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1. Introduction

The theory of systems of simultaneous linear equations has a wide range of applications in all
branches of mathematics and in many other fields such as physics, transportation planning [25],
optimization [29], business, finance, management [8], current flow and control theory [10]. In many
applications, some of the systems have uncertainty in parameters and measurements that are
represented by fuzzy numbers rather than crisp numbers. Therefore, it is immensely important to
develop and improve the problem of solving fuzzy matrix equations.

A general method for solving the fuzzy linear system AX = B, where A is a crisp-valued matrix
and Bis a fuzzy number-valued vector, was first proposed by Fridman et al. [3,14]. Various methods
emerged later to solve such fuzzy linear system [2,4,5,16,18,22].
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In recent years, the fuzzy linear systems in dual form are developing rapidly and it has a wide range
of applications in various branches of science such as economics, finance, engineering and physics
[21]. In 2000, Ma et al. [20] firstly proposed an embedding method for solving the dual fuzzy linear
system AX = BX + Y, in which A and B are two o crisp matrices and Yisa fuzzy number vector. In
addition, they illustrated that the system AX = BX + Y is not equivalent to the system (A — B)X =Y,
since there does not exist an element y such that x +y = 0 for an arbitrary fuzzy number x. Also,
Wang et al. [28] presented an iterative algorithms for solving dual fuzzy linear systems of the form
X = AX +Y, where A is areal n X n matrix, X and Y are fuzzy number vectors. In 2006, Muzziloi et al.
[21] considered fuzzy linear systems of the form A x + by = A,x + b, with Ay, A, square matrices
of fuzzy coefficients and b, b, fuzzy number vectors. In 2008, Abbasbandy et al. [6] proposed
a numerical method to obtain the minimal solution of the m X n general dual fuzzy linear systems
AX + Y = BX + Z based on pseudo-inverse calculation. Later, Ezzati [12] investigated the non-square
symmetric dual fuzzy linear system of the form AX = BX + Y. In 2009, Sun and Guo [24] solved a
non-square dual fuzzy linear systems AX +Y = BX + Z, in which A and B are non-full rank matrices.
In 2012, Fariborzi Araghi et al. [13] solved a non-square dual fuzzy linear system AX+Y=BX+7Z,
by applied a special algorithm of the class of ABS algorithms. In 2013, Otadi proposed a new model
for solving the dual fuzzy linear system AX =BX +Y [23]. In 2013, Gong et al. [17] obtained a
simple and practical method to solve the dual fuzzy matrix equation Ai + B = CX + D, in which A,
C are m X n matrices and B, D are m x p LR fuzzy numbers matrices. By the arithmetic operations on
LR fuzzy numbers space, they fined that the above dual fuzzy matrix equation could be converted into
two classical matrix equations to solve, and the LR minimal fuzzy solution and the strong(weak) LR
minimal fuzzy solutions of the dual fuzzy matrix equation are derived based on the generalized inverses
of matrices. In 2019, Gong et al. investigated the solution of m xn fuzzy linear system Ax =y based on
LR-trapezoidal fuzzy numbers and its numerical calculation. In 2021, M. Ghanbari et al. [15] proposed
a straightforward approach for solving dual fuzzy linear systems of the form AX +Y = BX + Z, where
A and B are crisp-valued matrices and Y and Z are fuzzy number vectors. The benefits of this method
is that it does not need to transformed into two crisp linear systems. For more research results see [7,9,
26].

The main purpose of this paper is to explore how to solve the dual fuzzy matrix equations AX+B =
CX+D algebraically, in which A, C are n X n matrices and B,Dare nxn fuzzy number matrices. First,
we define the extended and algebraic solutions of the dual fuzzy matrix equations AX+B=CX+D.
Meanwhile, the relationship between them is investigated. Second, a necessary and sufficient condition
for the unique algebraic solution existence is given. Unlike the existing methods, the main advantage
of our method is that there is no need to convert a dual fuzzy matrix equation to two crisp matrix
equations to solve. Finally, by the generalized inverses of the matrices we solve the general dual fuzzy
matrix equations and dual fuzzy linear systems.

The rest of the paper is organized as follows: Section 2 reviews some basic concepts associated
with fuzzy numbers and establishes several useful results. The definition of dual fuzzy matrix
equation is given. Then, two types of solutions for a dual fuzzy matrix equation are presented and the
relationship between them is investigated. In Section 3, our method is explained by presenting a
theorem. Numerical examples are given in Section 4. Finally, we conclude the paper in Section 5.
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2. Preliminaries

At first, we will recall some basic concepts associated with fuzzy numbers.

Definition 2.1. (see [5, 27]) A fuzzy set X with the membership function uz : R — [0, 1] is a fuzzy
number if

(1) There exists ty € R such that uty) = 1, i.e., X is normal;

(2) Forany A € [0, 1] and s,t € R, we have uz(As+ (1 — D)t) > min{uz(s), uz(t)}, i.e., X is a convex fuzzy
set;

(3) For any s € R, the set {t € R : uz(t) > s} is an open set in R, i.e., ux is upper semi-continuous on R;
(4) The set {t € R : ux(t) > 0} is compact set in R, where A denotes the closure of A.

Let us denote by Ry the space of fuzzy numbers. It immediately follows that R ¢ R# because
R = {x; : tis real number}. For 0 < @ < 1, we denote [x], = {f € R : uz(t) > a} and [x]y =
{t e R : uz(t) > 0}. Then [x], will be called the a—level set of the fuzzy number x. The 1-level is
called the core of the fuzzy number, while the O-level is called the support of the fuzzy number.
Usually, the support of the fuzzy number x is defined as supp(x) = [x]o = {t € R : uz(t) > 0}.

Lemma 2.1. (see [19]) If x € Ry is a fuzzy number and [x), are its a—levels then

(1) [x]o = [x(@), X(@)] is a bounded closed interval, for each « € [0, 1];

(2) [x(a1), ()] 2 [x(a2), X(@2)] forall 0 < ) < a2 < 1;

(3) [limye x(ag), limg_e X(a)] = [x(@), X(@)] whenever ay is a non-decreasing sequence in [0, 1]
converging 1o a.

Remark 2.1. (see [22]) By lemma 2.1 it is conclude that if the family {[x(@),x(@)] : 0 < @ < 1},
presents the a—levels of a fuzzy number, then

(1) The condition (1) implies the functions x and x are bounded over [0, 1] and x < X for each « € [0, 1];
(2) The condition (2) implies the functions x and x are non-decreasing and non-increasing over [0, 1],
respectively;

(3) The condition (3) implies the functions x and X are left-continuous over [0, 1].

For x,y € Ry and 4 € R, based on the extension principle, arithmetic operations on the fuzzy
numbers are presented using the concept of a—levels of fuzzy numbers and interval arithmetic. Then
the a—levels of the sum x +y and the product A - x are obtained as follows

[X+Y]e = [Xlo + Do = {s + 115 € [Xlo, 1 € [V]a} = [x() + y(@), X(@) + ¥(@)],

. — (- _ [ [Ax(@), X(@)], 1>0,
[4- 35](1 =A [35](1 = {/lt it e [35](1/} = {[/b_c(a)’/lz(a)]’ <0

Definition 2.2. We say that two fuzzy numbers x and'y are equal, if and only if for any t € R, u(t) =
(D), i.e. [X]y = [V]a, forany a € [0,1]. Alsox Cy & [x]y C [V]a, for any « € [0, 1].

Definition 2.3. (see [11]) A triangular fuzzy number x = (x', X, x") is a fuzzy set defined on the set R

of real numbers, whose membership function is defined as follows

t—xhy/(xm =), ifx <t

px(t) = § (X =/ (x" = x™), ifx" <

0, others,
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where X', x™ and x" are called the lower bound, the mode and the upper bound of the triangular fuzzy
number X = (x!, x, x), respectively, and x' < x™ < x*. If x! > O, then the triangular fuzzy number
X = (¥, X, x*) is called a positive triangular fuzzy number:

If x < 0, then the triangular fuzzy number X = (x/, x, x") is called a negative triangular fuzzy
number. The a—levels of X = (x/, X, x*) is denoted as [x], = [x' + a(x" — x), x* — a(x* — x™)].

Definition 2.4. Let x = (X, x™, x*), 3 = (y/,y",y") be two triangular fuzzy numbers, A a real number
Then the arithmetic operations of x and'y are defined as follows:

(Hx®Y = (', 2", x) @ (L y", y") = (& +y, 2" + 3", x + y*);

Q) xey =, 2" x)e 0Ly y) = ( =y, 1" =y x =y

(Ax!, AxX™, AxY), ifd >0,

B)A®X = A (X, X", x*) =
(Ax", Ax™, Axh), ifa<0.

In continuation, we define two concepts namely a—center and a—radius of an arbitrary fuzzy
number.

Definition 2.5. (see [1]) x“ () is called the a—center of the fuzzy number X if x¢(a) = }(a);@(m, for any

a € [0,1]

Definition 2.6. (see [1]) x%(a) is called the a-radius of the fuzzy number X if x®(a) = w for any
a € [0,1].

Obviously, the a—center and a—radius of an arbitrary fuzzy number are crisp real functions of a.

Remark 2.2. Letu = Z?:] /1,")?,';', ’fl,fz, . ,};1 € R}‘, A, Ao, ..., A, € R then
uC(@) = ) (@), uf@) = Y 1),
i=1 i=1

Definition 2.7. Let x; be a fuzzy number (i = 1,2,...,n), then~we say that X = X1, %, ..., %) isa
fuzzy number-valued vector. The a—center and a—radius of [X]e = ([X1las [X2]as - - > [Xnla)! can be
defined by X“(a) = (x¢(a), x§(a), ..., x5 (@) and XX(@) = (2K (@), E(a), ..., xR(@)).

Therefore, we can obtain

XCY o [X], C[Y],, Y € [0,1]
@ [}’Tl]a g [S;i]a’l': 1,2,...,”1,@'6 [09 1]7

where X and Y are two fuzzy number-valued vectors.

Theorem 2.1. Let matrix A = (a;j)uxn be a crisp-valued matrix, vector X = (X1, X2, -+ , X,) " be a fuzzy
number-valued vector. We have

A-X)(@) =A-X%), (A -Xf) = Al XX().

Based on the results obtained above, in the following comment we will consider a dual fuzzy matrix
equation.

AIMS Mathematics Volume 8, Issue 3, 7310-7328.
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Definition 2.8. The matrix equation

ayp dp -t A4y X111 X120 Xin byi by -+ by,
ax daxy -+ iy Xo1 X2 ottt Xop by by - by,
. + .
anl App - Ay Xnl  Xp2 "t Xan bnl bn2 ce bnn
o _ _ - —_ 2.1
C11 Ci2 *+ Cin X111 X120 Xn dy dip - diy
C Cxp -+ Cop Xo1 X2 ottt Xop dy dy - diy
pu— . . >
Cnl Cn2 =" Cpp Xnl X2 " Xpn dnl dnz te d,m

where a;j, c;j, 1 < 1, j < n are real numbers and elements b;;, d;;, 1 < i, j < n are fuzzy numbers, is
called a dual fuzzy matric equation. Using matric notation, we have

AX+B=CX+D.
A fuzzy number matric X =& Inxn 18 called the solution of the dual fuzzy matric Eq (2.1) if satisfies
AX;+B;=Cx;+D;, j=1,2,...,n,
where X = (%17, %) ., %))T, Bj = (b1j,bajy..., byp)T, Dy = (dvjudaj,....d)7, j = 1,2,...,n are
Jj—th column of fuzzy matrices X, B and D, respectively.

It is well known that for an arbitrary fuzzy number Xx, there exists no element y € R# such that
x +y = 0. Consequently, we cannot equivalently replace the dual fuzzy matric equation (2.1) by the
fuzzy matric equation (A — C)X = D — B. Therefore, it is crucial to develop mathematical methods
that can solve the dual fuzzy matric equation (2.1).
Example 2.1. Consider the problem of the classical coordinate rotation and shift in Cartesian
coordinate systems: a point P(x,y) rotates 8;(i = 1,2) in counterclockwise, and then shifts the origin
of the coordinate to the point P;(x;,y;), (i = 1,2), and we obtains P}(x],y}), (i = 1,2) in new coordinate
system. The relationship between P(x,y), Pi(x],y}), (i = 1,2) and P;(x;,y;), (i = 1,2) as follows.

(xf) ( cos®; siné; )(x) (—xi)

= T + :

V. —sinf; cosb; y -y;

In some sense, we need to calculate those points P(x,y) such that P/(x],y)), (i = 1,2) are equal to

each other at least in quantitative values or in a specific functions in an engineering modeling. In fact,
the problem will be converted to solving a two dimensional matrix linear system as follows.

cos@; sind; X —-X cosf, sin6, X —X
: + = ) + .
—sin#f; cos0; y -y —sinf, cos6H, y -V

As we all know, in the classical theory of the matrix linear system, it equivalent to the following
linear system
cos@; —cosf, sin6; —sinb, X\ [ xi—x
( —sin6; + sin6, cosf; —cos b, )( y ) B ( i — Y )

AIMS Mathematics Volume 8, Issue 3, 7310-7328.
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However, there are often uncertainty of parameters in the process of mathematical modeling in a
concrete engineering, and the parameter with uncertainty is easy to describe whether it can be written as
fuzzy number in some sense. When x;, y;(i = 1, 2) are fuzzy numbers. We need to solve the following
two dimensional fuzzy matrix linear system.

cosf; sin6; X —X1 cosf, sinb, X —Xp
. =+ = i + .
—sinf; cosé; y —y1 —siné, cosb, y )
For above two dimensional fuzzy matrix linear system, the system AX + B = CX + D is not
equivalent to ~the system (A — C)X = (B—D) since there does not exist an element fuzzy number v such

that u +v = 0 for any fuzzy number u.
The following definition gives two types of the solutions to the dual fuzzy matrix equation (2.1).

Definition 2.9. Let det(A — C) # 0 for the Eq (2.1). The extended solution of the Eq (2.1) is defined as
follows _ o
Xz =(A-C)'(D-B).

Remark 2.3. Consider Eq (2.1). If xij, b; jand d; j are triangular fuzzy numbers and also det(A-C) # 0,

then the extended solution Xg = (xg, Xy, Xy) is equivalent to the matrix system

X; = (A -C)”'((D',D",D") - (B',B", B"))
=(A-C)'(D'-B*, D" -B",D" - B)).

Definition 2.10. Let X;, = (Xi,,,X2j,,--.,Xn;,) denote the jth column of the iA. Then iA is said to be
an algebraic solution of equation (2.1) equivalent to

A§A+§:C§A+ﬁ,

or
n

n
Zaikxm + bij = Zcikxij +dija l,] =1,2,...,n.
k=1 k=1

Remark 2.4. By Definition 2.9 and Theorem 2.1 we have
X (@) = (A = C)”'(D(a) - B (), @ €[0,1],
X5i(@) = (A = O)7'|(D¥(@) + B (), @ € [0,1].

Remark 2.5. By Definition 2.5, Definition 2.6, Remark 2.3 and Remark 2.4, if x;j, E,-J- and 67,-/- are
triangular fuzzy numbers and also det(A — C) # 0, we have

1 -
2

1 -
XR (@) = Ta|(A -O)'|(" -D' + B* - B).

XS(@) = (A-C) ' (a(D"-B") + “(Dl + D" - B/ - BY)),

The following result provide the relationship between the extended solution X and the algebraic
solution Xj4.

AIMS Mathematics Volume 8, Issue 3, 7310-7328.
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Theorem 2.2. Suppose that both the extended and the algebraic solutions of the dual fuzzy matrix
equation (2.1) exist, we have X§ (@) = XS(a).

Proof. Let X, is an algebraic solution of Eq (2.1), we have AX, + B = CX, +D. According to
the matrix theory, we know that the above matrix equation is equivalent to AX;, + B i =Cx;, + D s
j=1,2,...,n. From the above conclusions, we have A - ng; (o) + Bf(a) =C- xi\ (a) + DJC(Q). Since
the extended solution iE exists, det(A — C) # 0. In addition, since the @—center of an arbitrary fuzzy
number is a crisp function in terms of @, we obtain x§ (@) = (A = CO)™" - (D$(e) - B{(@)) = x (a),
j=1,2,...,n Itis easy to verify that X{(@) = X{(@).

3. The discussion of the solution for dual fuzzy matrix equations

In this section, we give a method for obtaining an algebraic solution of the dual fuzzy matrix
equation (2.1) by first giving the following theorem.

Theorem 3.1. The Eq (2.1) has a unique algebraic solution if and only if det(A—C) # 0, det(|C|-|A|) #
0 and the family of sets [X (@) + F(@), Xg(a) — F(a)]constructs the a—levels of a fuzzy number-valued
matrix for any a € [0, 1]. Where [Xg], = [XE(Q’),XE(CZ)] and

F() = X}(@) + (IC] - |A) ™' (D"(@) - B (a)). (3.1
Thus, the unique algebraic solution of Eq (2.1) is expressed in terms of the a—levels as
[Xalo = [X4(@) + F@), Xg(@) - F@)], (3.2)

forany a € [0, 1].

Proof. Suppose that the Eq (2.1) has a unique algebraic solution X, firstly, the fuzzy matrix
equation (2.1) can be written in the block forms

A(YI’}ZZ""’}:;[) + (EI’EZ?" ',ﬁn) = C(’-‘X?(]’YZ""’};[) + (51352""’6}7)’

where 351 = (Y]j,}'gj, e ,Ynj)T, ﬁj = (Elj,:b:Qj, e ,Enj)T and ﬁj = (671]',(}12’!;, ce ,%,j)—r, ] = 1,2, R )
denote the jth column of unknown matrix X and fuzzy numbers matrices B and D, respectively. Thus
the original Eq (2.1) is equivalent to the following dual fuzzy linear systems

Avaj"'ﬁj:cvaj'*‘ﬁj, j=12,...,n.

Based on Definition 2.7 and Eq (3.2), then we can obtain

n

D aulx,, (@) + fi@). T (@) = fif@)] + b, (@), by(@)]

k=1

= > culx, (@) + fii(@), (@) = fii(@)] + b, (@), di(@)]
k=1

—ij

AIMS Mathematics Volume 8, Issue 3, 7310-7328.
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Note that fori =1,2,...,n, we have

D anlx;, (@) + fif@) + D auGi,(@) - fij@)

k:aj=0 k:aj<0
= D el (@ + fif@) = > calEi(@) = fis@) (3.3)
k:cix =0 k:cir<0

= él](a’) - Qij(a,)
and

D awi (@ = fig@) + D" au(x,;, (@) + fi@)

k:aj =0 k:aj<0
= D @) — fif@) = > calx,;, (@) + fi(@) (3.4)
k:cix=0 k:cir<0

= d;j(@) - bij(@).

By Eq (3.1), Definitions 2.5 and 2.6,i = 1,2, ...,n, we have

X, (@) - E/E(a/)) Dj(@)-D,a) Bj@) -Ba)
| . _

(ICl - JADF (@) = (IC| - IAI)( > > 2

and

- - T (@) = 5,(@) (@) —d, (@) bij@) = b (@)
D el = lau) fis@) = el = lauh————2— + - S (35
k=1 k=1

By the det(A — C) # 0, we know that X, = (A — C)™'(D, — B}), thus
(A-CO)%;, = (D, - B)).
According to Theorem 2.1, for any a € [0, 1], we have
(A - O)x§, () = D$ (@) - B (a).

This implies
D (@i = bi) (x,,,(@) + %o (@) = (d;, (@) + dijp (@) = (b, (@) + by (@), (3.6)
k=1

foranyi=1,2,...,n.
By Egs (3.5) and (3.6), we have

D aulx,, @+ fig@) + ) au((@) = fif@)

k:aj =0 k:aj<0
= D el (@ + fif@) = > caE(@) - fir@)
k:cix=0 k:cix<0

AIMS Mathematics Volume 8, Issue 3, 7310-7328.
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= Z aiX,;, (@) + Z Xy (@) — Z CikXy, (@) = Z CikfkjE(a)+kZl:|aik|ﬁcj(0/)—kZ;|Cik|fkj(6¥)

k:aj =0 k:aj<0 k:cix=0 k:cix<0
n

= > aux, @+ Y aF @) - Y caxg (@)= > cadi @) = > (el = lau fij(@)

k:aj=0 k:aj<0 k:cix=0 k:cir<0 k=1
= Z Xy, (@) + Z Qi Xjp (@) = Z CitXy, (@) = Z Cit Xk jr (@)

k:aj =0 k:aj<0 k:cix=0 k:cix<0

n )_ijE(Q’) - )_ijE(Q’) dijg(a) - C_lijE(a') bijE(al) - Qijg(a,)
= > (leal — lay) - *

2 2 2
k=1
}kjg(a) - fkjE(a) _ EkjE(a/) - xkjg(a’)

= Z (aix = cir) 2 + X, (@) + (aix = ci) | Xje (@) + >

k:aik,cix=0 k:aj,cixr<O

dij,(@) = d,; (@)  bij,(@) = b,; (@)
- +

2 2

1 _ 1 —

=5 2, @ )@@+ x, @)+ 5 D (@ )G (@) + x5, (@)
k:aik,cix=0 k:aj,cix<0

1 - 1 -
- E(dijE(a') - C_l'ijE(CY)) + E(bijg(a’) - lz,-jE(a))

—lJE

1< 1 - 1 —
= 5 ;(aik - Cik)(J_ijE(a’) + ?_ijE(a’)) - E(dijg(a) -d. (v)+ E(bijg(a) - Q,-jE(a’))
1 - 1 - 1 - 1 —
= E(QUE(CY) +d;j, (@) — E(QijE(a) + bij. (@) — E(dijg(a) - Ql,-jE(a/)) + E(bijE(a/) - Q,-J-E(a’))
= C_l,'jE(a') - QijE(a')a
forany @ € [0,1]and i = 1,2,...,n, the proof of Eq (3.3) is complete. Similarly,
> au( (@) - fi@) + ) aulx,;, (@) + fii(@))

k:ajx=0 k:aj <0
= D @) = fig@) = > calx,;, (@) + fis(@)
k:cix=0 k:cix<0
n
= Z AixXy j (@) + Z aiXy;, (@) = Z CikXpej (@) = Z Cik)_ijE(CY)+Z(|Cik|— |al) fij()
k:ajx=0 k:aj<0 k:cix=0 k:cix<0 k=1

—iJjE

1 v _ 1 - 1 —
=5 Z(a,-k = Ci)(Xjp (@) + x,, (@) + E(dijg(a’) —-d;; (@) - E(bi je(@) = b, (@)
k=1
1 - 1 - 1 - 1 —
= 5(41- (@) +dij (@) - E(l—)" (@) + bij. (@) + E(dijg(a/) —d; (@) - E(bijg(a) - b, (@)
= dyjp(@) = bij, (@),
for any @ € [0,1] and i = 1,2,...,n, the proof of Eq (3.4) is complete. This prove that )~(A 1S an
algebraic solution of dual fuzzy matrix Eq (2.1). In the following we verify the uniqueness of this

solution. Suppose that W is another algebraic solution of the equation (2.1). Using Theorem 2.1 we

AIMS Mathematics Volume 8, Issue 3, 7310-7328.



7319

have
AxS (@) + BS (@) = Cx§, (@) + D (a),

AwS (@) + BS(a) = Cw(a) + DS ().

Hence, we obtain
Al (@) + BR(@) = |Clx% () + DX (a),

AW (@) + Bf (@) = ICIwf(@) + D (a).

This implies that x]i (@) = ch.(cx), fo (@) = wf(a), we have w; = X,.
Now we say that the fuzzy number-valued vector w; is unique algebraic solution of the system (2.1),
Also, the crisp vectors ch.(a) and wf(a/) are unique solution of the following crisp linear systems

AxS (@) + BS () = Cx§(a) + DS (a)

and
Al(@) + BY(@) = [Clxf(@) + DX(@).

These imply that det(A — C) # 0 and det(|C| — |A]) # 0 and consequently [x}, ], can be obtained by
Eq (3.2) for any «a € [0, 1]. In the first part of the proof, we obtain

A%}, ]o + [Bjle = C[X,Jo + [D)a

Obviously, [Xj, 1o = [Wjle, forany @ € [0, 1], j = 1,2,...,n. Thus, Eq (3.2) constructs the a —levels
of a fuzzy number-matrix, the proof is complete.

Corollary 3.1. Ler X = (x,x",x*), B = (B,B",B") and D = (D', D", D") are triangular fuzzy
numbers matrices for the Eq (2.1). According to Remark 2.5 and Theorem 3.1, we have

F(a) = 1_—Q(I(A -O)7'|(D" - D' + B - B) + (IC| - |A) "' (D" - D' - B" + B)),

X, (@) = Xz(@)-XE(@) = (A-C) (D"~ B’")+

1 _
a(D’+D”—Bl—B”))—Ta|(A—C)‘1|(D”—D’+B”—B’),

Xe(@) = XS(@)+XE (@) = (A-C) ' (a(D"- B”’)+ a(D’+D”—Bl—B”))+1_a|(A—C)‘1|(D”—D’+B”—B’).

Hence,

X, (@) = X (@)+F(a) = (A-C) ' (a(D"-B")+ - a(D’+D”—BZ—B”))+ - a(|C|—|A|)‘1(D"—D’—B”+Bl),

Xu(@) = Xg(a)-F(a) = (A—C)‘l(a(Dm—BmH1

_ 1 -
a(D’+D”—Bl—B”))—Ta(|C|—|A|)‘1(D“—D’—B”+B’).

Thus, we obtain the unique algebraic solution X, = (xg,xf,x/’i) to the dual fuzzy matrix
equation (2.1), where

1 1
:E(A O '(D' +D* - BZ—B”)+§(|C|—|A|)‘1(D”—D1—B”+B1),

x4 l(A O ' +D“-B -B") - %(lCl - A) /(D" - D' - B* + B),
Xy =(A-C)'(D"-B").
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Remark 3.1. The condition of det(A — C) # 0 and det(|C| — |A|) # 0 in Theorem 3.1 is a necessary
condition for the existence of unique algebraic solution of the dual fuzzy matrix equation (2.1). In other
words, if det(A — C) = 0 or det(|C| — |A|) = O, then the Eq (2.1) may not have an algebraic solution or
it may have infinite algebraic solutions.

Remark 3.2. Let F(a) = (fl(a),fi(a), o , u(@), fil@) = (fij(@), Lj(@), ..., fii(@)T, by Theorem 3.1,
iF(dl} 0, i.e. fij(@) > 0, then Xy C Xg, for each a € [0,1]. Also, if F(a) <0, i.e. fij(a) <O, then
XE - XA.

We use the same method to discuss fuzzy matrix equations

AX = CX + D, (3.7)
AX +B =D, (3.8)

and o
AX =D. (3.9)

(1) Let B = O, then the dual fuzzy matrix equation (2.1) is reduced to the fuzzy matrix equation
AX =CX +D.

According to our proposed method, the following results are obvious:

The dual fuzzy matrix equation (3.7) has a unique algebraic solution if and only if det(A — C) # 0,
det(|C| — |A|) # 0 and the family of sets [X (@) + F(@), Xz(@) — F(@)] constructs the a—levels of a
fuzzy number-valued matrix and [)NKA]Q = [X(a) + F(a), XE(a) — F(a)]. Where

X;=(A-0'D, Xel, = (A -0 '[Dl,, Xf(@) =[A-C)"'ID (@),
and the parameter matrix
F(e) = X}(a) + (IC| - |A)"'D¥ @), e €[0,1].
(2) In the dual fuzzy matrix equation (2.1), let C = O and have
AX+B=D.
Then the dual fuzzy matrix equation (3.8) has a unique algebraic solution if and only if det(A) # 0,

det((—1) - |Al) # 0 and the family of sets [X (@) + F(a), Xg(a) — F(a)] constructs the a—levels of a
fuzzy number-valued matrix and [X], = [X (@) + F(a), XE(Q) — F(a)]. Where

Xp=A"'D-B), [Xgl, =A™ (D], - [Bl), Xf(@) =IA"1(D*@) + B (@),
and the parameter matrix
F(a) = X§(@) + (=1) - |AD™ (D*(@) + B ().
(3) In the dual fuzzy matrix equation (2.1), let B = O, C = O, there is a fuzzy matrix equation

AX = D.
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Then the dual fuzzy matrix equation (3.9) has a unique algebraic solution if and only if det(A) # 0,
det((—1) - |A]) # 0 and the family of sets [X (@) + F(a), Xg(a) — F(a)] constructs the a—levels of a
fuzzy number-valued matrix and [X,], = [X (@) + F(a), Xz(a) - F(a)]. Where

X =A"'D, [Xglo = A7'[Dl, Xf(@) =]A"'D (@),
and the parameter matrix
F(a) = XE(@) + (-1) - |AD'D (a).
TheONrem 3.2. Let det(A — C) # 0 and det(|C| — |A|) # O for the dual fuzzy matrix equation (2.1). Ifﬁ
and D are crisp-valued matrices, then for any a € [0, 1], F(a) = 0 and
X, =Xz =(A-C)'(D-B).

Proof. Since the matrices B and D are crisp-valued matrices, obviously, B¥(a) = 0 and D*(a) = 0. We
infer that
XE(@) = |(A - O)'[(D*(@) + Bf(a)) = 0.
This follows that
F(@) = X(@) + (IC| - |A) ™" (D*(@) - B*(@)) = 0,
then _ . o
X, =Xz =(A-C)'(D-B).

Remark 3.3. Ler X = (¥, x™, x), B = (B!, B", B*) and D = (D', D", D") are triangular fuzzy numbers
forthe Eq (2.1). By Theorem 3.2, we have B! = B" = B* and D' = D™ = D", according to Corollary 3.1

F(o) =0

and
1 -
2

1 _
. 2 + D" - B - BY)).

X, (@) = X,(@) = (A - ©)'(a(D" - B") + ——(D' + D" — B' - B")),

Xz(@) = Xa(@) = (A - CO) (D™ - B™) +

Remark 3.4. For Theorem 3.2, the condition that B and D are crisp-valued matrices is a sufficient
but not a necessary condition. That is, even if B (or D) is not a crisp-valued matrices, it is possible to
obtain F(a) = 0 and consequently X, = Xg.

For example, consider the dual fuzzy matrix equation

where
1 1 00
a=lp 4)-c=(o o)

(0,0,0) (0,0,0) D= 3,4,7) 3,4,7)
(0,0,0) (0,0,0))” " " 1(0,0,0) (0,0,0))°

and also
B=

AIMS Mathematics Volume 8, Issue 3, 7310-7328.



7322

Not that det(A — C) = —1 and det(|C| — |A]) = 1, then

Flo) = I‘T“a(A _O) '~ D'+ B~ B+ (C| - |A)" (D" D' — B + BY)) = ((O’ 0.9) 0.0, O)).

(0,0,0) (0,0,0)
Therefore L o

X,=X;=(A-C)'(D-B).
The following theorem presents a sufficient condition for the existence and uniqueness of the

algebraic solution of Eq (2.1).

Theorem 3.3. In the fuzzy matrix equation (2.1), let
(1) both det(A — C) # 0 and det(|C| - |A]) # 0;

(2) F(a) is a bounded left-continuous nondecreasing matrix function over [0,1], ie., f;j(a) for

i = 1,2,...,n, are bounded left-continuous nondecreasing functions over |0, ]1]. Where
file) = (fij(@), frj(@), ..., fuj(@)" is the jth column of F(@), j=1,2,...,n;
3) Fo) < X’é(a/), ie. fill) < (xj(@) — )_cijE(a))/Z, for i = 1,2,...,n; Where

Fia) = (fij), hj@),...,[j@)T and xfE(a) = ()c’ij(a/),x’;jE(cy),...,xij(cy))T denote the jth
column of F(a) and X’g(a/), respectively.

Then, the dual fuzzy matrix equation (2.1) has a unique algebraic solution with the a—levels
indicated by Eq (3.2).

Proof. Suppose X, is an algebraic solution of (2.1), we have
AX, +B =CX, +D.
Since matrix det(A — C) # 0, the extended solution iE exists and the a—levels expressed as
Xelo = [Xp(a), Xp(@)],

sinceF () is a bounded left-continuous non-decreasing matrix function over [0, 1], —F(e) 1s a bounded
left-continuous non-increasing matrix function over [0, 1]; Also because F(a) < X’g(a), 1.e.

Xz(@) - X, (@) - 2F(a) > 0,

then [X (@) + F(a), Xz(a) — F(a)] satisfies the required conditions of Definition 2.1, Lemma 2.1 and
Remark 2.1 and also constructs the a-levels of a fuzzy number-valued matrix, since |C| — |A] is
invertible, [iA]a can be obtained by Eq (3.2), i.e. [)~(A]a = Xy (a) + F(a),iE(a) — F(a)], for any
a € [0,1].

The proof is complete.

Theorem 3.4. Let ’.?E}E(Cl) = (’fle(CY),’fsz(CY), e ,EjE(a’))T, Fj(a) = (flj(a), fgj((y), N f,,j(a))T, for
the dual fuzzy matrix equation (2.1), and there exist at least ay € [0, 1] and i* € 1,2, ...,n, such that

Xixjp (@) — E,»,-E(OZO)

Jirj(ao) > XﬁjE(Olo) = >

then the dual fuzzy matrix equation (2.1) does not has a unique algebraic solution.
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Proof. Suppose that the dual fuzzy matrix equation (2.1) has a unique algebraic solution, then by
Theorem (3.1), it follows that [gijE (@) + fij. (@), X;j, (@) — fij.(@)] constructs a—levels of a fuzzy number,
foranyie 1,2,...,nand a € [0, 1]. Since it is a closed interval, then we have

X (@0) + fiej (@) < Xiej(@o0) = fie j (o)

or

Xie jp (@0) = X;.; (o)

Jirje (@) < 7

Clearly, this is a contradiction.

Definition 3.1. (see [17]) Let A be a m X n matrix and (-)' denote the transpose of the matrix (-). We
recall that a generalized inverse G of A is an n X m matrix which satisfies one or more of Penrose

equations
(1) AGA = A,
(2) GAG =G,

(3) (AG)" = AG,
4) (GA)" = GA.

The matrix G is called a g—inverse of A if it satisfies (1). As usual, the g—inverse of A is denoted
by A~. If G satisfies (1) and (2), then it is called a reflexive inverse of A. When the matrix G satisfies
(1) — (4), it is called the Moore-Penrose inverse of A. Any matrix A admits a unique Moore-Penrose
inverse, denoted by A'.

By our proposed method, the following result is obvious.

Corollary 3.2. If for the dual fuzzy matrix equation AX +B = CX +D, where A, C are m x n matrices
and B, D are m X p fuzzy numbers matrices. Note that the a—levels of the unique algebraic solution of
equation is expressed by

[Xala = [Xz(@) + F(@), Xg(@) - F@)], Ye € [0, 1],

where Xz = (A — C)'(D — B) and F(a) = XR(a) + (IC| - |AD(DR(a) — BR(a)).

Remark 3.5. Let X = (&, x", x*), B = (B, B",B*) and D = (D', D™, D") are triangular fuzzy numbers
matrices. By Corollary 3.2,

X; = (¥, 37, xp) = (A - O)'(D' - B*, D" — B", D" ~ B)

and N
X, = (), X7, ),

where

1 1
Xy = E(A ~-O'M' +D"-B' -B*) + E(|C| —AD'(D* - D' - B + B,

1 1
X = S(A - O)'(D'+D"-B' -B") - 5(Cl- IA])'(D* - D' - B* + B)),
X =(A-C) (D" -B").
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Corollary 3.3. As a special case of the dual fuzzy matrix equation, if for the dual fuzzy linear system
AX +Y = BX + Z, where A, B are m x n matrices and Y, Z are fuzzy numbers vectors. We can obtain
the a—levels of the unique algebraic solution of equation is expressed by

[Xala = [X,(@) + F(a), Xg(@) — F(@)],Va € [0, 1],

where Xz = (A — B)!(Z - Y) and F(a) = X¥(a) + (1B| - |A])} (ZR(a) - YR(a)).

Remark 3.6. Let X = (Cach, X, Xy, -, (o, X, X)), Yy = O Ym0, Oy )T,
Z = (2,282, (2,20, 2)" are triangular fuzzy ﬁumbers vectors. By Corollary 3.3,
Xg = (xg, , X)) = (A -B)(Z'-Yy“,z"-Y",Z" - Y and X, = (xA,xg’,xA), where

1 1
= 5(A B (Z +7-Y —Y") + 5(|B| - ANz -Z - Y" + Y,

1 1
x4 —(A B (Z +7*-Y - Y") - E(|B| - ANz -Z - Y" + Y,
X =(A-B)'(Z"-Yv™).

4. Numerical examples

Example 4.1. Consider the 2 x 2 dual fuzzy matrix equation
( 1 —z)(fn saz)+(§n 52):( 3 —1)(7“ saz)+(@1 @2)
10 1 Xa1 X2 by by -2 4 J\xn xxn dy dy |’

5 _ (bn 52):(<—5,1,2> (1,3,4>)
by1 by (=3,1,4) (2,5,6)

where

and _
D= d11 dp |\ _ (@2,4,12) (1,5,7)
dy dn | \(-2,3,6) (-7,-5,-2))

We first compute the extended solution X as follows

X: =(A - C)(D'-B* D" - B",D" - B))

l B 2 1 _s

— 6 9 m. __ 18 9 u _

Xa =\ _37 _5 > *a=| _20 _2 ] Xa=
9 9

3 9

W=
elgelR
N —

Finally, we can obtain the unique algebraic solution as follows

b

— ,_l Z) (- 2__§,_6)
XA:( 3_7 58) (— 99 2%))'
93 9° 9
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Note that each element in X, is a triangular fuzzy number, so the algebraic solution is acceptable.
Example 4.2. Consider the 3 X 3 dual fuzzy matrix equation

10 2 0 F)Z]l }'12 3513 Ell EIZ EIS
3 24 0 Xa1 Xm X3 |+ by by b3

0 0 16 )\ x31 x3» X33 by by by
“1202 0 \(Fu % T ) (du do di
= 3 -26 0 721 3522 3523 + 6121 6}122 E{B s
0 0 -18 X31 X3 X33 dy dyn di
where -
~ by by b3 (-4,-3,7) (10,20,30) (-10,-1,2)
B = b21 b22 b23 (_10, _9’ 1) (_176’ 8) (_117_10, 1)
by, by by (-14,-2,2) (8,12,16) 9-8,-7,1)
and

dll d12 d13 [ (_89 _79 2) (_49 _25 6) (_1 19 _8’ _7) ]

l
l
l

D=|dy dp ds (-1,0,4)  (0,2,7)  (~1,5,10)
d31 d32 d33 (37 57 6) (2, 45 5) 5, 7a 12)

Similarly, first, we get

X; =(A-C)"(D'-B“ D" - B",D" - B)
[ _g’_%’ %) ( -1 __) ( 22,_%, %))
= (-

17
i i
2__25’25) (= > 10° 50
74

3721

(= 25’50’25) 252 10° 50
) (5,59

17° 7170 34 17°17° 17

710
34 34217 (=

xt, W u X, x w
Next, we compute the x/,, X7, x% as follows

-3 3 8 -2 1 =1 1 18 39
TR E) 1 22 2 1 2
xl = _ _1 _ " 9 _2 3 M= 81 L1
A~ 50 "2 750 |0 AT %0 5 10 |0 AT 50 2 23
-0 _51 5 z _4 L i 2
17 "3 34 34 17 17 34 34
Finally, we can obtain the unique algebraic solution as follows
(-2, -2 L T, 8y 2 1%
_ ils 7 J 22 11’ Ly 22’ 22° 22
X, = 81) 1 _21 311
A= 50’ 0’121 R 50’ 10”23
s i D G

Obviously every element in X, isa triangular fuzzy number, so the algebraic solution is acceptable.
Example 4.3. Consider the dual fuzzy linear system

G R

AIMS Mathematics Volume 8, Issue 3, 7310-7328.
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where
(= (1,2,3) _(n (1,4,7)
Z=|7 |= (1,3,5) , Y=y =] (-2,1,3)
z (-3,-4,-2) V3 (-2,0,2)

Then, we can obtain the extended solution xg as follows

X =(A- B)T((Z’ — Y Z" - Y™, 74— YY)
-2 L5
— 3’ 12’2
(e )

Now, we compute the x., X, x* as follows
A X0 X4

— (_L 1 1
we(Es)
4° 4
Every element in X, isa triangular fuzzy number, so the algebraic solution is acceptable.

5. Conclusions

In this paper, we obtained a simple method to solve the dual fuzzy matrix equations of the form
AX+B=CX+D algebraically. In the system under consideration, A and C are n X n crisp matrices,
B and D are n X n fuzzy numbers matrices. A necessary and sufficient condition for the existence of
unique algebraic solution of a dual fuzzy matrix equations is presented. More generally, We have also
considered the dual fuzzy matrix equation AX+B = CX +D, in which A and C are m X n matrices and
B and D are m X p fuzzy numbers matrices and the dual fuzzy linear systems AX +Y = BX + Z whose
coeflicient matrices are m X n matrices and the left and right hand sides vectors are triangular fuzzy
numbers matrices based on the generalized inverses of matrices. Finally, some examples are presented
to illustrate our results. Our results will be useful in developing the theory of fuzzy matrix equations
and fuzzy linear systems. Compared to existing methods, Not need to transform a dual fuzzy matrix
equation into two crisp matrix equations is the main advantage of our method. In the future, we will
further use method established in this article to explore some more complex forms of dual fuzzy matrix
equations and dual fuzzy linear systems.
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