AIMS Mathematics, 8(3): 5899-5917.
DOI: 10.3934/math.2023297
AIMS Mathematics Received: 13 October 2022

Revised: 11 December 2022
Accepted: 19 December 2022
http://www.aimspress.com/journal/Math Published: 27 December 2022

Research article

Solving an integral equation via orthogonal generalized a-y/-Geraghty
contractions

Senthil Kumar Prakasam', Arul Joseph Gnanaprakasam'*, Gunaseelan Mani’ and Fahd
Jarad>**

! Department of Mathematics, College of Engineering and Technology, Faculty of Engineering and

Technology, SRM Institute of Science and Technology, SRM Nagar, Kattankulathur 603203,
Kanchipuram, Chennai, Tamil Nadu, India

Department of Mathematics, Saveetha School of Engineering, Saveetha Institute of Medical and
Technical Sciences, Chennai 602105, Tamil Nadu, India

Department of Mathematics, Cankaya University, Etimesgut 06790, Ankara, Turkey
Department of Medical Research, China Medical University, Taichung 40402, Taiwan

* Correspondence: Email: aruljoseph.alex @gmail.com, fahd @cankaya.edu.tr.

Abstract: In this paper, we introduce orthogonal generalized O-a-¥-Geraghty contractive type
mappings and prove some fixed point theorems in O-complete O-b-metric spaces. We also provide
an illustrative example to support our theorem. The results proved here will be utilized to show the
existence of a solution to an integral equation as an application.

Keywords: O-b-metric space; fixed point; O-@-admissible; orthogonal generalized O-a-y-Geraghty
contraction
Mathematics Subject Classification: 47H10, 54H25

1. Introduction and preliminaries

Banach [1] introduced one of the most essential Banach Contraction Principles. In 1993,
Czerwik [2] initiated the notion of a b-metric space and proved the fixed point theorem (FPT) in this
space. Aydi et al. [3] proved the common FPT for weak ¢-contractions in b-metric space. The
existence and uniqueness of a fixed point of ¢-contractions was proved by Pacurar [4]. In 2018, Zada
et al. [5] elaborated a FPT of a rational contraction. Geraghty [6] expanded the Banach contraction
principle in 1973 by factoring an auxiliary function of complete metric space.

One of the interesting results was given by Samet et al. [7] by defining a-y-contractive maps via
a-admissible mappings. After that, Cho et al. [8] introduced the a-GC (Geraghty contraction) type
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maps in metric space and proved some FPT’s of these functions. Popescu [9] developed a-GC maps
and proved the fixed point theorem in complete metric space. From the above work, Karapinar [11]
introduced generalized a-¥-GC type maps, and see also [10, 12]. Furthermore, several authors proved
the common fixed point theorem in many metric spaces, see [13—19].

An orthogonality notion in metric spaces was introduced by Gordji et al. [20]. The theory of an
orthogonal set has general application in a number of mathematical areas, and there are many types of
orthogonality, see [21-29].

In this paper, we prove a FPT in an O-complete O-b-metric space (Oy,-MS) with O-generalized a-
Y-GC type maps. Moreover, an example and application to an integral equation are given to strengthen
our main results.

2. Preliminaries

Throughout this paper, the standard letter R is the set of all real numbers, R* represents the set of
all positive real numbers, N denotes the set of all natural numbers, Ny, denotes the set of all positive
natural numbers, and Z denotes the set of all integers. First, we recall some standard definitions and
other results that will be needed in the sequel.

In 1993, Czerwik [2] introduced a b-metric space as follows:

Definition 2.1. [2] Let Q be a non-void set. Let 7: Q X Q — R* be called b-metric on Q if for all
0, u, v € Q the below conditions hold:

(1) 0 <70, u) and (0, 1) = 0iff 6 = u;
(i) 7(6, ) = 7(u, );
(i) (6, ) < g[t(0,v) + (v, w)].

Then, (Q, 7) is said to be a b-metric space (with constant g > 1). In 2014, Karapinar [11] introduced
the concept of @-regularity as follows:

Definition 2.2. [11] Let (Q, 7) be a b-metric space and @ : @ X Q — Q be a map. Q is called @-regular
if for each sequence {6,} € Q such that a(6,,6,.1) > 1, YV ne€Nand6, - 6 € Qasn — oo, Ja
sub-sequence {6,,)} of {6,} with @(6,,),0) > 1, for all y € N.

The notion of an orthogonal set was presented by Gordji et al. [21].

Definition 2.3. [21] Let Q be a non empty set and LC Q X Q be a binary relation. If L holds with the
constraint

J16,cQ:(V0ecQ 0L6,) or (VOeQ, 6, L),

then (Q, 1) is said to be an orthogonal set.
Gordji et al. [21] presented the definition of an orthogonal sequence in 2017 as follows.

Definition 2.4. [21] Let (@, L) be an orthogonal set. A sequence {6,},cv is called an orthogonal
sequence (O-sequence) if

(VTI, 877 1 97]+1) or (V77, 07]+1 1 877)
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Definition 2.5. A tripled (Q, L, 1) is called an Oy,-MS if (Q, 1) is an orthogonal set and (@, 7) is a
b-metric space.

Definition 2.6. Let (Q, L, 7) be an Oy-MS.

(1) {u,}, an orthogonal sequence in @, converges at a point u if

lim (B ) = 0.

(2) {uy), {uw} are orthogonal sequences in Q and are said to be orthogonal-Cauchy sequences if

M (E(tys i) < 0.

77,M—00

Definition 2.7. [20] Let (Q, L, 7) be an O,-MS. Then, E: Q — Q is said to be orthogonally continuous
in u € Q if, for each O-sequence {,},en in Q with u, — u, we have E(u,) — E(u). Also, E is said to
be orthogonal continuous on Q if E is orthogonal continuous in each u € Q.

Example 2.8. [20] Let Q = R and suppose y L 6 if

0,ue +1 +2
’l’l 77 3’77 3

forsome neZ or 6=0.

It is clear that (@, 1) is an orthogonal set. A map E : @ — Q is defined as E(0) = [#]. Then, E is
orthogonal-continuous on @, because if {6,} is an arbitrary O-sequence in Q such that {6,} converges to
6 € @, then the below cases hold:

Case 1: If 6, =0 V r,then 6 = 0 and E(6,) = 0 = E(0).

Case 2: If 6, # O for some 1o, then there exists m € Z such that 6, € (m + 3,m + 3), for all v > 1.
Thus, 6 € [m + §,m + 2], and E(6,) = m = E(0).

This means that E is orthogonal-continuous on @, but it is not continuous on Q.

The concept of orthogonal completeness in metric spaces is defined by Gordji et al. [21] as follows.

Definition 2.9. [21] Let (Q, L, 7) be an orthogonal metric space. Then, Q is said to be O-complete if
every orthogonal Cauchy sequence is convergent.

Definition 2.10. [21] Let (Q, L) be an orthogonal set. A function E : @ — Q is called orthogonal-
preserving if E6 L Eu whenever 6 L u.

Ramezani [26] introduced the notion of being orthogonal a-admissible as follows.

Definition 2.11. [26] Let E: Q > Qbe amap and let @ : @ Xx Q — R* be a function. Then, E is said
to be O-a-admissible if ¥V 6,u € Qwith§ L u

al@,u)>1 = a(E6,En) > 1.

In 2021, Gnanaprakasam et al. [25] introduced the notion of being orthogonal triangular
a-admissible, defined as below:
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Definition 2.12. [25] A self-map E : Q — Q is called O-triangular @-admissible if the following
holds:

(E1) E is O-a-admissible,

(E2) a(@,v) =1, a(v,u) =1 with Lvand v L uy = a@,u) > 1,Y 0,u,veQ.

Recently, Popescu [9] has developed the notion of a triangular a-orbital admissible mappings, and
we extend it to orthogonal in Qy-MS. The following definitions will be needed in the main result.

Definition 2.13. Let E : @ — @ be a map, and let there be a function @ : @ X @ — R*. Then, E is
called O-a-orbital admissible if the below constraint holds:
(E3) aB,Ef)>1 = a(EO,E*6)>1,Y0cqQ.

Example 2.14. Let Q = {0,1,2,3}, 7: @ x Q — R,7(6,u) = |0 — u*,E: Q — Q such that
EO = 0, E1 = 2, E2 = 1, E3 = 3. a: Q@ xXxQ — R, a@,u = 1 if
0,1 €{(0,1),(0,2),(1,1),(2,2),(1,2),(2,1),(1,3),(2,3)} with 6 L u, and a(0, i) = 0 otherwise.

Since a(1,E1) = a(1,2) = 1 and @(2,E2) = a(2,1) = 1, we have that E is orthogonal a-orbital
admissible.

Definition 2.15. Let £ : Q - Qand @ : QXQ — R* be maps. Then, E is called O-triangular-a-orbital
admissible if E is O-a-orbital admissible and the following property holds:
(EH)Y O, ue with 0 L u, «a@,u)>1 and a(u,Eu) >1 = a(0,Eu) > 1.

Example 2.16. Let Q =R, Ep = 1 + Ju, and a(u, 0) = 1° — 6° + 1, for all u, @ € Q with p L 6. Then,
E is an O-triangular a-admissible mapping.

Lemma 2.17. Let E : Q — Q be an O-triangular-a-orbital admissible map. Consider that 16y € Q
such that 6y L E6 and a(6y, E6y) > 1. An O-sequence {6,} is defined by 6,., = E6,, ¥V n € N with
6, L EO, or EB, 1 6,. Then, we get ®(6,,0,) > 1, ¥ n,v € Nwithn <.

In this section, inspired by the concept of generalized a-y-GC type maps defined by Afshari
et al. [28], we introduce a new orthogonal generalized a-y-GC type mapping and prove some FPT’s
for these contraction mappings in an O-complete OQ,-MS.

3. Main results

Let A be a set of all increasing and continuous functions, and ¥ € A is defined as ¥ : R* — R™,
with ' ({0}) = {0}.
Let I" be the family of all non-decreasing functions A : [0, c0) — [0, &) which satisfy the condition

1
lim A(Z,) = p = lim{, =0 forsomeg > 1.
T]—)OO 7]—)00

First, we explain the definition of an O-generalized a-¥-GC type(A) map in an O-complete O,-MS.

Definition 3.1. Let (Q, L, 7) be an O-complete O,-MS, and let there be amap E : Q@ — Q. E is called
an O-generalized a-y-GC type(A) map whenever 4 @ : @ X Q — R*, and, for £ > 0 such that

70, Ep) + v(u, E9)
2g ’

M@, u) = max{T(G, w), 70, EO), t(u, Ew),
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N6, u) = min{t(0, EO), T(u, EO)},
we have
a(0, Y (&’ T(EO, Ep)) < APM(O, i)W (M6, w)) + LN (6, ), (3.1)

forall 0, u € Qwith 6 L u, where 2 € I' and ¢, 9 € A.
1
AWP(M(0, pn))) < ; forall 0,u € Q, with 6 L y and 6 # u.

Now, we generalize and improve our FPT from Afshari et al. [28] by introducing the notion of an
O-generalized a-y-GC type(A) map in O-complete O,-MS.

Theorem 3.2. Let (Q, L, 7) be an O-complete Oy-MS, and E : Q — Q satisfies the below properties:
(i) E is orthogonal-preserving,
(ii) E is an O-generalized a-y-GC type(A) map,
(iii) E is O-triangular a-orbital admissible,
(iv) A 6y € Q such that 0y L E6y and a(6y, EGy) > 1,
(v) E is O-continuous.
Then, E has a UFP (unique fixed point).

Proof. By the condition (iv), there exists 8y € Q such that
6y L E(6y)or E(6y) L 6y and a(6y L EBy) > 1.
Let
01 = E(6),6: = E61) = E*(60), +.eevvrr 0 = E(6,-1) = E"(60), 01 = E(6,) = E™(6p), ¥ n€NU{0}.

If 6, = 6,41 for n* € N U {0}, then 6, is a fixed point of E. Therefore, the proof is complete.
So, we consider 6, # 6,.,. Thus, we have 7(E6,, Ef,,,) > 0. Since E is O-preserving, we get

6, L Ops1 or O L6, ¥ neNU{0}.
We construct an O-sequence {6,}. Since E is an O-generalized a-y -GC type(A) map, we get
0,1 = E6,, VY neN,.
Since the map E is an orthogonal triangular a-orbital admissible, by Lemma 2.17, we get
a(0,,6,:1) > 1, VY neN,. (3.2)

By letting 6 = 6, and u = 6, in the inequality (3.1), using (3.2) and that ¢ is an ascending map, we
get
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lﬂ(T(G,], 0n+1)) = lﬁ(T(E@,],l, Een))
< a(By-1, 0,)¥(3° (7(E6, 1, EB,))
< APMG,-1, GNP M(6,-1,6,)) + LIN(B,-1,6,)), (3.3)

for all n € N, where

7(6,_1,E0,) +1(6,,E6,_|)
M(Qn—l s 07]) = maX{T(eﬂ—l 2 97])’ T(gn—l s Egn—l)’ T(Hr]’ Ee}])9 L ! ! !

2g
T(Qn—l ’ 977+1) + T(Q,], 977)
29

= maX{T(H,]_l ’ 97])’ T(Qr]—l ’ 077)7 T(ena 977+1 )7

0,_1,6
= max{r(en_l, 6,), 7(0,, 0,11), M}

2g

and

N(er]—la 97]) = min{T(gn—l’ Egn—l), T(Hn’ Een—l)} = min{T(en—l’ 97]), 7(97]’ 07])} =0. (34)
Since

0,-1,6 60,-1,0,) + 1(6,,0
T( n—1 7]+1) < g[T( n—1 77) T( n n+1)] < maX{T(Q,,_],Hn)‘FT(@n, 9,,4_])},
2g 2g9
we get
M(6,-1, 0,) < max{t(0,-1,6,), 7(6,, 0,41} (3.5)

Taking (3.5) and (3.4) into account, (3.3) yields

‘p(T(Hn’ 917+1)) < ¢(Q3T(9na 9n+1))
< (0,1, 0)P(* (0, Oy11))
< AWPM(6,-1, 6,) (max{t(6,-1, 6,), T(6y, 6y+1)}). (3.6)

If n € N, we get max{7(6,-1,6,), 7(6,, 6,+1)} = 7(6,, 6,:1), and then by (3.6), we get
Y(T(6y, Oy1)) < AP M(O,-1, O (1(6;, 041)) < él//(T(On, Ope1)) < Y(T(6y, 0p41)),
which is a contradiction. Thus, from (3.6) we conclude that
Y(1(6y, 0511)) < AWPYM(6,-1, 6,))Y(7(6,-1, 6;))
< S(E(O,1.0) < YO 1.6). Y <1 (37)
Hence, {y/(7(6,,0,.1))} 1s a positive non-increasing sequence. Since ¥ is ascending, the sequence

{7(6,, 6,+1)} 1s decreasing. Consequently, 4 € > 0 such that lim 7(6,,0,,,) = €. We claim that € = 0.
n—0o0

Suppose, on the contrary, that

lim 7(6,,6,.1) = € > 0.
77—)00
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Since g > 1, (3.7) can be approximated as

1
glﬁ(f(@n, Op1)) < Y(T(6y, Opi1)) < AWPM(G,-1, 0,))(T(6;-1, b)) (3.8)

With regard to (3.2), in (3.8) we get

1 w(T(Qn’ 977+1 ))

1
—_—— < A(Y(M(,_,,0 —.
S U@, 0y ~ " YMEp1.0,)) < o

1
This yields lim, ., AW (M(6,-1,6,))) = 5 Since A € I', we get lim, o, Yy(M(6,_1, 6,)) = 0. We simplify
that:

lim (6. 0.1)) = 0.

Thus, by the fact that 7(6,,6,.1) — € and the continuity of ¢, we get ¥(e) = 0. Since tﬁ_l({O}) = {0},
we have € = 0, and this is a contradiction. Thus, we get

lim 7(6,, 6,,1) = 0. (3.9)
T]—)OO

Now, we claim that lim, ;. 7(6,, ;) = 0.
Consider, on the contrary, that 4 6 > 0, and orthogonal subsequences {6,,}, and {6,,} of {6,}, with
1; > 7 > i, such that

(6y,,6,) > 6. (3.10)

Additionally, for every r;, we choose the smallest integer n; to fulfill (3.10), and n; > m; > i. Then, we
get

T(Or,» Oy_,) < 0. (3.11)
From (3.10) and the condition (iii) in Definition 2.1, we get

0 < 7(0y,6r,) < a7(0y;, Oy, ) + 97(Oy,, Or,)
< 010y, 6,.,) + 8770, 0. )) + 37T (Or,,, On). (3.12)

Taking j — oo and (3.9) into account, Eq (3.12) yields

8 < 97(0,, 0y)) + 7Ty, 0r) + 67T (O, Or)
S lll)g(gT(an 0771+] ) + QZT(GUH.] ] Hﬁi+] ) + ng(eﬂiH ” 671’1))

< ¢ Hm(7(Oy,,» Ori.1),

9

5 < lim sup 7(6y,,» Or,.. ) (3.13)

]—00

[$=
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where lim 7(6,,, 6,,,) = lim 7(6,,,,,6;) = 0. By Lemma 2.17, @(6,,,6,) > 1. Followed by (3.1), we get
1—)00 I—)OO

(ﬁ(T(@nM ’ 67r1+1 ) = lﬁ(T(E@m, Eeﬂ;))
< Y(6*1(E6y, E6y))
< (O, 0, (8’ T(EG,, E6y,))

< AWMy, )P (M(By,, 6r,)) + LHT(6r,, EOy)), (3.14)
where
7(0,, EOr) + (0, EGy)
M(Gm, gﬂi) = max T(Hm s 971;)9 T(Hm s Eem)a T(Gﬂp Eem)’ 29
70y, 6r.,) + T(Or, 0,
= max{T(Hi]i 5 Qﬂi), T(HT]i 5 Qﬂi“)’ T(Qﬂi’ 07r1+1 )a ( o - 1)29 ( Al l)}
and

N(va Hﬂ'j) = min{T(gr]p EQ,“), T(eﬂ'i’ Eenl)}
= min{7(6,,, 0y,,), T(Or,, 0y, )}

Notice that
(05 Oniyy) + 7(On, 0p,,) - a[7(0y,, Ox) + T(On;, Ox, )] + 6[T(Or,, 60,) + T(6,, 0y,,)]

N < 2 (3.15)
and

(0, Ox) < al7(6y,,6,) + 7(6,_,,0:)] < a1(6y,,6,,_,) + g0 (3.16)

Taking (3.11), (3.15) and (3.16) into account, we find that
lim sup M(6,, 0r,) < g6, (3.17)

j00
limsup N'(6,,, 6,) = 0. (3.18)
.

By allowing the upper limit to be j — oo and using constraint (£4), (3.13), (3.17) and (3.18), inequality
(3.14) becomes

1
glﬁ(gé) < Y(96) < limsup Y(s°7(6,,, bx,,,))

]—00

S llm Sup a(gﬂ'i B Hr]j)‘p(ﬂfT(QmH ’ Gﬂiﬂ ))

]—00

< lim sup @(6,,, 0, W(a’ T(E6,,, EOy,))

]—00

< lim sup[A(WY(M(6y,, 6:))YM(6y,, 61,)) + LIN(7(6y,, 61,)))]

]—00
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< ¥(g6) lim sup A(Y(M(6,,, 0x.)))

1
< =Y(g9).
<g¢(g)

Then,

lim sup AQF(M(8, 6y,)) = é

]—00

Due to the fact that 1 € I', we get

lim sup AF(M(8,. 6y,))) = 0.

]—00

Thus, we assume that
lim A(Y(7(6,,, 6,))) = 0.
I—)OO

Consequently, due to the continuity of ¥ and ' ({0}) = {0}, we obtain
lim 7(6,,,6,,) = 0,
j—o0

which contradicts (3.10). Therefore, {6,} is a O-Cauchy sequence in Q. Since Q is an O-complete Oy-
MS, 3 6" € Q such that lim,_,, 6, = 6*. The map E is O-continuous, and it is obvious that E6* = 6",
Hence, 6" is a fixed point of E.

Now, we prove 6" is a UFP of E. Suppose u* is another fixed point of E. If 6, — p* asn — oo, we
get 0" = u*.

If 31_)1?0 {6,} - p*, there is an orthogonal sub-sequence {6, } such that E6, # u*, ¥V y € N. By the

choice of 6,, we get
Oy L u* (or) u* L 6.
Since E is O-preserving and E"u* = p*, for all n € N, we get
E"0y L yu* (or) u* L E"6y, ¥ neN.
Since E is an O-generalized a--GC type(A) map, we get
Y((E" O, 1)) = Y(T(E™ 6, E" ")) < p(t(6o, 1)),y € N.

This implies Y(7(E" 6y, ")) — —oo as y — oo. This yields that §, — u* as 3 — oo, which is a
contradiction. Hence, E has a UFP. m]

We replace the continuity of map E in the above theorem by a suitable condition on Q.
Theorem 3.3. Let (Q, L, T) be an O-complete O-b-metric space, and E : Q — Q fulfills the following

properties:

AIMS Mathematics Volume 8, Issue 3, 5899-5917.
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(i) E is orthogonal preserving,
(ii) E is an O-generalized a-y -GC type(A) map,
(iii) E is O-triangular-a orbital admissible,
(iv) A 6y € Q such that 6y L EOy and a(6,, EGy) > 1,
(v) E is O-a- regular.
Then, E has a UFP.

Proof. From the proof of Theorem 3.2, we conclude that lim 6, = 6*. If Q is O-a-regular, then

77—)00

a(6,,6,.1) = 1, 1 a subsequence {6, } of {6,} such that
a@,.0)=>1, ¥ yeN.
By the (iii) in Definition 2.1, we get

(6", E0) < 97(0",6,,.,) + 97(6,,.,, EO") = 67(6",6,,.,) + oT(E6,, , EG").

y+172
Letting y — oo, yields

(6", E6°) < liminf g7(E6, , E6).
y—00

Using that ¢ € A, (3.19) and (3.20), we have
Y(g* (0", E6Y)) < lim Y(g’1(EG,,, EO"))
Y0
< lim a(6,,,,, 0 W(3’T(E6, , E6"))
Y0

< ylggo (AP MGy, O M(G,,,6)) + LIN(6,,,67)].

We have
©(6,,, E0) + 7(6", EG,,)
M(6,,.6") = max; 7(6,,,6"), 76, . E6, ), (6", EG"), R
7(0,,,E0") + 16,6, .,)
B maX{T(eﬂw 6*)’ T(Gﬂ ’ 077y+1 )’ T(e*’ Ee*)’ - : }
ly 29
and
N, .6") = min{t(6, , E6, ), 7(6", E6, )} = min{r(6, .6, ), 7(6",6, )}
Recall that

(6, . E0") + 7(6",6,,.) . a1(6,,,6) + a(6", E6") + (6", 6, .,)
2g - 2g '

(3.19)

(3.20)

(3.21)

AIMS Mathematics Volume 8, Issue 3, 5899-5917.
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Then, by (3.9), we get

) 7(0,,, E0°) + 7(6",0,,.,)  1(6*, EG")
lim sup <
ysco 29 2

When y — oo, we deduce
lim M(6, ,6") = 7(6", E6"),
y—00

lim N(6,,,6") = 0.
y—00
Since A(YM(0,,,6%))) < é for all y € N, from (3.21), we obtain

1 .
W(e*1(0", EF")) < a!ﬁ(?(@*,E@*)) < Y0, E6)).

Hence, 7(6%, E6*) = 0, that is E6* = 8*. Therefore, E has a fixed point.

Now, we prove 6" is a UFP of E. Suppose p* is another fixed point of E. If 6, — u* asn — oo, we
get 0" = u*.

If 7}1_{?0 {6,} - u*, there is a subsequence {6, } such that E6, # u*, ¥y € N. By the choice 6y, we get

By L u* or u* L 6.
Since E is O-preserving and E"u* = u*, VY n € N, we get
E"0y L " or u* L E"6y, ¥ neN.
Since E is an O-generalized a-y -GC type(A) map, we get

Y((E" 0, 1)) = Y(T(E™ 6, E" ")) < p(t(6o, 1)), vy €N.

This implies Y(7(E" 6y, ")) — —oco as y — oo. This yields that 6, — u* as p — oo, and this is
contradiction. Hence, E has a UFP. O

We initiate the definition of an O-generalized a--GC type(B) map as follows:

Definition 3.4. Let (Q, L, 1) be an O-complete Oy-MS and let £ : Q — Q be a map. E is called
O-generalized a@-y-GC map of type(B) whenever 4 @ : @ X Q — R* such that for all 6,y € Q with
6 Lyuorpulé,

6, O (6" T(E6, Eg) < APVE, )6, ), (3:22)
where
M(0.) = maX{T(G, 1070050y, E T }
Aeland Y € A.
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Now, we generalize and improve our fixed point theorem from Afshari et al. [28] by introducing the
notion of an O-generalized a-¥-GC type(B) map in O-complete O,-MS.

Theorem 3.5. Let (Q, L, 1) be an O-complete Oy-MS, and let E : Q — Q satisfy the below properties:
(i) E is orthogonal preserving,

(ii) E is an O-generalized a-y -GC map of type(B),

(iii) E is O-triangular-a orbital admissible,

(iv) A 6y € Q such that 6y L. EOy and a(6,, EGy) > 1,
(v) E is O-continuous or Q is O-a-regular.

Then, E has a UFP.

Now, we provide the example for Theorem 3.3.

Example 3.6. Let Q be a set of Lebesgue measurable functions [0,1] such that fol 0()|t¢ < 1. Define
arelation L on Q by

0L if 6Ou@) <0V u@),

where 6(0) V u({) = 0(¢) or u(l). Define 7: @ X Q — R* by

1 2
(6.10) = ( NG —u(()ITK) .
0
Then, (@, 7) is an O-complete Oy,-MS with g = 2. The operator E: @ X Q — R* is defined by

1
EO() = Zli’l(l +16(D)D.
Consider the map @: Q X @ — R*, with 4: R* — [0, %) and ¢ : R* — R*, defined by

L if 6(0) z u(0), ¥ £ €[0,1],

0, otherwise.

(In(1 + VO))
10 = N ana g = ¢
{
Obviously, ¥ € A, and 1 € I'. Moreover, E is an O-triangular-a orbital admissible map, and
a(l,E1) > 1.
Now, we prove E is an O-generalized a-y-GC type(A) map. Certainly, V ¢ € [0, 1], we get

a0, ) = {

1
V00, HOW(ST(EOQ), Ep(D)) < \/23( fo IE6(C) — Ep(cIr)
e 1
<2V2 fo |31+ 100D = 7101+ u@D|¢
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f| (Lo
\/‘ el
100~ @)
\/_ f 0+ S )‘Tg
s\—ﬁ fo (1 + 1000)| ~ ODIeC,

and we have

1 1
foIln(l+|t9({)|—|,tt(§)|)lT§SIl’t(fO |(1+|9(§)|—|ﬂ({)I)IT§)

1
= i1+ [ 100) - wiee)

Therefore,
N O0). uO)P(@>T(EOQ), Eu(()) < i\fln (1+ f 00 — p(Ir¢)
7 In(1 + 7(6, ).
So, we get

1
@(0(0), L OW(G T(EO(Q), Eu(Q)) < SUn( + N7(0. 1) )’

< %(In(l + VM(6,)))°
2
L Un(d+ yME, 1)) M(0..1)

- 2M(6, w)
= AP (MO, ))(M(8, w)).

Hence by Theorem 3.3, we get that E has a UFP.
4. Application

As an application of Theorem 3.2, we find an existence and uniqueness result of the following type
of integral equation:

w(@) = A(0) + fﬂ E@,35)H (O, s, w(s))ds, 0¢€[0,a],a>0. “4.1)
0

Consider Q = C([0, a], R) to be the real continuous functions on [0, a], and a mapping D : Q — Q is
defined by

T(w, ) = max |w(6) —pOP, w.peq. (4.2)

Obviously, (@, 7) is a complete b-metric space, and w(0) is a solution of integral equation (4.1) iff w(6)
is a fixed point of D.

AIMS Mathematics Volume 8, Issue 3, 5899-5917.



5912

Theorem 4.1. Suppose the following.

(1) The mappings E : [0,a] X R - R*, H : [0,a] X R = R, and A : [0,a] — R are O-continuous
functions.

(2) There exists K > 0, such that, for all 0, s € [0, a] and w,u € Q,

e K@D K (w, w)
5 :

|HO, 5, w(s)) — H(O, s, u(s))| < \/ 4.3)

(3) Forall 8,s € [0, a], we have

! 1
maxf E9,5)’ds < —.
0 a

Then, (4.1) has a unique solution in Q.
Proof. Define the O-relation L on Q by
wly = w@ud) > w@) or w@u@) > u@d), v oelo,al.
Define 7 : Q X Q — R*, given by
T(w, p) = max |w(9) - u@O)r,

for all w,u € Q. It is easy to see that, (Q, L, 7) is an O-complete O,-MS. For all w,u € Q with w_Lu
and 6 € [0, a], we have

D(w(B)) = AH) + f a E,s)H(0, s, w(s))ds > 1. 4.4)
0

Accordingly, [(Dw)(O)][(Du)(@)] > (Du)(6), and so (Dw)(0) L(Du)(6). Then, D is L-preserving.
Let w, u € Q with w_Lu. Suppose that D(w) # D(u). For each 6 € [0, a], we have

T(Dw, D) = max 1Dw(6) — Du(6)?

= 0111[%{/1(9) +f E@, s)H (0, s, w(s))ds — A(0) — fa E@6, s)H (0, s,,u(s))ds'z}
€l0,a 0

= ee[o { E(G $)(H, s, w(s)) —H, s,,u(s)))ds'z}

< em[gx] { f E8, 5)2ds f [(H (O, 5, w(s)) = H(O, 5, u(s))Pds)
1 e~ KW (w, u) 12

= E A ) ‘ ds
e~ Klww

< K(w, ).

Thus,
(Do, D) < y(K(w, W)K(w, ),
for all w, u € Q. Therefore, all the conditions of Theorem (3.2) are satisfied. Hence, (4.1) has a unique

solution. O
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Example 4.2. Consider the integral equation as follows:

6? ¥
9(0) = sin(n6*) — —+ f Pog(o)do, 0<x< 1. 4.5)
0

92
Clearly, the above Eq (4.5) satisfies the assumption of Theorem 4.1, that is, sin(76*) — — is an
m

orthogonal continuous function on [0, 1]. Kernel K(6,0) is orthogonal continuous on
R={,0),0<6,0 < 1}.
The solution will be determined from Eq (4.5) by the fixed point iteration method:

6? ¥
G9+1(0) = sin(n6?) — — + f Poag(o)do, 0<x<1.
T 0

02
By choosing sin(76?) — — as the initial function, we can apply the fixed point iteration method to get
n

a numerical solution:

2

9 X
g1(0) = sin(n6*) — — + f P orgy(0)d0
7 0

62 &
= sin(n6?) - — + f 6o sin(no?)éo
Tt 0

2

0 1
= sin(76*) — — + & —(1 — cos(n6?)),
b 2

2

0 X
3(0) = sin(n6?) — — + f oa,(0)d0
T 0

. N Y (o N > 1 2
=sin(mf”) — — + 0 0'( sin(mo”) — — + 0"—(1 — cos(mo )))50’
n 0 m 2n

¢ @
Z 4 —( — 47 — 2 + 4n% cos(n?) + 726" + 26 m sin(n6?) + 2 cos(n@z)),
T 8

2

9 X
93(0) = sin(nd?) — — + f o (0)do
T 0

= sin(n6%) —

02 X 0_2 0_2
= sin(r6?) - — + f 020'( sin(ro?) — — + —2(—4712 -2 + 4n% cos(no?) + o n?
n 0 n  8r
+ 20%7 sin(x6?) + 2 cos(n@z)))do'
6> 1
= sin(nt?) — — + 0 ——| — 327° — 167> — 247 + 327 cos(n6?) + 86*n° — 461
T 64710
+ 169%“( sin(n6?) + 167° cos(n6?) + 831> — 86* 7 cos(n6?) + 246*n* sin(n6?)

+ 247 cos(ne2)))}.

92
Consider that for |f] < 1, an O-sequence {g4(#)} will converge to g(6) = sin(n6*) — —.
b

AIMS Mathematics Volume 8, Issue 3, 5899-5917.



5914

Error calculation for an approximate solution compared to an exact solution is given in Figure 1.
Table 1 shows that the error of an approximate solution compared to an exact solution is relatively
small.

Table 1. Comparison of an approximate solution and an exact solution.

0; approximate solution exact solution error

0.000 0.000 0.000 0.000
0.100 0.023 0.028 0.005
0.200 0.102 0.113 0.011
0.300 0.234 0.250 0.016
0.400 0.412 0.431 0.019
0.500 0.609 0.628 0.018
0.600 0.779 0.790 0.011
0.700 0.848 0.844 0.004
0.800 0.730 0.701 0.029
0.900 0.358 0.304 0.054
1.000 -0.251 -0.318 0.067

0.2 P
-

-02

-04
0 0.1 02 03 04 05 06 07 08 0.9 1

Figure 1. Graph of an approximate solution compare to an exact solution with h=0.1.

5. Conclusions

In this paper, we proved fixed point theorems for O-generalized a--GC type contraction mappings
in an O-complete Oy,-MS. Furthermore, we presented some examples to strengthen our main results.
Also, we provided an application to the existence of the solution of an integral equation and we have
compared the approximate solution with the exact solution.

Khalehoghli et al. [30,31] presented a real generalization of the mentioned Banach’s contraction
principle by introducing R-metric spaces, where R is an arbitrary relation on L. We note that in a
special case, R can be considered as R = <[partially ordered relation], R = L[orthogonal relation], etc.
If one can find a suitable replacement for a Banach theorem that may determine the values of fixed
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points, then many problems can be solved in this R-relation. This will provide a structural method for
finding a value of a fixed point. It is an interesting open problem to study the fixed-point results on
R-complete R-metric spaces.
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