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1. Introduction

For any real number x, the Fibonacci polynomials {F, (x)} and Lucas polynomials {L, (x)} are
defined by the recurrence relations as follows:

Fo(x)=0, Fi(x)=1, F,(0)=xF,_i(x)+F,»,(x), nx>2,

and
Ly(x)=2, Lix)=x, L,(x)=xL,.i(x)+L,2(x), n=>2.

For x = 1, the Fibonacci and Lucas polynomials are well known, respectively, Fibonacci sequences
{F,} and Lucas sequences {L,}. The various properties of {F, (x)} and {L, (x)} have been investigated by
many authors; see [1-5]. In particular, in [6—8] the authors established a series of connection formulaes
between Fibonacci polynomials, Lucas polynomials and Chebyshev polynomials.

In [9], Yi and Zhang considered the convolution involving the Fibonacci polynomials:

D Fant () Fap (0 For (),

aytaz+--+ag=n

where the summation is over all k-dimension nonnegative integer coordinates (a;, d,, - - - , a;) such that
a; +a, +---+a, = n, and k is any positive integer.
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In [10], Zhang obtained a series of identities that consists of the Fibonacci and Lucas sequences,
by using generating functions for the second kind Chebyshev polynomials {U,, (x)} and their partial
derivatives to prove the following:

k+1
m

BN F (k) "
Z Fm(a|+l) : Fm(a2+1) t 'Fm(ak+1+l) = (_l) ok . ! Un+k ELm s

ay+ax+-+age1=n

and

Z Ly, - Lingy - - Lmak+1

aj+ax+-+ags)=n+k+1

k+1 4. h .
2 e k+1 i"
_ ~m(n+k+1) (k)
= (=" FZ( 3 Lm) ( h )Un+2k+1—h (ELm)’

h=0

where k,m are any positive integers, n,a,a,,--- ,dy+ are nonnegative integers, i is the square root

of —1, U™ (x) denotes the k-order derivative of U (x) for x, and (";1) = %

In addition, in [11], the author introduced the bi-periodic Fibonacci polynomials { f, (x)}, defined by

_ _ _axfu-1 (%) + fua (), if niseven;,
fo =0, fity=1, fi(x)= {bxfn_l O+ £,  ifnisodd, n>2, (1.1

where a, b are any nonzero real numbers, and x is any real numbers. The bi-periodic Lucas polynomials
{l, (x)} are defined by

bxl,_ + 1, , ifni ;
W =2, hW=ax l@=] 020, ifniserens 50 1)
axl,_;1 (x) + 1,2 (x), ifnisodd,

where a,b are any nonzero real numbers, and x is any real numbers. For x = 1, the bi-periodic
Fibonacci and Lucas polynomials are well known, respectively, bi-periodic Fibonacci and Lucas
sequences.

Recently, in [12], Komatsu and Ramirez considered the convolution identities of order 2, 3 and 4
for the bi-periodic Fibonacci sequences {f,} are given with binomial cofficients. Other works related
to convolved sequences can be found in [13-20].

In this paper inspired by [10], we use the generating function of the first kind Chebyshev
polynomials {7, (x)}, the second kind Chebyshev polynomials {U, (x)} and their partial derivative to
study the following two theorems:

Theorem 1. Let {f, (x)} be bi-periodic Fibonacci polynomials defined by (1.1), for any positive integer

k, nonnegative integer n,a;, a,,- -+ ,ar+1. Lhen, we have the identity
&lap)+é(ag)++é(agy 1)
b 2
Z (5) fa.+1 (x) 'fa2+1 (x)-- ‘fam+1 (x)
ayt+ax+-+agy1=n
1 LZ;{( 1y (n+k—h)!-i2h(\/—b )n—2h
T kL Wa—-2my T
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where |z] denotes the floor function, the greatest integer less than or equal to z, £ (n) = n — [%J is the
parity function, and i is the square root of —1.

Theorem 2. Let {/, (x)} be bi-periodic Lucas polynomials defined by (1.2), for any positive integer r,
nonnegative integer m, a;, a, - - - ,d,.1. Then, we have the identity

&(ay )*f(az);'"*f(“rﬂ)

b
> (—) Loy () Loy (1)L, ()
aytaz+--+are1=m a

1%] .
2+ (1 = xt)™* (m + 1) (m+r—h—-1"-2 m—2h
R ;(‘l)h won 2y V)

where |z] denotes the floor function, the greatest integer less than or equal to z, £ (n) = n — [%J is the
parity function, and i is the square root of —1.

From these two theorems we may immediately deduce the following corollaries:
Corollary 1. Let {f,} be bi-periodic Fibonacci sequences and {/,,} be bi-periodic Lucas sequences , for
any positive integers k, r, and any nonnegative integers n, m. Then, we have the following:

£(ay )+s‘(f12)2+“'+f(ak+1 )

b
E (; f;l]+l : .ﬁ12+1 e ‘fak+1+l
aytax+-+agy1=n

L5] .
_ %Z(—l)h (l’l+k—h)!'l2h(m)n—2h’
" =0

h!(n —2h)!

and

£(ay)+€(ag)++€(ayy )
2

Z (g) la1 : luz e lar+|

aytax+-+ap1=m

2 =0 m+r) L L m+r—h—1) i m-2h
- (1-2£)-r! ;(—1) h (m — 2h)! (%) .

where |z] denotes the floor function, the greatest integer less than or equal to z, £ (n) = n — [%J is the
parity function, and i is the square root of —1.

Corollary 2. Let {F,, (x)} be Fibonacci polynomials and {L, (x)} be Lucas polynomials , for any positive
integers k, r, and any nonnegative integers n, m. Then, we have the following:

D Fat O Fapt (9 Fa1 (9

ay+ax+-+ag1=n

[3] 2h
1 n+k—-hn)!-i _
- _lh n2h’
k! ;( ) h! (n—2h)! o
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and

> Ly (9 Ly (9 L, (0)

ajt+azt-+ap1=m

_ 24 (1 = xt)™ (m+ 1) l‘zzf 1) (m+r—h-D-7*

(—2)-r! mM(m—2n)

where | z] denotes the floor function, the greatest integer less than or equal to z, and i is the square root
of —1.

Corollary 3. Let {F,} be Fibonacci sequences and {L,} be Lucas sequences, for any positive integers
k, r and any nonnegative integers n, m. Then, we have the following:

[5] 2
1 n+k—-nh)!-i
Z Fa1+1 'Fa2+1"'Fak+1+1 = EZ(_l)h h'(n—2h)' ’
ay+ay++ags1=n " h=0 ' ’
and
Z Lal ’ Laz T Ldr+1
aytaz+--taye1=m
21— (m+r)%(_l)h (m+r—h-1)"-2
B (1-22)-r! o h!'(m—-2h)!

where | z]| denotes the floor function, the greatest integer less than or equal to z, and i is the square root
of —1.

2. Auxiliary results

In this section, we shall give several lemmas which are necessary in the proofs of the theorems.
First, we introduce Chebyshev polynomials {7, (x)} and {U, (x)} . For any positive integer n, the first
kind Chebyshev polynomials {7}, (x)} are defined by

To(x)=1, Th(x)=x, Ty(x)=2xTp1(x)=Th2a(x), n=2,
and the second kind Chebyshev polynomials {U,, (x)} are defined by
Ug()=1, Ui(x)=2x, U,(x)=2xUp1(x) = Up2(x), n=2.

The generating function F (¢, x) of the polynomials {7}, (x)} is given by

- 1 —xt
F(t,x) = ZT” X" = I al xl <1, Jf<1, 2.1
n=0

—2xt + 12’

and the generating function G (¢, x) of the polynomials {U, (x)} is given by

x| <1, [|f<1. (2.2)

Gt x) = Z U,(x)t" = Tomsr
n=0
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Their general expressions are

15]

aa(=D'-h-D
Tn(X)_Eh:O 7= 2] 20", X <1, (2.3)
and
U —L%J D =M ) o | 2.4
n(x)—; oo @0 hl<l (2.4)

Lemma 1. [11] Let {f,(x)} be bi-periodic Fibonacci polynomials, {/,(x)} be bi-periodic Lucas
polynomials, {7, (x)} be Chebyshev polynomials of the first kind and {U,(x)} be Chebyshev
polynomials of the second kind. For any positive integer n, we have the following identities:

&2 b
fn+1 (X) = (g) ann [2_\/611_)5) s (25)

and .
a\z Vab
L, =2 (—) i"T,
) b ( 20 )

where i is the square root of —1, and é (n) = n — [%J is the parity function.
Lemma 2. Let {U, (x)} be Chebyshev polynomials of the second kind, and for any positive integer k
and nonnegative integer n, we have the identity:

(2.6)

k—h
S U@ U () Uy () = k,Z(—) s JR

ay+ax+--+ag1=n

k
Proof. Noting that the degree of U, (x) has degree n and taking the partial derivative (%) on both
sides of (2.2), we have

0o

OFG(t,x) @)k ZU(k)

- - n (x) tn+k9
Ix* (1=2xt+ ) &

where U® (x) denotes the k-order derivative of U, (x) for x. Then, we obtain that

k+1

[ee)

YU D Ua®Up (- Uy, (x)Jr":(i Un<x>r")

n=0 \ai+az++ag1=n

(2.7)
1 1 #Gx)
= = .
(1-2xt+ 2y @)f -k Oxf 2k k! Z i ()
Comparing the coefficients of ' on both sides of Eq (2.7), we obtain that
2, Ua@ Vs @ Usy 0= 505U ). (2.8)

ajtaz+--+agy1=n
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From (2.4), we can deduce the k™ derivative of U, (x),

U (x) = Z (-1)" (” the h) (1 + k = 2h), 222, (2.9)

where the falling factorial polynomials (x), are given by
(=1 x),=x(x=-1D---(x-n+1), nx1 (2.10)

Then, combining (2.8) and (2.9), we obtain

3]

1 k—h

E Uy (1) - Uy, (x) -+ - Uy, (x) = o § -1y %( D)2
ay+az+--+ags1=n S

This completes the proof of the Lemma. m|

Lemma 3. Let {T, (x)} be Chebyshev polynomials of the first kind. For any positive integer r and
nonnegative integer m, we have the identity

D T () Ty (1) Ta, ()

aytaz+-taye1=m

(1- ’+1(m+r) ym+r—h—1)! 2
= - 2x)"™
(1 —)-r! Z( D h! (m — 2h)! (2x)
Proof . Noting that the degree of 7, (x) has degree m and taking the partial derivative (%)r on both
sides of (2.1), we have

FF () _(1-r)en - i o

l,m+r’
dx" (1 -2xt+2)™"! e ()

m=0

where T (x) denotes the r-order derivative of T, (x) for x. Then, we obtain that

i[ D T () Ty () Ta, |1

m= ay+ax+--+ap1=m

0
© +1 r+1
(Z T, (x) 1" ) __(-x 2.11)

(1—2xt +12)""!

V+1 OF (1, X) (1- r+1 Z
(r—t3)(2t)’ Lol ox (1—t2)2r1 r!

m=0

Ty (01",

Comparing the coefficients of #" on both sides of equation (2.11), we obtain that

1= r+1
> T () Ty () Ty, () = (1(—t2));tf)—1 ‘T,(,fir(x). (2.12)

aytay+--+ap1=m
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From (2.3), we can deduce the 7" derivative of T, (x),
7]
6 _m+r 1y 1 m+r—=h\ .. o B —2h
Ty (¥) = = Z( 1) mH_h( . P (m +r —2h), X" (2.13)
Then, combining (2.12) and (2.13), where the condition (x), is defined by (2.10), we obtain
> T (9 Ty (9 Ty, ()

ajt+az+-+arp1=m

L5]
(1—xt)* (m+7) ,m+r—h-1!
= 5 D, 20",
(1-=1)r! ~ h! (m - 2h)!
This completes the proof of the Lemma. O

3. Proof of the theorems

Proof of Theorem 1. By Lemma 2, we obtain that

ay+az+---+agy1=n

_l%(_l)h(n+k—h)! Vab )"
"kl L mMm—2m\ i )

By (2.5) of Lemma 1, we obtain that
Z ‘fa|+l (x) : ‘f(12+1 (x) e fak+1+l (-x)

&lap)+é(ag)++é(agy 1)

ay+ax+--+ag1=n % 2 . l‘a1+a2+~--+ak+1
L4] n—2h
1 Z(‘ by (n+k— h)! «/Ex
T x h'(n =20\ i

Therefore, we obtain

&(ay)+é(ay )2+“‘+f(‘1k+l )

b
> ;) Faret () Fupit (X a1 ()

aytax+--+agy1=n

5] 2
1 n+k-n!-i~" n—2h
=— ) (-1 Vab .
k!;( = am! (Vabx)
This completes the proof of the Theorem. O

Proof of Theorem 2. By Lemma 3, we obtain that

2, T (gx] T, (gx) T, (%x)

ay+ax++ap 1 =m

(1= r+1(m+r) pm+r—h=D!(ab
B (1—t2)r’ Z(_) h!(m —2h)! (ix)

m—2h
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By (2.6) of Lemma 1, we obtain that

lay (X) - 1oy (%) - - g, (X)

£(a) )+f(az)2+---+5(ar+1 )

artayttag=moyr+l (%) . [+
(A —xy mt ) Li iyt r=h =1 (Vab e
-2yl L W m—-2m)! | i '

Therefore, we obtain

&lap)+é(ag)++é(ary 1)
7

b
> (— Loy () + Ly () Loy ()
ay+ay+-+ap1=m a

2L (1= xt)y (m+ 1) 2] L (m+r—h— 1) m—2h
) (1-2)-r! ,Z_:g(_l)l h! (m — 2h)! (\/‘Ex) '

This completes the proof of the Theorem. m|
4. Conclusions

In this paper, by using generating functions for the Chebyshev polynomials, we have obtained the
convolution formulas involving the bi-periodic Fibonacci and Lucas polynomials. In the past, scholars
considered the convolution of linear recursive polynomials. In this paper, we extend the previous
research to non-linear recursive polynomials. Specifically, we consider the convolution formula of bi-
periodic recursive polynomials. Furthermore, we hope to consider extending the convolution formula
of t-periodic recursive polynomials.
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