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1. Introduction

Convex optimization problem (COP) is considered very important in the current literature as it
covers a diverse range of problems with possible applications in signal processing, image processing
and machine learning. As a consequence, the tremendous progress in studying the COP has led
the emergence of a theory of convex optimization and a useful interface linking various branches of
sciences.

Monotone operator theory is a prominent framework for various nonlinear problems and closely
related with the theory of convex optimization. One of the fundamental themes in monotone
operator theory is to compute zeros of the (maximal-) monotone operators. The importance of this
concept stems from the fact that the sub-differential operator associated with a proper, convex and
lower semicontinuous (PCLS) function is not only a maximal monotone operator but also solves
the convex minimization problem. It is remarked that most of the practical phenomenon can be
reformulated as zero point problem. This formalism includes variational inequalities, evolution
equations, complementarity problems and inclusions [12].

The class of split feasibility problems (SFP) has an extraordinary utility and broad applicability in
medical image reconstruction, signal processing and computerized tomography [15,17,18,21]. Some
interesting and crucial results regarding the SFP with areas of feasible applications are established
in [16, 19,20]. The first prototype strategies for computing the optimal solution of the split common
null point problem (SCNPP) can be found in [16]. Since then, different variants of these strategies have
been proposed and analyzed for SCNPP and other instances of SFP [19, 20, 29].

Another useful formalism for modelling various nonlinear phenomenon is the fixed point problem
(FPP) of the operator under consideration. Most of the problems in diverse areas such as mathematical
economics, variational inequality theory, control theory and game theory can be reformulated in terms
of FPP. It is remarked that various nonlinear fixed point operators play equivalent important role in
COP. In 2015, Takahashi et al. [31] investigated a unified formalism of null point problem and FPP in
Hilbert spaces. Since then, FPP associated with different nonlinear operators are jointly investigated
with (split common-) null point problem in this domain. It is therefore natural to investigate FPP
associated with an infinite family of operators jointly with SCNPP in Hilbert spaces.

A variety of strategies combining iterative optimization algorithms and fixed point algorithms have
been introduced and analyzed to construct an optimal solution of the SCNPP and FPP. Each strategy
has certain shortcomings in terms of convergence characteristic and/or rate of convergence. The hybrid
shrinking projection algorithm is a well-known strategy for the strong convergence characteristic
whereas the inertial extrapolation technique, essentially due to [27] and see also [1-11, 32], enhances
the rate of convergence of the algorithm under consideration.

Our main contributions in this ongoing fruitful research direction are as follows:

(1) We posit a framework to jointly investigate SCNPP and FPP associated with an infinite family of
operators in Hilbert spaces. For the case of an infinite family of fixed point operators, we exploit the
construction of an auxiliary operator defined in [28, 34];

(2) We employ an algorithmic approach combining the hybrid shrinking projection algorithm with the
inertial extrapolation technique to construct the common optimal solution of the problems as mentioned
in item (1);

(3) We establish the strong convergence analysis of the proposed algorithm by employing the suitable
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constraints in accordance with the standard techniques and tools in the current literature;

(4) We posit different frameworks, as an application of the framework mentioned in item (1), for
various instances of SFP in Hilbert spaces;

(5) Last but not least, we incorporate an appropriate numerical example for the demonstration of the
framework as well as the applicability of the proposed algorithm for signal recovery problem.

2. Preliminaries

Throughout the rest of the sections, the triplet (£, < -,- >, || -||) indicates the real Hilbert space with
the conventional notations of the inner product and the norm and A; C Z; X E; denotes a set-valued
operator with the usual definitions of dom(A,), gra(A;) and zer(A;). We use — (resp. —) to represent
the symbol for strong convergence (resp. weak convergence). The set of reals and natural numbers are
symbolized as R and N, respectively.

Recall from the celebrated monograph [12] that the set-valued operator A; is called monotone if
(r—s,u—vy >0, Y(ryu), (s,v) € gra(A,). In addition, A, is coined as maximal monotone operator
provided that the graph of A; could not be properly contained in the graph of any other monotone
operator. Let m > 0, then the resolvent operator of A, is defined as J,/f} = (Id+mA,)"", where Id denotes
the identity operator. In this connection, J7' is well-defined, single-valued and firmly nonexpansive
operator.

LetT : H — H be an operator defined on a nonempty subset H of 2. Weuse Fix(T) ={pe H|p =
T p} to denote the set of fixed points of the operator 7. The metric projection operator Il : 2y —» H
associated with the nonempty closed convex subset H of Z, is defined as I1y(u) = argmin,cyllu —v||. It
is well-known that the operator I1y is firmly nonexpansive and satisfies (u — I1zu, [Iyu —v) > 0,V u €
=i, v € H. Recall that the operator T is known as k-demicontractive [24] provided that k € [0, 1) such
that

ITq - pIP* <llg - pI +kllg — Tql’, Yq € H,p € Fix(T).

The class of k-demicontractive operators has been studied extensively in various instances of fixed
point problems in Hilbert spaces. However, we are concerned with the fixed point problem of an infinite
family of k-demicontractive operators in Hilbert spaces via the following construction of auxiliary
operator S:

Qk,k+l = Id,
Owk = ﬁij;Qk,kH + (1 -puld,
Ot = BiaTi  Oux + (1 = Bi)d,

Oim = BTy Qime + (1 =B,Id,

Orr = BoT,0us+ (1 -,
Sk=0k = ﬁlT; Okax + (1 =pBId,

where 0 < 3,, < 1 and T,'n = ax + (1 + @)T,,x for all x € H with T, being k-demicontractive operator
and «a € [k, 1). It is well-known in the context of operator S that each T,'n is nonexpansive and the limit
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limy_,co Ok €xists. Moreover

sz/}i_}l{loSk :,P_Toka]’ Y xeH.
This implies that Fix(S) = (o, Fix(Sy) [28,34].

We now finally introduce the formalism of the proposed problem.

LetA; C E;XE; and A; C E, XE, be maximal monotone operators such that the domain of A, is the
subset of H and let J,f,' and Jf,\f be the resolvents of A; and A,, respectively, form > 0. Leth : £, — &,
be a bounded linear operator and let 4 be the adjoint operator of 4. Let S, be the S -operator such that
[:=QnNFix(S) # 0, where Q := {p € A7'(0) : hp € A;'(0)} indicates the SCNPP [16]. We aim to
find

pel. (2.1)

The following crucial results are required in the sequel:

Lemma 2.1. [I4] Let U : H — H be an operator defined on a nonempty closed convex subset H
of a real Hilbert space =, and let (p;) be a sequence in H. If py — p and if (Id — U)p; — O, then
p € Fix(U).

Lemma 2.2. Let u,v € Z| and 6 € R then

() Il + VIP < QP + 20, e+ v);
(it) Il = vIP < Ml = VP = 24 = v, v,
(iii) 11u + (1 = OV = Olull> + (1 = O)IVIP = 6(1 = Ol — vIP*.

Lemma 2.3. [34] Let H be a nonempty closed and convex subset of a real Hilbert space =, and let
T : H — H be ak-demicontractive operator withk € [0, 1). Let a € [k, 1) and set T = -a)ld+aT,
then T' : H — H is a nonexpansive operator such that Fix(T) = Fix(T).

Lemma 2.4. [26] Let H be a nonempty closed convex subset of a real Hilbert space Z,. For every
p,q,t € Ey andy € R, the set

D={veH:|qg-vI*<lp-vIF+ v+

is closed and convex.

Lemma 2.5. [34] Let H be a nonempty closed and convex subset of a real Hilbert space 2, and let
(T,) be a sequence of nonexpansive operators such that (>, F ix(T,;) #0and 0 < B, <b < 1. Then
for a bounded subset K of H, we have

lim sup ||Sx — Syx|| = 0.

0 xeK

3. Algorithm and convergence analysis

We start with the architecture of the algorithm for the construction of an optimal solution of the
problem (2.1).

Theorem 3.1. The sequence (py) generated by the Algorithm 1, under the following control conditions,
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Algorithm 1 Inertially constructed hybrid algorithm (Algo.1)

Initialization: Choose arbitrarily, py, p; € H, set k > 1 and nonincreasing sequence ay,S; C (0, 1),
6, c [0,1), m € (0,00) and & € (O, ﬁ) such that ||h]|> = L is the spectral radius of h*h. Choose the
inertial parameter

Qk _ mil’l{”pk_vm, 9} lf Pk * DPk-15

6 otherwise,
where {v} is a positive sequence such that };;”, v, < co and 6 € [0, 1).
Iterative Steps: Given p; € E, calculate ¢;, w; and x; as follows:
Step 1. Compute

ex = pr + O(pr — Pr-1);
wi = (1 — ap)er + S rex;
xp = (1= BIWi + BT (Wi + Sh* (T2 — Id)hwy)).

The algorithm aborts if x; = Wy = e, = py and py is the required approximation.
Otherwise,
Step 2. Compute

Hyy = f{zeHy: =2 < lipe = 2P + 6px = prcill* + 26i{px — 2, Pk — Prei)}s
pk+l = HHk+|P1, V k Z 19

set k =: k + 1 and go back to Step 1.

(CD) 21 Ocllpk = pr-ill < 005

(C2) 0 <a <liminf; e < limsup,_,, ax < a*;
(C3) liminf_,e Br > 0

(C4) liminf_,. my > 0;

converges strongly to an element p* €T,

Proof. Step 1. The Algorithm 1 is well-defined.
Recall that the set I' is closed and convex whereas the closedness and the convexity of Hy,, for
each k > 1, follows from Lemma 2.4. Let p* € I, then recalling the Algorithm 1, we have

lex = p*IF = I(pe — p*) + 0u(pi — pr-)II?
< lpe = PIP + 6lipx — praall® + 20(px — P*\ Pr = Pit)- (3.1)
Also from Algorithm 1 and Lemma 2.3, we have
IWr — p*II* = 111 — aex + axSier — p*IP

< (1= apllex — p*I* + axllS e — p*IIF — a1 — ap)li(d — S el

< (1= apllex — p*II* + axllex — p*IIP — ax(1 — @I(Id — S el

= llex = pUIIF — (1 = apll(Id = S el

< lpe =PI + 6lIpx — paaall® + 20px — P*s Pic = Pict)- (3.2)
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Further, we obtain

I = p*IP = (1 = B(Wi = p*) + Bl (W + SR (T2 = Id)hivg) = pO)II°
< (1= Bolwi = p*IP + BllJt (0 + Sh* (T2 = Id)hvwy) — p*II°. (3.3)

Recalling the nonexpansivity of J,fl,‘(, we obtain

|1J4! (W + Sh™(J&2 = Id)hwy) — Tt p*|?
<|lWy + h*(J2 — Id)hwy — p*|I?
<l — p*I* + 8l (J22 — Id)hwil* + 2607 — p*, h*(J&2 — Id)hvwy)
<l — I + SIRIPIIE — Idhwl* + 26¢hwy — hp®, (J&2 — Id)hwy)). (3.4)

Denote A, = 26¢hw; — hp*, (J,ﬁi — Id)hwy) and recalling the firm nonexpansivity of Jf,‘,i, we get

A = 26Chiwy = hp* + (2 (hvg) = hivg) = (T2 (hwg) = by, J o2 (hivg) = hive)
= 26((hiwe — hp* + J02 (hwy) — v, Jo2 (hwwg) — hvy)
— (S0 () — v, Jo2(hwe) — hvg))
= 26((J2(hwy) = hp*, J2 (hivg) = hive) = |1T,2 () — hiwg)

< =26\I(J;2 = Id)hwp)|I. (3.5)
The estimate (3.3) implies after recalling the estimates (3.4) and (3.5)

i = p*IP < (1 = Bk = p*IP + Bl — p*IIP + SRz — IdDhwpl* = 26\I(J52 — Id)hwll”),
= (1 = Bl = p*IP + Be(lwy — p*II* = 82 = SlIAIPII,2 — Id)yhwil*)
< (1 =Bl = pI> + Bellwe — p*IIP
< llpe = P*IP + 6l = picall® + 26:(pi — P*» pic = Pa1)- (3.6)
The above estimate (3.6) indicates the inclusion I' € H;,;. Summarising the above stated facts, this
infers that the Algorithm 1 is well-defined.
Step 2. The limit lim;_,. ||px — p1l| exists.
Note that ||pi1 — pill < llp — pill, for all p € Hy,; by employing the fact that py,; = Ilg,,, pi. This

infers that ||pr+1 — p1ll < |lp* — pill, for all p* € I' € Hy; and consequently establishes the boundedness
of (|lpx — pill). Also from p; = Ily, p;, we have that

P& = Pill < 1Pt = pull-
The above approximation infers that the sequence (||px — pil|) is non-decreasing, therefore, we have
]}im l|px — p1ll exists. (3.7)

Step 3. Prove that g € T'.
The following crucial estimates are required to prove the claim:
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pre1 — Pk”2 =lpks1 —p1+ p1— Pk||2
= Ipes1 = pillP + 1Ipe = il = 24pe = 1y Prst — P1)
= Ipxe1 = pill* + llpe = pill> = 2{px = P1s Prst — P+ P — P1)
= Ipee1 = il = lIpk = PP = 24pe = P1s Pret — Pi)
<|Ipes1 = il = llpe = il

By employing the limsup, and recalling the estimate (3.7), the above estimate implies that

limsup,_,, |pxe1 — pill* = 0. That is
im lIpes1 = pill = 0.
Recalling the definition of (e;) and the condition (C1), we have
gl_)fg llex — pill = ,}l_)lg Ocllpk — prll = 0.
As an easy inference of the approximates (3.8) and (3.9), we get
lim lex = peall = 0.
Since py.1 € Hiy1, We have
Xk = Prstll < lpx = preall + Ocllpx = prall + 20 px = P15 Pk = Pi-1)-
Recalling the estimate (3.8) and the condition (C1), the above estimate implies that
]}Lf{)lo lxk = prs1ll = 0.
Recalling the estimates (3.8), (3.11) and the following triangular inequality:

llxk = pell < llxk = prstll + 1prsr — el

we get
lim [l = pell = 0.

Consider the estimate (3.6) in the following variation:

a(l —a")ldd — Sedl” < (lpx = p*ll + llxe = p*IDIpx — xill + 6lIpx — prca P
+ 26Ipr — PPk = pr-ll.

Letting k — oo and recalling the conditions (C1)—(C2) and the estimate (3.12), we have
I}im ||(Id — Si)exl| = 0.
The estimate (3.13) also implies that

lim [[wy = exll = lim a’[[(/d = S el = 0.

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)
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Recalling the estimates (3.8), (3.14) and the following triangular inequality:

Wik = pill < Wi = pretll + lpesr — pells
we get
;}1_,12, Wi — pill = 0. (3.15)

Now recalling the estimates (3.4), (3.5) and Lemma 2.2, we have

1 = PP = (1 = By + Bl (Wi + Sk (T2 — Id)hwy)) — p)IF
< (1= Bolwe = p*IP + Bl — p°IF = 82 = SR, — Id)hw[*)
< |[w = p°IP = Bd(2 = SR — Id)hivgl
<llex = p°IPP = Bkd(2 = SlRIPNI,2 — Id)hivgl
< lpe = I + 260:(pi — Pr-rs ex = p°) = Brd(2 = Sl — Tyl (3.16)

Rearranging the estimate (3.16), we have

B2 = IRz = Idyhwil* < llpx = p*IIP = llxe = p*II” + 260:(pi — Pi1, €x — P
<(lpx = P*ll + llex = p*ID llpx — exll + 260 px — pr-1-€x — P*)- (3.17)
Now recalling the conditions (C1), (C3), the estimate (3.9) and ¢ € (0, ﬁ), the estimate (3.17) implies

that
]}im ||(J,j‘1§ — Id)hw|| = 0. (3.18)

Recalling the estimates (3.4) and (3.5), we obtain

I (W + Sh*(J2 = Id)hiny) — ! p*IP> < Wy + Sh™ (> — Id)hwwy — p*|I?
< we — P17 (3.19)

Denote &, = J,’;L (wy + 6h*(],’:‘1§ — Id)hwy) and recalling the estimate (3.19), it follows that

e — p*IP = W Wi + Sh* (2 — Id)hwy) — T4 p*II?
< (0L + Sh* (T2 = Id)hwy) — T p*, Wi + Sh*(J)2 — Id)hvy — p*)

= (& — p*, Wi + Oh*(J)2 — Id)hwv, — p*)

1 * — * - * — * —
= E(ka =PI + Wi + 61 (Jp2 = Id)hwy = p*II* = 1I&x = Wi — 61" (J,2 = Id)hwg| )

1 * — * — * —
<506 —p P+ 1w =PI = 1 — Wi = SR (T2 — Id)hw|1*)

1 * - * — * —_
=56 —p 1P+ 1w = p*IP = 1l = will? = S M|R* (T2 = Iyl
+ 26¢& — Wi, h*(J52 — 1d)hwy))

1
< Sl - PP+ 1w = i1 = e = willP = 8 Ilh" (T2 — Td)hwg|*

+ 2611 — Wil (J2 — Ld)hiw ). (3.20)
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That is
& — p*IIF < Iy = pYIIP = lléx — Well® + 2611, — Wkllllh*(J,ﬁi — Id)hwy||. (3.2

As a consequence, we have

e = p7IP < (1 = Bllwe = p*II> + Billé = pI°
< (1= Bolwe = prIP + Blllwg = p*IP = Ik = will?
+ 2611 = willllh* (J2 — Ld)hiw)). (3.22)

The estimate (3.22), gives that
Bl = Wil < e = pIP = Il = p'IP = 2Bl — Willllh* (2 = Td)hiwgl). (3.23)
Recalling the estimate (3.18) and the condition (C3), we have
Lim g, =il = 0. (3.24)

Reasoning as above, by recalling the definition of (e;), the condition (C1) and the estimate (3.24), we
get
lim I = pill = 0. (3.25)

Note that the existence of a convergent subsequence (py,) of (p) such that p;, — g € By as j — oo
follows from the boundedness of (p;). This also infers that & — ¢ and wy, — g as j — oco. To
establish the claim, we first prove that g € Q.

Let (u,v) € gra(A,). Since &, = Jf,‘,ij (W, + 6h*(]f,‘l§j — Id)hwy,), therefore, we have

Wi, + Oh° (J2 = IdDhiy, € &, + my A (&)

This implies that
_(Wk — &) + —5h (JA2 — Id)hwy; € A1(&y)).

Recalling the monotonicity of A1, we have

1 1
(u— fkj, V= (m_k.(ij - fkj) + m—(&h*(.]iij - Id)hwkj)» > 0.

kj

The above estimate infers that

(U= &> v) 2 (U = & o (Wk, k) + —(5h*(JA2 — Id)hwy)))

= (u =&, —(ij = &i)) + (u— &, —(5h*(1,?1§_ — Id)hwy,)). (3.26)
mkj mkj 7
Since &; — ¢, we obtain lim;_,(u — &, v) = (u — ¢,v). Now utilizing the estimates (3.18), (3.24)
and (3.26), we have (u — ¢, v) > 0. This implies that 0 € Aq.
Recalling the facts that (i) / is a bounded linear operator implies that Awy, — hq as j — oo, (ii) J,ﬁi

is a nonexpansive operator with I/d — J,ﬁi being demiclosed at the origin (Lemma 2.1), we also obtain
that O € A,(hg). Hence g € Q.
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We now show that g € Fix(S). Observe that

llex — Sexll < llex — Skexll + IS kex — S exll
< llex — Sxexll + sup [|Sxx — S xl|.

xeK

Recalling the estimate (3.13) and Lemma 2.5, the above estimate implies that lim;_,« |lex — Seil| = 0.
This together with the fact that ¢;, — ¢ implies, with the help of Lemma 2.1, that g € Fix(§) =

Miey Fix(Sy).
Step 4. Prove that p; — p* = IIp;.
Let p* = Ilrp;. AS pis1 = lpy,,, p1 and I' C Hy,,, therefore, we have

Iprsr — pill < llp™ = pall.

Also
1 =PIl < llpy = gll < Timinf |[py = p | <Tim sup [y = pi, | < llps = p7Il-
That is
tim |lpe, = pa| = llg = pill = 1Ip" = pull.
This implies that lim;_,., px = ¢ = p* = IIrp; and hence completes the proof. O

If we take A, = 0 and E,; = E,, then the problem (2.1) reduces to find a point of the following
problem:

peTl :={peA"(0)N Fix(S))}.
Hence the following result is an easy consequence of the Theorem 3.1:

Corollary 3.1. Assume that I' # (. Then the sequence (py)

ex = pr + O(pr — pr-1);

wr = (1 — ap)er + aiS res

X = (1= BWi + Bt (Wp); (3.27)
Hi ={z € He : llxe — 2P <llpx — 2li* + 6illpe = piail® + 266pi — 2, i — pi-1)}s

Pir1 =g, p1,V k=15

generated by (3.27), under the control conditions (C1)—(C4), converges strongly to an element p* =
Hrp;.

4. Applications

In this section, we posit different frameworks, as an application of the framework established in
Section 3.
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4.1. Split feasibility problems

The classical SFP, essentially due to Censor and Elfving [18], aims to find p € w := HNh™Y(G) =
{g € H: hg € G}, where H C E; and G C E, are nonempty, closed and convex subsets of Z; and
H,, respectively. For the implementation of the Theorem 3.1, we recall the indicator operator of a
nonempty, closed and convex subset H of =; as
0, p* € H;
oo, otherwise.

Oy(p7) = {

It has been established that the subdifferential 0@y satisfies the maximal monotonicity provided that
the operator @y is proper, convex and lower semicontinuous. Also d®; = N(u, H), where N (u, H)
is the normal cone of H at u. Utilizing this fact, we conclude that the resolvent operator of d®y
is the metric projection operator of =; onto H. We, therefore, arrive at the following variant of the
problem (2.1):

Corollary 4.1. Assume that T = w N Fix(S) # 0. Then the sequence (py)

e = pr + O(px — pr-1);
W = (1 — e + S ey
X = (1= Bwi + Bl (Wi + 6" (g — Id)hwy)); (4.1)
Hior = (I = 2P < llpe = 2P + lipe = picilP + 26pic = 2. pr = P
Pie1 =y, p1, Yk 21,
generated by (4.1), under the control conditions (C1)—(C4), converges strongly to an element p* =
Irp;.

4.2. Split equilibrium problems

The equilibrium problem from [13] aims to compute a point p* € H such that
f(p*,y) =0, forall y € H, 4.2)

where f : H X H — R is a bifunction satisfying,
(Al) f(p*,p")=0forall p* € H;
(A2) fis monotone, i.e., f(p*,q") + f(g", p*) < Oforall p*,q* € H;
(A3) foreach p*,q",t" € H, limsup,_,, f(xt" + (1 = x)p*,q") < f(p*.q");
(A4) foreach p* € H, ¢ — h(p*,q") is convex and lower semi-continuous.
The set EP(f) denotes the set of all solutions associated with the equilibrium problem (4.2). Recall

the following auxiliary results for the equilibrium problem:

Lemma 4.1. [25] Let H be a nonempty closed convex subset of a real Hilbert space E; and let
[ HxX H — R be a bifunction satisfying (Al)—(A4). For s > 0 and p* € Z,, there exists t* € H such
that

1 .
&, q)+—qg =1, —py=>0,Vg" € H.
S

Moreover, define an operator Ul 5, > H by
: 1
Ul(p) = {t* eH: f(t,g)+ g —t,t"=p")=0,Vq € H}.
s
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Lemma 4.2. [30] Let H be a nonempty closed convex subset of ) and let f : HX H — R be a
bifunction satisfying (Al)~(A4). Let A; : 2, — 25! be a multivalued operator defined as:

Apry= | 1@ EE SO 2 = ptg), V€ H) Uf pT e H,
e 0, if pr¢ H.

Recall that the operator Ay is a maximal monotone operator with domain D(Ay) ¢ C and EP(f) =
AJ:‘O. Moreover, U/ = (Id + sA ) fors > 0, ie., U/ is the resolvent of A 7. We, therefore, arrive at
the following variant of the problem (2.1):

Corollary 4.2. Assume thatT = EP(f;) N h"Y(EP(f>)) N Fix(S) # 0. Then the sequence (py)

ex = pi + O(pr — Pr-1);

wi = (1 —aer + xS rer;

X = (1= By + Bu(UL (W + Oh* (U = Id)hiwy)); (4.3)
Hier = {Ilxc = 2P < llpe = 2l + GFllpe — Pt P + 266 pic — 2, P — Pr-1)}s

Pie1 =g, p1, Ve 21,

generated by (4.3), under the control conditions (Cl)-(C4), converges strongly to an element p* =
Irp;.

4.3. Split optimization problems

Let g : Z; — (—o0, 00] be a PCLS function, then the set of minimizer associated with g is defined as
argmin g := {p* € &, : g(p") < g(¢"), forall ¢" € E,}.

Recall that the dg of PCLS function g is a maximal monotone operator and the corresponding resolvent
operator of dg is called the proximity operator (see [22]). Hence argmin g = (dg)~'0. We, therefore,
arrive at the following variant of the problem (2.1).

Corollary 4.3. Assume that I’ = {x € argmin g, : hx € argmin g,} N Fix(S) # (0. Then the sequence
29,

e = pr + Pk — pr-1);

W = (I — ap)er + i ey

e = (1= BOwi + By (W + O (T = Id)hwy); 4.4)

Hier = (o = 2P < llpe = 2P + 6llpx = picallP + 20:(pi = 2, pi = i)}
Pk+1 =1y, p1, Vk>1,

generated by (4.4), under the control conditions (C1)—(C4), converges strongly to an element p* =
Hrp:.

5. Numerical experiment and results
In this section, we present an example that characterizes the performance of our algorithm.
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Example 5.1. Let &5, = &, = (R, (-, -),||) where (p, g) = pq. Consider the operators h,A1,A> : R - R
are defined as h(p) = 3p, A;p = 2p and A,p = 3p, respectively. It is evident from the definition that
A;, A, are maximal monotone operators such that Q := {p* € A;'0 : hp* € A;'0} = Oand his a
bounded linear operator on R with the adjoint operator ~* such that ||k|| = [|4*|| = 3. Let the sequence
of operators S : R — R be defined by

2 p € [0, co);

Sk(p) = { . p € (=00, 0).

(i;gz -demicontractive operators with (2, Fix(Sy) = {0}. Hence

I'=Qn N, Fix(Sy) = 0. We use the following initialization parameters for the computation of the

Algorithm 1: 6 = 0.5, o = m,ﬁk = m, 0= é, L = 3 and m=0.02. Also observe that

Then S is an infinite family of

min{m,O.S}, if P # Di-1;
0.5, otherwise.

Let Error = Ej, = ||px — pr-1ll < 1073 denote the stopping criteria. The performance of the Algorithm 1
(i.e., Algo.1, 6; # 0) is compared with the non-inertial variant of the Algorithm 1 (i.e., Algo.1, 6; = 0)
and Algo. 3.1 [16]. For different choices of the initial inputs py and p;, the values of Algo.l are
summarized in the following table:

Choice A. Choose xy = (5), x; = (2),

Choice B. Choose xy = (4.2), x; = (1.5),

Choice C. Choose xy = (=7), x; = (4).

Table 1. Computed Data Representation for the Algorithm 1 and Algo. 3.1(Byrne et. al [16]).

No. of Iterations CPU Time(Sec)
Choice 1 Choice 2 Choice 3 Choice 1 Choice 2 Choice 3
Algo.1,6, #0, 1787 1401 1920 0.064561 0.049590 0.057585
Algo.1,6, =0, 1819 1620 2008 0.071565 0.063519 0.076661
Algo. 3.1 [16] 7620 6598 8958 0.284874 0.687913 0.912241

The error plotting E; against Algorithm 1 and Algorithm 3.1 [16], for each choices in Table 1, has
shown in Figure 1.
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Figure 1. Comparison of Algorithm 1 (i.e., Algo.1, 6; # 0), Algorithm 1 (i.e., Algo.1, 8; = 0)
and Algorithm 3.1 [16].

It is evident from Figure 1 that Algorithm 1 outperforms its noninertial variant and
Algorithm 3.1 [16] with respect to the computation of error, CPU time and the number of iterations.

5.1. Signal processing

The mathematical model of the signal recovery problem in an under-determined linear equation
system is expressed as follows:
{=hv+p, (5.1)

where v € RP denotes the original unknown signal to be recovered, £ € R” denotes the observed signal
distort via the bounded linear matrix operator i : R? — R, (P < D) and the noise p. One can define
a natural convex constrained optimization-theoretic formulation of (5.1) via the following well known
LASSO problem [33]:

1
min {~[|av - I} subject to |l < ¢, ¥ ¢ > 0. (5.2)
veRD 2

The set of solutions of the ¢;-minimization problem (5.1) is equivalent to the set of solutions of (5.2)
under certain control conditions on the matrix /4 [15]. The £;-norm based regularization problems are
widely applicable in signal and image processing.
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SetI' = HNh'(G) # 0 with H = {v||v|l; £ ¢} and G = {£}. The experiment is conducted under
the matrix A”*F whose elements are generated from independently distributed normal distributions
having 0 as mean and 1 as variance. The sparse vector v, having ¢t = spikes nonzero elements, is
generated via uniform distribution in [-2,2]. The following iterative regularization method, often
known as the Richardson method (or the Landweber method) [23], is generally employed to solve the
problem (5.2):

Vil = Vi + " (= hwy), (5.3)

where 7, the step size, is assumed to be constant. The algorithm (5.3) converges for 0 < n < Ezi,
where €, 1s the maximum singular value of 4. The initial points vy, v; are chosen randomly. We use
the mean squared error indicator to examine the performance of the algorithm for image restoration,
ie., E, = #Ilvk —v*|| < 1074, where v* is the approximation of the signal v. The computation of the
observed signal ¢ is carried out by employing the Gaussian noise associated with the signal-to-noise
ratio (SNR=40). Also set m; = ﬁ ai = 100’;(+1,,8k = 15/1+1 ,0=0.04,c=1t-0.002, u = 0 and 6,=0.5.
Performance Test 1: Fix D = 512, P = 256 and spikes = 15.

Performance Test 2: Fix D = 1024, P = 512 and spikes = 35.

It is clear from the Figures 2 and 3 that the Algorithm 1 outperforms its variants and
Algorithm 3.1 [16] for the signal recovery problem as well as exhibits fast convergence characteristic
with regards to the error and number iterations.

0
. Original signal (D=512, P=256, spikes=15) 10
[ [ |
: 50 100 150 200 250 300 350 400 450 500
Measured values with SNR (40)

Algo.1, 6,# 0
Algo.1, 6,=0
Algo. 3.1[15]

107

Reconstructed signal Algo.1, 0, + 0, (iter.=1616, Time(Sec)=10.0297)

NI

A O O PO R
50 100 150 200 250 300 350 400 450 500
Reconstructed signal Algo.1, 0, = 0, (iter. = 1743, Time(Sec)=12.4446)

1 T T T T T T T T T T

- I .

JLTL T I [ J 107
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Reconstructed signal, Algo.3.1[15], (iter. = 1802, Time(Sec)=16.8657)
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(c) Comparison w.r.t the objective function and
the iterates

Figure 2. Comparison for the performance test 1.
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Figure 3. Comparison for the performance test 2.

6. Conclusions

In this paper, we have posited a framework for the investigation of the SCNPP and the FPP
associated with an infinite family of k-demicontractive operators in Hilbert spaces. The common
optimal solution of the problem is then constructed via an inertial hybrid projection algorithm under
the suitable set of constraints. We have incorporated an appropriate numerical example for the
demonstration of the framework as well as for the applicability of our algorithm. We found that our
algorithm outperforms its variants and Algorithm 3.1 [16]. We have also discussed various instances

of the proposed formalism and can pave a way for an important future research direction in the theories
of SCNPP and FPP.
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