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mean of the intestinal microbe of the chemostat model are investigated by constructing the appropriate
Lyapunov functions. Second, we explore and obtain sufficient conditions for the existence and
uniqueness of an ergodic stationary distribution of the model by using ergodic theory. The results
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intestinal microbe. Eventually, numerical simulations are carried out to verify the theoretical results.
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1. Introduction

We are not individuals but a collection of living things [1]. Up to 10 million microbes inhabit
every square centimeter of skin [2]. Surface-dwelling microbes even play a crucial role in maintaining
the homeostasis of the host microbial community [3]. At the same time, our teeth, throat, and
esophagus are even more infested with microbes, which accumulate thousands of times more than the
surface of the skin. The human body has a large number of microorganisms living in the gut, and the
vast majority of them are beneficial to us. A correct view of their value and continuous research and
discovery is the proper attitude of human beings towards the microbes in the body. Researchers have
long applied various methods to study the role of the microbiome in living organisms and achieved
significant results. In addition to the application of biological methods [4], the application of
mathematical methods is undoubtedly a great help for this research direction [5, 6].

The flow characteristics of chemostat model are very suitable for simulating the flow ecological
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environment. And the culture of microorganisms in the chemostat can be regulated by controlling
the concentration of nutrients. Combined with the features of intestinal circulation, the chemostat
model can be used to further investigate the microbial system in the intestinal tract. Presently, research
on chemostat models has been further improved [9—11], and researchers have studied ecosystems with
different types of functional responses through chemostat models, such as Monod-Haldane [12,13,23],
Lotka-Volterra [14], Holling II [16], etc. In spite of this, few papers have applied the chemostat model
to specific ecological environment. This paper proposes that, it is an innovation to apply the chemostat
model to the characterization of intestinal microorganisms. In addition, based on the study of reaction
function in the above literature and the characteristics of intestinal microorganisms, we adopted Holling
II functional response function. In the gut, microbes circulate with material and may attach to the folds
in the intestinal wall as they flow, or they may fall off the wall. It is an innovative point of this
paper to consider and study the impact of the migration between the flowing microorganisms and the
microorganisms on the intestinal wall as the microorganisms on the two plates. This phenomenon can
be described by adding a migration term to the model. In [7], the authors considered the variable flow
rate, microbial decomposition, and other factors to construct a detailed intestinal chemostat model.

Inevitably, microbial survival in the gut is affected by uncertainties such as body temperature, water
supply and pH-value.

In stochastic biological models, scholars use Brownian motion to describe the perturbation of the
system caused by uncertain factors and have made important achievements [8, 17, 18, 21, 22]. On
the basis of deterministic models, many authors consider the linear disturbance of mortality, which
further enrich the content of the models [15,25,27,29]. In addition, bilinear perturbation and nonlinear
perturbation have been considered in [24, 28], respectively. In [26], stochastic models perturbed by
Lévy noise are concerned. From what has been discussed above, we assume that uncertain factors can
cause an impact on microbial growth, that is, environmental disturbance, mainly interferes with the
consumption function. Then the following chemostat model with nonlinear perturbation, intraspecific
competition and migration is established.

[ S
dS (1) = D(So -5() - %(MU) + xz(t))] dr - S (()) (x1(2) + x2(1))dB(2),
dxi () = 1( )( b (Sz ~ ax(t) —ﬁxz(t)) —vx1(t) — Dx(2) + raxa(f) — rlxl(t)] de
 obS (Dx(1)
e\ Catt ) 54 1.1
TS dB(r), (1.1)
dxy (1) = 2( )( bS L(S’z ) —ax (1) —,sz(f)) —vx(1) — rxp(t) + lel(f)] dr
 obS (Dx(1) dB()
m+ S (1) '

Let (Q, ¥, P) be a complete probability space with a filtration {¥;};>o satisfying the usual conditions
(i.e., it is increasing and right continuous while #, contains all P-null sets). At the same time, there
are the corrective coeflicients of Wong-Zakai in the model, and the same calculation results can be
obtained by using It integral and Stratonovich integral [30]. The function B(f) is independent standard
Brownian motion defined on this complete probability space with B(0) = 0 and o > 0 represents for
the intensity of the white noise. And other parameters are defined in the Table 1.

AIMS Mathematics Volume 8, Issue 3, 6356-6374.



6358

Table 1. Parameter definition.

Parameters Paraphrase
S =0 the concentration of nutrients in the intestine at time ¢
x1(t) >0 the amount of bacteria in the gut at time ¢
X (1) =0 the amount of bacteria on the wall at time ¢
D>0 input and output flow rate
So=>0 the initial concentration of nutrients
a>0 the maximum rate of nutrient uptake by microorganisms
b>0 the effective rate of nutrient uptake by microorganisms
m>0 the half-saturation constant
r >0 the rate at which microbe attaches to the wall
rn >0 the rate at which microbe detaches from wall
a>0 intra-specific competition rate of the gut population of microbe
L=>0 intra-specific competition rate of wall population of microbe
v>0 the mortality of the microbial

The characteristics of the proposed model are the application of the chemostat model to simulate
the intestinal environment, and the introduction of microbial migration, interspecific competition and
nonlinear disturbance on the basis of the classical chemostat model. Compared with [7], we consider
the effect of environmental disturbance on the microbial response function based on the corresponding
autonomous model.

The organizational structure of the paper is as follows. In Section 2, we provide the lemmas and
partial proofs used in the argument of this paper. In Section 3, we verify the existence and uniqueness
of global positive solution and the boundedness of solution of the system (1.1). Section 4 presents all
the research results for the proposed system. In the first subsection, sufficient conditions for microbial
extinction are proved. Then, the condition of persistence in mean of the system is given. Next, the
existence of ergodic stationary distribution is established. Finally, the behavior of system (1.1) is
simulated numerically in Section 5, and the conclusions are given.

2. Preliminaries

Welet R, = {x € R: x > 0}. If f(¢) is an intergrable function on [0, +00), let (f(¢)) = }fot f(6)dé.
Here we give the common lemmas of stochastic differential equations which will be used in the proof
below.

Lemma 2.1 (Stationary distribution [20]). Let X(t) be a homogenous Markov process in E; ( E; denotes
[-dimensional Euclidean space), and it is described by the following stochastic differential equation

k
dX(7) = b(X)dt + Z 2. (X)dB,(1).

r=1

The diffusion matrix is defined as follows
k . .
AW) = (@y(0), ai(x) = Y gl(x)gl(x).
r=1
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If there is a bounded open set U C R" with regular that satisfies the following conditions.
(i) For any x € U, & € R", there is a constant ¢ > 0, satisfying that:

2
L (e > slel.

(ii) For any x € R"\ U, there is a C'? function V, such that LV < 0.
Then, the Markov process X(t) exists a stationary distribution y(-).

Lemma 2.2 (Existence and uniqueness of global positive solutions). For any initial value
(5(0), x1(0), x2(0)) € R3, there is a unique positive solution (S (1), x,(t), x2(t)) of system (1.1) on t > 0
and the solution will remain in R? with probability one.

Proof. Since the coefficients of the system (1.1) satisfy the local Lipschitz conditions, then for any
given initial value (S (0), x;(0), x,(0)) € Ri, there exists a unique local solution (S (¢), x;(¢), x2()) on
t € [0, 7,.), where 7, is the explosion time. Now we just need to prove 7, = co a.s..

Let ky > 0 be so sufficiently large that any initial value S (0), x;(0) and x,(0) lying within the interval

[é, ko]. For any integer k satisfying k > ko, define the stopping time as follows:

T, = inf {t € [0,7,) : min{S (¢), x1(¢), x2(1)} < % or max{S (1), x;(£), x2(1)} > k},

with inf @ = co (where @ denotes the empty set). It is easy to get that 7 is increasing as k — oo. Let
T = limy_, T4, hence 7., < 74 a.s.. Next, we only need to verify 7., = oo a.s.. If this statement is false,
then there exist two constants 7 > 0 and € € (0, 1) such that

P{te., < T} > €.
Thus there is an integer k; > k( such that
Plr, <T}>¢€, k>k.

Define a C?-function I: Ri — R, as follows,

X2 x2
IS@), x1(1), () =(S =1 =1InS) + (x; = 1 = Inx)) + (x — I —Inxy) + 31 + 32 (2.1)
Clearly,
I1>0.
Applying It6’s formula yields
1 as o’a?
LI=(1-=]||DSy-DS - — ?
( S)[ 0 mas |t e et )

1 bS x, o?b*S2(1 + x?)
+(1 _x_1+XI) g D —axp = Bxixn +rax —rix | + 2(m +S)> |
1 bS x, 5 a?b*S*(1 + x2)
+ l—x—2+x2 m+S—vxZ—axwz—ﬁxz—rzsz”lxl + 2m+S)
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where

then

2.2

S DS
=DSo-DS — -2 _(xy+ 1) - =2+ D+ (x1 + %) + (x1 + x2)°
m

a o
+S S m+S 2(m + S)?

+ —(V+D)x; —axy —Bx1x2 + rxy —rix; — +Ww+D+r)
m+ S
2
r2X2 be
+ax, +Bx, - —+ L —(v+D)xf—ax? —ﬁx%x2+r2x1xz—r1x%
X m+S
bS x, ) riXi
+ —VXy — QX1 Xy — BX; — IaXy + Xy — +(V+nr)+ax +6x— —
m+S m+S X5
bS x3 22
2 2 2 3 2 2
— VX5 — X1 X5 — BX, — X, + rx1x + ———— (X1 + xp)
m+S 2 2 2 2(m + S)?
272¢2
o°b°S
+—2(2+xf+x§)
2m+ S)
a a
<SDSo+2D+2v+ri+r+|—+b+2a|xi+|—+2B+b|xy + (r1 + r)x1x,
m m
+bxi +bxs —ax; =B — (V+D+r)x —Brixy — (v + 1)xs — axix;
2.2 212
oca o°b
+-— (x1+x2)2+—(2+x%+x§)
2m 2

<DSo+2v+2D+r +ry+0*b* + hy =k,

h; = max {(ﬁ +b+ 2a/) X + (ﬂ +b+ 2,8) Xo + (r] + r)xix + bx% + bx% - ax*f
m m
2,2

—Bxy — (v + D+ r)x] = (v + )13 — B x, — ax1 X3 (x1 +x)°

+¥ (xf + x%)} ,

L7
2m?

LI<DSog+2v+2D + 71 + 1+ 02b> + hy =k,

where « is a positive constant.
The proof is completed.

(2.2)

O

Lemma 2.3 (Boundedness). For any initial value (S(0),x;(0),x2(0)) € R3, the solution
(S (2), x1(1), x2(2)) of the stochastic system (1.1) is bounded. And it satisfies

lim sup

t—00

S () + %xl (1) + %xz (t)] <w, a.s.,

where w = max {252, §(0) + £x1(0) + £x,(0)}.

Proof. Denote

AIMS Mathematics

Y() = S(1) + gxl(r) + gw),

(2.3)
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then from the system (1.1), we obtain

dY(@®) =|DSy - DS — %vxl - ngl - ;—;ax% - gﬁxln - gvxz - gaxlxz - gﬁxé dr
1 a a a
< :DSO - DS - val - EDX] - vaz] dr
<|ps, - ,u(S ; gxl ; gxz)] dr, 2.4)

where y = min {D, v}, Y(¢) is the solution of (2.4). And it has the following form

Y < w.
Furthermore,
b
lim sup x;(¢) < —w, lim sup x,(#) < —w.
t—+00 a t—+00 a
The proof is completed. O

3. Main results

3.1. Extinction

In this subsection, we establish threshold condition for intestinal microbial extinction.

Define a parameter

bS, a*b*S; . 1

R2 = _2 - v.
(o

*

LT 4SS, Am+Ser

Theorem 3.1. (/) If %S"O < O% and R} < 0, then microbials tend to extinction almost surely.

(2) If rffsoo > C% and R’ < 0, then microbials tend to extinction almost surely.

Proof. Through the system, we can get,

bS
dix; + x) = [—vxl — Dx; + x; (
m

s —ax —,sz)] dr

—ax; —pX2| —VXy + X
p ) (m+S

obS
m+S

+

(x1 + x)dB(1).

Applying It6’s formula gives

1 bS
dIn (x;(¢) + x,(2)) = {m [—v (x1 + x2) — Dx1 + (x1 + x7) (m— — ax; —ﬁxz)]

+S
2p%S? bS
_ o o2+ xg)} dt + 222 dB(r)
2(x1 +x2)"(m+8)? m+S
Dx;, o2b%S? obS
<|-v- - - — dr dB(t
=17 x1+x2+(m+S i 'sz) 4(m+ S)? +m+S @
bS o*b*S? obS
<|- - dt + ——dB(1). 3.1
- +m+S 4(m + S)? +m+S ® G-1)
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Consider the function
bS o’b*S?
m+S  4m+S)P
Obviously, when - = 2 ¢(S) gets the maximum. Otherwise, S < . Therefore, the maximum
value of g(§) is discussed in the following two cases.
Case 1. If bfg() < 2

m o2

g(s) =

bS, oS}
m+Sy 4m+Sy)?

g(§) <

Combining (3.1), we get
bS, oS3
m + So 4(m + So)z

obS
m+S

dIn (x;(¢) + x2(1)) < v|dr+ dB(1). (3.2)

Integrating from O to ¢ and dividing by ¢ on both sides of (3.2) give

P Sm+S, am+Sy’ 1

dB(7) +

In(ui() + x(0) __bSo oS} L] ff obS (1) In (x1(0) + x,(0))
o m+S(1) t '

According to the strong law of large numbers [19], we obtain

1 (" obS(1)
lim — ——~dB(7) =0.
tlg t f; m+S(1) @

So we can get

li - —y <0,
1m su p S m+S, 4m+S.? |

In(x1 (1) + x,()) bS, o’b’S}
P <
which means
lim (x;(7) + x2(2)) = 0.
—o0

Case 2. If 250 > 2

m+Sg = o2°

1
Combining (3.1), we get

obS
— dB(1). 3.3)

dIn (x;(¢) + x2(2)) < [iz —v|dr+
o

Similar to Case 1, we can obtain

lim su
t—o0 t g

plxi@+xn@) 1 _, g

which means
Iim (x;(¢) + x2(¢)) = 0.
—o0

O

AIMS Mathematics Volume 8, Issue 3, 6356-6374.
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3.2. Persistence in mean

In this subsection, we examine the conditions sufficient for microbes to persist over time.
Define

4b*w*(a + P)
m+So (m+So)Da

Theorem 3.2. If R* > 0, then for any initial value (S (t), x,(t), x2(1)) € Ri, the system (1.1) is persistent
in mean.

Proof. Integrating the equations of the system (1.1) from O to ¢ and dividing ¢ on both sides yield

LSO -50) 10 -00) 50 - 10)
B at t t

bD 2b%w? bD
> 00 DR P25 (1) = v+ D) () = v (o)

&(t)

a a?
Then we can get

2bw* (@ +pB) a(v+D)
Da - Db

(S(H) > S - () - g—j? (xa(0)) — Dibea). (3.4)

Applying I1t6’s formula gives

raXo o*b*S? bS
—ax —ﬁXQ'l'x—l—rl—m—V'l'm_l_S
dt+ﬂd3(t)
m+S
2bS o?b%S?
m+S (m+8)?
2bS

m+9dy

bS
d(nx; +1Inx,) = [—V—D+
m+

71X o2b*S?
x, 2m+S8)?

—ax; —fx;—nr+

2
dr + 2725 4oy
m+S

20bS
- 0'2192] dr + 2222 4B,
m+S

>(-2v—=D—r  —r—2ax; —2Bx; +

2[—2v—D—r1—r2—2a/x1—2ﬂx2+

from which we can obtain

In x;(#) — In x,(0) N In x,(¢) — In x,(0)
t t

2b 1 (" 20bS (1)
V=D =7 —py — -9 — o2b? _f = 7d4RB
>-2v—-D—ri—rp—2a{x;)—2B{(x2) + it S (SY—0°b" + - m+S(T)d (1)

1 (" 20bS(7) 2bS
>-2v=D—ri —r— b = 2a(x)) - 2B(x2) + ;fo mdB(T)+ m+500

4’w* (@ +pB)  2a(v + D) 2av 2a
T m+SoDa  Dm+S9) " T Do+ 50 Y T mr sy
2bS 2a(v + D) 2av
=TS, D(m+So))<x1>_(2'8+D(m+So)
~ 4b*w*(a + P) . 1 ft 20bS (1)
(m+ S¢)Da t Jo

—2v—D—r1—r2—0'2b2—(2a+ )(x2>

2a
s B0 Grsopt?:
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From the strong law of large number of martingales, we have

1 (" 20bS ()
lim- | 222220 4By = 0.
e 7 fo mt s B

Since | .
1+ t
fim X O I R® e = 0.
—o0

—o0

When R* > 0 we can get

2bS 5, 4D (a +P)
-2v-D-rn-nrn-ob —————

m+S, T T ¥ Se)Da

>0,

liminf ((x) + (x2)) 2 0

where
2a(v + D) 2av }

Q:maX{ZQ"Fm,Zﬁ'F Dn+S0)

This completes the proof.

3.3. Existence of ergodic stationary distribution of system (1.1)
In this subsection, we explore sufficient conditions for the existence of a unique stationary ergodic

distribution.
Define
DbS

R:2(m+So)(D+v+r1+#)(D+v+r2+#)-

Theorem 3.3. Assume R > 1, then system (1.1) exists a unique ergodic stationary distribution.
Proof. In order to prove this theorem, it is necessary to prove that system (1.1) satisfies the conditions

in Lemma 2.1. Define
2 x%

Vi(S,x1, %) = M[—c;InS —calnx; — c3Inxp] + 51 + 5
=MV, + Vi.

Vi(S, x1, X») is a continuous function, so it exists a minimum V/,,;,. We can get a C2-function V : Ri —

R, :
V(S, x1,x2) = Vi(S, x1, X2) = Vipin-
Applying 1t6’s formula gives

) as c\oa? , C
LV:——[DS _DS - + ]+— + 1) = v =D
2= 3 0 S (x1 + x2) TSy (X1 + x2) [=vx — Dx,

+X1( bS — X —,8x2)+r2x2—r1x1 +M—2[—VX2—}’2X2
m+S 2m+S)2  x
+x2( bS —axl—ﬁx2)+r1x1 +ﬂ

m+S 2(m + S)?
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c1DSy c1a c0%a? ) cbS
= - +cD+ X1+ x)+ ———=x1+x)" + v+ D —
S R T e R
272¢2
Cara X cr,0°b"S c3bS
+ crax; + coffxy — 22 2+C21’1+2—2+C3V— > + c3ax; + c3fxy
X1 2m+8)
N Xy czotb*S?
3y —
P T 2m+S)?
DSy cbS o2b? o2b?
<- - 3D+ D+cy|D+v+r + +c3|D+v+r+
28 m+ Sy
2 2
cioca ) (cla ) (cla ) c3bS ca1DS
X1+ x) +|—+oa+calx+|— + B+ c3B|x — —
o) (x1 + x2) - 2 3 1 . 2B+ 3B x2 m+Se o
< 33—C1C263D2bS0+ D+cy|D+v+ +O-2b2 +e3|D+v+ +0-2b2
< - c c v+r c V+r
2im+ Sy 2 ) : D)
2.2
c1oca ) (cla ) (cla ) c3bS ca1DS
Xi+x) +|—+oataalx +|— + B+ c3B)xy — -
o 1+ X2) T Taetaa)x+|— -+ of+ab)n R T
: ca cia c3bS
:—3DS0(\3/I_3—1)+(1—+cza+c301)x1+(1—+02,8+c3,8)x2— 3
m m m+3Sy
DSy c0%d? )
- + X1+ x2)°,
oS o (x1 + x2)
Wherecleo,czzD—S”gmandQ: Dsoozhz,sothat
D+v+ri+55— D+v+ry+ 5=
2b2 O_2b2
ch:cz(D+v+r]+ ):c3(D+v+r2+ ):DSO.

In the same way, we can get
bS x% o*b’S 2x% bS x%

= 3 + +
3 2m+SP2  m+S

2 2 2 2
—ax] — Bxoxi —vxy — Dx| + rnxix; — rixj

o2b*S 2x§

2 3 2 2
—ax1xX5 — X, — VX5 — X5 + FX1Xp + ————=
2 2 2 2 2(m+ S)?

272
o
< bxt — ax] — Bxo Xt + ryx X + - (xf + x%) +bx5 — ax, x5 — Bxs + 1 X1 X,
Then,

LV = MLV, + LV;

Mc3bS
S—3MDSO(\3/I_€—1)+ %+c2a/+c3a Mx, + £+c2,8+c3,8 Mxy — e
m m m+Sy

MC]DS() 4 MC10'2(12
28 2m?

3 3 2 2
—axy] — Bx, — axx; — Bx|x,

2b2 2b2
(x; + x2)2 + (b + 0-2 )x% + (b + 0-2 )x% + (ry + r)x1x

where M is a sufficiently large constant such that

—3MDS, («3/1? - 1) +max{A, B,C,E,F} < -2, (3.5)
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where A, B, C, E, F are defined in the following.
Define a compact bounded subset U,

1 1 1
U:{(S,Xl,XQ)ERiIESS < —,e< X s—,eszs—},
€ € €

and in the set Ri \ U, choosing € small enough such that

CIMDS()

—3MDS, (VR - 1) - >

+A< -1,

o2b?

—3MDSO(\3/I_2—1)+(%+cza/+c3a)Me+(b+ > )62+BS—1,
m
3 cia a’b?\ ,
—3MDSO(«/E—1)+(—+czﬁ+c3ﬁ)Me+ b+ T |ésCs-l,
m

C3Mb
3MDS,(VR-1)- —""_ + A< -1,
o(VR-1) m+Sge 5

~3MDS, (VR - 1) - 21 +E< -1,

e’ -

; B
-3MDS,(VR-1) - sotFs-1
Next, six domains are given in the following,

U, = {(S,xl,xz) eRi 0<S < 6},U2 = {(S,xl,xz) eRi 0<x < e},
1

Us ={(S.x1,0) €R}: 0 < xy < ¢, Uy = {(S,xl,xz) eR}:S > —},
€

1 1
Us = {(S,xl,xz) ER_S'_ P X > —},U6 = {(S,Xl,)cz) ERE_ P Xy > —}.
€ €

Case 1. If (S, x1, xp) € Uy,

; Mc,DS
LVS_3MDSO({/]_€—1)+(%+cza+03a)Mx1+(cl_a+02ﬁ+03ﬁ)sz—£
- m 28
Meiod? 2p? *b?
+%(x1+m)2+(b+02 )x%+(b+0 )x§+(r1+r2)x1x2—axf—,3xg
m

—ax x5 — Bxix;
C]MDSO
—+

< —3MD50(\3/E— 1) -

A,

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)
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where

ca
A= sup {(1— + ca + 030) Mx; + (— + B+ C3ﬁ) Mx, — axlxz ﬁxlxz —ﬁx2
m

(S.x1.x0)eR3 N M
MCZI—UZ (X1 + x0)2 + (b + ‘722[’2);& + (b + ‘Tzzbz)xg + (1 + P)x1 — axi}. (3.12)
Together with (3.5) and (3.6), we get LV < —1.
Case 2. If (S, x1, x2) € U,,
LV < -3MDS, (VR - 1)+ (7 e+ 63a) (— +ef+ cgﬁ) M — B2

Mc,o0*a?
2m?

— ax;x; — Bxixy

2b2 b2
(x; + xz)2 + (b + 0-2 )xf + (b + 0-2 )x2 + (ry + r)xixy — a/x?

272
< -3MDS, (VR-1) + (— fora+ Cgoz)Me ; (b 2 )62 B,
m
where
Meiod? 212
B= sup {(% + o+ 03,8)sz + Lza (X1 + x2)* + (b +Z )x%
(S ,X1 ,xz)ERi m 2m 2
+(r; + r)x1x, — ax? ax1x2 ﬁxlxz ,Bxg}. (3.13)
On account of (3.5) and (3.7), we get LV < —1.
Case 3. If (S, X1, )Cz) € U3,
LV < -3MDS, (\3/_ l) (— + ca + C3a) (— + o+ C3ﬁ) Mx, —ﬂx2
m
M 2h? o’b?
021—0'2(xl + )" + (b + 0-2 )x% + (b+ 5 )x2 + (r1 + )X X — ax;

— axx; — Bxixy

212
< —3MDSO(\3/§ 1) (— + B+ c3ﬁ)Me + (b + 2 )62 +C,
m
where
M 2 22
C= sup {(% +cza+c3a/)Mx1 + ﬂ (x1 +x2) + (b+ g )x%
(S X X2)€R3 m 2m 2
+(r) + r)x1x, — cwcf - axlxz ﬁxlxz —,sz} (3.14)

In view of (3.5) and (3.8), we get LV < —1.
Case 4. If (S, x1, xp) € Uy,

MC3bS
m+3Sy

LV < -3MDS, (VR - 1)+ (@ + e+ c3a)Mx1 + (% + B+ c3,3)Mx2 -
m m
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Mc,oc*a?
2m?

— B — ax1x; — Bxx

2b2 2b2
(x; + x)* + (b + 02 )x% + (b + 02 )x% + (ry + r))xix — axf

CgMb
< —3MDSO(\/E— 1)— m + A.

Considering (3.5) and (3.9), we get LV < —1.
Case 5. If (S, x1, xp) € Us,

LV < -3MDS, (Q/I_Q — 1) + (@ + o+ C3a) (— + o+ C3ﬁ)MX2
m

Mc,o0*a?
2m?

—,Bxg - olexg —ﬂx%xz

2b2 b2
(x1 + x2)* + (b + 0-2 )x% + (b + 0-2 )x2 +(ry + )X X — ax;

3
< -3MDS,(VR-1)- 263 +E,
where
cia Mc,o*a? 9
E = sup (— + ca + C3a) Mx, + (— + 3 + 03,8) Mx; + ——— (X1 + x2)
(8,x1,x2)€R3 m m 2m
2b2 2b2
+ (b + 0-2 )x% + (b + 0-2 )x% + (r + r))x1x, — %x? —,/3)62 ax1x2 ﬁxlxz} (3.15)
Combining with (3.5) and (3.10), we get LV < —1.
Case 6. If (S, x1, x2) € Us,
LV < —3MDSO(\3/I_€— 1)+(@ +C2a+C3a) (— +C2,3+C3ﬁ)Mx2
m
Mc,o? o2b? o2b?
%( 1+x2)2+(b+ > )xf+(b+ > )x2+(r1 +r2)x1xz—ozx1

2 2
—Bx3 — ax, x5 — Bxix;

s B
< -3MDS,(VR-1)- R
where
cia cia Mc,0*a? 5
F= sup (— + o + c3a) Mx; + (— + o5 + Cgﬁ) Mx, + (x1 + x2)
(S.x1x)erd LN 1M m 2m?
2b2 2b2
+ (b + O-T) X+ (b + O-T) X + () + r)x1x, — gxg —ax; — axx; —ﬁx%xz} . (3.16)

Together with (3.5) and (3.11), we get LV < —1.
Evidently, there exists a sufficiently small & such that LV < —1, for any (S, x;, x;) € R3 \ U.
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In addition, the diffusion matrix of the system (1.1) is

2 252
?;”_a'_—s)z(xl + X2)2 0 0
o-zszzx%
0 (m+S)2 2 202 2
o°b-S X5
0 0 (m+S)?
. .- _ . o2a2S2 5 022822 gbPS 2l
Then there exists a positive N = (S’xrlr’gr)leUg {W(Xl + X)°, T SE miSh such that
3 2.2¢2 232¢2,2 212¢2.,2
oca-S o°b"S°x o°b=S*x
_ 242 142 2 2 2
Db = o (R P E S e > NI

ij=1

where (S, x1,x;) € U, & = (&1,6,&3) € Ri. Obviously this satisfies the conditions in the Lemma 2.1.

Hence, the system (1.1) exists a unique stationary distribution. O

4. Numerical simulations

For the theoretical results obtained above, we will conduct further verification through numerical
simulation.
Example 1. We use numerical simulations to verify the conditions under which microbes would go
extinct. For details about parameter values, see Tables 2 and 3.

Table 2. Parameter settings for Figure 1(a).

Parameters S(0) x;(0) x0) S¢ D a b m v a B n rh O
value 02 02 02 02 1 2 4 1 05 01 02 05 08 14

Table 3. Parameter settings for Figure 1(b).

Parameters S(0) x;(0) x0) So¢ D a b m v a B rn rn o
value 02 02 02 03 1 2 4 1 05 01 02 05 08 2

And the results are as follows.

The changes in the density of microorganisms and nutrient are shown in Figure 1, the red and
green tracks gradually approach zero. Under those parameter settings, R} = —0.0511 < 0 and R} =
—0.25 < 0, the threshold conditions of microbial extinction are met. Therefore, the theoretical results
are consistent with the numerical simulation results.
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0.3

0.5
— g —S
025 _X1 7 0.4+ X1 i
o X
0.2
‘ 0.3
0.15
0.2
0.1 ‘
04!
0-05 7 7 | M
0 : : : 0 E— :
0 5 10 15 20 25 30 0 2 4 6 8 10
t t
bSy 2 * bS 2 %
(a)m<;andR1<O (b)mZ?andR2<O

Figure 1. The trajectories of the solution of the stochastic model.

From the point of view of extinction threshold, it is easy to analyze that large noise leads to microbial
extinction. Next, we further analyze the effect of noise on the survival of gut microbes. In Example 2,
we demonstrate that the enteric microorganism could still survive for a long time under the influence
of certain noise.

Example 2. The parameters of composite number are selected to meet the conditions of microbial
persistence, that is, R* > 0. The correctness of the conclusion is verified by the following numerical

simulation. Parameter settings are shown in Table 4, at this point, R* = 0.1096 > 0, and simulation
results are shown in Figure 2.

Table 4. Parameter Settings for Example 2.

Parameters S(0) x;(0) x»0) So¢ D a b m v a B r ) o

value 003 003 003 04 003 2 04 025 0.03 005 005 001 0.02 0.03

0.035

0.03

0.025

0 1000 2000 3000 4000
t

Figure 2. The trajectories of the solutions of the stochastic model and the deterministic
model.
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In addition to the trajectories indicated by the legend in Figure 2, the black dashed line, the black
solid line and the purple solid line represent the trajectories of S, x; and x, of the deterministic model,
respectively.

As we can see from the figure, when it is not affected by noise, that is, oo = 0, the microorganism
will survive for a long time. When affected by a certain noise, the trajectories fluctuate near the
trajectories of the corresponding deterministic model, and all of them are above the X-axis. In other
words, microbes are still persistent.

Example 3. On the basis of Example 2, with other parameters unchanged and o = 0.7, the numerical
simulation results are shown in Figure 3.

0.05
_x1

0.04 r X2 |4
—x1d

0.03 —X,d| ]

0.02

0.011

0 L A L L
0 100 200 300 400

t
Figure 3. The trajectories of x;, x, of the stochastic model and the deterministic model.

Under the influence of high noise, the originally persistent microorganisms tend to become extinct.
Therefore, it can be concluded that the strong noise has adverse effects on the survival of
microorganisms. This conclusion is reflected in the threshold values of microbial persistence and
extinction.

Example 4. Finally, we verify the existence of stationary ergodic distribution through numerical
simulation. The density distributions of microorganisms and nutrient are shown in Figure 4. Set the
parameters as Table 5.

M al 4 b 4 o
510 (a) 19 x10 (b) 5 x10 (c)
[ I LA
3 10
4
2.5 o
2 3
6
15 5
4
1
2 1
0.5
0 0 0
0 0.2 0.4 0.6 0.8 0.3 0.35 0.4 ) 0.45 i 0.5 0.55 0.6 12 125 13 1.?5 1.4. 145 15
The density function of S The density function of x, The density function of x,,

Figure 4. The probability densities of S (7), x1(¢) and x,(7).

Table 5. Parameter Settings for Example 4.

Parameters S(0) x;(0) x0) S¢ D a b m v a B n n o
value 02 02 02 10 03 3 3 03 005 05 09 0.1 0.1 0.05
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In this case, R = 2.0535 > 1, and the theoretical results are consistent with the numerical simulation.
5. Conclusions

This paper proposes a stochastic chemostat model for intestinal microorganisms that considers
migration and intraspecific competition. The dynamic behavior of the model is analyzed by ordinary
differential theory. By constructing the Lyapunov functions, the threshold conditions of intestinal
microbial extinction and persistence in mean are obtained, and the condition for the existence of
stationary ergodic distribution is analyzed. Analysis shows that high noise increases the risk of
extinction of gut microbes. At the same time, too fast intestinal velocity will also affect the survival of
microorganisms. Now, we sum up the main results as follows.

(1) Microorganisms tend to become extinct when the following conditions are met.

() If ,ffso and R} < 0, then microbials tend to extinction almost surely.
(i) If nffs" > r2 and R} < 0, then microbials tend to extinction almost surely.

(2) If R* > 0, then the microorganism is persistent in mean. In addtion, we get

*

lign inf ((x1) + (x2)) > Ra > 0.

(3) Assume R > 1, then system (1.1) exists a unique ergodic stationary distribution.

By overcoming the difficulties in Lyapunov function construction and inequality reduction, the
sufficient conditions for microbial extinction, persistence and stationary ergodic distribution were
obtained. The threshold of microbial persistence or extinction is influenced by environmental
disturbance (noise intensity). The results of numerical simulation also show that a large degree of
noise will interfere with the survival of microorganisms, so that the microorganisms that can live for a
long time tend to become extinct.
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