Xpl +p21’)c and
. —
Xpr+p = (Xpl +P2p)

Proposition 3.3. Let (0, A), (02, A) be two soft binary relations from universe U to V and X C V. Then
the following properties hold.

(1) po1 +p2%(@) = pi*(a) N p2*(a)

(2) "or ¥ p2 (@) = pr(@) U pz (@)

(3) o1 +p2"(@) SV and ?pr ¥y (@) €V

(4) pp1 +p2°(a) = 0 and PPy ¥ 2 (@) = 0

(5) pp1 +P25(a) = pp2 + p1¥(a) and Ppr + 3 (@) = P2 + 1’ (@)
Proof.

(1) Let u € ,p1 + py*(a). Then O # up;(a) € X and O # up,(a) C X. These imply that u € p,*(a) and
u € pX(a). That is u € py*(a) N pa*(a). Thus ,p1 + p2*(a) € p1*(a) N p2*(a). B
Con;rsely, let u € plxzz) ﬂpgxa). Then u € p\*(a) and u E_pzx(a)._Thus 0O # up(a) € X and
0 # up,(a) C X. These imply that ue PP1 +p?X(a). Thus ply(a) N pa*(a) C o1 + p2*(a).
Hence ,p; + p2X(a) = &X(a) N &X(a).

(2) Let u € ”plszX(a). Then upi(a) N X # O or upy(a) N X # 0. These imply that u € p; (a) or

u € pX(a), that is u € (pr(a) U p2~(a)). Thus Po; + ps (a) C pri(a) U o2~ (a).
Conversely, let u € pr*(a) U ps-(a). Then u € py(a) or u € py(a), that is up;(a) N X # 0 or
up2(a) N X # 0. These imply that — u € Pp; + ps(a). Thus  pr(a) U pr(a) C Ppr + pa (a),
Hence "p1 + s (@) = pr(a) U py" (a).

(3) (a) By definition ,p1 + p2¥(a) = {u € U | 0 # upi(a) €V and 0 # upy(a) C V} C U.

(b) By definition ”plTng(a) ={ueU|upi(@)NV £0orup(a)yn'V +0} C U.
(4) (a) By definition ,p1 + px°(a) = {u € U | 0 # upi(a) C 0 and 0 # up>(a) C 0} = 0.
(b) On contrary suppose that pplsz@(a) # (0. Then there exists u € U such that
ue ”plsz@(a). Thus up(a) N 0O # O or up,(a) N O # O which is a contradiction.
Hence pplsz@(a) =0.
(5) (a) Obvious. (b) Obvious.

Corollary 3.1. (1) 01 +p2"(e) = U ifupi(a) # 0 and up>(a) # 0 for all a € A and for all u € U.
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(2) Pp, +p2V(e) = U ifupi(a) # 0 or up,(a) # 0, for all a € A and for all u € U.

Proposition 3.4. Let (01, A), (02,A) be two soft binary relations from universe U to V and X C U.
Then the following properties hold.

(1) “pr+p2 (@) =*pi(@) N *pa(a),

(2) *p1 + 2" (a) = *pi(a) U *pa(a),
(3) Ypi +P2p(a) CVandYpi +p"(a@) CV

(4) °py +P2p(a) = 0 and °p; +Pzp(a) =0
(5) *pi +Pzp(a) =*p, +Plp(a) and *pi + p;"(a) = *py + pi’ (a).

Proof.
The proof is similar to the proof of Proposition. 3.3.

Corollary 3.2. (1) Yp, +p2p(a) = Vifpi(a)v # 0 and py(a)v # 0, for all a € A and forv € V.
(2) Ypr + pa(a) = V if pi(a)y # 0 or ps(a)v # 0, for all a € A and for all v € V.

Proposition 3.5. Let (o1, A), (02, A) be two soft binary relations from universe U to 'V and X, C V, X, C
V. Then the following properties hold, for all a € A.

(1) o1 +p2"1"%2(a) = o1 + P21 (a) N o1 + p*2 (@),
(2) 71 ¥ p2 (@) = P ¥ pa (@) U Ppr F pa (a),
(3) Xi CXo = o1 +p251(a) C pp1 + P2 (a),
(4) X, € X, = Pp +/?2X1 (a) € Pp; +P2X2(a),

p -X1NX3 p—Xl p—Xz
(5) Pp1 + p2 (@) CPpy+py (@) NPp; +pr (a),
(6) po1 + P21V (a) 2 o1 + p2* (@) U o1 + p2*2(a).

Proof.

(1) By part (1) of Proposition 3.3, we have  ,p; + p2"'™2(a) = p/"™2(a) N p,1"*2(q)

= (0@ 0 p @) 0 (&5(@) N (@) = (1" (@) N &M @) 0 (01 (@) 0 p (@)
= pp1 +p2X1 (@) N o1 + P2 (a).
(2) By part (2) of Proposition 3.3, we have Pp; + pZXIUXZ(a) =% () U M (a)
= (P (@ Upr (@) U (72 (@) U p2*(@)) = (P (@) U2 " (@) U (@) U p2™*(a))
- X X2
=’p1+p2 UPpi+p2 7 (a).
(3) Let u € ,p, +p>X1(a). Then 0 # upi(a) C X, and O # up,(a) C X,.
Since X1 € X, 50 0 # upi(a) € X; C X, and 0 # up,(a) C X; C X,.
Thus u € ,p1 + p2**(a). Hence ,p1 + pr*'(a) C 01 + p2™2(a).
(4) Let u € P&, +,02XI (a). Then upi(a) N X, # 0 or ué&(a) N X; # 0.
Since X; € Xy 50 upi(a)N Xy £ 0 orup,(a)N X, #0. Thus u € Pp; + pzxz(a). This implies that
— X "
Pér+pr (a) CPpr+pa(a).
(5) Since X1 2 X; N X5, X, 2 X| N X, we have from (4)
pr+py a) S pr + fzj (a) and py +py " (a) € p1 + pa (a), these imply that
Pt e CE+pr (@ Npr+ (@)
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(6) Since X; C X, U X,, X, C X U X, we have from (3)
pP1 + 2190 (a) 2 &1 + pr1 () and ppy + P21V (a) 2 o1 + P2 (), these imply that

o1 + P19 (a) 2 &1 + p X (@) U o1 + p X1 (a).

Proposition 3.6. Let (01,A), (02, A) be two soft binary relations from universe U to V and X, C U, X, C
U. Then the following properties hold, for all a € A.

(1) X10%2p, +p2p(a) =Yip, +P2p(a) n*%¢ +Pp(a))’
(2) X]szmp(a) — X]é‘l +p2p(a) U szl +p2p(a),
(3) X, CX, = Xg +p2p(a) c X +P2p(a),
(D)X CXo= Mpr+ & (@ P p @),
(5) X10%& + py (@) €M pr + 2" (@) N + py (a),
(6) X1UX2’01 +p2p(a) ) lel + é.‘zp(a) U XZ,OI +p2p(a).

Proof. The proof is similar to the proof of Proposition 3.5.

Proposition 3.7. Let (p1,A), (02, A) be two soft binary relations from non-empty universe U to V with
(01,A) C (02,A) and X C V. Then

(1) pp1 + p2* (@) = p (@),
(2) "o ¥ pa (a) = pr(a).

Proof. Suppose (p1,A) C (p2,A), for any u € U, up(a) C upy(a)
for all a € A therefore, we have that

p2* (@) € p* (@), (3.1)

pr¥(a) € p2¥(a). (3.2)

Thus

(1) pp1 +p2X(@) = p1*(a) N ps¥(a), that is ,p1 + p2X(a) = py*(a) by Eq (3.1).
(2) Pp1 ¥ p7 (@) = pr(a) Uy (a), that is "oy + ps (@) = pr(a) by Eq (3.2).

Proposition 3.8. Let (01, A), (02, A) be two soft binary relations from universe U to V, with (p;,A) C
(2, A) and X C U. Then

(1) “p1 +p2 (@) = *paa),
(2) *pr+p2" (@) = *py(a).
Proof. The proof'is similar to the proof of Proposition 3.7.

Definition 3.3. Let (01, A) and (0,2, A) be two soft binary relations from non-empty universal set U to
V, and X C V. Then the accuracy measure with respect to afterset is defined by

o1 + X (a)
a(p1 + p2, X)a) = ———
[Po1 + 2" (a)l
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Definition 3.4. Let (p1,A) and (p,, A) be two soft binary relations from non-empty universal set U to
V, and X C U. Then the accuracy measure with respect to foreset is defined by

*p1 + p2 (@)
a(X,p1 + po)a) = ———.
o1 + 2" ()|

Where |.| shows the cardinality. Its is obvious that 0 < a(X, p; + p;)(a) < 1. When a(X, p; +p2)(a) =1,
then X is pessimistic multigranulation definable otherwise pessimistic multigranulation undefinable.

3.1. Pessimistic Roughness of a set over multi soft binary relations

In the previous section, we defined the multigranulation roughness of the set by two soft relations.
In this subsection, we generalize the concept of the previous section and present the multigranulation
roughness of the set by finite numbers of soft binary relations and discuss its basic properties.

Definition 3.5. Let (01, A), (02,A), (03,A)...... (ons A) be n soft relations from a non-empty universal
set U to V, and X C V. Then we define two soft sets over U by

prJ- (@={ueU|0+upja)CX, forall j=1,2,...n}

”Zp.,- (@={ueUlupja)NX #0, for some j=1,2,...,n}

called the pessimistic lower and pessimistic upper approximations of X with respect to aftersets, we
denote these soft sets by

(2 2j-1Pj X(a), A), (1’2] 1Pj (a),A) respectively.

Definition 3.6. Let (0, A), (02,A), (03,A)...... (on, A) be n soft relations from a non-empty universal
set U to V,and X C U. Then we define two soft sets over V by

szj (@={(eVI|0#piayCX, foral j=1,2,...n)

=1

P
D

Xij @={veV]pilavnX+0, for some j=1,2,...,n}
=1

called the pessimistic lower and pessimistic upper approximations of X with respect to foresets, we
denote these soft sets by

n P .
(XZ] 1/0] (@), A), (ijzlpj (a), A) respectively.

Proposition 3.9. Let (01, A), (02,A), (03,A)...... (on, A) be n soft relations from a non-empty universal
setUtoV,and X C V. Then

(1) 300 @) € 'S p; (@),
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c —X ¢

2) S0 @ < ("Tp; @),

X¢ c

(3) 'S pr @< (2 @)
Proof. The proof is similar to the proof of Proposition 3.1.

Remark 3.3. If upj(a) # 0 for all a € A,u € U and for all j. Then PZ7:1ijC - (PZ'}:IpJfX) and

o X 0o x\
Zj:lpj :(ij:ij )

Proposition 3.10. Ler (o1,A), (02,A),(03,A)...... (o, A) be n soft relations from a non-empty
universal set U to V,and X C U. Then

(1) ¥ L1 @ €T p; (a)
(2) ¥ Zips @ ¢ (Tp) @),
(3) sz,-:lp,- @< (*Ship/@)

Proof. The proof'is similar to the proof of Proposition 3.1.

Remark 3.4. If pj(a)v # 0, for all a € A,v € V and for all j. Then Xczzlepj = (Xzslepjp)c and
—_—

X(Z/ 1:01 = (XZ.’JLIPJP) .

Proposition 3.11. Let (p;,A),(02,A), (03,A)...... (o, A) be n soft relations from a non-empty
universal set U to V, and X C V. Then the following properties hold.

(1) pXjapi @ =0 p @

(2) 'Y p; (@) = U557 (@)

(3) Eip) @ v and 'S p; (@) C U
(4) X 0@ = 0 and "SI p; (@) = 0

Proof. The proof is similar to the proof of Proposition 3.3.

Corollary 3.3. (1) >, p.,-v(a) =Uifupj(e) # 0, forall a € A, for all u € U and for all j.
(2) PZ?zlij(a) =Uifupj(a) # 0 forall a € A, for all u € U and for some j.

Proposition 3.12. Let (p1,A),(02,A),(03,A)...... (o, A) be n soft relations from a non-empty
universal set U to V, and X C U. Then the following properties hold.

(1) XZ’}zlpjp(a) N (@),

(2) X% p) (@) = UL, ¥Bj(a),
(3) Y ?zlpj (a)CVandU 1Pj (a)CV

(4) OZZLHOJP(CI) =0 and (DZj:lp]p(a) =
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(5) “Liips @ ="} ps @ and T p (@ =T o) (@

Proof. The proof'is similar to the proof of Proposition 3.3.

Corollary 34. (1) UZZLI pj (@) =Vifpiay #0,foralla €A, forv eV and for all j.
(2) Um(a) =V m\f # 0 forall a € A, for all v € V, and for some j.

Proposition 3.13. Ler (o1,A),(02,A),(03,A)...... (o, A) be n soft relations from a non-empty
universal set U to V, and X C V. Then the following properties hold, for all a € A.

(1) X 107" K@y = e 3 mﬁ“‘(a)

2) rT oy ) = U S o) (@),

B)XicXo= Ik 1pf“ (@) €y pi 1psz(a)

(4) X, € X, = ijzlpj (a) < ijzlpj (a),
— " X; —Xi

(5)P¥ip; @ e 10 @,

(6) pXjo1pi (@) 2 umz,,z, 1P (@)

Proof. The proof is similar to the proof of Proposition 3.5.

Proposition 3.14. Let (p1,A), (02,A), (03,A)...... (on,A) be n soft relations from a non-empty
universal set U to V, and X C U. Then the following properties hold, for all a € A.
(1) m:',;lxiz:?—]}ij (@) = N7, Xi J 1Pj (a),
(2) XS p; "(a)= un X p; (a)
(3) Xl gXZ XIZJ:]p] (a)gXZZ]_]pj (a)’
P p
<7 ~n 7
(4) X, € X, = XIZJ 1pj (@) € X2Zj:1Pj (a),

(5) “5"1"2" Lo (@ C X =1Pj "(a),
(6) Y=ip, +p2 (@) 2 Ui’il PL+p2 (@)

Proof. The proof is similar to that of Proposition 3.5.

Proposition 3.15. Let (p1,A), (02,A),(03,A)...... (0n,A) be n soft relations from a non-empty
universal set U to V, and X C V, with (p1,A) C (02,A) C (03,A) C ... C (on, A) Then

(1) X pf (@) = pa*(a),
(2) 'S p; (@) = (@),

Proof. The proof is similar to the Proposition 3.7.

Proposition 3.16. Let (o1,A), (02,A),(03,A)...... (o, A) be n soft relations from a non-empty
universal set U to V, and X C U, with (p1,A) C (02,A) C (03,A) C ... C (on,A). Then

(1) ¥Zips (@ ="pi(a),
(2) X3 p; (@) = *pa(@).
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Proof. The proof is similar to that of Proposition 3.7.

Definition 3.7. Let (p{,A),(02,A),(03,A), (o, A), be n soft binary relation from non-empty
universal set U to V, and X C V. Then the accuracy measure with respect to afterset are defined

by

b2 o (@)

o> pj X)(a) = .
Z ’ P (@)

Definition 3.8. Ler (p1,A),(02,A),(03,A), (o, A), be n soft binary relation from non-empty
universal set U to V, and X C U. Then the accuracy measure with respect to foreset are defined by

. K3 p @)
oX, S pa) = —2 .
JZI T @)

4. Example

Example 4.1. Suppose a University advertises the vacancies of lecturers for their two campuses U
and V. The set U = {r|, my, w3, T4, 5, Mg, M7, N3}, represent the candidate applied in campus U and the
set V = {n', n}, %, my, s, mg, w5} represent the candidate applied in campus V. Let two teams of experts
compare them based on pure Mathematics and applied mathematics, a set of parameters A = {p =
Pure Math,a = Applied Math}. From these comparisons, we have

p1: A — P(U X V), represents the comparison of first-team of experts defined by.

pl(p) :{(ﬂ-laﬂ-lz)a (ﬂ.l’ 7(3)9 (7T277T12)’ (7T297Tg)9 (ﬂ-3aﬂ:|.)a (7T3’ 7[’5)9 (7T477T11)’ (7(4971-3)9 (ﬂ-Saﬂll)a (ﬂ'S’ 7[’6)9 (7T777T:t)’ (7(7971-;)}5

pl(a) :{(771,71',3), (ﬂ.h 7T,6)7 (7T2’7T,1)’ (7T2’7T:L)’ (71-3’”,1), (ﬂ.4$ 7T,5)7 (7T4’7T;)’ (7T5’7T,2)’ (T(S’ﬂ;)a (7T7$ 7T,3), (7T7’7Té)’ (7T8’7r,1)’

(7'[8,71';)},

P2 i A — P(U X V) represents the comparison of second-team of experts defined by

p2(p) :{(7(1, 7T/2), (71.23 ﬂg)a (7T2’ 77;), (7T3’ ﬂ':\.)7 (7(4a ﬂ-g)a (7T4a 7T’5)7 (7T4’ ﬂ-lﬁ)’ (7T5’ ﬂ':\.)7 (7(6a ﬂ;)a (7T7a ﬂg)a (7T7’ 7(,7)(7(8, 7T/2),

(7T8’7T;)}’

p2(a) ={(my, 75), (11, ), (72, 75), (M2, ), (M2, 705), (3, 70)), (73, 7)), (4, 705), (4, 70, (70s, 705), (76, 705), (707, ),

(7[8971';)’ (7[8’”3)}'

We get two SBrs from U to V fromthesecomparisons. Now the aftersets are

mpi(p) = {my, s}, mpi(@) = {5, mgl,  mpap) = {5}, mipa(a) = {my, 14}
mpi(p) = {nh,n5},  mpi(a) = {n), 7)), mp2(p) = {5, w5}, mops(a) = {n5, my, 5}
mpi(p) = {75}, mpi(a) = {7}, m3p2(p) = {7y}, m3pa(a) = ('), g}
mpi1(p) = {715}, mpi(a) = {1}, mpa(p) = (sl mg),  mpa(a) = {mh, )
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nspi(p) = {my,mgh,  mspi(@) = {m),m7),  wspa(p) = {7y}, nspa(a) = {my}
nep1(p) = 0, nsp1(a) = 0, mep2(p) = {77}, nep2(a) = {75}
mp1(p) = {my, w3}, mpi(@) = {5, mgl, mpa(p) = {m5, m7), mrp2(a) = {mg)
nso1(p) = 0, ngpi(a) = {m),m5},  mgpa(p) = {75, w5, ngpa(a) = ()}
And foresets are

Pl(P)ﬂl {m4, 75}, Pl(a)ﬂ1 {mo, 3, g}, Pz(P)ﬂll =0, Pz(a)ﬂl = {m3, g}
Pl(P)ﬂz = {m, ma}, Pl(a)ﬂz = {xs}, ,02(P)7T2 = {ms}, Pz(a)ﬂz = {4, s}
pi(pny = {r,m),  pi(a)n = {m7), pa(p)ny = {ma, ma, 17}, pal@)my = {my, ma}
pi1(p)my = {m7}, pi(a)my, = {m}, pa(p)my = {m3, s}, paaymy = {my, 7y}
Pl(P)”s {m2, 3}, Pl(a)ﬂ {ma}, Pz(P)ﬂs = {m2, m4, ms}, Pz(a)ﬂg {6}
pi(p)mg = {ms}, pi(@mg = {my, 77}, pa(p)mg = {ma}, pa(@)mg = {m3, 77}
pi(p)n = {m7}, pi@ny = {ry,ms,m3},  pa(p)ry = {me, w7}, pa(@)ry = {m}.

If the candidates X = {n,, ny, g, g} C 'V are recommended for selection in campus V then who will be
recommended for selection in campus U?
Now we categorize the candidates who applied on campus U.

— X
pP1 +p2X(p) = {m), Por+p2" (p) = {71, My, M4, s, 7, W3},
— X
pP1 +102X(6l) = {m7} Ppr +pa”(a) = {my, mp, 3, 4, 5, 707},
In this case, the lower approximation contains all those candidates who applied to campus U
recommended by both teams of experts, and the upper approximation contains all those candidates
who applied to campus U recommended by one of the teams of experts.
If the candidates X = {m, m,, m4, w7} C U recommended for selection in campus U, then who will be

recommended for selection in campus V?
Now we categorize the candidates who applied in campus V.

X X——F—>p
p1+ p2p(p) = {73}, p1+p2 (p) = {m}, my, w5, my, 75, M, 75,
“p1 +Pzp(61) = {n}, )} Xo1 + 2" (a) = (), 7y, mh, my, 7S, 7, 4.
In this case, the lower approximation contains all those candidates who applied to campus V
recommended by both teams of experts, and the upper approximation contains all those candidates
who applied to campus V recommended by one of the teams of experts.

5. Comparason

In this section, we will analyze comparatively the effectiveness of our method. To deal with
incompleteness and vagueness, an MGRS model is proposed in terms of equivalence relations by
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Qain et al. [19], which is better than RS. To make the equivalence relation more flexible, the conditions
had to be relaxed; Shabir et al. [22] presented the MGRS of a crisp set based on soft binary relations
and its application in data classification, Ayub et al. [3] introduced SMGRS which is the particular
case of MGRS [22]. Here, we have a new hybrid model APMRS by using multi-soft binary relations.
Let us suppose we illustrate the example 4.1. If the candidates X = {m,m,,m4,m;} C U in campus
U recommended for selection, then who will be recommended for selection in campus V? Now we
categorize the candidate who applies in campus V through Shabir et al. [22] with respect to aftersets.
Xp1 4+ pa(P) = {ny, 7y, 7}, m, mh} and Xpy + pa(P) = {n}, m), n%, 7). That is Xp; +p> & *pr +p; and
Xp1 + p2 € *p1 + p, thatis [22] is not parallel with Pawlak Rough set and Qian et al. MGRS. However,
our model satisfies this property. Secondly, when *p, +p, € *p; + p, and, Xp, + p> ¢ *pi + pa,
then we are unable to defined accuracy measure, but in our model, we defined accuracy measure.
SMGRS [3] is the particular case of [22]; the same issue occurs in [3], which also occurs in [22]. That
is why our proposed model is more effective.

6. Conclusions

This article studies a novel pessimistic multigranulation roughness of set over two universes. Firstly,
we present the roughness of a set by using the aftersets and foresets of two soft binary relations over
dual universes and their essential properties. From this roughness, we got two new soft sets. Then
we extended this definition and defined the roughness of a set by using the aftersets and foresets of
the finite number of soft binary relations over dual universes. We also investigated some algebraic
properties and an example in data classifications to illustrate our proposed pessimistic multigranulation
rough set model. In the future, we can apply this model to classify the data in many practical fields
like medical sciences, classification of the data of different diseases, classification of economics data,
management science, and social sciences data.
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