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1. Introduction and main results

This manuscript discusses the existence of nonnegative solutions for the following Sturm-Liouville
boundary value problems (BVP for short) in non-autonomous Lagrangian systems:

—(B0)y' (1)) + P(0)y(t) = uV,V(1,y), ae.t € [0, 1],
y(0)cos 6, — B(0)y'(0)sind; =0, (1.1)
y(1)cos 6, — B(1)y’(1)sin6, = 0,

where B(f) = diag{(b(t),--- ,b,(1)} € C'([0, 1], Ly(R")) with bj() € C'([0,1],R),j = 1,--- ,n, and
B(t) is a positive definite diagonal matrix for ¢+ € [0,1]. Pty = diag{(pi(®), -,
(D} € L>([0,1], Ly(R")), V,V(t,y) is the gradient of V(¢z,y) for y € R", and
u> 0,6, €[0,m),0, € (0,r]. We make the following assumption:

(Hp) V :[0,1] x R* — R is measurable in ¢ for every y € R"” and continuously differentiable in y
fora.e. t € [0,1]. If n = 1, then the function V,V(z,y) = v(z,y) : [0,1] X R — Riis L!-Carathéodorys; if
n > 2, then

V,V(t, )l < C +y"), Yy e R", ae. t€[0,1],
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where C > 0 and y > 0.
Taking n = 1,6, = 6, = 7, the problem (1.1) is the Neumann BVP for Sturm-Liouville equations

(1.2)

{ —(b(D)y (1)) + p(Oy(t) = pv(t,y), ae. t € [0,1],
y (1) =y'(0)=0,

which implies that the problem (1.2) is a special case of (1.1).

For the equilibrium problems of strings, columns, beams etc. in mathematical physics, the
Neumann BVP has played an important role. Hence, many researchers have paid attention to it in
recent years (see [5, 7, 13-15, 17-20] and the references therein). When
b(t) > 0,b(t) € C'([0,1]), p(t) > 0 and p(t) € C([0, 1]), using the fixed point theorems, the authors
of [14, 15,20] have investigated the multiplicity of solutions for the problem (1.2). In particular, when
b(t) > 0,b(t) € C'([0,1]), p(t) > 0 and p(¢) € C([0, 1]), using the critical point theorems of [1,3,4,6],
Bonanno-D’Agui [5] and Bonanno-Iannizzotto-Marras [7] established a three-nonnegative-solutions
result and a two-positive-solutions result for the problem (1.2), respectively. Meanwhile, the authors
of [5,7] gave the application of these results in the complete Sturm-Liouville equations

{ =@y @) + q@)y (1) + r(y(t) = pg(t, (1), t € [0, 1], (1.3)

y'(1) =y'(0) =0,

where g(t) > 0, (¢) > 0, b(t) € C'([0, 1]) and ¢(?), r(t) € C([0, 1]).
In addition, in [2, 9, 10], with the aid of the three-critical-points theorem of [1, 4],
Averna-Giovannelli-Tornatore established a three-solutions result for the mixed BVP

{ =@y @) + p(O)y(®) = uv(z,y), 1 € [0, 1],

V(1) = y(0) = 0, (14

where b(t) € C'([0, 1]), essinf,eo,16(7) > 0, p(r) € C([0, 1]), and essinf,cjo1p() > 0, . Meanwhile, the
authors of [2,9, 10] also gave the application of the result in the complete Sturm-Liouville equations:

—y" +y +y = pugy(), t € [0,1],
{ y'(1) = y(0) = 0. (1.5)

Clearly, takingn = 1,6, = 0,6, = ’% the problem (1.1) becomes the problem (1.4).

In this manuscript, we are interested in the function p(t) € L*([0, 1]) and without the assumption
of p(t) > 0 for the n-dimensional the problems (1.2) and (1.4). To this end, we reconsider in the
framework of the problem (1.1) some theorems proved in [2,5,7]. With the aid of index theory, we
construct a variational construction. Then using Bonanno-Candito’s three critical point theory obtained
in [4], we give some new criteria to have at least three nonnegative solutions for the problem (1.1). As
a direct application, we obtain the corresponding results for the complete Sturm-Liouville equations
meeting Sturm-Liouville boundary value conditions (BVC for short). Furthermore, we give three
examples to show the correctness of the obtained conclusions and to indicate that these results unify
and sharply improve some recent results.

Now, for all A(r) € L*([0, 1], L,(R")), we use the index (if, , (A), vy , (A)) € NxNin [11] to express
our primary results.
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Theorem 1.1. Assume that there are Ay(t), A(t) € L*([0, 1], Ly(R")) that satisfy P(t) = —Ay(t) +A(?),
igl 0(Ao) = 0, vgl 0, (A0) # 0, where A(t) is a positive definite diagonal matrix for t € [0, 1], i.e., there
exist § > s > 0 such that 5ly|*> > (A(t)y,y) > sly|* for all y € R",t € [0, 1].

Suppose V(t,y) satisfies (Hy) and the following:

(Hy) V(t,0) =0, and V,V(1,y) 2 0,i.e. & >0, Vi=1,--- ,n, where y = (uy, u, -+ , ).

(Hy) There are co > 0,by > 0 and y, € ker(A — Ag) with \/g <|vollz, < kb—\%, such that
1 1
|, supyec, V(& y)dt 2 Jy V(. yodt 16
2 35K00yolP,; '
and
A 'su Viyd: [V d
o p|y5b0 ,Y) jé (tayO) t (1 7)

<
b2 352 1yo 2,

for all y € R", where (Ay — Apy)(t) = —(B@)Y') (t) — Ap()y(2), k = 60(min{1,§})_7l and 6y > 0 is the
compact embedding constant of Z — L*(or see (3.2)).

330l
4 [ Vo’
solutions y; with |y;| < by fori = 1,2,3, where a = j(;l SUP}y1<c, V(t,y)dt,p = fol SUP}yi<, V(t,y)dt, and
the nonnegative solutions y(t) = (u,(t),- - - ,u,(t)) means that u,(t) >0, Vi =1,2,--- ,n.

C2 2
Then, for each u € in{>3-, 22—2[;} , the problem (1.1) has at least three nonnegative

Next, as an application, we consider the complete Sturm-Liouville equations

—(b()y' (1)) + q()y' (1) + r()y(r) = ug(t, y()), a.e. t € [0,1],
y(0) cos 8, — e~ 2@p(0)y’(0)sin 6, = 0, (1.8)
y(1)cos B, — e 2Dp(1)y’(1)sin b, = 0,

where u > 0,6, € [0,7),6, € (0,7n],0'(¥) = %, b(t) € C'([0,1],R) with essinfy;b(¢) > 0, and
q(1), r(¢) € L>([0, 1], R) with meas{r € [0, 1] : g(?) # 0} > 0.

Theorem 1.2. Assume that there is Ay(t) € L*([0, 1],R) such that igll,az(AO) =0, Vg]‘ﬁz(Ao) # 0, and
s, = essinfig 11{e"2Or(r) + Ag(r)} > 0, where By (1) = b(1)e 2?.

Suppose the function g : [0,1] x R — R is L'-Carathéodory and satisfies the following:

(G)) Forallt € [0,1]and y € R, g(t,y) > 0.

(Gy) There exist co > 0, by > 0 and yy € ker(A; — Ag) with \E <Iyollz: < 2=, such that

I supyee, i 8(t,E)ded 2 I E° g, )dédt

e 350k2lyollZ,

and

1 ) 1
I, supyy, | gt £)dédt < Iy £ st &)dédr
b2 350k2 1ol

b
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for all 'y € R, where (A1y — Agy)(®) = —(Bi(D)y) (1) — Ao(D)y(D), ko = 50(min{1,§0})%1 and
So = ess supy {e" V(1) + Ao(n)} .
350lbule,

4 [ 00 20 g(rodedr”
nonnegative solutions y; with |y;| < by for i = 1,2,3, where

1 . 1
a1 = [y e sup [t )dgdr and i = [ e sup [t ).

[yl<co [yI<bo

Then, for each u €

min{ G b }) the problem (1.8) has at least three

2U3ay’ 2k2B

The organization of this manuscript is as follows. The main content of Section 2 is recalling the
three critical points theorem in [4] and some conclusions about the index theory of the second order
linear Lagrangian systems in [11, 12]. In Section 3, we construct a variational construction for (1.1) in
Z and give the proof of Theorems 1.1 and 1.2. Some helpful corollaries and some examples are given
in Section 4 to show the validity of our results. Meanwhile, we emphasize that our results unify and
sharply improve the correlative results of [2,5,7,17,18] via some remarks.

2. Preliminaries

First, we recall the three critical points theorem in [4] and some results about the index theory of
linear second order Lagrangian systems in [11, 12] in order to prove Theorems 1.1 and 1.2.

Lemma 2.1. ( [4]) Let Z be a reflexive real Banach space. Assume that two functionals ®,¥ : Z — R
are continuously Gateaux differentiable, @ is coercive and convex with @ having a continuous inverse
onZ*, and ¥’ is compact, such that
(1) () = ¥(0) = inf; © = 0.
(2) For each u > 0, if y1,y, are two local minima of ® — u¥ with ¥Y(y,) > 0 and ¥(y,) > 0, then
infyepo, )y Y@y + (1 —F)y2) 2 0.

If there are py > 0,p, > 0 and § € Z with 2p, < ®(§) < &, such that

() SUP, g1 (—c0,pp)) T ) < 2O

pi 30(3)
and o
2oy SUPyeo—l((mopy) TV ¥(H)
(i) ) < 306y
30G) o P2 >
then, for each u € (TO)’ mln{supygp_l((mm) TR ET ‘P(y)})’ ® — u¥ has at least three distinct

critical points which lie in ®~'((—o0, p,)).

The index theory in [11, 12] is designed to address the classification problem of L*([0, 1], £,(R"))
associated with the Lagrangian system

—(B(®)y") = A0y = 0, (2.1
y(0) cos 8; — B(0)y'(0)sin6; = 0, 2.2)
y(1)cos 8, — B(1)y'(1)sin6, = 0, (2.3)

where 6, € [0,7),6, € (0,n],A() € L=([0,1], L(R") = {A@®) = (@p)walap(®) = a0,
t € [0,1],au(r) € L>([0,1])}, and B(¢) € Cl([0, 1], L;(R™)) with B(¢) is a positive definite matrix for
te0,1].
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Let Y = L*([0, 1], R"). Set (Ay)(t) = —(B(t)y’)'(f), and
D(A) ={y e H*([0,1],R") : y satisfies (2.2, 2.3)}.

In Section 2.3 of [11], it has been proved the operator A is self-adjoint, and o(A) = o4(A) is bounded
from below, where o4,(A) = {n € R : i is the point spectrum of A}. Then, for all x,y € Z, we consider
the bilinear form

1
L(x,y) = fo (B()x' (1), y' (0)dt + (x(0), y(0))y(6)) — (x(1), y(1)y(6a), (2.4)

where (-, ) is the commonly used inner product in R", y(¢) = cottast € (0,7),y(t) = 0ast =0 or
t = m, and

{y e H'([0, 1,R)|y'(1) = y'(0) = 0}, 6 =6, =15;
{y € H([0, 1,RMy' (1) = y(0) = 0}, 6, =0,6, =3;
{y € H'([0, 11, R")|y(1) = y(0) =0}, 6, = 0,6, = ;

23 v e H'([0, 11, RY(1) = 0}, 6, = 0,6, € (0, 7); 2:5)
(v € H'([0, 11, RY[y(0) = 0}, 0, € (0,7), 0> =
Hl([(), 1],R"), 6,,6, € (0, n).

Similarly to the proof of Proposition 1.17 in [8], it can be proved Z is a Hilbert space. Furthermore,
Z = D(IA]2) is capable of being equipped with an equivalent norm

1 2
Ivllz = (f [y +y'(t)|2]dt) » YyeZz,
0

which implies that two embedded mappings Z < L* and Z < L? = Y are compact.
For any A(¢) € L™([0, 1], L;(R")), define 1#51 ’22 (x,y) as follows:

1
Wge,(,3) = L(x,y) - fo (AWx(0), y@)dt, ¥ x,y € Z. (2.6)
Proposition 2.2. ([11]) For any A(t) € L>([0, 1], L,(R")), the space

Z=7ZA)aZ%A)®Z (A)

is a wg’gz—orthogonal decomposition, where 1//51’?)2 is negative definite, null and positive definite on
Z7(A),Z°%(A) and Z*(A), respectively. Particularly, Z~(A) and Z°(A) are finitely dimensional.

Definition 2.3. ([11]) For any A(t) € L*([0, 1], L;(R")), we define

B ()= D VB A+ AL, VB 4 (A) = dimker(A — A).
<0

Proposition 2.4. ( [12]) For any A € L*([0, 1], Li(R"), Z°(A) is the solution subspace of the
systems 2.1 and 2.3, and

i8 o, (A) = dimZ~(A), vE , (A) = dimZ’(A).

igl 0,(A) and vgl o,(A) are called the index and nullity of A with respect to wgl ’2,2(-, -), respectively.
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Proposition 2.5. ( [16]) For any A € L*([0,1], LR"), fory = y1 +y, € Z, if yy € Z (A) and
v, € Z*(A), then (—t/lg’gz(yl,yl))% +(wgl’f;2 (yz,yz))% is an equivalent norm on Z.

Remark 1. ([12]) If B(t) = I,,,c € R, one has
1
Iy _ _ (= 2.2
vo’%(cln) =nasc= (2 +k)'m
1
Vi (cl,) =0asc # (5 + k)’n* for k € N,
2
2
7T
1)=0 —
(c ) asc 4
,,(cl)_(k+1)nasce(( + k)*n?, ( +k+1)Y°x )
2

v (cl) =nasc=kn v (c])—Oasc;tkzﬂzforkeN
2°

s s
°2 2

i (cI)—Oasc<0l,r,,(cl)—(k+1)nasc€(k27r2(k+1) ?).

1N ;4 W \

s
°2

Remark 2. Since C'([0, 1], L,(R")) c C'([0, 1], L(R™), L=([0, 1], L;(R™) c L>([0, 1], L,(R™)), for
B(t) € C'([0, 1], L(RM), A(t) € L=([0, 1], L,(R™)), the above index theories also hold.

3. Proof of the main results

From the assumptions i, , (A9) = 0 and v; , (A¢) # 0, we can see that mino(A — Ag) = 0 via
Definition 2.3 and Proposition 2.4. Hence, we define another inner product:

1 1
(x,y) = Llx,y) - f (Ao(Dx(1), y(1)dr + f (x(0), y(0)dt, Vx,y€Z,
0 0
where the corresponding norm is defined as

1
Iyll = (L0, Y) = (Aoy, M2 + IVI7)2, Yy € Z.

By Proposition 2.5, we can see that || - || is equivalent to || - ||z. For all y € Z, put

1

1 1 2
IIvlls =(L(y,y)— fo (Ao()y(0), y(1))dt + fo (A(t)y(t),y(t))dt) :

Since A(?) is a positive definite matrix, for all y € Y there are § > s > 0 such that Ellylli2 > (Ay,y)p2 >
sllyll?, . Thus, one has

min{1, s}liyl* < Ilyll < max{1, 5}yl (3.1

Let || - || be the norm of L*([0, 1], R"). By the compactness of the embedded mappings Z < L?> = Y
and Z — L, we know that there is 6, > 0 such that

IVl < Iyl < Sollyll < KlIylls (3.2)

for all y € Z, where k = dy(min{1, s})7
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Next, we prove that Theorems 1.1 and 1.2. To this end, set

IIylls

1
10)= =" ~p j; V(t,y)dt, VyeZ (3.3)

By (Hy), it is not difficult to prove that / is continuously differentiable in Z, and

1 1
IO)x = Li.x) + fo (P, x)di — g fo (Y, V(t, ), x0dr,

for all x,y € Z. Similar to the proof of Proposition 2.3.3 (1) in [11], it can easily be proved that the
critical points of [ are the solutions of the problem (1.1), and we leave out the details here.

Proof of Theorem 1.1. For each y € Z, set

IIyII3

1
CD(y)=T, Y(y) = fo V(t,y)dt.

Obviously, the critical points of ® — u'¥ in Z correspond to the solutions of (1.1).

From (3.1), the compactness of the embedding Z < L? = Y and the condition (Hy), we can see
that @ is coercive, convex and continuously Gateaux differentiable, and W is continuously Gateaux
differentiable with ¥’ being compact. Meanwhile, V(z,0) = O implies that (1) of Lemma 2.1 is valid.

Next, we show that @’ has a continuous inverse on Z*. Noting (3.1), for all x,y € Z, we have

(@' (y) = @' (x),y = x) = lly = xll = min{L, s}lly - x>,

which means that @’ is uniformly monotone on Z*. With the aid of standard arguments, we can ensure
that @’ is also hemicontinuous and coercive on Z*. Moreover, using Theorem 26. A of [21], it is easy
to show that @’ has a continuous inverse on Z*.

Put § = yo and p; = 3(2)*. By (3.2), we know that {y € Z : ®(y) < p;} C {y € Z : |y| < co}, which
implies that

1 1
sup Y(y) = sup f V(t,y)dt < f sup V(¢,y)dt.
0 0

D(y)<p1 D(y)<pi [yl<co
Taking into account that y, € ker(A — Ay), from Propositions 2.2 and 2.4, we obtain

1 1 (!
D(yy) = EL@O,YO)+§f(P(f)YO,YO)dl
0
1 g, 1 !
= E‘/’g,’,gz(YO,)’o)‘i‘i (A()yo, yo)dt
0

1 (!
- . f (Ao, yo)dr.
0
which shows that { 1
Eﬁllyolliz < @(yp) < Efllyolliz- (3.4)

Noticing that

1
SUPg(y)<p, T () < 2k* fo SUPyy <., V(1 Y)dt

2
P1 Coy

AIMS Mathematics Volume 8, Issue 3, 6543-6558.
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and

1 1
2W(0) _ AL V@yodt 4 [ Va0
3000) 3 [A@yo,yo)dr 3ol

b

by (1.6) of the condition (H;), we obtain

SUPyeq-1((—cop)) TV < 2%¥(yo)
P1 3d(yg)’

which means that (i) of Lemma 2.1 holds.
Again, put p; = %(%)2. As above, we can see that

1
SUPgy(y)<py POY) . 2k? fo SUPy<p, V(1 y)dt

P2 b3

and

1
Yoo _ 2 i V. yoydt
3000) ~ 3ol

By (1.7) of (H,), we have
SUPyeq-1 (—oor)) T (V) g ¥(yo)

02 30(yo)’

which means that (ii) of Lemma 2.1 holds
Moreover, from < \/t < Ilyollrz < k\/? and (3.4), we obtain 2p; < O(y) < p2

Finally, we prove that (2) of Lemma 2.1 holds. For each u > 0, if y; and y, are two local minima of
® — u¥ with ¥(y;) > 0 and W(y,) > 0, then y; and y, are two critical points of ® — u'¥, which implies
that y; and y, are two solutions of the problem (1.1). Taking into account that V,V(z,y) > 0, we have
y1(#) = 0,y2(¢) > 0 via the following Lemma 3.1. Then, it follows that (1 —3)y; + Jy, > 0,V € [0, 1].
Hence,

w0+ 0w = int [ [ O VEA 005, 0+ oy = 0

via V,V(t,y) > 0 and V(¢,0) =
By Lemma 2.1, for each

. (3<D(yo) . P P2 ) ’

, min{ , }
2\11()’0) Supye(l)_l((—oo,p|)) \P(y) 2 Supye(l)‘l((—oo,pz)) ‘P(Y)

I = ® — uVY has at least three distinct critical points y; with ®(y;) < p, fori = 1,2,3 in Z. Hence, for
each

33ilvoll { & B
min
1 1 1
4 [ Viyoydr’ 22 [ supyee, V()L 262 [ supyg, Ve |’

AIMS Mathematics Volume 8, Issue 3, 6543-6558.



6551

by (3.2) and the following Lemma 3.1, we know that the problem (1.1) has at least three nonnegative
solutions y; with |y;| < by for i = 1,2,3 in Z. The proof is complete. O

Lemma 3.1. Let v} , (Ag) # 0,if ,(Ag) = 0 and V,\V(t,y) 2 0. Ify € Z is a solutions of the
problem (1.1), then y is nonnegative.

Proof. Set y () = —min{0, y(#)} = (—min{0, u;(?)}, - -- , —min{0, u,(¢)}). Evidently, y~(t) € Z. Since
b(1) € C'([0, 1], L4«RM), P(t) € L=([0, 1], L4(R™)),

(P@)y,y" ) =—-(P@)y ,y ), L(y,y ) =Ly ,y ).

Taking into account that y € Z is a solution of the problem (1.1), we choose y = y(#). By (3.2),
igl o (Ap) = 0 and Proposition 2.2, we have

1
0 < 1 fo (V,V(t, ),y )t
1
= Ly + fo (P(t)y.y" )i
1
L) - fo (P()y".y )di

e % o
“Iy7I < = SIbIP <0,

Thatis, y~ = 0 a.e. in [0, 1], and y is nonnegative. O
4(0)
b(t)

Q(t) satisfying Q'(t) = % a.e. in [0, 1]. Consider the following problem:

Proof of Theorem 1.2. In consideration of ;= being Lebesgue integrable in [0, 1], we set the function

—(e” Dbty (1)) + r(t)y(He 2" = pug(t, y(1))e 2,
y(0) cos 8; — e=2Pp(0)y’(0) sin 6, = 0, 3.5
y(1)cos B, — e 2MDp(1)y’(1)sin b, = 0,

for a.e. t € [0, 1]. We can prove that the solutions of (3.5) are also the solutions of (1.8). Thus, setting
Bi(t) = b(H)e D, P(t) = r(t)e 2® and V(1,y) = foy g(t, £)e™?Vdé, the validity of the conditions of
Theorem 1.1 can be proved. Hence, from Theorem 1.1, the conclusion follows. O

4. Corollaries and examples

As can be seen from (2.5) of Section 2, if 6, = 6, = 7,6, = 0,6, = J;0r60, = 0,6, =«
in Theorems 1.1 and 1.2, we immediately obtain the corresponding the existence results for the n-
dimensional Neumann, mixed or two point BVP.

First, we discuss the Neumann BVP as follows:

{ —(B@)y' (1)) + P(t)x(t) = uV,V(t,y), ae. t € [0, 1], @.1)

y'()=y(0)=0,

AIMS Mathematics Volume 8, Issue 3, 6543-6558.
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where B(¢) € C'([0, 1], L,(R") and P(t) € L>([0, 1], L,(R")) with P(t) and B(7) positive definite for
t € [0,1]. After a simple calculation, we know that ker(A) = R” lﬂ n(O) = 0, and vﬂ n(O) # 0. Set
Ay = 0, P(t) = A(t). Therefore, we immediately obtain Corollary 4.1 through Theorem 1 1.

Corollary 4.1. Assume that V(t,y) satisfies (Hy), (Hy). If there are ¢y > 0,by > 0 and y, € R" with
%’ \/g such that V(t,y) satisfies (Hy), then the conclusion of Theorem 1.1 is still valid.

Remark 3. In Corollary 4.1, if n = 1, we have ker(A) = R. Thus, Corollary 4.1 can be reduced to
Theorem 3.4 in [5] via some simple calculations. However, we still need to point out that Corollary 4.1
generalizes Theorem 3.4 in [5] as n = 1 in two aspects. First, Corollary 4.1 requires V,V(z,y) = v(t,y)
being an L'-Carathéodory function instead of continuous in ¢ € [0, 1] and y € R; second Corollary 4.1
requires P(f) € L[o 1 instead of P(¢) € C([0, 1]).

Next, we give an example of (4.1).

2_,

Example 1. Let a(r) € C([0, 1], R*) with fol a(t)dt > 0. Consider

{ =y"(1) + P()y(1) = AV, V(1. y), 42)

Y©0)=y(1)=0
where n = 2, P(t) = diag{p;(?), p»(¢)} with

1’ O’l b
m@=m®={ziibﬂ
b 2, b

and

V(E}’) = V(t’ u, I/l2)

a(®)(u; + uy), luy +up| < 1,
a(r)[ L)l 4 10] 1< uy +u <2,
= a2 + up) + 22D 2 < |uy + ua] < 300,
(D) oz () + 142)° + 240 x 210
TR | 300 < Ju; + ua).

Clearly, s=1,5=2. Fory € Z, by

(@l

IA

t 1
Ify’(S)dSI+|y(t1)|Sj(; Y (s)lds + |y(t)]
i 3 1 3
(f Iy'(S)lzdS) +(f |y(S)|2dS) ,
0 0

max [y(t)] < V2|,
t€[0,1]

IA

we have
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which implies that 6y = V2 and k = V2. We easily check that V(z,y) satisfies (Hyp) and (H;). By

ker(A) = R?, taking yo = (1, 1), ¢y = %i and by = 150 V2, wehave 1 = 2 /2 < |y = V2 < ki’/‘)ﬁ =15,

1

| supye,, V(t,y)dt !

0 Y
: =V2 | amd:t
¢ 0

1 1

(G +29) [ e 2 [ Ve, yo)dr

12 IR

and

1 _pll 1
Jy sy, V)t _ (21 % 300 + 2922 (% a(r)dt

b? 2 x 1502
11 1 1
(G +19) Jy adr [ v, yoyr
24  35K2y

which show that (1.6) and (1.7) of (H,) hold. After a simple calculation, from Corollary 4.1, we know

that for each i € 33 12375 the problem (4.2) has at least three positive solutions y;
K (1034 i atdr” 335873 a(t)dt)’ p 4.2) p Yi

such that |y, < 150 V2 for all t € [0, 1],i = 1,2, 3.

Remark 4. The inability of Theorem 3.4 in [5] to apply to Example 1 is because the assumption of
P(t) € C([0,1],R)) in Theorem 3.4 is necessary. In addition, by Remark 4.5 of [5], it is not difficult
to find that Theorem 1 of [17] and [18] also cannot be applied to Example 1. Therefore, Corollary 4.1
unifies and sharply improves the prior results.

Now, we discuss the complete Sturm-Liouville equation

{ —(b@)yY' @) + q@)y (1) + r(y(1) = Ag(1, (1)), a.e.t € [0,1], 4.3)

Y1) =y(0)=0.
Assume that g(?), r(t) € L1y b(t) € C'([0, 1]) satisfy meas{z € [0, 1] : g(t) # 0} > 0, ess infjo 1, b(2) > 0
and ess infjo ) 7(¢) > 0. By a simple calculation, we know that ker(A;) = R, ilgfl(O) = 0and vlgfl(O) # 0.
Therefore, from Theorem 1.2 we immediately obtain Corollary 4.2.

Corollary 4.2. Assume that L'-Carathéodory function g : [0,1] x R — R satisfies (G,). If there

exist cg > 0,by > 0 and xy € R with ;—g /fo < lyol < kol\?/OZTo’ such that g satisfies (G,), then the

conclusion of Theorem 1.2 still holds true, where 5y = ess supy {e=20r(1)}, S, = €ss inf[o,l]{e‘Q(’)r(t)},
and ko = So(min{1, 5,})7 .

Example 2. Let r(r) € L, with sup,o 1, 7(#) = 2, infrepo,1) 7(f) = 1, and

t, y <1,
B 2, 1<y<2,
g(tsy) - l212, 2 < y < 214,
th(y), 2" <y,
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where A(y) > 0 is an arbitrary L!-Carathéodory function. We consider

{ =y (1) + Y (1) + r()y(t) = Ag(t, y(1)), 4d)

y' (1) =y(0)=0.
Clearly, s, = 1,5 = 2, ko = V2e, and (G) holds. Noticing that ker(A;) = R, put ¢ = £,by =

14 . _ 1 _a [2 - by  _ 20
2%, y0 =2, and we have 57 = 70 /= <2 =yl < == = {5,

] 5
b SuPyicc, Jy &t E)dédr

2
Co

1
2051 2y [’ 8@t E)déd
156 350k2lyol2

e

and
1 ) 13
Jy $UPen, Jy 8t E)dEdt Hi+% -5 +220"-2)
b? - 228
227

1 )
_ 21 2051 1" et &)dédt
2% 4 7312 350Kyl

implying that (G;) holds. Hence, by a simple calculation and Corollary 4.2, we know that for each
ue (%, @), the problem (4.4) admits at least three positive solutions y; such that |y;| < 2!* for
tel0,1],i=1,2,3.

Remark 5. Since the proof in Theorem 1.1 in [7] requires r(¢) € C([0, 1], R)), Theorem 1.1 in [7]
cannot be used to study Example 2. Moreover, since g(¢,y) is not the autonomous case, we know that
Corollary 4.3 in [5] also cannot be used to study Example 2. These show that Corollary 4.2 improves

the prior results.

Next, we consider the following 1-dimensional mixed BVP:

{ —y"(t) + p(t)y(t) = Av(t,y), a.e. t € [0, 1], 4.5)
y'(1)=y@0) =0, '
where p(t) € Lig 1y By Remark 1 and a simple calculation, we know that ié"%(”zz) =0, V&%(”f) #0
and ker(A — ) = {usin(%r) : u € R}. Set Ay = &, p(f) = == + A(z). From Theorem 1.1, we have
Corollary 4.3.

Corollary 4.3. Assume that A(t) = p(t) + ”IZ >0fortel0,1], V(t,y) = ny v(t, £)dé satisfies (Hy), (Hy),

and there exist three constants cy > 0,by > 0 and uy € R with % \/% < yollz, = llto sin(50)lz, < kb_O

25’
such that (H,) holds. Then, the conclusion of Theorem 1.1 is still valid.

Remark 6. Since —%2 < p(t) < 0 and p(r) € L>([0, 1], R) are allowed in Corollary 4.3, our result

generalizes Theorem 3.1 in [2]. Here is an example of Corollary 4.3 to illustrate its validity.
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2
: -%, 1€l0,3],
Example 3. Consider problem (4.5). Let p(¢) = { k) [1 2 and
“16° re (E’ 1]’
ty, y<1,
(i + 19, 1<y<2,
= f210y + 100220 2<y<2%,
11
t[5>2<;)80y5 + = 232 10(1 2 )] 2% < Y-
z tel0 l] 2 2
Clearly, A(r) = { S l,i " ands=%,5=3% ForyeZby
T 1€ 1],

¢ 1 3
y(@®)| < |£ Y (9)ds| < (L |y'(S)|2dS) ,

max |y(9)| < R
max [y()] < [yl

we have

which implies that 6o = 1 and k = 1. Obviously, V(t,y) satisfies (Hy) and (H;). By ker(A — Ay) =
{usin(Z1) : p € R}, taking o = 2,¢9 = 1 and by = 2%°, we have 2 = 2 \/g < [luo sin(31)|2 = V2 <

bO _ 222

V25 xve’
1
Iy suPyi<e, V@)L
cé 2
240V3 80 («F 3!
<
11712 S 11
11
32 cf) 0)
97r2 T
32 T ' (@sin(Ge)' 10
— 2t sin(=1)dt t| ————+ —|dt
< 97T2[fo\ s1n(2)d+£ ( T +11d
1
2 fo V(t, yo)dt
35k?||uo sin(50)|I.2
and

1 101-2"HY 1
Jy sUPyp, V&) (22 + 2572) [ et
b(z) - 241
1
1 120V3  J, Vot

< <
217 1122 T 35K o sin(Z0)l| 2
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showing that (1.6) and (1.7) of (H,) hold. After a simple calculation, from Corollary 4.3, we know that

for each u € (%, 1), the problem (4.5) has at least three nonnegative solutions y; such that
32 [ V(.2sin(50dt

lyil < 2% forall ¢ € [0,1],i = 1,2,3.

Finally, we discuss the complete Sturm-Liouville equation

{ =" +y +r(t)y(t) = Ag(t, y(t)), a.e. t € [0, 1], (4.6)

y(0) =y'(1) =0,

where r(r) € L([0, 1], R) with essinfj;;7(f) > 0. By a simple calculation, we know that there exists

Ao > 0 such that ig]E(AO) =0, vg'E(Ao) # 0, where Bi(f) = e¢”!. Thus, by Theorem 1.2, we obtain
2 >3

Corollary 4.4.

Corollary 4.4. Assume that s, = ess infio1{r(0)e 2" + Ay} > 0, and the function g : [0,1] x R - R
is L'-Carathéodory and satisfies (Gy). If there exist ¢y > 0,by > 0 and y, € ker(A, — Ag) with

G [2
ko S0

where 5y = ess supyy ;; {e"%r(r) + Ag}.

<|lyollz2 < ﬁﬁ’ such that g satisfies (G,), then the conclusion of Theorem 1.2 still holds true,

Remark 7. Since the proof in Theorem 4.1 in [2] requires r(?), g(t,y) € C([0, 1], R)), Corollary 4.4 is
a new conclusion.

5. Conclusions

For the equilibrium problems of strings, columns, beams, etc. in mathematical physics, the
nonnegative solutions of the Neumann BVP and mixed BVP have played an important role. For the
Neumann BVP and mixed BVP, there are many works reported on the existence of three nonnegative
solutions. However, the conditions needed to obtain the results are relatively strong. In this paper, we
reconsider, in the framework of the Sturm-Liouville BVP for the non-autonomous Lagrangian
systems, these problems. With the aid of index theory, using Bonanno-Candito’s three critical point
theory, we give some new criteria to have at least three nonnegative solutions for the Sturm-Liouville
BVP. As some direct applications, we obtain the corresponding results for the Neumann BVP, mixed
BVP and the complete Sturm-Liouville equations meeting Sturm-Liouville BVC. The conditions of
the theorems in this paper are clearly weaker than those found in other papers. For more details, see
Examples 1-3 and Remarks 3-7 of this paper.
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