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Abstract: Let p be a prime, k be a positive integer, ¢ = p*, and FF, be the finite field with ¢ elements.
Let F; be the multiplicative group of F,, that is F; = F; \ {0}. In this paper, explicit formulae for the
numbers of solutions of cubic diagonal equations a;x; + axx; = ¢ and byx; + byx + byxi = ¢ over
IF, are given, with a;,b; € IF; (1 <i<21<j<3),ceF,and p = 1(mod 3). Furthermore, by
using the reduction formula for Jacobi sums, the number of solutions of the cubic diagonal equations
aiX] + a3 + -+ + agx, = c of s > 4 variables with ¢; € F,, (1 < i < 5), ¢ € F; and p = 1(mod 3), can
also be deduced.
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1. Introduction and statement of main result

Let p be a prime, k be a positive integer, ¢ = p*. Let F, be the finite field with g elements and F,
represent the nonzero elements of F,. Let f(x;,---,x,) € F [x1,---, x] be a polynomial over F, with
s variables. A solution (or a rational point) of f(xy,- -, x;) over F, is an s-tuple (cy, - -+ , ¢,) € Fj such
that f(cy, -+ ,cy) = 0. Denote by

N(f,q) = N(f(x1,--,x) = 0) =#{(cr,- -+ ,c) €Fy | fler, -+, c5) = 0}

the number of solutions of f(xi,---,x,) = 0 over F,.

It is one of the central problems to study the number N(f, g) of rational points over finite fields.
From [14, 15] we know that there exists an explicit formula for N(f, g) with degree deg(f) < 2. But
generally speaking, it is much difficult to give an explicit formula for N(f,q). Finding the explicit
formula for N(f, g) under certain conditions has attracted many researchers for many years (See, for
instance, [1,3-13,16-18,20-27]).
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Let k4, ..., k, be positive integers. A diagonal equation is an equation of the form

a]x'f‘ +--tax =c
with coefficients ay, . .., a; € F, and ¢ € ;. The special case where all the k;’s are equal has extensively
been studied (see, for example, [7-12,17, 18,21-23,26,27]).
In 1977, S. Chowla et al. ( [7]) investigated a problem about the number of solutions of an equation

3., .3 3 _
xi+x++x,=0

over field IF,, where p is a prime with p = 1(mod 3). In 1979, Myerson [17] extended the result in [7]
to the field F, and also studied the number of solutions of the equation

4 4 4 _
Xi+x;+-4+x;,=0

over F,. When g = p* with p” = —1(mod d) for a divisor r of t and d | (g — 1), Wolfmann [22] gave an
explicit formula of the number of solutions of the equation

ax! +ax+-+ax!=c
over F, in 1992, where a;,as, ..., a5 € FZ and ¢ € F,. In 2018, Zhang and Hu [23] determined the
number of solutions of the equation

3,3, 3, .3 _
X+ +x3+tx=c

over F,, with ¢ € F, and p = 1(mod 3).
In 2020, J. Zhao et al. [26,27] investigated the number of solutions of the equations

4, 4 _ 4. .4 4 4 44 4
X{+x;=c¢, xX{+x,+x;3=cand x| +x, +x;+x, =c.

over F,, with c € FZ.

For any ¢ € F,, let A,(c) and B,(c) denote the number of solutions of the equations x> +x;+- - -+x, =
cand X} +x,+---+x, +cx, | = 0 over F, respectively. In 2021, by using the generator of F, Hong and
Zhu [10] gave the generating functions i A,(c)x" and § B,(c)x". In 2022, W. Ge et al. [9] studied

these two generating functions in a diffélrelnt way. Moréloi/er, formulas of the number of solutions of
equation a;x; + apx; = ¢ and a;x] + arx; + azx; = 0 were also presented in [9].

In this paper, we consider the problem of finding the number of solutions of the diagonal cubic
equation

J(xy, x,- - ,xs)=a1x§+a2x;+---+asx§—c:0

over F,, where ¢ = p* and ay, a,,. .., a, € F and c € F,.
If p = 3 and £ is an integer, or p = 2(mod 3) and k is an odd integer, then gcd(3,g — 1) = 1. It
follows that (see [14] pp.105)

N(alx? + azxg +otax = c)

=N(ajx; +arxs +---+ax, =c¢) = q‘H
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with ay, as,...,a, € Ffl, and c € F,.

If p = 2(mod 3) and £ is an even integer, Hua and Vandiver [13] studied the number of solutions
of some trinomial equations over F, and Wolfmann [22] also got the number of solutions of certain
diagonal equations over F,. The following result can be deduced from Theorem 1 of [22].

q-1

Theorem 1.1. Let p = 2(mod 3) be a prime, k an even integer, ¢ = p*, n = S, s2>2andc€F,

Let a be a primitive element of F,. Denote by N the number of solutions of the equation

ax, +ax; +--+ax =c

over F,. Then
_ 1 2 s/ 2 i
N =g+ 3D g =1 ) -
=0

ifc=0, and
1 2
N = qs—l _ (_1)ks/2+lqs/2—1 (_2)9(0)q1/2 _ 5 (ql/Z _ (_1)k/2) Z(_z)r(])
j=0

if ¢ # 0, where v(j) is the number of i, 1 < i < s, such that (&’)"a? = (=1)XP*V/%; 9(c) is the number of
i, 1 <i<s, such that a! = (—c)" and 7(j) is the number of i, 1 < i < s, such that a! = (a’)".

However, the explicit formula for N(a;x; +axx;+- - -+a,x} = ¢) is still unknown when p = 1(mod 3).
In this paper, we solve this problem by using Jacobi sums and an analog of Hasse-Davenport theorem.
We give an explicit formula for the number of solutions of diagonal cubic equations

filxy, xp) = alx? +a2x§ —-c=0

and
fz(xl, X7, X3) = b]X% + bzx:; + b3x§ -c=0

over F,, with a;,a,,by,b,,b3 € IF";, ¢ € F, and the characteristic p = 1(mod 3). Note that our approach,
which applies Jacobi sums, is not the same as that of Ge et al. [9] and Hong and Zhu [10] which mainly
applies Gauss sums. The case with arbitrary s > 4 variables can be deduced from the reduction formula
for Jacobi sums. But we omit the tedious details here.

Let @ € F, be a fixed primitive element of F,. For any 8 € F,, there exists exactly one integer
r € [1,q — 1] such that 8 = @”. Such an integer r is called the index of § with the primitive element
@, and denoted by ind,f := r. For any nonzero integer m and prime number p, we define v,(m) as the
greatest integer ¢ such that p’ divides m. Then v,(m) is a nonnegative integer, and v,(m) > 1 if and only
if p divides m.

The results of this paper are stated as follows.

Theorem 1.2. Let k be a positive integer and q = p* with the prime p = 1(mod 3). Let « be a
primitive element of F,. Denote by N the number of solutions of the equation a\x; + a;x3 = ¢ over F,.
Then

Ny =q—(g— 1da;,ar)
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ifc=0, and

q+ %E(u, v, k) +d(ar, ), if ind,ca;a; = 0(mod 3),

Ny =1 g+ SE(E@v.k) - O, v.k)) + 8(ar,az),  if indeearaz = 1(mod 3),
+ T(E(u, v.k) + O(u.v,K) + 8(ar.az). if ind,caya, = 2(mod 3)

if c # 0, where
-2, if ind,a;a3 = O(mod 3),

1, ifind,aia; # O(mod 3),

k k
k . k .
E(u,v, k) := u* - E ()uk—fvfsz + E ()uk—fvfsz,
=1 t =1 t

o(a,ar) ::{

v (n=1 vy (1)>2
k k
k t+1 k t+1
O(u,v, k) := E V3T — E V3T
t t
=1 t=1
v (t+1)=1 vy (t+1)>2

and the integers u and v are uniquely determined such that
w’ +3v* =4p, u = 1(mod 3), v = 0(mod 3) and 3v = u(2a'"""? + 1)(mod p).

Theorem 1.3. Let k be a positive integer and g = p* with the prime p = 1(mod 3). Let a be a primitive
element of F,. Denote by N, the number of solutions of the equation blx? + bzxg + b3x§ = c over I,
Then

7 - (g - DSLE@,v, k), if ind,b1b>bs = O(mod 3),
Ny =1 ¢ = (g— DSF(E@.v. k) — O@,v.k)).  if indybibrbs = 1(mod 3),

7 (@ = DS—(E@.v.k) + Ou,v.k)),  if ind,b;bsb; = 2(mod 3)

ifc=0, and
7+ GLEWw,v, k) + S(c, by, b, by), if ind,b1bybsy = O(mod 3),
Ny ={ @+ (E(u, v, k) = O(u, v, k) + S (¢, by, by, b3),  if indybibabs = 1(mod 3),
+ e (E(u v,k) + O(u, v, k) + S (c, b1, by, b3),  if indybibybs = 2(mod 3)
if c # 0, where E(u,v, k), O(u, v, k), u, v are defined as in Theorem 1.2 and
S(c. b1, by, by) 1= 8(c, by, ba, bs) + q(w(c, by, by, by) + W/ (¢, by, by, by)),
with

2q, if ind,chib3bs = O(mod 3),

o(c, b1, by, b3) = { —g, if ind,ch?b2bs £ O(mod 3),

if ind,ch?b,b? = O(mod 3),

2,
w(c, by, by, b3) 1= { —1,  if ind,ch?byb? £ O(mod 3),
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and
, 2, if ind,c*bibrbs = 0(mod 3),
W {€:b1 b2, bs) 1= { ~1,  if indu*h2bybs # O(mod 3).

Corollary 1.4. Let k be a positive integer and q = p* with the prime p = 1(mod 3). Let a be a
primitive element of F,. Denote by N5 (resp. N) the number of solutions of the equation x; + x; = 0
(resp. x? + x; + xg =0) over F,. Then

N3 = 3q -2

and
Ni=q" +u(g-1),

where the integer u is uniquely determined such that
u? +3v? =4p, u = 1(mod 3), v = 0(mod 3) and 3v = u(2a'""" + 1)(mod p).

Corollary 1.4 is a special case of [17]. If kK = 1, then Corollary 1.4 is a special case of [7].

This paper is organized as follows. In Section 2, we present several basic concepts including the
Jacobi sums, and give some preliminary lemmas. In Section 3, we prove Theorems 1.2 and 1.3 and
finally, in Section 4, we supply some examples to illustrate the validity of our results.

2. Preliminary lemmas

In this section, we present some auxiliary lemmas that are needed in the proof of Theorems 1.2 and
1.3.

If A is a multiplicative character of F,, then A is defined for all nonzero elements of F,. It is now
convenient to extend the definition of A by setting A(0) = 1 if A is the trivial character and A(0) = 0
otherwise.

For any element a € F, = F , the norm of « relative to FF,, is defined by (see, for example, [14,15])

k-1 pr-l
N, (@) = aa”---a” =arT.

For the simplicity, we write N(a) for N /5, (@). For any @ € F,, it is clear that N(@) € F,. Furthermore,
if  1s a primitive element of IF,, then N(«) is a primitive element of F,,.

Let y be a multiplicative character of F,. Then y can be lifted to a multiplicative character A of F, by
setting A(a) = y(N(a@)). The characters of I, can be lifted to the characters of IF,, but not all characters
of F, can be obtained by lifting a character of F,. The following lemma tells us when p = 1(mod 3),
then any multiplicative character A of order 3 of [F, can be lifted by a multiplicative character of order
3 of F,.

Lemma 2.1. [15] Let F,, be a finite field and F, be an extension of F,,. A multiplicative character A
of B, can be lifted by a multiplicative character x of F, if and only if A7~ is trivial.

Let 4y,..., 4, be s multiplicative characters of IF,. The Jacobi sum J(4,,--- , Ay) is defined by

JQu e, A) = T i) A,

iyl
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where the summation is taken over all s-tuples (yy,--- ,7¥;) of elements of F, withy; +--- +y, = 1. It
is clear that if o is a permutation of {1, -- - , s}, then

J(Agtys 5 Adgs) = J(Ay, -+, Ay).

The readers are referred to [2] and [15] for basic facts on Jacobi sums.

The following theorem is an analog of Hasse-Davenport theorem for Jacobi sums which establishes
an important relationship between the Jacobi sums in F, and the Jacobi sums in F,,.

Lemma 2.2. [15] Let y, ..., xs be s multiplicative characters of F,, not all of which are trivial.
Suppose x1, ..., xs are lifted to characters A,, . . ., A, respectively, of the finite extension field F x of F),.
Then

J@Ap, -+, 40 = (DD (- p)h

We give the reduction formula for Jacobi sums as follows.
Lemma 2.3. [2] Let Ay, - - -, A,_1, A; be s nontrivial multiplicative characters of F,. If s > 2, then

—qJ (A1, -, Am1)s if Ay -+ A,y is trivial,

HA, A, A = { Ty A, ADJ Ay, -+, Asy),  if Ay -+ A,y s nontrivial.

The value of some needed Jacobi sums are listed in the following two lemmas.
Lemma 2.4. [2] Let p = 1(mod 3) be a prime, q = p*, a be a primitive element of F,, and let y be a
multiplicative character of order 3 over F,. Then

2J(¢,x) = u+ivV3,
where the integers u and v are uniquely determined such that

u’ +3v* =4p, u = 1(mod 3), v = 0(mod 3) and 3v = u(2a'"" + 1)(mod p).

Lemma 2.5. [2] Let p = 1(mod 3), g be a primitive element of F,, and let y be a multiplicative character
of order 3 over F, such that x(g) = _1%6 Let the integers u and v be defined as in Lemma 2.4. Then

the values of the nine Jacobi sums J(x", x") (m,n = 0, 1,2) are given in the following Table 1.

Table 1. the values of the Jacobi sums J(y", ")

m\n O 1 2
0 p 0 0
1 0 iu+ivv3) -1
2 0 -1 u-ivV3)

The following lemma gives the number of solutions of the diagonal equation in terms of Jacobi
sums.

AIMS Mathematics Volume 8, Issue 3, 6375-6388.
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Lemma 2.6. [2] Let k4, . . ., k; be positive integers, ay, . ..,as € F, and let c € F,. Setd; = gcd(k;, q—
1), and let A; be a multiplicative character of order d; of B, i = 1, ..., s. Then the number N of solutions
of the equation alxll“ + -+ ax = cis given by

=q" = (g-1) Zl Zﬂ”(a Y- (@I AT
ifc =0, and by o

N=¢ "'+ N \ /lJ‘(ca ,ﬂgs(cagl)‘](/ljl,”. ,/lf‘)
js=1

~.
1l
—_

~.

ifc#0.
3. Proof of Theorems 1.2 and 1.3

In this section, we give the proof of Theorems 1.2 and 1.3. First, we begin with a lemma.

Lemma 3.1. Let p = 1(mod 3) be a prime, q = p*, a be a primitive element of F, and let A be the

—1+iV3

5~ Then for any positive integers a, b

multiplicative character of order 3 of F, such that A(a) =
and B € F!, we have

2, if ind,8 = 0(mod 3),

A AB?) =
B)+ 46 {—1, if ind, 8 # O(mod 3)

and
AB)(a + ib V3 + A8 (a — ib V3)

2E(a, b, k), if ind, = O(mod 3),

=3 —(E(a,b.k) + O(a.b.k)),  if ind,B = 1(mod 3),

—~(E(a,b.k) - O(a,b,k)),  if ind,B = 2(mod 3),

where E(a, b, k) and O(a, b, k) are defined as in Theorem 1.2.

Proof. The first part of the lemma is obvious. Now we focus on the proof of the second part of the
lemma. One can divide this into the following three cases.

If ind,8 = O(mod 3), then A(B) = A(5?) = 1. One has

(a+ib V3)* + (a — ib V3)F

k
= Z (l;)ak"[(ib V3) + (—ib V3)]

t=0

=2d" + Z (l;)ak"[(ib V3) + (—ib V3)]
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k k
k : k :
_ k k—tptQ5 k—tpt25
=2a"-2 E (t)a b'32 +2 E (t)a b'32

v (n=1 vp(1)=2

=2E(a,b,k). 3.1

If ind,8 = 1(mod 3), then A(8) = =43 and A(8>) = =3, One has
%((—1 +iV3)@a+ibV3) = (1 +iV3)(a—ibV3))
- %(— (a+ibV3) = (a—ibV3) +iV3(a+ibV3) - iV3(a-ibV3))

1 [k ket ot int . S [k k—t:ty a4
:—5(2;(t)a lb32—21\/§; ta lb32)
t=even r=odd
Kk Kk k(K
_ .k k—tpiat k-tptad ket 1 L
= a+Zl(t)a b'3% Z‘(f)a b'3 Z (I) b3
vy (t)=1 vy (1)>2 vy (t+1)=1
+ Z () k— [bt t+l
v2(t+1)>2
—(E(a, b, k) + O(a, b, k)). (3.2)

If ind,8 = 2(mod 3), then A(8) = =58 and A(8%) = =43, One has

%((—1 —iV3)(a+ibV3) + (-1 +iV3)(a - ib V3))

. L (k
= - E ( )ak-fifb’3é —iV3 § ( )ak-’fbf?)é
=0 t =1 t

t=even t=odd
k k k k k
_ _ 4k k—typtah k—t1.0~ L k—t7.t~ L
—a+Z(t)a b3z Z(t)a b32+2() b3
Vo (=1 v2§)zz Vo (t+1)=1
_ Z ()klbl t+|
v2(1+1)>2
—(E(a, b, k) — O(a, b, k)). (3.3)

The result follows immediately from (3.1)—(3.3).

Now we can turn our attention to prove Theorems 1.2 and 1.3.
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Proof of Theorem 1.2. Since ged(3,g — 1) = 3, by Lemma 2.6, let « be a primitive element of F,
and A be the multiplicative character of F, of order 3 with A(a) = # Then we deduce that

Ni=g-(g-1 ZZ: Zzl Aa"a;) @, an)y, (3.4)
a=l el
AM1V2 wivial
if c =0, and
2 2
Ni=q+ ) > A a " a0, ), (3.5)
J1=1jo=1

ifc #0.

Since p = 1(mod 3), it follows that 477! is trivial. By Lemma 2.1, the cubic multiplicative character
A can be lifted by a cubic multiplicative character y of FF,. Combining with the Lemma 2.2, Table 1 of
Lemma 2.5 and Lemma 3.1, we obtain

2 2
DD A a) I A
j1=1 Ja=1

M1 472 rivial

= (=D Uaiar) + Aara3))
= —(A(ajaz) + A@1a3))

= 6(ar, a2), (3:6)
and
2 2

Z Z /l(cjl+j2a1_jla;j2).](/ljl , /ljz)

J1=1 jo=1

= DN AC @B 0 0" + Aaia) T (e x D + Aarad) (o 0"

+ Acara) IO, x*))

= —(Aajay) + Aara3)) + (=11 (A(aiaz) T (¢, ) + Acara) TP, x*))

(_l)k_l 2.2 2

=d(a;,ap) + o (AU ajas)(u + iv \/g)k + A(cayar)(u — iv \/g)k)
CL E(u, v, k) + S(ar, ), if ind,caya, = 0(mod 3),

= (_21k)k (E(u,v, k) = O(u,v,k)) + 8(ai,az), if indycaa, = 1(mod 3), (3.7)
CU(E(u, v, k) + O(u, v, k) + 8(ar, ar),  if indycaray = 2(mod 3).

Then from (3.4)—(3.7), one can easily deduce the result of Theorem 1.2. O
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Proof of Theorem 1.3. By the same argument as in the proof of theorem 1.2, let @ be a primitive
element of F, and A be the multiplicative character of IF, of order 3 with A(a) = # We deduce that

2 2 2
N, = qz —(g-1 Z Z Z /l(bl—jlb;jzb;js)_](/ljl’/ljz,/lh) (3.8)
= =
M1AI2473 wivial
if c =0, and
M=o 30T S A B b B A, A7) (39)
J1=1 jo=1 j3=1

if ¢ #0.
Similarly, the cubic multiplicative character A can be lifted by a cubic multiplicative character y of
F,. By using the Lemmas 2.2, 2.3, Table 1 of Lemma 2.5 and Lemma 3.1, we get

2

Z Z Z/l(b Jlb sz J3)J(/l“ /ljz /113)

=1 J2=1 Jja=1
21292 473 rivial

= ABBID) T (x ) TP 0)F + Ab1babs) I (o, XY T D

k
- _71) (ABIBIB (W + iv V3BYE + Ab1babs)u — iv V3))

2k : E(u v, k), if ind,b1b,b3 = 0(mod 3),
1)k+1

= (E( v, k) — O(u, v, k)) if ind, b, b,b3 = 1(mod 3), (3.10)
“k (Eu.v.k) + O, v, k), if ind,bib2bs = 2(mod 3)

and

2 2 2
Z Z Z ﬂ(le+j2+j3bIjlb;jzb;j3)J(/ljl , /ljz, /lja)

J1=1 jo=1 j3=1

= Ab1bab3)TOr ) IO ) + ABTHDDT O ) T (0"
+ A(chb3ba) T O Y T 0 )" + Abibab)d (6 ) IO x )
+ (=g (A(cbszbg)J(X, X+ Abibsb3) I (P x)

+ AbIbabs) T (. x ) + Achib3D) I X))

k
- (‘71) (Ab1b2b3)(w — iv V3Y + ABIBIDI) (U + iv V3))

+ o (u + 307 (A(chib3bs) + A(Pb1bab3))
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+ q(A(chibab3) + A(c*b1b3b3) + A(CPbibabs) + Achib3b3)). (3.11)

By second part of Lemma 3.1, we derive that

k
21) (AB1babs)(u — iv V3)* + ABILIDY)(u + iv V3))

CY E(u, v, k), if ind,bybybs = 0(mod 3),
=1 G (B, v.k) = 0w, v, k), if ind,bibobs = 1(mod 3) (3.12)
if ind,bybybs = 2(mod 3).

Note that Lemma 2.4 tells us u> + 3v> = 4p. Then from the first part of Lemma 3.1, one has

o o (Achib3bs) + A(CPD1bab3))

_ { 2g,  if ind,cb?b2bs = O(mod 3),

—q,  if ind,cbib3bs £ O(mod 3) (3.13)

and
Achibyb3) + A(c*b1b3bs) + A(CPhibabs) + A(ch b3b3)) = w(c, by, by, b3) + W' (c, by, by, b3). (3.14)

Thus from (3.8)—(3.14), the desired result of Theorem 1.3 follows immediately. O

4. Some examples
In this section, we present some examples to demonstrate the validity of our results.

Example 4.1. Let ¢ = 13*. One can check that 2 is a primitive element of F3. Let w be a primitive

4_
element of F, such that N(w) = W' = 2. We consider the numbers of solutions of the cubic equations

2.3
X+ wg=0

and
X+ = w
over F,.
Since w S = (w' = )5 =24 the integers u and v in Lemma 2.4 are determined by

u® +3v* =52, u = 1(mod 3), v = 0(mod 3) and 3v = u(2 x 2* + 1)(mod 13).
We can get that u = -5 and v = —3. Therefore, by Theorem 1.2, we have
N(x1+w x2—0)—1

and
N(x; + w*x; = w) = 28899.

AIMS Mathematics Volume 8, Issue 3, 6375-6388.
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Example 4.2. Let g = 31%. One can check that 3 is a primitive element of F;. Let w be a primitive

2_
element of F, such that N(w) = w3 = = 3. We consider the numbers of solutions of the cubic equations

W'l + 0 +wn =0

and
W'} + 3+ =
over F,.
. 3121 31221 31-1 10 . .
Since w3 = (w31)"3 = 3", the integers u and v are determined by

u? +3v* =124, u = 1(mod 3), v = 0(mod 3) and 3v = u(2 x 3'° + 1)(mod 31).
We get u = 4 and v = 6. Thus by Theorem 1.3, we deduce that
N(w'x} + x5 + wx; = 0) = 936001

and
N(w'x + x5 + wx, = w) = 920625.

Example 4.3. Let ¢ = 7°. It s clear that 3 is a primitive element of ;. Let w be a primitive element

7°-1 . . . .
of F, such that N(w) = w71 = 3. We consider the the numbers of solutions of the cubic equations
3 2.3 3.3 _
X twx,+wx;=0
and
3 2.3 3.3 _
X twx+wrx=w
over F,.

Similarly, since wﬂ;l = (w%)%l = 32, the integers u and v are determined by
u” +3v* =28, u = 1(mod 3), v = 0(mod 3) and 3v = u(2 x 3% + 1)(mod 7).
We deduce that u = 1 and v = —3. Thus by Theorem 1.3, we have
N(x + g + w’x3 = 0) = 111835

and
N(x; + w*x3 + w’x; = w) = 117666.

5. Conlusions

Studying the number of solutions of the polynomial equation f(x;, x,---,x,) = 0 over F, is one
of the main topics in the theory of finite fields. Generally speaking, it is difficult to give an explicit
formula for the number of solutions of the equation f(x;, x5, -, x,) = 0. There are many researchers
who concentrated on finding the formula for the number of solutions of f(xy, x,,---,x,) = 0 under
certain conditions. Exponential sums are important tools for solving problems involving the number of
solutions of the equation f(x;, x2,--- , x,) = 0 over F,. In this paper, by using the Jacobi sums and the
Hasse-Davenport theorem for Jacobi sums, we give an explicit formulae for the numbers of solutions
of cubic diagonal equations a,x; +a,x3 = ¢ and b, x; +byx; +b3x3 = ¢ over F, are given, with a;, b; € F;,
(1<i<2,1<j<3),ceF,andp = I(mod 3). Furthermore, by using the reduction formula for
Jacobi sums, the number of solutions of the cubic diagonal equations a;x] + a»x3 + - - + a,x; = ¢ of
s > 4 variables with g; € F,(1<i<s),cely, and p = I(mod 3), can also be deduced.
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