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1. Introduction

The Boussinesq equations for magnetohydrodynamic convection (Boussinesq-MHD) model are of
relevance to study a number of models coming from atmospheric or oceanographic turbulence. Let us
consider the following inviscid MHD-Boussinesq equations without heat diffusion in D:

ov+v-Vw+Vp=>b-Vb+ he,,
oh+v-Vh=0,
ob+v-Vb=b-Vy,

V-u=0, V-b=0,

(1.1)

where v, b, p and h denote the velocity, the magnetic field, the fluid pressure and the temperature,
respectively; D C Upg<r{t} X R" is an unknowns to be determined for n € {2,3}. We want to find a set
D, v, h and b solving (1.1) and satisfying the initial conditions:

{x:0,x) e D} =Dy, ,b,h)—y = (vo(x), bo(x), hy(x)) for x € Dy. (1.2)
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Let D, = {x e R" : (t, x) € D}, then the free boundary conditions should be

VN =K, on 09,
p=0, on 0D, (1.3)
b-N=0, ondD,,

for each r € [0, T], where N is the exterior unit normal to D;, vy = N'v;, k is the normal velocity of
0D,. To get a priori bounds for (1.1) and (1.3) in Sobolev spaces, we need assume:

Vyp < —e <0o0ndD,, (1.4)

where ¢ is positive constant. On the other hand, the condition (1.4) can hold initially and it will hold
true within some time. In fact, the pressure is larger in the interior than on the boundary.
Moreover, (1.4) is called Taylor sign condition for the Euler Eq (1.4) also plays the same role, for the
Boussinesq equations.

The free boundary problems of incompressible Euler equations and ideal incompressible MHD
have been studied by many people in recent decades. Wu [20, 21] first made great contributions and
proved well-posedness for incompressible and irrotational water wave problems. On the motion of the
free surface of a liquid, Christodoulou-Lindblad [8] obtaind a priori energy estimate. In [9], Gu and
Wang had benn proved local well-posedness of free-surface incompressible ideal
magnetohydrodynamic equation. Hao and Luo obtain well-posedness for the linearized free boundary
problem of incompressible ideal magnetohydrodynamics equations in [10]. More works for flows has
been extensively studied in [13, 14, 16].

On the other hand, there have been some results for Boussinesq equations. Chae and Nam [6]
proved local existence and blow-up criterion for the Boussinesq equations, and established [7] for
initial data in Hlder spaces C” with r > 1. Another local well-posedness was recently obtained [17]
for the critical Besov spaces BIZ?/ 7 *!. Numerical investigations on similar data for the 2-D inviscid
Boussinesq equations appeared to indicate that there is no finite time singularity formation [19]. Miao
and Zheng [18] obtained the global well-posedness for the Boussinesq system with horizontal
dissipation. An analytical work on the inviscid Boussinesq equation can be found in [5]. The global
well-posedness for weak or strong solutions was obtained by the stability and instability for a fully
nonlinear 2-D MHD-Boussinesq equations in [1-3]. Liu, Bian and Pu [4] obtained global
well-posedness of the 3D Boussinesq-MHD system without heat diffusion. There are few results
about two-phase fluid motion in the Oberbeck-Boussinesq approximation. Hao and Zhang established
the maximal L” — L? regularity for the two-phase fluid motion of the linearized Oberbeck-Boussinesq
approximation in [12]. In recently, they obtained Local well-posedness for two-phase fluid motion in
the Oberbeck-Boussinesq approximation.

In this paper, we adopt a geometrical point of view used in [8, 11], and estimate quantities such as
the second fundamental form. We denote the material derivative by D, = ,+v*d;, then the system (1.1)
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can be rewritten as:
Dth+8jp = bkakbj+6jnl’l, in D,

Db; = b'ov;, inD,

Dh=0, inD,
Ay’ =0, 4;p'=0, inD, (1.5)
vw=k b;N =0, onl[0,T]xdD,
p=0, ondD,

Vyp <0, on{t=0}x0D,,
where 0;; is the Kronecker delta symbol such that 6;; = 1 and 6;; = 0 for i # j.
Remark 1.1. Different from the fixed boundary problem, in this paper, we do not need to assume
the condition of temperature on the boundary in (1.5). In the following proof, we can find that the

higher order energy of temperature is actually controlled by its initial data , and is not affected by the
boundary condition.

Remark 1.2. Owe to D;h = 0, the first equation of Eq (1.5) can transformto D,v;j+0;p = b ob i+0 jnho.
Thus, let the zero order energy be

1
Eo(t):E f (|v(t,x)|2+|b(t,x)|2)dx. (1.6)
Dy

A direct computation yields

d
—Ey(r) # 0.
7 o(f) #

Different from MHD equations, the energy of the system is not conserved, but it can be controlled by
the initial data and time T.

Let’s introduce some knowledge of Riemannian geometry such as second fundamental form of the
free surface and tensor products by [8]. In order to get energies, we introduce orthogonal projection I1
to the tangent space of the boundary of a (0,r) tensor « is defined to be the projection of each component
along the normal:

(ch)il.‘.,’r = Hill ce H{r’ajl...jr, where H[j = 6{ - Nl'NJ.

Let 0; = H{ d; be a tangential derivative. In fact, we assume p = 0 on dD;, obviously, it follows that
0;p =0 and
(16°p),, = 6, V. (1.7)
where 6;; = O:N ; is the second fundamental form of 9. In fact,
0= éigjp = H?@,‘/Hj:/aj/p = Hfl‘[?@y@,v]) - (glN]) Nkakp - Nj (élNk) ka
= (Hazp)i/ - H,jVNp.
Next, we define the quadratic form Q of the form:

Q(a,ﬁ) — <Ha, Hﬂ) — qiljl e qirjrai1~~~ir [
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where
q" =67 —n(d)’N'N’, d(x) = dist(x,0D,), N'=-60;d,

where 7 is a smooth cutoff function satisfying 0 < n(d) < 1, n(d) = 1 when d < dy/4, and n(d) = 0
when d > dy/2. d is a fixed number that is smaller than the injectivity radius of the normal exponential
map ¢, defined to be the largest number ¢, such that the map

0D, X (—¢p, §o) — {x € R" : dist (x, 0D;) < ¢o},

given by
(X,6) = x = X+ ¢N(X),

is an injection. Then higher energies for r > 1 can be denoted by
E.(t) = f §7(Q (v 0'v;) + Q (b1, ') dx
Dy

A

+ sgn(r—1) Q0 p,0"p)dds,
oD,

~ 2
9 curl v| +

o curl ) dx (1.8)

where
9= (-Vap)".

In this paper, we prove the following main theorem.

Theorem 1.1. Let
H(0) = max (]|6(0, )ll=@pp)» 1/50(0)) ,

(1.9)
1(0) = 1/ (Vp(O, Dl =@, = 1/(0) > 0.
There exists a continuous function K > 0 such that if
2
T < ‘K(W(O),I(O), Eo(0), 18072y + Ens1(0), [[V"* @], » VoI Do), (1.10)

then any smooth solution of the free boundary problem for inviscid MHD-Boussinesq Eq (1.5) without
heat diffusion satisfies

n+l n+l

R
S
N
\®)
—
R
—~
S
+
4
@
=
[:J_I\)
g
~—
o
N
~
N

T. (1.11)
s=0 s=0

In order to prove Theorem 1.1, we consider the Boussinesq equations with zero viscosity and diffusivity
in D:
ov

o + -V =-Vp+he,,

h

— -V)h =0,
5 TV

V.

(1.12)
v =0,
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with the following conditions on the free boundary

(1.13)

vy =k, onddD,,
p =0, on 09D;.

We will prove a priori bounds for (1.12) and (1.13) in Sobolev spaces under the assumption (1.4).

Let us now outline the proof of Theorem 1.1. Firstly, for the Boussinesq equations, we transform the
free boundary problem to a fixed initial boundary problem in the Lagrangian coordinates in Section 2.
In Section 3, we prove the zero order and the first order energy estimates. Section 4 is devoted to
the higher order energy estimates by using the identities derived in Section 2, then, for the MHD-
Boussinesq equations, we can get a similar conclusion in Section 5. Finally, we justify the a priori
assumptions in Section 6.

2. Reformulation in Lagrangian coordinates

As we all know, the method to deal with the free boundary problem is to transform the unknown
region into a fixed region. We can introduce Lagrangian coordinates or co-moving coordinates to
transform the free boundary problem to a fixed boundary problem. Let f : Q — D, is a
diffeomorphism, where Q be bounded domain in R”. Then the Lagrangian coordinates in (z,y) where
x = x(t,y) = f,(y) are given by solving

d
d—f=v<r,x<r,y)), X0.y) = foy), yeQ. @.1)

The Euclidean metric 6;; in O, then induces a metric

ox' 0x’

w6,y =06;i——, 2.2
g b( y) jaya ayb ( )
and its inverse P
cd w0y 0y
t,y) = 6 ——", 2.3
g (t,y) ok B (2.3)
in Q for each fixed ¢. Furthermore, expressed in the y-coordinates, we have
0 oy* 0
;= — = —=— . 2.4
oxt  0x' 0y* 24)
Let us introduce the notation for the material derivative
0 0 0
Dt = — = — k_‘
at y= const at x= const axk

Let u(t,y), ©(t,y), P(t,y) represent the velocity, temperature, pressure in the Lagrangian coordinates,
respectively, then from ( [15], Lemma 2.1) and (1.12), we can obtain

ox’ 0xk oy’
D, =25 (0. +6,5) + v, 2= 2
i aya( iP * Onj )+vj(9y“ Ok 2.5)

=—V,P+6,,0 +uV,u,.
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Obviously, because the temperature ® is a scalar, so we directly obtain
DO =0. (2.6)

Thus, the temperature can be directly expressed by the initial temperature in Lagrangian coordinates,
then the system (1.12) and (1.13) can be rewritten in the Lagrangian coordinates as

Du, +V,P=6,,00+uVu., in[0,T]xQ,
V' =0, in[0,T]xQ, 2.7
P=0, u-N=« onl0,T]XxoQ.

where |-y = Oy.
3. The zero order and the first order energy estimates

Firstly, we need to define the zero order energy as

1
Eo(t) = 5 fg (Iucz. y)P) dy. 3.1)

Owe to ( [15], Lemma 2.1) and (2.7), Gauss’ formula and D,du, = 0, we can get
d 1 b
—Eo(t) =3 fg D, (¢ uatty) dp
a 1 ab
= | @'Du)dug+ | 5 (Dig®) o) dug
Q o2
= f [—u*VoP + u6,,00 + u“uVu.) du, — fh”b (uqup) dug
Q Q

=— Nau“Pduy+fu“éna®odug+fu“ucVaucdpg
aQ Q Q

2

= f L{aéna@()d/lg,
Q

then, using the Hlder inequality

1
5 fgac (Veug + Vau,) gdbuaubd,ug
Q

d
—Eo() < Cllullo 90l < € (Eo) + 1180l q). (32)

when ¢ € [0, T'] with a constant 7 > 0, by the Gronwall inequality, it follows that
Eo(t) < C(T) (Eo(0) + 190ll?2,) < C (Eo(0) + 1897 ) - (3.3)

L2(Q) L2(Q)
Zero order energy is controlled by initial value and time 7. By ( [11], Lemma 2.3), (2.5) and (2.7), we

can get
D, (Vbua) + VbVaP

=[D,, Vol utg + VyDyity + V,V,. P
= = (VaVou!) g + V36,00 + Vi, (uV g1tc) (3.4)
= = (VaVott") ttg + 6,uV500 + Vort Vit + 1V, Vit

=V,ouV,u, +6,,V,0,.
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Then by (2.6) and ( [11] , Lemma 2.3), we have that
D, (VO) =[D,V]®+VD,® = 0. 3.5)

In fact, the estimates of ® and V@ are only related to their initial data. The difficulty is that the velocity
term will appear in the higher derivatives, but we can still control them.

Now, we can calculate the first order energy estimates. By (3.4), ( [15], Lemma 2.1) and ( [11],
(A.13)), we can get the material derivative of g*vy*V ,u, V., uy,

D, (8"'y*V it Y.y
= (Dug"!) Y VaupVetta + 8" (Dey™) VoupV ety + 28"y (D ) V.ot
= = 28" hey g’ Y VauyVetg — 28"y heyy" VauyVettg = 28"V ety ¥V, P
+ 28"V 1446,V o @0 + 28"y V otV 1t Vit
=—y% (chf + Vfuc) VuVou — 2y“c'yfe (chf + Vfuc> Vu'V,uy,
— 29V u’V VP + 29V .1u"6,,V o ®¢ + 2y“V "V Vs, (3.6)
=— Zy“eVCusauCVeuf — 4y“eyf ‘V,u fVaudVCud + 2y“eVeub V., uVyu,
— 29V u’V,V, P + 2y“V ,u’5,,V .0,
= — dy“yTV uV uV ety — 2y“V i’V VP + 29V "6,V .0,
= = 4y"“Y Vo,V 'Vt + 2y Vo 5,,V,00 — 2V (y*Veu V,P)
+2(V5y") (Ve V,P).
Similarly, we can easily calculate the material derivative of | curl u|>. It follows that
D,| curl u]* =D, (g“"gb (curl u),,(curl u)cd)
=2(D,g") gbd(curl u)qp(curl u).q + 4g“gbd (D,V uy) (curl u)y
= - 2g"g/*g" (Vous + V pu,) (curl u)gp(curl u)eq
+ 4g° g™ (curl )ogV u Vyu, — 48 g" (curl )V, VP
+ 4% g% (curl 1) g6, V2O
= — 45 g%V ¢ (curl ) (curl u)y + 4g% g™ (curl u)q6,, V., Op.

(3.7)

Now, we can define the first order energy as

E\(t) = f g™y auy,V ugdps, + f | curl ul*du,. (3.8)
Q Q

Finally, we have the following theorem.

Theorem 3.1. For any smooth solution of system (2.7) satisfying the following assumptions
IVPI< M, |Vul<M, in[0,T]xQ,
18] + |Vu| + % <K, onl0,T]x0Q,

whent € [0,T], we can get

E\(1) < 26 (E1(0) + V012, ) + CK? (VoI Q) (M = 1). (3.9)
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Proof.
d bd_ ae 2
—E\(t)= | D,(8"y*VaupVeua)dug + | D (lcurlul)dp,.
From (3.6)—(3.8), ([15], Lemma 2.1) and Gauss’ formula, it yield to

d

d—tEl(t): f (—4y“€nyVeusaudVCud+2)/“6Veub(5nbva®o)d,ug
Q

+2 f (Voy*) (Ve Vo P) du - 4 f 28"V uf (curl u) g (curl u)egdpt,
Q Q

+4 f gacgbd(curl u)cdénbva(%dpg - 2f Nb (,yaeveubvap) d/,ly
Q 0Q

In fact the integral on the boundary is zero. Since P = 0 on 0€2, we have VP = v*V,.P = 0.
Then, by ( [11], (A.3) and (A.5)) and the fact VyN = 0. we obtain that

Ou = (0, = Ny,N)V N, = VN, — N,VyN;, = VN,
Thus, we have

Vipy* =V, (8% = N'N¢) = =V, (N*N®) = = (V,N*) N° = (V,N) N“
= 0N — ¢N°.

From the Hlder inequality and ( [11], (A.5)), it follows that

d
—E1() <CKM(Vol Q)'2E () + CM(Vol Q)'2||VO |l 20
+ ClIVullzio (V21 g + T curl ull?, g )
1/2
<CKM(Vol Q) (Ey(1) + V0L ) + CME(1).
By the Gronwall inequality, it yields the desired estimate.

Remark 3.1. In fact, we can find that the integral involving P is zero, so pressure does not affect
boundary integral in E|. But for the higher order estimates, we have to introduce boundary integrals
for P.

4. The general r-th order energy estimates

In this section, we will get the higher order energy estimates. By ( [11], Lemma 2.2) and (1.12), we
obtain that

o . bl SN, IS
Oy™ Oy dya ! v

ax't 9x' ox
D,Vrl/la = Dtval A Varl/ta = Dl‘( x Y X l)

r—1
= -V'V,P- Z:; ( ) : . )(Vl”u) SV Uy + 6,V O + V,uVu,,
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when r > 2, by moving terms, we have

r=2
DV u, + V'V,P =(curl u)o.V'u + sgn(2 — r) Z ( ) i | )(Vlﬂu) V' Uy + 6,0V O 4.1)

s=1

Define the r-th order energy for r > 2 as

v curl uf” dp,

E.(p) :fgbd’yaf’yAFVg_lVaubV;_IVfudd/Jg+f
Q Q 4.2)

+ f Yy NIV, PV PO,
o0
where 4 = 1/ (=VyP), then we can get the following estimates.

Theorem 4.1. For integer 2 < r < n + 1, there exists a constant T > 0 such that, for any smooth
solution to system (2.7) for 0 < t < T satisfying

IVPI< M, |Vul<M, [VO|<M, inl[0,T]xQ,
<

6] +1/so < K, on|[0,T]X9Q, 43
—-VaP2e>0, on|[0,T]%x0Q, (4.3)
V2P| + [VyD.PI< L, on[0,T]x0Q,
when t € [0, T], we obtain
E(t) < e (E0) + V' Oyl}> ) + Ca (¢ — 1), (4.4)

where the constants Cy and C, depend on K, M, L, 1/&, Vol Q, Ey(0), ||®0||iz(Q) ,E1(0),---, E,_1(0) and
r—1 2
[V~

L2y
Proof. Appling (4.2), the derivative of E, with respect to 7 is

d ) .
B0 = f D, (g"y" YV Y, ViV ug) dp
t Q

+fD,
Q

9
+ f yafyAFvg-lvan;-lvfp(g’ —hNN) ddu, .
oQ

v curl uf* du, + f D, (Y VIV PV P) Bdp, (4.5)
0Q

From ( [15], Lemma 2.1) and (4.1), we directly have

Dy (8" Y ViV ViV )
= = 2V y YV VY i = 4V gy y MV VY fuy
= 29NN VTV P+ 2y TV sl (curl ) VTV i
r-2
_ af . AFr-1 r s+1 Lr-s,,d
+2sgn(2 — Py YAV VWZ( o )((V u)-vud)

s=1

+ 29IV 5,V TV, 0.
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and
D, (y/y" VIV, PV, P)
= = 2V y" Yy Y VIV PV P+ 2y VY PD, (VY P).

Next we will deal with the integration of the higher derivatives of P on the boundary. It is the difficulty
in this paper. By the Hlder inequality, we get

fg D, (g"y " YV Y, ViV gug) dpg + fa ) D, (Y5 V'V PV P) 9dp,

r=2
<C IVully(@) EAD) + CEL0) + V'Ol o) + CE) D [V i, [Vl 1
s=1 (4.6)
1
+2 f v a/‘FVQuP(DtV;fP - l—aNbv;fub) ddp,
0Q
+2 f Vo (Y)Y b VY Py
Q
Then, using the Hlder inequality, it yield that
2 [0 () 5V VP, < CREVO) I Pl 47
Q

Obviously, we have to estimate ||V"Pl|2q). Firstly, we need to take divergence on the first equation
of (2.7), by ([11], Lemma 2.2), we nave

AP = =V u"V,u® + 8,0y. (4.8)
For r > 2, we have
S r-2
VAP = — Z ( )VsVaubV’_z_SVbu“ - V'7%9,0,.
s=0 §
Then by ( [11], (A.12)), for ¢; > 1/K}, it follows that
2 2
il < € DK IV ull20) < C (K Y EV2(@). (4.9)
s=0 s=0
In view of (4.9), for s > 0, similarly, we can directly get taht

2 2
IV ulloy < € Y KPPV, < C (KD Y EN2(0), (4.10)
=0 =0
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When r = 3,4, By the Hlder inequality, (4.9) and (4.10), we have

r—2
IV 24P ) <C D[V VAt V2V ) + C V20,002,
s=0
<ClIVullL=(q) | Vr_lu”Lz(Q) +(r=3)C ||V2u||L°°(Q) ||V2u||L2(Q)
+C | V::@O”Lz(g) @.11)
<C (K1) D Edt) + C (Ky) EyP(DE) (1) + C (K |V @llzey
=1
r—1
<C (K1) D (Eo(t) + V'Ol ) + C (KD By (OE) (@),
=0

The last inequality is due to the inequality [|V"~'Ogll;2) < CEo + Cl[V"~' 0|17, (- For r =2, we have

the following estimate from the assumption of (4.3) and the Hlder inequality, i.e.,
5 2
APl ) < CM (Ei() + V00l ) (4.12)
which is a lower order energy term. Thus , from ( [8], (A.17)), (4.11) and (4.12), we get for any 6, > 0

IV Pl <6 ITTIV" Pllzzagy + € (1/6,, K, Vol Q) > IV APl
s<r—=2
r—1
<68, IINIV" P20 + C (1/6,., K, Ky, M, Vol Q) " (Er() + V@Il )
=0

+(r—2)C (1/6,, K, K1, M, Vol Q) (E)*(1) EM(1)).

(4.13)

Due to ([11], (A.18)) and P = 0 on 9Q, we have for r > 1,

TV Pll 290y < C (K. K1) (||9||L°°(ag) =2 > 19 e | D VPl (4.14)

k<r-3 k<r—1

By ([11], (A.7)), we obtain that [TV2P = 6V P, then from (4.3), we get

nv2p
VnP

(4.15)

1
S e ||HV2P||L2(aQ)'

||9||L2(6Q) = H
L2(6Q)

Then , for r = 2, 3,4, we need to estimate |[IIV"P|| 20, and [[V" P ;2(q)-
When r=2, by using (4.13) and (4.14), we have
V2P| 2 00, < 102wy IV Pll2 o0
< C(K, Vol Q) (|[V?P| 5, + IV Pll2e)

< C(K, Vol Q)6 [IV?P| , ,, + C(K, Vol Q)(Vol Q)M
1
+ C (1162, K, Ky, MVl Q)| Y (Ee(t) + IV'Oyl2,0,) |-

L
=0
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We can take 6, so small that the first term can be absorbed by the left-hand side. Thus

1
V2P| 2 g0 5 [1V2 P 20y <C (K. K1, M, Vol Q) (1 + Z(Eg(l‘) + ||V"®0||§2(Q))] , (4.16)
=0
1
10l 22(00) <C (K, K1, M, Vol Q, 1/¢) [1 + Z(Eg(t) + IIV[®olli2(Q)))- 4.17)
=0

From Theorem 3.1 and zero order energy estimate, there exists a constant 77 > 0 such that E;(f) <
CE(0) + ||Vi®0||i2(g) forre€[0,T]andi=0,1.
When r=3, by (4.3), (4.14), (4.16) and (4.17), we have

9P 1 ) <C K KD (K + 10ll2000) D IV Pll 2

k<2

<C (K. K. M. Vol Q. 1/&, Eg(0). [0l2: g E1(0). IVO0I: ) [V°P|| o, 41O

+ C (K, K1, M, Vol Q, 1/, E(0), ®0ll}. q» E1(0), IVO0l}. )

L2(Qy L2(Q)

and by (4.13), it follows that

V2P|, <03C (K. K. M. Vol Q. 1/, Eo(0), |10l E1(0). VOl22 ) |V P

12(Q) L2(Qy L2(Q) L2(Q)
+65C (K, K1, M, Vol @, 1/&, Ey(0), 18013, » E1(0), IVOll}, g )
2 (4.19)
+C(1/63, K, K1, M, Vol Q) (Z(Ef(r) + IIVfG)olliz(g))]
=0
+C (1/85, K, Ky, M, Vol Q) (E)*(DEY* (1)).
Then, we can choose a sufficiently small 653 > 0, and by (4.18) and (4.19), it yields that
IV Pl 2 TV Pl 2 gy <C (Ko K1 M, VOLQ, 1/, Eg(0), 180]172 gy, E1(0), IVl g )
2 (4.20)
X [1 + D E) + IV Ol + Eé”(r)E;”u)) :
=0

When r=4, since
V,VnP = ¥V, (N°V,P) = (53 — N,,Nd) (V4N VP + N°V,V,P)
= 6V, P + N“V,V,P — N,N* (VP + N*V,V,P),
by [ [11], (A.31) and (A.8)], (4.14), (4.16), (4.17) and (4.20), we have
1995 P20 <ClBll-02 IV Pllizay + C V2P 3
<C(K, Vol Q) (|[V°P| 2 ) + [IV*Pl 2 ) + IV Pllzce)

<C (K. K1, M, Vol Q. 1/&, Ey(0). [02: . E1(0). [VO02: g, )

L2(Qy L2(Q)

L2(0Q)

2

X |1+ > (B + V'Ol + Ey*OEY ().
=0
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Thus, from [ [11], (A.8)], we can get (VO)VyP = TIV3P — 308VV P, and

_ 1 _
IVOllz200) < c (||Hv3P||L2(8Q) + Cliellz~o0) ”VVNPHLZ(aQ))

< C (K, Ki, M, Vol @, 1/&, E(0), [0l g, E1(0), VO q,)

LX(Q)’ LX(Q)

2
X |1+ > (E) + 19Ol + Ey*(OEY ().
=0
Hence, by (4.14), it follows that
4 Y k
V4P| 2 0 < € (K KD (K + 16012000 + 19612200 ka VP, -
<

In the end, by (4.15), we choose a sufficiently small 64 > 0 which can absorb the highest order term in
the right-hand side, and get

9P 2y [TV Pl 2

<C (K, Kl s M’ Vol Q’ 1/8’ EO(O)? ”@0”%‘2(9)’ El (O)’ ”V®0||i2(g))

; 4.21)
X (1 + D (ED) + V'Ol ) + Eé”(r)Ei”(r)] :
=0

Therefore, by using (4.16), (4.20) and (4.21), we can get for r > 2

IV Pl <C (K. K1, M, Vol Q. 1/, Eq(0), 10l E1(0). VG0l )

r—1
X [1 + D (ED) + V'Ol ) + (- 2)<E;/2<r>El/2<r>>),

=0
from which and (4.7), we have
2 f Vo (YY) ViV Vi Py,
Q

< C (K. Ky, M, Vol Q, 1/&, Eg(0). [O]22 - E1(0), IVO0|12. ) E}*(0)

r—1
X (1 + D (E0) + V'Ol ) + (r = 2)E;/2(z>El/2<t>] :

=0

Now, since P = 0 on 9Q, we have y,;V,P = 0 on 0Q. Thus we also get
- 97N, =V, P. (4.22)

By using the Hlder inequality and (4.22), we obtain

1
f y“fyAFvgaP(D,V;fP - ENbV}fu”) ddp,
0Q

< CINLL ey EV2(0) |1 (D1 (V7 P) = 07 N, V)

(4.23)

L2(6Q)

= ClIOH, 2oy EF O IITL (D, (V'P) + Vit - VP20
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hence, we will estimate [1D, (V'P) and V'u - VP, from ( [11], Lemma 2.3), it yields that
DNVN'P+V'u-VP=[D,V'|P+V'D,P+Vu-VP

r=2
_ _ r s+1 L \gr-s r
= sgn(2 r);( o )(V u)-V'"*P+ V'D,P.
For 2 < r <4, From ( [11], (A.18), (A.31) and (A.17)), we can get

ITV" D Pll 250y <C (K, K1, Vol ©) [||9||L°°(ag) + =2 > [9)

k<r-3
X Z ”VkDfP“LZ(Q) ’

k<r

then since by ([11], (A.17)), we get that
IV D, Pllzqy < 6TV D, Pl + C(1/6, K, Vol Q) Y IV*AD,Pllyzq) -

s<r—2

Now, by ( [11], Lemmas 2.1 and 2.3), (2.7), (3.4), (3.5) and (4.8), we have
AD,P =2hV,V,P + (Au’)V,P — D, (AP)

=2h""V,VyP + (Au) VP = 2D, (8") VautgVyu* = 28" Dy (Vtg) Vyue® + Dy(8,0)

=20V V,P + (Au®) VP + 41"V u,Vu® + 2¢°V,uV, V4P
— 28",V oV gu, — 28"V 1’8,V .00 + Dy(8,00)
=48V PV, V,P + (Au) VP + 2V VouV ¢ — 28"V 186,V ,9p.

For s = 2 (similarly for s = 0, 1), From (4.12), (4.15) and ( [11], Lemma A.12), it follows that,

[V*AD.P| 0, <C ||V?uV?P + V2uV*P + VuV*P + VPV,
+ C||VuVuVu + VZuVuVu| . o,
+ C[|Vuv®y + V2uv?@q + VuV’0y| .,
<ClVulle=@) ||V4P||L2(Q) +C ||V3u||L2(Q) ||V2P||L°°(Q)
+C ||V2u||L4(Q) ||V3P||L4(Q) +C ||V4u||L2(Q) IVPll=@
+ OVl Vel [ 720
+ ClIVull=@ ||V2u||L4(Q) ||V2u||L4(Q)
+ CIVull =) ||V3®0||L2(Q) +C ||V3u||L2(Q) IVOoll.=(@)
+C ||V2u||L4(Q) ||V2®O||L4(Q) .
By ([11], (A.11)) and (4.10), we have
1/2

2

s+1 s nl/2
v u||L4(Q) <CIV ”||L°°(Q) Z|
£=0

Vs+fu||L2(Q) KIZ—K]

2
<C(K) Y E0.
¢=0

(4.24)

(4.25)

(4.26)

(4.27)
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Obviously, we can get

1/2
Kt

Vs+€®0||

L2(Q)

2

s+l s 11172
v ®0”L4(Q) <Clv @OHL""(Q) Z
=0 (4.28)

VSM@O”U(Q) :

2
<C(K1)Z
=0

From (4.27) and (4.28), we will estimate all terms with L*(2) norms and the similar estimate of P by
the assumptions. Thus, we have

IV*AD, Pll ) <C (K. K1, M, L, 1/&, Vol Q, Ey(0), 19|20

Ut 12 s un (4.29)
X [1 + D (E0) + ]|V ®o||L2(Q)>J (1+ (B + IV Ooll320)'")
=0

By (4.25), (4.26) and (4.29), for small ¢ independent of E,(¢), by induction argument for r, we have

LIV D, Pll 1260y <C(K, K1, M, L, 1/€, Vol Q, E(0), [|®0ll12(q))

< tqy |12 2 1/2 (4.30)
x [1 + D (E0) + ]|V ®o||L2(Q)>] (1+ (£, + IV Oull}20)'"?)
=0

Finally, for the case r = 3,4 and s = r — 2, we need to estimate the remaining term I1 ((V”lu) . V"SP),
by ([11], Lemma A.14) and (4.3), we get

[ (1) 72) ey <17 4l 9P
<CL ||V2”||L2<n—1>/<n—2><ag)
< C(K, VOl QL (IIV"ull 20 + [Vt 2 )
< C(K, L, Vol Q) (E)3 (1) + E*(1)).
Forn =3, r =4 and s = 1, we have similarly
1 ((v2) - 9P o = 192 119 + 11 (V2w - N)&IT(N - V°P) .
<C ||HV2M| LA(0Q) ||HV3P||L4([)Q) +C HH (NaVZMQ) L4(Q) HH (VNVQP) LA(0Q)
<C ||V2”||L4(ag) ||V3P||L4(6£2)

<CENL) (Vi s + 170 ) (17 Pl 2y + 9Pl )

3 4
<C (K, K, Vol Q) (E;/Z(t) + E;ﬂ(t)) (Z(Es(t) + ||vs@0||iz(9)) + (Z E}/Z(;)] E;/Z(t))

5s=0 =0

3 4
<C (K, K1, Vol Q) > (Ey(0) + IV"Oll}0) ) | E(0).

s=0 =0
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Then, we can get

(4.23)] <C (K. K1, M, L, 1/&, Vol Q. Eo(0). 180l

L2(Q)

r—1
x [1 + Y (E) + ||V“‘®o||iz<g)>) (1+E) + 17Ol ) -

s=0

By combining (4.27) with (4.28), it yields that

(4.5)] + |(4.6)| <C (K. K1, M, L, 1/&, Vol Q, Eg(0). O]}, o )

r—1
x [1 + D (E@) + ||VS®0||’§2(Q))) (1+E(0) + IV Oull} ) -
s=0

V! curl u|2. By ( [15], Lemma 2.1) and (4.1), we can

Now, we calculate the material derivatives of

get

=D, (g¢"'¢" Vi ! (curl u),, Vi (curl ).

=(r + 1)D, (g*) g"g** V', ! (curl u), Vi (curl u).q
+ 488" D, (V' Vup) V5 (curl u)ey

= —2(r + 1)g“V, ug" g V7 (curl u), Vi (curl u)y
— 4g% g™ oAV (curl u) .4V, VP
+ 4gac ghd oA V}_l (curl u)40p, V', , 0

+ 4gacgbdgAFV;7_1 (curl u)q(curl u)p, V), ,u’

V! curl u|2)

r=2

+4sgn(2 - r)g*g" Vi (curl u)g Z ( s _Ir_ ! )((V“su) : V’_sud)Aa :

s=1
The higher order term involving pressure P will vanish by symmetry. For other terms, we can apply
the Hlder inequality and the Gauss formula to obtain that

I

v curl u|2) dy, <C (K. K1, M, L, 1/£,Vol Q, Ey(0). [®|}. )

r—1
x [1 + (B + ||VS®0||i2(Q))) (1+E) + 1900l g) -

s=0

Hence, we need to estimate the last term in (4.5). From ( [11], (A.12)), we get
Dt (VNP) = —2hZNdVap + hNNVNP + VNDtp’

and
8 _2MNVap . VyDip

9 Vap VT Wyp

Thus, the integrals can be controlled by C(K, M, L, 1/&) (E,(t) + IVl ).
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In general, we have

d
—EA(1) <C (K. K1, M. L 1/, Vol Q. E(0). |0l o)

r—1

x| 14+ > (Ey0) + ||VS®O||22(Q)>] (1+E0)+ VOl

s=0

(4.31)

which implies the desired result by Gronwall’s inequality and the induction argument forr € {2,--- ,n+

1}.
5. A priori estimates for inviscid MHD-Boussinesq equations without heat diffusion

The system (1.1) can be written in the Lagrangian coordinates as

Ditty + VP = uVaue + VB, + 6,.00, in[0,T]xQ,
DB, =BV, + V., in[0,T]xQ,
Vau'=0, V,8°=0 in[0,T]xQ,

BuN“=0, P=0, on[0,T]x0Q.

Thus, by (5.1) and ( [15], Lemma 2.1), we also get the zero order energy
_1 2 2 2
Eo(t) = 5 | (ht. 0P + 186, 0)) dutg < CEo0) + Ol g -
Q

Similarly, we can define the first order energy as
E\(0) = f (8" YVt Vet + 8"y VuByV ) dps
Q

+ f (Icurlul® + | curl ) d,.
Q
Theorem 5.1. For 0 < t < T for any smooth solution of system (5.1) satisfying
VP <M, |Vul<M, in[0,T]xQ,
1
6] + |Vu| + — < K, on[0,T]x0Q,
S0
when t € [0,T], we can get

E (1) < 26 (E1(0) + V012, ) + CK? (VoI Q) (¢°M" = 1).

Define the r-th order energy for r > 2 as
E.(t) = f &Y Iy, VY pugdug, + f
Q Q
+ f &Y Y VISV Badp, + f
Q Q

+ f YA PV PO,
oQ

v~ curl u|2 dp,

A curlﬂ|2 du,

5.1

(5.2)

(5.3)

(5.4)

(5.5)
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< n+ 1, there exists a constant T > 0 such that, for any smooth
satisfying

Theorem 5.2. For the integer 2
solution to system (5.1) for 0 <t

//\//\

Bl < My, for r=2, in[0,T]XxQ,

IVP|< M, |Vul<M, |VBI<M, |VOy <M, inl[0,T]xQ,
0|+ 1/co < K, on|0,T] X 0Q, (5.6)
VP 2e>0, onl[0,T]x0Q,

|V*P| +|VyD,PI <L, on[0,T]x0Q,
whent € [0, T], we can get
E(t) < e (E0) + V' Oyl72 ) + Ca (e = 1), (5.7)

where the constants C and C, depend on K, M, L, 1/&, Vol Q, Ey(0), ||®0||i2(9) ,E1(0),---, E._1(0) and
1v7-1e;

L@y

Theorems 5.1 and 5.2 can be proved similarly. For the case involving the magnetic field, one can
refer to [11]. We omit the details of the proof.

6. Justification of a priori assumptions

Since some a priori assumptions are made, them will be justified in this section, at time ¢, we denote
the following values

H(t) = max (]10(t, =60, 1/50(1))

6.1)
I(@) =11/ (VNP Dlropoy, €@ =

I

Our judgment is very similar to those in [8, 11], so we only state the results and omit their proofs as
follows.

Lemma 6.1. Let K| > 1/¢(t), then there are continuous functions F ;, j=1,2,3,4, such that

IVull = + 118 VBl + IVOollz=y < Fi K1y Eo, 10720 >+ » Ens1, ||V O
) () ((9) L2(Q)

LZ(Q))
Vol Q) ,

Vn+l®0||

2 2
IVPliei@) + [Vl ey < F2 (Koo T Eos @0y oo+ B L

Vol Q) ,

1
IVD, Pl 00y < Fa (Kl,f Eo. 100120y + Enets V10021

|e||Lm@g) Fs (KI,I Eo, 00 Epa,

V101, Vo10).

2@ @

En+l,

Vn+l® ||

Kl’-[ E()’H@O”LZ(Q)"" LZ(Q),VOIQ),

n 2 - N
<C, (Kl,f, Eo @020+ + Enets [V 90 2 » VoI Q) D E + V'Ol )
s=0

—E,
'dl
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Lemma 6.2. There exists a continuous function K > 0 depending on K,, Ey(0), ||®0||%2(Q), E 0, ---,
E,.1(0), [|[V"10y,., o, and Vol Q such that for
" 2
0<r< 7<(1<1, Eo(0), 180172y » E1(0), -+, Enet (0), |V [ 5 » Vol Q)

the following statements hold

E() <2(EJ0) +V'Ol}2q). O<s<n+1, I(r)<2I(0).

Furthermore,
%gab«), NYY? < gap(t, YY" < 2845(0,)YY?,
and
ING(2.5) = NGO )] <. 5 € 0,
x(t.y) ~ (69 <Tg. yEQ
0x(t.3) 00| &1 o a0

dy dy | 16’
Lemma 6.3. Let K be as in Lemma 6.2. There exists some €, > 0 such that, if
e
IN ((0.1)) = N (x (0.3l < 5.

then for t < K, it holds
IN (x (2, y1)) = N (x (£, y2))| < &1.

Consequently, Lemmas 6.2 and 6.3 yield immediately Theorem 1.1.
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