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1. Introduction

Banach’s fixed point theory, also referred to as “the contraction mapping theorem”, is one of the
most significant sources of existence and uniqueness theorems in many areas of analysis, it ensures
the existence of a unique fixed point for self-mappings under appropriate contraction conditions over
complete metric spaces.

In recent years some author have succeeded in obtaining many fixed and common fixed point
findings for different classes of mappings by weakening their hypothesis or changing the Lipschitz
constant to real valued functions such that their values are less than unity or in some other way by
extending the fixed and common fixed point results from metric spaces to another spaces such as
quasi metric spaces, cone metric spaces, b-metric space etc.

Some authors used A-contraction to introduce some new results, see [3—6, 12]. Nurwahyu et al. [15]
studied some fixed points for mapping of cyclic form. Recently, Ali et al. [7,9,10] applied the dynamic
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iteration to generate some new findings. Also, Shatanawi et al. [21,26] have linked some known results
to cone metric spaces. Shatanawi [20] also studied some fixed point results in orbitally metric spaces.
Some researchers have used w-distance to obtain new results, see [1, 2, 16, 24]. Also, others have
obtained results on b-metric spaces [11, 14, 18, 22, 25], extended b-metric spaces [17,27] and quasi
metric spaces, see [19,23,28,30]. Very recently, Ali et al. [8] have obtained new results on generalized
0,-contractions. Song et al. [29] utilized fuzzy sets for having their own results on fuzzy metric spaces.

In the current paper, we introduce the concept of Ay-a-contractions. We then take advantage of our
new concept to formulate and prove some common fixed point results for self-mappings in the frame
of an extended quasi b-metric space.

2. Preliminaries
The purpose of this section is to collect the basic concepts from literature about extended quasi

b-metric spaces, which we will need in our current work.

Definition 2.1. [30] A quasi metric space (Y,d) consists of a non-empty set Y and a function d:
Y xY — [0, ) such that

(1)d(u,v) =0ifu=v,Vu,vely.
(2) d(u, w) < d(u,v) +dv,w), Yu,v,w € Y.
A function d that satisfies the above conditions is called a quasi-metric.

Definition 2.2. [15] On a nonempty set Y X Y, let 6 : Y x Y — [1, o) be a function. A function dy:
Y xY — [0, ) is called an extended quasi b-metric if for all u,v, w € Y, we have

(1) do(t,v) =0 if u = v.
(2) do(ut, w) < (1, W)[dp(, v) + dp(v, w)).

The pair (Y, dy) is referred to as an extended quasi b-metric space.
If dy satisfying (1) and (2) with 6 = s > 1, then (Y, d,) is referred to as a quasi b-metric space with
parameter s.

Example 2.1. [15] Consider Y = [0, 1], define 6: Y x Y — [1,00) by O(u,v) = 21-“72 and d,:
Y XY — [0,0) by do(u,v) = |27 = 1|. Then (Y, dy) is an extended quasi b-metric space.

Definition 2.3. [27] Let (u,) be a sequence in the extended quasi b-metric space (Y,dy). Then, we
say that (u,) converges to u € M if

lim dy(u,, 1) = lim dg(u, u,,) = 0.
Definition 2.4. [27] Let (u,) be a sequence in the extended quasi b-metric space (Y, dy). Then, we
say that
(1) (uy,) is left-Cauchy if and only if for every { > 0, AN € N such that do(u,, 1) < { foralln > ¢ > N.

(2) (u,) is right-Cauchy if and only if for every { > 0, AN € N such that dy(u,, ) < ¢ for all
n>t>N.
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(3) (u,) is Cauchy if and only if it is left-Cauchy and right-Cauchy.
Definition 2.5. [27] Let (Y, dy) be an extended quasi b-metric space. Then, we say that
(1) (Y,dy) is left-complete if and only if each left-Cauchy sequence in Y converges.
(2) (M, dy) is right-complete if and only if each right-Cauchy sequence in Y converges.
(3) (M, dy) is complete if and only if each Cauchy sequence in Y converges.
We adopt [13,15] to generate the following definition:

Definition 2.6. Let (Y, dy) be an extended quasi b-metric space. Two self-mappings [ and € on M are
said to be compatible if lim dy(f€u,, € fu,) = 0 and lim dy(€fu,, f€u,) = 0 when (u,) is a sequence in
Y such that lim fu, = lim {u, = v for some v € Y.

Akram and Siddiqui [4] introduced a new class of functions, denoted by A, as follows: 7 € A if 7:
R3 — R, satisfies the following assertions:

(i) 7 is continuous on R3.

(i) k; < Ay for some A € [0, 1), when «; < 7(k1,11,11) or k1 < 7(n1,&1,m1) Or k1 < T(1, 71, k1) for
Ki,M € Ry.

Akram and Siddiqui [4] took advantage of class A to introduce a new concept of contractions called
A-contraction as follows:

Definition 2.7. [4] On a metric space (Y, d), a self-mapping € is called A-contraction if there exists
T € A such that

d(tu, tv) < (d(u, v), d(u, tu), d(v, tv))
holds for all for all u,v € Y.
Based on the above definitions, we extend the class of contraction into a new class known as Ay,
from which we derive some common fixed point theorems, as described in the next section.

3. Main results

In this section, we introduce a new concept of contractions called Ay-a-contraction. We then take
advantage of our concept to prove the existence and uniqueness common fixed point for self-mappings
in complete extended quasi b-metric spaces.

To begin our work, we introduce a new class of functions, denoted by Ay, as follows: : R‘J‘r —
R, € Ay if ¢ satisfies the following conditions:

(i) ¢ is continuous.
(i1) 9 is non-decreasing in all of its variables.

(i) If k < 9, &, m, a(k + 1)), k < Hk,m,n,a(k + 1)), or k < Hn,n, & alk +n)) for k,n € R, and
a € (0, 1), then « < An for some A € [0, 1).

Example 3.1. Define the function 9: R* — R, by 9(k,1,k, 1) = %(K +n+k+1). Then & € Ay.
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Proof. Note that the function ¢ is well-defined. Moreover, one can easily see (i) and (i7) are satisfied.

To prove (iii), we assume that k < #(n, k, n, a(k + 1)), k < Hk,n,n,a(k + 1)), or k < ¥, n, K, a(k + 1))

for some a € (0,1). Take A = ?_"—Z, then A < 3. Moreover, with few calculations, one can prove that

4
K < An.
We have provided the background needed to initiate a new contraction, called Ay-contraction:

Definition 3.1. Ler @ € (0,1), (MY,dy) be an extended quasi b-metric space and f,{ be two
self-mappings on Y. Then the pair (f,{) is said to be Ay-a-contraction if there exists 9 € Ay such
that

do(fu.0v) < @O v)do(u, v). OCf1t, tdo(f 1. 12). O(LY, V)dp(Lv, V), @*O(f ., Ve f11,)) (3.1)

and

di(lr, fr) < (b p)do(v, ), @B(u, frdo(ps, f0), @80 gy, €v), @6y, f)dy(v. fi0)) (3.2)
hold for all u,v € Y
Now, we will present and prove our main result.

Theorem 3.1. Let M be a nonempty set, a € (0,1), (M, dg) be a complete extended quasi b-metric
space and f, € be two self-mappings on Y. Assume the followings:

(1) € is continuous.
(2) O(k,m) < éfor allk,ne Y.
(3) dg is continuous in its variables.

If (f,{) is Ay-a-contraction, then f and € have a unique common fixed point provided that 1 < «,
where A is the constant satisfies condition (iii) of the definition Ay.

Proof. Choose o € Y. Take u; = fuo and up = €u;. Then, we construct a sequence (u,) as follows:
Mons1 = fpon and po,o = Cupyir, Yo € N U {0}
Now, we verify that (u,) is left Cauchy. Look at

do(ons1, M2n) = do(ftton, Clon—1).
Using Ay-a-contraction condition, we get
do(ftion, Cpon-1) < ﬁ(ae(ﬂzm HMon—1)do(Uan, Hon-1), @O(f tan, ton)do(f ons Hon),
aO(Cptan-1, fan-1)de(Citan—1, Hon-1)s @ O(f an, Han1)do(flin, ,u2n—1))~

Therefore,

do(ttznrs trzn) < (@O0, fan-1)o(tzns 1) @OW2001s o)tz ),
@b, Pon-1 )dG(ﬂZn’ HMon—1 ) 0!39(112n+1 » Mon—1 )de(ﬂ2n+1 > M2n—-1 ))-
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Since 6 is bounded by <, we obtain

d@(ﬂ2n+l’,u2n) < ﬁ(dé)(ﬂZn,/-anl),d()(,u2n+1,,u2n)adH(ﬂZm,Uanl)’ azdé)(ﬂZnH»,ulnfl))-

Due to the triangular inequality, we obtain

do(Hons1, H2n) < ﬁ(de(ﬂzn, Hon-1)> dg(Uon+1, Hon)s do(U2ns Hon—1),
0/29(/12n+1,llzn—l)(de(llzn+1,/12n) + da(,uzn,,uzn—l))
< ﬂ(de(ﬂzn,,uzn—l), do(Uan+1, Man)s Ao(thons Hon-1), (dg(Uan+1, Hon) + de(llzn,,uzn—l)))-

By putting « = dyg(t2,+1, Hon) and 1 = dyp(top, on-1), We obtain « < #(n, k, 1, @(k +1)). Thus we have
k < An for some A € [0, 1). Hence

do(Hon+1, M2n) < Adg(Uon, Han-1)-

By induction, we get

do(Uans 1 Han) < Adg(ons ton-1) < Bde(fton_1, fon-2) - . . < A dg(u1, to).

Thus
do(Uans1, an) < A7 dg(uy, o).

From here one can show that (u,) is left Cauchy. Similarly, we can show that (u,) is right Cauchy.
As aresult, (u,) is Cauchy. So (u,) converges to u, for some u € Y that is,

1im d(220, 2) = i d(u, 120) = 0 = dy(p o),

and
r}g{}o do(on—1, 1) = r}lglo do(u, pon-1) = 0 = dy(u, p).

Claim. y is a common fixed point of f and ¢. Look at

dG(f:u’ ,u2n) = d&(f:u’ €ﬂ2n—1)-

Since (f, €) is Ay-a-contraction, then

do(ft, Cpan-1)

IA

@O, pan-1) bt tan-1), @O f s by (1t 1), @Ot -1, o1 )l (Cptz -1 Han-1)s
@ O(f 1t pan-1)do(f11s f2n-1))

= 19(0’9(.‘1’ Hon-1)dg(tt, Pon-1), @O(f i, p)de(f s 1), @O(tian, ton-1)de(Uons Han-1),

@ O(f 1t pan-1)do(f11s f2n-1)).

Since 6 is bounded by i and by the triangular inequality, we get

do(fitspzn) < O(do(uts o), do(Fits 1), dottans tanr), Ao f1t, 1) + do(pts pr2a1)))- - (3.3)
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By allowing n — oo in Inequality (3.3), the continuity of ¢} and dy in their variables implies that

do(fusp) < (0, do(fiu 1), 0, (ol fui, 1) + 0)).

By taking « = dy(fu, ) and n = 0, then dyp(f1, 1) < A0 = 0 for some A € [0,1). As aresult, uisa
fixed point of f.
Due to the continuity of ¢ and the continuity of dj in its variables, we have

de(Cpt, ) = lim do(pt, pop) = Him d(Cpt, Cpo-1) = do(Cpt, ) = 0,

which implies that {u = u. So u is a fixed point of £.
Finally, to demonstrate the uniqueness, suppose u* is another common fixed point of f and £ such
that u* # u. So, we have

do(, 1) = do(f, €.

Since (f, £) is Ay-a-contraction, then

do(fp, () < @O, )y, 1), @ f 1, ) f 12, 1), OCE", 1 V(" 1), @01, 1) f 1 1))
Hdo(uas 1), dopa, ), (" 1), (o fias ) + o, 1))
o, 1), 0,0, a(dout, 1) +0)).

By taking k = dy(u, ") and n = 0, then x < A for some A € [0, 1). Therefore

IA

do(u, p”) < 20 = 0.

Hence u = u*, a contradiction. Thus u is a unique common fixed point of f and ¢.
We support our result with the following example, e denotes the Euler’s number and 7 denotes the
ratio of a circle’s circumference to its diameter.

Example 3.2. On Y = [0, 1], define the mapping 60: Y X Y — [1,00) via 0 = 1 + |u — v| and define dy:
Y XY — [0,0)viady = |u—v|. Then (Y,dy) is a complete extended quasi b-metric space.
2
Define the mappings f,€: Y — Y by f(u) = m;zé[T%r and £(v) = % sin(v). Also, define 9: Rt — R,

by
V12
Mk, n,k, 1) = ——«k +n+k+10), Ve, n,k, 71 € R,.
6(V12 + Vo) "
Note that 9 is continuous and non-decreasing in all of its variables. Now, assume that
Ve Ve
K < ﬁ(K’ n,n, (K + 77)),K < ?9(77’ K, 1, _(K + 77))
V12 V12
or Ve
e
Kk < 19(77, n’ K, _(K + n))for K,T] € y
V12
Take
2 V12 + +Je)
A= ——-,
5(V12 + +/e)
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with few calculations, we find k < An for k,n € Y. Indeed,

V12 Ve
—6(\/ﬁ+\/g)(l<+2n+ﬁ(/<+n))
_ Vi2 (K(«/ﬁ+«/a+n(2«/ﬁ+«/z))
6(\/_+\/_) V12 Vi2
n(2\/_+\/_)

o 6(VIZ+ Vo)

K

Thus,
@Vi2+ Vo
S(VI2+ o)

Note that we can easily figure out:
(1) € is continuous.
(2) 6, v) <L =2 forallpved.
(3) dy is continuous on its variables.

Givenp,v € Y, withv > y, let n € [1, +00) such that u = *. Then

2
do(fu,tv) = ’m SOSIH(V)'
v\2
= L sm(v)|

20(2)? + 17n 50
From Figure 1 (a and b), we deduce the following inequality:

2
() 1 ,()‘< V12 '1 () '
———— — — S1In\v _( )—SIHV—V.
Y\2
20(2)*+ 177 50 6( V12 + e)’ V127150
Forn =1 For n = 369880000
u
0.05r .
_ |20v2vz17 _ugﬂﬂ| 0.0 ( v )z
+H7 7 . 369880000 _ sinm
0.04- V12 Ve |snw_, 20(z55a800m0) 17 %
bWvzwe) 2 P e
0.03F (s(vize))Viz
0.03
0.02f
0.01F
02 04 06 08 10"
(a) Comparison between ﬁ -3 (b)( ) )ZComparison between
and (G(Vﬁ\ﬁfﬁ))(\/_\%) 5_10 sin(v) — V|- |20( Toomsoon0 )+ 177 30 Sln(y)| an

() ()

sin(v) — V'

Figure 1. Comparison between two functions.
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Therefore
do(fu, 0v) < (6( \/Tf \/z))< \/\/liz)s—losin(v)—v
- (—6( «/Tf \/z))a/dg(fv,v)
(6(\/1_2—‘/?\/2))019(& V)dy(Lv, v).
Thus,
do(fp, ) < avrz—%(ae(u,v)dg(ﬂ,v)me( Fits )do(f 1, 1) + @B(Lv, v)dg(£v, v)

+0(f . v)do( fi1, )
ﬂ(ag(/“l’ V)da(ll’ V), ae(fﬂ’ /’l)dQ(f/J’ /J)a alg(fv’ V)dg(fv, V)’ CYBG(f,Ll, V)dg(f/J, V))

On a similar manner, we can get

di(lr. f1) < (@B p)do(v, ), @O, fr)da(p, f10). @by E)dy(v, €v), @, f)dy(v. 1)

Thus (f,1) is Ag-a-contraction. So all conditions of Theorem 3.1 are satisfied. Hence f and | have
a common fixed point. Here, 0 is the unique common fixed of f and 0.

Corollary 3.1. On the complete quasi b-metric space (M, dy), let f and € be two self-mappings on Y.
Suppose there exist a € (0, 1) and & € Ay with

dy(fp. v) < Basdy(u,v), asd,(fu. p), asd (v, v), @’ sd(fu. v))

and
dy(tv, fu) < Hasd (v, ), asdy(u, fr), asdy(v, &), @ sd (v, f))

hold for all u,v € M. Then f and € have a unique common fixed point in M provided that € is
continuous, s < é and A < a, where A is the constant satisfies condition (iii) of the definition Ay.

Proof. The desired result will be obtained from Theorem (3.1) by defining 6 : Y X Y — [1, +00) via
Ok,m) =s,5>1.

Corollary 3.2. On the complete extended quasi b-metric space (Y, dy), let f be a continuous self-
mapping on M. Assume there exist a € (0, 1) and ¥ € Ay such that

do(f1. ) < @b, ). V). @6, o f 11, 1), @By, o F, V), PO f V) 1))

and

d(fv. f1) < (@B, i)do(v. 1), B, f)dlg(ur, f10). @bV, fr)d(v. [v). @260, fr)do(v. 1))

hold for all u,v € Y. Then f has a unique fixed point in Y provided that 0 is bounded by é and A < a,
where A is the constant satisfies condition (iii) of the definition Ay.
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Proof. The desired result will be obtained from Theorem (3.1) by taking £ = f.

Corollary 3.3. On the complete quasi b-metric space (Y,dy), let f be a continuous mapping on Y.
Suppose there exist a € (0, 1) and ¢ € Ay such that

dy(fu, ) < Oarsdy(u, v), asd(fu, 1), asdy(fv,v), & sdy(fu, v))

and
dy(fv, fu) < O(evsdy(v, ), asd(, f), asd (v, fv), @ sdy(v, i)

hold for all u,v € Y.
If s < é then the mapping f has a unique fixed point in Y provided that A < a, where A is the
constant satisfies condition (iii) of the definition Ay.

Proof. The desired result will be obtained from Corollary (3.1) by taking f = £. Our second main
result for four self-mappings is as follows:

Theorem 3.2. Let MY be a nonempty set, a € (0,1), (Y,dy) be a complete extended quasi b-metric
space, and f,1, g and h be four self mappings on M. Assume the following conditions:

(1) f(Y) C h(Y) and g(Y) C I(Y).
(2) f or L is continuous.

(3)0(k,m) < L forallk,n € Y.

(4) dy is continuous in its variables.
(5) (f,1) and (g, h) are compatible.

(6) There exists 9 € Ay such that

do(fu, gv)

IA

ﬂ(alg(lﬂ’ hV)dO(l:u’ hV)’ Q’Q(l,u, f,l,l)dg(l,u, f,U), alg(hv’ gV)dg(l’lV, gV),
@0y, gv)dy(lu, gv)), (3.4

and

dg(gV, f,U)

IA

OOy, ), ), @b fia, o fia, ). B8y, hv)da(gv, hv),
a0(gv, lp)dy(8v. 1), (3.5)

hold for all u,v € Y.
Then f,l,g and h have a unique common fixed point in Y provided that 1 < «, where A is the
constant satisfies condition (iii) of the definition Ay.

Proof. Choose 1 in Y. Since f(Y) C h(Y) and g(Y) C [(Y), then Juy, u, in Y such that fug = hy;,
gu = luy. By continuing this process, we construct a sequence (v,) in Y as follows:

Von = htopsy = flo, and vo,ig = lopio = glops1-
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By Condition (3.4), we get

do( fu2n, gH2n+1)
N O(lpt20, hitaneYo(Uptzn, hitznir), @@lpizn, iz da(nn, fiizn),

aO(hitons 1, 8itan ) )do(Mitans 1> Slons1)> @ OUan, gons1)do(Utons 8lhans1 ))

do(Van, Van+1)

IA

ﬁ(ae(Vzn—l s V2.)dg(Van—1, Van), @0(Van—1, Vau)do(Van-1, Van),

3
@O0(Van, Vans1)dg(Vans Vans1), @ 0Van-1, Vans1 )do(Van-1, V2n+1))-

Since 6 is bounded by (ly and due to the triangular inequality of dy, we get

d@(VZn’ V2n+l) < ﬁ(dB(V2n—l ) V2n)» dE)(VZn—l ’ VZn)’ d@(v2n, V2n+l)’ a’(dH(V2n—la V2n) + d@(v2n’ V2n+l)))-

By putting « = dg(vau, Vaus1) and n = dg(v2,-1, v2n), We obtain « < (1, n, k, a(k + 17)). Hence k < An
for some A € [0, 1); that is

do(Van, Vans1) < Adp(Van-1, Van)-

Hence, we have
2 2
dog(Van, Vane1) < Adg(Van-1,van) < A°dg(Van—2, Vap-1) ... < A7"dp(vo, v1).

Thus
do(Vans Vans1) < A2"dg(vo, v1).

From here one can show that (v,) is right-Cauchy. On the same way, we can prove that (v,) is
left-Cauchy. As a result, (v,) is a Cauchy sequence. So 3¢ € YV such that

’}1_210 hptons1 = ,}l_glo Sfuo, = r}l_)f{)lo luzpeo = }l_)fgo 8Mons1 = G.
Claim. ¢ is a common fixed point for f, g, s and /. If [ is continuous, then
lim Ifi5, = lg.
Since (f, /) is compatible, then I}l_)rg do(Lf o, flus,) = 0. The triangular inequality of dy implies

do(fluan 18) < OCFlpton 16)(do( flttan, Lf pan) + do(Uf iz 16)

1
—(dolfltan 1 pt20) + doUf 121 1)),

IA

Letting n — oo and recalling the continuity of dy, we get
lim dy(flpzn, Is) = 0.

Thus
lim flu,, = Ig.
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Now

dy(ls, f<)

IA

0, fo)dy(ls, If uan) + do(Lf tion, <))
0ls, f)do(ls, lft2,) + O0Us, £SO fian, FSNdo(Lftan, fluan) + do(fluon, f<)).

IA

By letting n — oo in above inequalities, we arrive at dy(lg, f¢) = 0. Thus, ¢ is a coincidence point
for fand [in Y. Let u = ¢ and v = uy,,; in Inequality (3.4), we obtain

do(f: gtine) < O(OUs, hpao)do(ls, hiaons), aflls, £)dy(ls, fS),
Ot 1 8o )Mt 8Htoner ) OIS, gtz oIS, Ghtzner)).

By using triangle inequality and keeping in our account that § is bounded by é, we find

do(fs, guane) < Hdolls, httani1), do(ls, £6), do(hpion i1, 8itansr), @(do(ls, ) + do(S, ghtans1)))

By allowing n — oo in above inequality, we obtain

IA

dy(ls, ¢) Hdo(ls. ), dy(ls. £5), du(s. 6), o(dy(ls, §) + do(s. ©)))

9(dy(ls. ).0,0,a(ds(ls. ) +0)).

IA

By putting « = dy(Ig,s) and 1 = 0, we obtain that k < ¥k, 0,0, a(k + 0)). Hence « < An for some
A € [0, 1); thatis
do(ls, ) < A0.

Thus Ig = ¢ and hence f¢ = ¢. Since f(Y) C h(Y), there exists p € Y such that ¢ = f¢ = hp.
By putting 4 = u, and v = p in Inequality (3.4), we obtain

do(fHizn gp) < O(@pian, hp)do(lptzn, hp), @O(Upizn, fion)do(Uttzns f12n),

af(hp. gp)dy(hp. gp). &0tz gP)dy(lptzn. 8)).

Through the triangle inequality, given that 6 is bounded by é, we get

do(f1.8D) < O(doUptzn, hp). doUptan, fitza). dohp. gp). aldo(Uptzn §) + do(s. g))).

By allowing n — oo and since hp = ¢, we obtain

di(s.gp) < H(di(s, 6), do(s, §), do(s, 8p), Ady(s, §) + do(s, gp)))
= (0,0, dy(s, gp), (0 + di(s, gp))).

By putting « = dy(s, gp) and n = 0, we get k < %0, 0, x, a(k + 0)). So k < An for some A € [0, 1);
that is

dy(s,gp) < A0.

Therefore gp = ¢ and hence gp = hp = .
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Now,

dy(hg, &) 0(hs, g5)(dy(hs, hgp) + dy(hgp, g5))

<
< O(hs, g5)dy(hs, hgp) + 0(hs, g5)0(hgp, g5)(dy(hgp, ghp) + dy(ghp, g5)).

Since 6 is bounded by é and (g, h) is compatible, we have dy(hgs, g¢) = 0. Thus, hg = gg.
By putting 4 = u,, and v = ¢ in Inequality (3.4), we obtain

d@(f:uln’ gg) < ﬂ(ae(lﬂbﬂ hg)d(i(l,uZn’ hg)a a’e(l,uZn, fﬂZn)dH(l:uZna fIUZn)a

af(hs. §8)dy(hs. g5). Ol 88)dy(tizn- 85))-
Through the triangle inequality, given that 8 bounded by i we get
do( [ 86) < D(do(Uptan, hs), do(lptan, fiian), doths, 6), a{dylpian, §) + do(s, g5)))-
By allowing n — oo in above inequality, we get

dy(s.86) < O(do(s. 86), du(s. 6), do(gs. 86), (do(s, §) + d(s. £6)))
Hdo(s, £6),0,0,0(0 + dy(s, g5))).

IA

Setting k = dy(s, gs) and n = 0, we obtain that k < J(x,0,0,a(x + 0)). Thus ¥ < An for some
A € [0, 1); that is
do(s, 85) < A0.
So g¢ = ¢ and hence g¢ = hg = ¢. Therefore I¢ = f¢ = g¢ =hg =¢.
For the sake of uniqueness, assume that ¢* is another common fixed point for f, g, 4 and / such that
¢* # ¢. Then

dy(s, ") dy(fs,85")

Hat(s, he")dy(ls, hs™), ablls, fS)dy(ls, £5),

ati(hs”, 86" )ds(hs", 86"), @05, gs")dy(ls, g5*))
Ido(s. 67, (s, ), do(s", "), lds(s, §) + di(s. 6)))
Hdo(5,6),0,0,(0 + dy(s, 6)).

IA

IA

IA

Thus, we conclude that
dy(s,67) < 0.

So ¢ = ¢*, a contradiction. Thus f, g, # and [ have a unique common fixed point.
Now, we support Theorem 3.2 with the following example:

Example 3.3. On the same complete space of Example (3.2). Define the mappings f,g,l,h: Y - Y

by

_ L _6 _ M
f = 3 sin(3) 100 = Zp. 8 = o

3
110 R = Su
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Define 9: R* — R, by

1
ﬁ(K,U,k,i]) = H(K+ n+ Kk + ﬁ)fOrall K"]’kai] € R+'

It is clear that ¥ is continuous and non-decreasing in all of its variables. Now, suppose that

2 2
K S ﬂ(K? 77, T], g(K + T]))for K,T] € y’K S ﬂ(n’ K, T], g(K + T]))
or

2
KS19(77,77,/(,g(K+n))f0rK,n€J/f0rK,77€y.

Then, with a few calculations, we get k < in fork,ne Y.
Note that we can easily figure out:

(1) f(Y) Ch(Y)and g(Y) C I(Y).

(2) f, g h and | are continuous.

(3) 0, v) < L =3 forallu,v € Y.

(4) dy is continuous in its variables.

To show that (f, 1) is compatible, let (u,) be a sequence in M such that
lim f(w,) = lim Il(u,) = v

for somev e Y. So

6 1 "
lu, = 5;1” —vand fu, = T sin(’%) - V.

Therefore u,, — %v and sin(§) — 12v. Hence sin(!) — sin(27—4v) and sin(§) — 12v.
By the uniqueness of limit in Real numbers, we conclude that sin(%v) = 12v. Thus v = 0 and so
Un — 0.

lim do(flin, Ifie,) = lim [0 — 0] = 0.

So the pair (f,1) is compatible. Similarly, one can show that the pair (g, h) is compatible.
Given u,v € Y, with v > y, let n € [1, +00) such that v = nu

dfugn) = |ogsin(5) - o]
Loy
= ﬁsm(z)—m‘-

From Figure 2 (a and b), we deduce that

i sin ('l—l

)_ nu ‘<£'6,u 3n,u‘
12 47 9nu+ 1101 — 5517 7
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Forn=1 For n = 1000

0.015[
_L|Qu_iu| ___|§u lQQQu|
1_3in(u)__ﬂ_

|1—sm( ) 0000
0.010 12 4 9 pu+110 4

12 9000 p+110

0.005

u D . . —_—

0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0

(a) Comparison between % 67“ — %] and (b) Comparlson between 6—“ - 3030”‘

1000y
and| sin ) 9000#+110"

|_ sm - 9,4+110|

Figure 2. Comparison between two functions.

Therefore
difugn) < oo| 2 -2
B (11)@)'67# - 3#
< (l—ll)ae(zﬂ, I)dy(l, hv).
Thus,
do(fu,gv) < 111 (ae(l,u, hv)dy(lu, hv) + ab(lu, frdy(lu, fu) + ad(hy, gv)dy(hv, gv)

+0p, gv)dy(lpt, gv))
= Bl hv)dy(lps, hv). ab(lp, fr)dy(s. f1). abChv, gv)do(hv, gv). &6l gv)da(lp gv)).

On a similar manner, we can get

do(gv, fr) < ﬂ(aé’(hv, Iy dy(hv, ), @O(fu, Wde(f, I), 0(gv, hv)dy(gv, hv), & 0(gv, lw)dy(gv, l,u))-
Therefore, all conditions of Theorem (3.2) have been fulfilled. So the desired result is obtained.

Corollary 3.4. Let MY be a non-empty set, (M, d;) be a quasi b-metric space, « € (0, 1), and f,1, h, g be
Sfour self-mappings on Y. Suppose the following conditions:

(1) f(Y) € h(Y) and g(Y) < UY).
(2) f or Lis continuous.

(3)s<+

(4) dy is continuous in its variables.

(5) The pairs (f,1) and (g, h) are compatible.
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(6) There exists & € Ay such that

IA

ds(fu, 8v) ﬁ(asds(lﬂ, hy), asd(, fu), asdy(hv, gv), o’ sd,(lu, gV))

and

d(gv. fu) < Oasd(hv, ), asd (fu. l). asdy(gv, hv), o sd,(gv. )

hold for all u,v € Y.
Then f,l,h and g have a unique common fixed point in M provided that 1 < «, where A is the
constant satisfies condition (iii) of the definition Asy..

Proof. The desired result will be obtained from Theorem (3.2) by defining 6: Y X Y — [1, +0) via
Ok, m) = s.

4. Conclusions

In the current paper, we introduced a new concept called Ay-a-contraction. We used our new
concept to introduce and prove some common fixed point results for several self-mappings under a set
of conditions over an extended quasi b-metric space. Also, we have provided some examples to show
the novelty of our results.
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