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Abstract: The elliptic interface problems with imperfect contact have found applications in numerical
solutions of the Stefan problem of the solidification process and crystal growth, composite materials,
multi-phase flows, etc. In this paper a 1D elliptic interface problem with imperfect contact is
considered. A class of high-order compact finite difference schemes are constructed on body-fitted and
non-body-fitted mesh, respectively. For each case, the second-, third- and fourth-order approximations
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demonstrate that the schemes have theoretical accuracy for elliptic interface problems with imperfect
contact.
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1. Introduction

A class of problems that give rise of singular behavior are elliptic interface problems with
imperfect contact [1], and it is featured by the implicit jump condition imposed on the imperfect
contact interface, and the jumping quantity of the unknown is related to the flux across the interface.
The elliptic interface problems with imperfect contact have been applied to model the Stefan problem
of the solidification process and crystal growth, composite materials, multi-phase flows [2, 3] and the
problem of temperature discontinuity between the gas and cooling solid surface [4]. More examples
include the heat conduction between materials of the different heat capacities and conductivities and
interface diffusion processes [5, 6], the temperature discontinuity between a gas and cooling solid
surface [4], the conjugate heat transfer problem in thermodynamic processes between materials that
are thermally coupled through non-adiabatic contacts [7], etc.
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We consider the one-dimensional (1D) elliptic interface problem with imperfect contact

—(Bu)x + c(u = f(x), x€(0,0)VU(a, ), (1.1)
u(0) = uo, u(l) =uy, '
together with the following implicit jump conditions across the interface a
] = 7 =™ = A" B, (12)
) =0,

where 0 < @ < 1, 77 is a unit normal to the interface pointing from Q- to Q*. g* denotes the right and
left limits of the function g at the point «, and [g] = g© — g~. Without loss of generality, we assume
that Q is computational domain, and the interface a separates Q into two sub-domains O~ and Q*.

The solution of the elliptic interface problems is often discontinuous due to discontinuous
coeflicients or singular sources across the interface. To recover the numerical accuracy near the
interface, a variety of methods have been developed via enforcing the jump conditions (1.2) and (1.1)
into numerical discretization such that accurate and robust numerical algorithms can be designed.
Finite difference methods (FDMs) constitute a commonly used approach for elliptic interface
problems. Since the publication of the original immersed interface method (IIM) [8], they have been
applied to various problems, such as the Stokes flow with elastic boundaries or surface tension [9],
incompressible flow based on the Navier-Stokes equations with singular source terms [10], and
nonlinear problems in magneto-rheological fluids [11]. Many further developments and analysis in
various aspects of the FDM for elliptic interface problems were carried out to improve the accuracy,
stability or efficiency [12—-19]. Many other elegant methods have been proposed in the past decade,
including the ghost fluid method [20, 21], finite volume method [7,22-24], the matched interface and
boundary (MIB) method [25-27], etc. Finite element methods (FEMs) constitute another common
practice to resolve the elliptic interface problems. With the help of body-fitted unstructured meshes,
FEMs [28-30] have been developed for handling elliptic interfaces and irregular geometries. For
interfaces with complex topologies, the construction of high quality body-fitted meshes could be
difficult and time-consuming. This motivates the development of immersed FEMs based on
non-body-fitted structured meshes [31-38], etc. Nevertheless, most interface schemes in the
literatures are designed to be of second-order accuracy.

The strategy for generating higher-order difference schemes can be roughly divided into two
categories. (1) The first category is expanding the stencil and including more points in the
schemes [15,16,25-27,39-42]. Advantages of this approaches is achieving high-order accuracy and
using lower order jump conditions only. The obvious disadvantages of such approach is creating large
matrix bandwidths and complicating the numerical treatment near the boundaries. Gibou and
Fedkiw [16] introduced an O(h*) accurate finite difference discretization for the Laplace and heat
equations on an irregular domain. Previous scholars [25-27] presented high-order MIB methods for
solving elliptic equations with discontinuous coefficients and singular sources on Cartesian grids.
This type of method is based on the use of fictitious points to achieve high-order accuracy. Zhong [40]
presented a high-order 1IM with general jump conditions by employing fictitious points to achieve
high-order accuracy and using lower-order jump conditions only. Similar to the MIB approach, a
wide stencil with more points are involved at irregular points. Feng and Zhao [42] introduced a new
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Cartesian grid FDM based on the fourth-order accurate MIB method. Colnago et al. [15] presented a
high-order IIM for solving Poisson equations with discontinuous coefficients on Cartesian grids, it
combines the FDM and ghost node strategy and requires only the ordinary jumps of the function. (2)
The second category involves using the differential equation and the interface relations as additional
identities [13,39,41]. The advantage of this approach is that the scheme is compact and minimal
stencil is used. The disadvantage is that to maintain high-order accuracy, it requires the knowledge of
jump conditions of high-order derivatives. Li and Ito [13] constructed a fourth-order IIM by
computing high-order jump conditions involving mixed derivatives. Linnick and Fasel [39] presented
a high-order IIM for simulating unsteady incompressible flow in an irregular domain. Instead of using
analytical jump conditions, they compute the jump conditions for higher derivatives numerically.
Angelova and Vulkov [41] presented high-order compact FDM for elliptic equations with intersecting
interfaces by using the differential equation and the jump (interface) relations as additional identities,
which can be differentiated to eliminate higher-order local truncation errors. For FEMs, the
higher-order convergence crucially depends on how well the interface is resolved by the triangular
mesh. In practice, subparametric, isoparametric or superparametric elements are usually employed to
secure the optimal order of p + 1 in the L, norm for a polynomial order of p, for both
continuous [33,43] and discontinuous Galerkin [34, 35,44-46] FEMs. It is worth pointing out that
most of the numerical methods in literatures are aimed at the elliptical interface problem with
homogeneous jump conditions ([u] = 0, [Bu;] = 0) or nonhomogeneous jump conditions where the
jumps of the temperature as well as the conductive heat flux along the interface are known explicitly
(say [u] = g1, [BOu/oil] = g,, with known g; and g,). When the elliptic interface problem has an
implicit jump condition as in (1.2), there are comparatively few numerical methods for solving such
problems.

In this paper, we consider the 1D elliptic interface problems with imperfect contact, where the
implicit jump condition is a setting for the interface and the jump of the primary variable is proportional
to the normal flux across the interface. A class of high-order FDMs is constructed for the 1D elliptic
interface for both the body-fitted and non-body-fitted mesh. For each case, the second-, third- and
fourth-order approximations of the implicit jump condition are provided by using the original variables
on both sides of the interface and a set of jump conditions and its high order derivatives. Numerical
examples are presented to verify the performance of the scheme. The numerical results show that the
presented schemes can reach the theoretical accuracy for solving the elliptic interface problems with
imperfect contact.

The rest of this paper is organized as follows. In Section 2, we formulate the scheme for 1D elliptic
equations with imperfect interfaces. Section 3 constructs the approximation of the normal derivative
for the interface. Section 4 computes the primary variables #™ and u~ for the interface. Numerical
examples are provided in Section 5 to demonstrate the accuracy and stability of the presented scheme.
A concluding remark is given in Section 6.

2. High-order compact difference scheme

We assume that S(x) in (1.1) is a piecewise smooth function with a jump at the interface «, and that
B(x) has upper and lower boundries:

0< ﬁmin < ﬁ(X) < ﬂmax’ 2.1)
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where S,,;, and S,,,, are two constants. The source term f(x) is piecewise smooth.

Introduce a uniform grid x; = ih,i = 0,1,--- ,n with h = % The fourth-order compact difference
scheme is constructed and three-point computational stencil for each point is adopted. For node i, the
three points in computational stencil are {x;_i, x;, x;41}. Without loss of generality, assume the interface
a is located in a grid interval, x; < @ < x;,;. Because of the interface is located in the stencil, the
points k and k + 1 are named as irregular points, and i # k, k + 1 are name as regular points.

At a regular point i, i.e., i # k,k + 1, for convenience, we briefly give the construction process of
the fourth order compact difference scheme, for more detailed information one can refer to Ref. [47].

—,35iui = B + ciu; + 7 = f, (2.2)
where 5
6iui _ Win1 — hbzti + Uiy S = ui+12_hui—l’
and 2 93 2 4
= Boxy o] + BT T + 00,

Dropping the term 7 in (2.2), it is the standard second-order central difference scheme. In order to get
fourth-order scheme, we have to handle the high-order derivative terms 2 o and z —. According to the
governing equation (1.1), there is

1
Uy = B(_ﬁxux +cu — f) (23)
Taking the first and second derivatives to (2.3) respectively , we have
Uyxx = ¢luxx + ¢2ux + (]531/[ + ¢4f + ¢5fx’ (24)
and
Uxyxx = wluxx + w2ux + lﬂg,l/t + w4» (25)
where
ﬁx ﬁz ﬁxx Cﬁx ﬁx 1
¢1:—§, ¢ = E_F ,8 ¢3:_,B_2’ ¢4:E, ¢5:_B’

Y1 =T+ it dr Y =Gido+dot s U3 =Gy + Pa,
Va = (9104 + Qa ) f + (D195 + P4 + ¢s.) fr + D5 frxs

¢1 — M ¢2 — ﬁxﬁﬁxx ﬁz _ ﬁﬁxxx _ﬁxﬁxx _ %
T TR I 2

2 2 - XX XX 2 2 X

P30 = %, Pax = e~ 5 ﬁ Psx = %

Substituting (2.4) and (2.5) into (2.2) and approximating the first- and second-derivatives with the
central difference, we can get the fourth-order compact scheme:

Aiuigr + By + Cug_y = Fi + 0(h4), (2.6)
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where

B+ $BLE +y B LB $2B.2 + Yo B

Ai= 2 2h
B+ ¢ B +y B K> %
B; =2 - =t (o ¢+ UB o),
2 12 2 12
o BrOBG PG B+ 0B + B
b h? 2h ’

2

h? h
Fi=f _ﬁx€(¢4fi + ¢sfei) —ﬁﬁw-

2.1. Interface fitted with mesh

When the interface is in contact with one of the mesh nodes, it is referred to as the body-fitted
case. Without loss of generality, we assume that the interface is located the mesh node k, as shown in
Figure 1.

Q QF
L 1 'l 'l 'l

k=2 k=1 k  k+l  k+2  k+3
Figure 1. Interface fitted with body.

In this case, the irregular nodes are k — 1 and k + 1, and the compact stencil of these two irregular
nodes are shown in Figure 2. Then, the high order compact scheme at these two irregular nodes can be
given as

Aottt + Bioyugoy + Crooqu™ = Fiy, (2.7)
and
Attt + By + Crotttgan = Fior. (2.8)

Apparently, there are two auxiliary qualities #~ and u* in the schemes. To apply the above scheme, it is
necessary to approximate the u~ and u* with adequate accuracy. We prepare to use the interface jump
connecting conditions and establish the linear systems with u™ and u~ as variables. The difficulty lies
in the high-order discretization of the first-order derivatives u; and u, on both sides of the interface.

[u] = AB"uZ,
(2.9)
[Buz] = 0.

+
u Upyy Upyio
U, U l[

1 ] | ] 1 1
k=2 k-1 k k+1 k+2  k+3

Figure 2. Irregular point stencil for interface-fitted mesh.
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Expand the u;,; and u;_; at the interface a by using the Taylor series, it reads

3 N h(’)u h* 8%u |+ N W Pupr bt otup
Ut =W ox T oexel T 31ax
n &u 6
+ 190 + o(h”), (2.10)
and
_ h@u‘—_i_ h* 8%u - h383u—+h464u—
Us_ = u —n— _ - _—
“t oxl T 2182l 31ax31 T 419x
n &u|-
- ——| + 0. 2.11
5192 (h”) (2.11)
+ —
Rewritting the above two formulas, we can get the representations of % and g—i as follows
Oupt g —u” h Puir W Pupr B otupr
oxl h 210x21 319x°
h* &u |+ 5
- Siaml t o), (2.12)
oui- u‘—uk_1+h82u— h283u—+h384u—
oxl h 210x21 31031 410x
h* &u-
- ——| +0 h5 . 2.13
51920 (h) (2.13)
According to the governing equation, we have
1
Uy = E(_ﬁ u +ctut - f+)’ u)_cx = ﬁ__(_ﬂ;u; tcu - f_) (214)

Keeping the first two terms on the right-hand side of (2.12) and substituting (2.14) into (2.12), the

second-order accurate approximate scheme of ‘9”' can be given as

Oou |+
2. = pr,1u+ t Prolli+1 T Pr3 T+ O(hz)a (215)

where

Lp. p=a-1,

_ 1 /p
pr,2 - h rs pr,3 2ﬁ+

h 2,8+)/ 2,8+

N
To obtain the higher-order approximate of @’ it is necessary to handle the third- and fourth-order

derivatives in (2.12). From (2.4) and (2.5), the expressions of ! . and u . can be given as

XXXX

ut, = Otut + Olut + O, (2.16)

X.
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and
where
o7 = _g¢1 +¢5,
¥ = ﬁ:‘/ﬁ +y3,

Ui = Yiuy +Vou’ + 95, (2.17)
; _ﬁ+¢l +¢3, O3 =(- ,3+¢] +oDf + o5 1]
‘P+_’8+‘//1+¢3, l}'Jr_é:l/’l""//zt

Keeping the first three terms on the right-hand side of (2.12), we establish the third-order accurate

+
approximate of % as follows:
ou |+ _
el Pratt™ + Protter + Pry + O(RY), (2.18)
where
_ 1 het R _ 1 _
Pri = _(E + Eﬁ_Jf gqfr) /Dy, pro= —/Dr,
hft h ~ hpB:
6.3 = |==——-—=0%|/D,, D,=1--"+ —(D+
e (2ﬁ+ 6 *)/ 256
+
Further, the fourth-order approximate of g—z can be given as
ou = + = = 4
By TP F Pralli +Prs + oh"), (2.19)
where
- 1 hc +h2(D+ hS‘I’* /D - _1/5
Pr h 2,8+ 6 24 rs Pr2 = h rs
- hf* h? = hB:  h? h?
O, —(I)Jr —Y]|/D,, D,=1-=-—=—-—0] + =Y.
pr3 (2,8+ 6 ° 24 )/ 25 6 ' 24
Similarly, the second-, third- and fourth-order approximation of % "~ can be given as
al/t - _ 2
Ol = PME Pt i3+ o), (2.20)
ou- _  _  _ _ 3
Oyl T Pud F Pt i3+ o), (2.21)
ou- - _ = = 4
Ol P F Pty s+ o), (2.22)
where
hp;
P = (E 2,8 )/Dl, P2 ———/DI, PL3 ————/Dz, D=1+ 2,3__’
AIMS Mathematics Volume 8, Issue 3, 5789-5815.
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1 he W _ 1 _
i = |~ 42— —"0;|/D), pra=--/D
P11 A + 25 6 2)/ I P12 / Is
hf~ R\ hp; i
b3 = (-2l ——®3|/D, D=1+ —CD
Pi3 26 3)/ I I +2ﬂ =
= (1 N hc hzq)_ h3 Vb = 1/5
Pl = h 28 6 2 4 1, Pl2 = I
_ hf~ h? h3 hB; h? w
by = |—2l- 4 @7 + —¥5|/D;, Dy=1+ 2% — =07 + .
pi3 28 6 24 )/ Lo 28 6 24

2.2. Interface unfitted with mesh

When the interface is located within one of the computational mesh, it appears as shown in Figure 3.
The irregular nodes are k and k+1, and the construction of the higher order scheme is more complicated.
Owing to the interface arbitrarily cutting through the computational mesh, the computational mesh of
these irregular nodes is nonuniform, as shown in Figure 4.

([ ] ([ ] ®
Q- QF
([ ] (]
T 1 1

k-1 k R k+2

Figure 3. Interface unfitted with a body.

u Upy Upio

k—1 k k+1 k+2

Figure 4. Nonuniform mesh.

We assume the function u(x) is smooth enough, expand the u(x;;), u(x;_1) at point x; by Taylor
series

Gu‘ W Pup b dup ot

U T 51 vl ret R
n g5
WL,
+ 2 ax5|i+0(hf), (2.23)

and

8u' B Puy  hPuy b otu

e R R Th i Rl h v i
b u
_ DML o 2.4
5!ax\ (h9). (2.24)
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From (2.23) and (2.24), we can obtain

Pup 2hbui+1 +hsuiy — (hy + hp)u; by —hy 8*u 1 h + 1 3y
ax2li hhy(hy + hy) 3 98l 12 hf+hb axtli
1, Fu I +
= U+ )y + hb)— + ( T hb)’ (2.25)
and
| _ Myuies = iy + (0 = Bus by, 3wy hohy(hy = hy) 8u
Oxli hh, + hihb 6 ox3li 24 Ox*li
(h; + hz)hfhb
o(—~L—"—). 2.26
+ O =) (2.26)

Define the difference operators

hzl/t,' - ]’lzlzt,'_ + (h2 - hz)u,-
Gy = S (2.27)
hbl’lf + hfhb
h i +h i-1 — he+h i
S =2 pUivt + hpuiy — (hy + hp)u (2.28)
]’lf]’lb(hf + ]’lb)
Equations (2.25) and (2.26) can be rewritten as
Pup o h =& 1 by + Iy otu
ol = O TR 0Bl T 12 hy + hy 0t
1, Fu h5 +h
_ @(h +hb)(hf+hb)— +O(hf hb) (2.29)
and
) hhy 3w hyhy(hy =) & () + I,
—u.:6xu,~— b 3 fb(f b)_l/l+0( f v/ f ) (230)
Oxli 6 Ox 24 ox*li hy + hy,

Substituting Eqs (2.29) and (2.30) into the governing equation (1.1), we can get the difference scheme
for the elliptic interface equation

~B6%u; — B + ki + T = i, (2.31)
where
0*u
T—Qla3' +Q28x4‘ +Q3ﬁ + O(hY), (2.32)
and
0 lBhf hy _ﬂthhb’ 0, - ﬁ%z:zz ﬁthhb(zz—hb)’
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1
0; = ﬁ@(hfc + hy)(hy + hy).

To obtain the higher-order accuracy discrete scheme, it is necessary to handle the third- and fourth-
order derivatives of the term 7. Substituting (2.4) and (2.5) into (2.31) and rearranging it, we have

Aibu; + BSui + Couy = Fi + O + hy)(hy + hy)), (2.33)
where

Ai=—B+ 0191 + O, Bi=—L,+ Qi+ Qrr,
Ci=ci+ Qi3+ O3, Fi=fi— O1(Pafi + dsfri) — Oatfs.

For the irregular points k£ and k + 1, we use the interface a as one of the points in the compact
stencil as shown in Figure 5. Thus, the 3-point compact stencil for nodes k and k + 1 are k — 1, k,a”
and a*,k + 1,k + 2, respectively. From the above analysis, the difference operators for the first- and
second-order derivatives for nodes k and k + 1 are respectively as follows

S = hiu_ - h?uk_l + (h?c - hi)uk zu B hbu_ + hfuk—l - (hf + ]’lb)uk (2 34)
o 12hy + Wohy, P hphy(hy + ) ’ '
and
A Hytrs = W5u* + (h3 = hyug s o Rt = Gy By 235)
S I2hy + Wohy, o Tk hhy(hy + hy) ' '

& -+ =

i—1 [ i+1

Figure 5. Stencil of interface unfitted with a body.

Substituting (2.34) and (2.35) into (2.33), we can get the higher-order compact scheme for the
irregular point k:

Awtoy + Bagy + Cw™ = Fi + O + hp)(hy + ), (2.36)
where
_ 2 h; _ 2 h — hy
Apy= —— A~ 558 Bi=—-——"FHA+ B + Cr,
B T T T TR
. 2 hy _
Ck b B, Fi=%.

=— A+t 55—
hylhy +h)™ " 12hy + B2y
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Similarly, the higher-order compact scheme for the irregular point k + 1 is as follows:

At + By + Crarttggr = Fry + 0((}1? + ) (hy + hy)), (2.37)
where
_ 2 hip
A1 = ——————HAii1 — 5——5—B+1,
hb(hf + hb) hihf + h;hb
B - A hfc —h Bis1 +C
k+1 hfhb k+1 hihf i h}%hb k+1 k+1s
2 h

Cir1 = ————HAr Bir1s  Fier = Frrr-

b
+ _—
I’lf(hf + hy) hihf + h;hb

From the above analysis, we have constructed the higher-order compact scheme at regular points
and irregular points. It should be noted that there are two auxiliary unknown quantities #* and u~ in the
scheme for the irregular points k and k + 1. Therefore, we have to find a way to deal with the interface
connection conditions, so as to obtain a high-precision approximation for the auxiliary unknowns u*
and u~ on both sides of the interface.

3. Approximation of the normal derivative on the interface

The first order derivative on both sides of the interface,% i and % _, can respectively be given as

oupr g —ut hy QPup 2, Pup I 8tup
axl— hy 200:21 31 ox31 41 oxt

h}, up+

- A2 yom), 3.1
51 970 (hy) 3.1)
and
axl 210x21 319x31 41 0x*
h?l Fu|- 5
- S5 +ouD. (3.2)

where h) = @ — x, hyy = Xpe1 — @, hp = hyy + hand h,, = h,; + h, as shown in Figure 6.

k—1 k k+1
h,  h, k+2

Figure 6. Interface and the irregular nodes.
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N _
Further, the second-order derivative on both sides of the interface, 3272‘ and 3272‘
be given as
Pu -2 Bt + hyy Bu
Ou _ hr _ hr _ h +) _ r r. -
e I hah ( 2Uk+1 1Uk+2 u ) 3 ox3
]’lz + hrlhr2 + hz Ou+
and
0ul- -2 hu + hp &u -
- = h - h -1 h )t 93
e hnhzzh( U — gy u”) 3 903
h12 + hphp + h122 0'u |-
- gl O+l + b+ ).

Substituting (3.3) and (3.4) into (3.1) and (3.2) respectively, we can get

Ou |+ { LI PSP O By }+hr1hr203u+
— = 1—-(—+—)u — 4+ U1 — U —
Ox hy o I e N A 31 9x3
h2 hyy + B2k 0%+
%ﬁ + O3, + Il + W hys + 1),
and
(914'_ {(1 4 1)_ (1 +1) + hll }+h11hlza3l/l+
—| = {(—+—)u —(—+ Dup + —u— ——
dx hy  hp P e P A 31 9x3
W hp + W2 hy 8% u
- %@ + O3, + Wl + Iy + ).

3.1. Second-order scheme

, can respectively

(3.3)

(3.4)

(3.5)

(3.6)

Keep the first term in (3.6) and (3.5) and discard the other terms. We can get the approximation of

the first order derivative on both sides of the interface with second-order accuracy:

_ _ 2
U, = pri + praug + pr3ug-1 + Oh°),

and
ul = ppu’ + ol + py s + O,
where
_1+1 _(1+1) _hll
pu= hy  hp’ P2 = hyn  h” pia = hhp’
IR U TN hy
P Ty T PR T T T Thigy

(3.7

(3.8)
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3.2. Third-order scheme

Keeping the first two terms in (3.6) and (3.5) and discarding the other terms, and according to the
(2.16), we can get the approximation of the first derivative with third order accuracy

U, = Pra” + Pty + Praix—1 + Pra + O(), (3.9)
and
ul = poaut + Protisr + Pratisr + Pra + O(R), (3.10)
where
hphp _ - _ _ ~ _
P = (Pl,l + IZ(DQ)/DI’ P12 =p12/Di, P13 = p13/Dis
hih _ _ hih
P4 = & lz@;/Dz, D =1- ”6 12(131_,
pr,l = (pr,l + 16 2(I);)/Drs Pr2 = pr,Z/Dr» Pr3 = pr,3/Dr9
Wil oo hyrh,
pra= —20t/D,, D, =1- 16 27,

3.3. Fourth order scheme

Following the same manner as in the
derivative with fourth-order accuracy

above subsection, we can get the approximation of the first

u, = prau” + Pty + Praix-1 + pra + OChY), (3.11)
and
u; = l(=)r,1MJr +/=)r,2uk+l +/=)r,3uk+2 +l=7r,4 + 0(h4), (3.12)
where
- hnhn Wyl + Rk = - =
o1 =P+ O, + ———— Y, |/D;,  pi2 = pi2/Dy,
6 24
_ = _ hih B h2h11+h2h12 \ , =
o153 =pi13/Di,  pra = diut D + ul}% /Dy,
6 24
_ hih _ hz hl] + h2 ]’l12 _ = - =
Pr1 =\Pr1 — A l2(1)1 - uq’l /Dr’ Pr2 = pr,Z/Dra
6 24
- = - hrlhrZ hzzhrl + hz] hr2 =
r3 = Pr3/ Dy, r4 = o7 — — - Y3 D,,
p .3 p ,3/ p 4 ( 6 3 24 3 /
= hphp  h3he + B2 by
D, =1- o7 — L L y
l 6 24 !
= =1-= hrlhr2®+ _ hthrl + h%lhrZ\P+
" 6 ! 24 b
AIMS Mathematics
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4. Compute u* and u~ on the interface

The implicit connecting condition on the interface is given as
[u] = AB"u,

Bt = B

4.1)

For the interface fitted mesh, the approximation of the first-order derivative on both sides of the
interface can respectively be written as

au - _ m

ol =P + praui-y + pi3 + O(), 4.2)
ou

dx "= pratt” + prattis + prz + OCHY). *3)

Discarding the terms O(h]") and O(h)") in (4.2) and (4.3), and substituting them into (4.1), the
discrete format of the implicit connecting condition on the interface can be given as
u'—u" = AP (prau” + prati-1 + pr3),
BT (orau™ + prattger + 0r3) = B (011U + pratte-1 + p13)-

For brevity, rearrange the above equation and establish linear equations with u* and u~ as variables as
follows:
apu’ —apu = by,
anut + apu- = by,
where
an=1, ap=1+8py, an=Bpr, an=-FpL.

by = AB " (piaup—1 + p13),
by = B (piattg—1 + p13) = BT (Pr2ths1 + Pr3)-

Solving the above linear system, we can get the approximate of each of the unknowns u* and u~ on
both sides of the interface with m-th order accuracy:

+ + + +
U o= TiUpog Tl + T, 4.4)
U = T Uy + Tyl + T3, 4.5)
where
— +
o (and +an)B pia o anfprn
- s 2 = T T >
apax + apdyg apax + apay

o (a2d + a12)B P13 — aB pr3

3
apjay + apay

AIMS Mathematics Volume 8, Issue 3, 5789-5815.
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’ 2 - >
apdax + apdy apa + apday
— +
= (an — an DB pi3 —anfp.s
3 - .
apjay + apay

_ (a1 —an B pi2 _ anftpr
T, = T, =

For the interface-cut mesh, the approximation of the first-order derivative on both sides of the interface
can be written as

(9” - _ m

ox =prLu + piouy + p3ug-1 + pra + OI), (4.6)
ﬁu + + m

Gl = PrIWF Proie + Pr3tien  Pra+ OhY). 4.7)

In a similar manner as above, the approximate of each of the unknowns u#™ and #~ on both sides of the
interface with m-th-order accuracy is given as

+ + + + + +
U= T Upoy F ToUg + T3l + Tyl + Ts, 4.8)
U = T Uy + Tyl + T3lge) + ToUgsr + Ts, 4.9)
where
- - +
= (and +an)B pi3 = (and+an)B pin = —anf pr
1 = s 2 = s 3=
apax + apay apjax + apdy apdax + apdy
+ — — +
o —a1B"pr3 o anAB pi4+ apn(B pis — B pra)
4 — s 5 = ’
apday + apdy apay + apdyy
- — +
_ (an - 6121/1)[3 Pi3 _ (an — 021/1),3 Pi2 _ —ap B Pr2
Tl = . TZ = . T3 = _—
apjax + apay apjay + apdy apax + apdy
+ — + —
o —aup pr3 - an(B pia— B pra) — a1 B pi4
) 5 = .
apday + apday apiay + appdyp
and

an=1, ap=1+ /1,3_/01,1, (253 =,3+pr,1, ay = —B_pm.
by = AB" (praux + pr3te—1 + pra),
by = B (pioux + pi3ux—1 + P1a) — B (Or2Uks1 + Pr3lgs2 + Pra)-

5. Discrete system

From the above sections, we establish the fourth-order compact finite-difference scheme for non-
irregular mesh nodes:
Ay + By + Ciugyy = F, (5.1)

for
{tk—1,k+1}, for body-fitted mesh,

{k,k + 1}, for non-body-fitted mesh.

In the interface-fitted mesh case, the higher-order compact schemes at the irregular mesh nodes k£ — 1
and k + 1 are given as (2.7) and (2.8), respectively. Eliminating the auxiliary qualities u* and u~ by

AIMS Mathematics Volume 8, Issue 3, 5789-5815.
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substituting the formulas (4.4) and (4.5) into (2.7) and (2.8). The schemes for the irregular mesh nodes
are given as
Aty + By + Crqtgy = Fiy, (5.2)

and
Airitti—1 + Bigittis1 + Craltgrr = Fia,s (5.3)

where

A1 = Aty Bioi = By + Cioity, - Gy = Crai 75,

A1 = Ak+1TTa By = Bk+1 +Ak+17—;’ Cir1 = C_vk+1,

Fioy = Fioy — Craits, Fron = Fign — Agats.
Similarly, in the non-body-fitted case, the higher-order compact schemes at the irregular mesh nodes
k and k + 1 are respectively given as (2.36) and (2.37). Substitute the formulas (4.8) and (4.9) into

(2.36) and (2.37) to eliminate the auxiliary qualities u* and u~. The higher-order compact schemes at
the irregular mesh nodes k and k + 1 are respectively given as

Arttg—1 + By + Criyy + Dityr = F, (5.4
and
Apittit + B + ity + Digittgyn = Figy, (5.5)
where
Ak = Ak + CTI_, Bk = Bk + CTE, Ck = C_‘kTg, Dk = C‘kTZ,
A = Apity, B = Auats,  Crar = By + Apits,
Diy1 = Coy1 + Apity, Fr=Fy—Ct5,  Fiy = Fry — A 7s.
Obviously, the resulting discrete linear equations have a tri-diagonal form for the body-fitted case

and block-diagonal form for the non-body-fitted case, which can be efficiently solved by using existing
numerical methods, such as the forward and backward sweep method, BiCGstab method, etc.

6. Numerical experiments

In this section, we use several numerical experiments to demonstrate the performance of the discrete
schemes.
Example 1. Consider the computational domain Q = [0, 1], and the solution is separated into two parts
by the interface at x = @,where @ = 0.5 and @ = 0.52323, for the interface-fitted mesh and interface-cut
mesh cases, respectively. The analytical solution of this problem is given by

e, x € (0, @),

ux.y) = {Kexz, x € (a,1).

The diffusion coefficient is defined as follows

5= K, x € (0,a),
], x € (a,1).

AIMS Mathematics Volume 8, Issue 3, 5789-5815.
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Conservation of the flux on the interface satisfies
ou ou*
B—=1=p4"
0x

ax
The coefficient A is given as

ou-
ﬁ_ai = 2kxe® —2kxe” =0, at x=a.
X

a?

ke® — a?

A= ——
2kae”

Tables 1 and 2 compare the L, and L., errors in second-, third- and fourth-order formats on fitted
and non-fitted mesh, respectively. The tables show that the numerical results of the three methods
achieve theoretical accuracy on both fitted and non-fitted mesh.

Due to the strong discontinuity of physical quantities at the interface, it is crucial for the numerical
scheme to be stable and robust. Tables 3 and 4 compare the errors of u* and u~ for different methods
on fitted and non-fitted mesh, respectively. It can be seen from the tables that the physical quantities on
both sides of the interface differ in magnitude by a factor of 100, but the numerical scheme proposed
can capture the discontinuity of physical quantities on both sides of the interface with a high degree of
accuracy.

Figure 7 compares the exact and numerical solutions on fitted and non-fitted mesh for Problem 1 at
k = 100 with a number of intervals of 32. It is shown that the numerical solutions are well matched
with the exact solutions, in spite of the fact that the amount of physical jumps on both sides of the
interface are much larger. Figures 8 and 9 errors by the fourth-order, second-order and third-order
scheme on fitted and non-fitted mesh, respectively. It can be seen that the errors are decrease as the
number of mesh points increases.

Table 1. Comparison of L, and L., errors in second-, third- and fourth-order formats on fitted
mesh for Example 1, k=100.

Second-order scheme Third-order scheme Fourth-order scheme
Mesh L, Rate Lo Rate L, Rate Lo Rate L, Rate Lo Rate
11 4.8e-1 8.7e-1 2.2e-2 4.7e-2 2.4e-3 4.5¢-3
21 1.2e-1 22 22e1 2.1 24e-3 32 56e3 3.1 l4e-4 41 28e4 4.0
41 282 2.1 552 20 2.8¢-4 3.1 6.8e4 3.0 88e-6 4.0 1.7e5 4.0
81 6.9¢-3 20 14e2 2.0 34e-5 3.1 84e5 3.0 54e-7 40 1.le-6 4.0
161 1.7¢e-3 2.0 34e3 20 426 30 1.0e-5 3.0 33e-8 4.0 6.8¢-8 4.0

Table 2. Comparison of L, and L., errors in second-, third- and fourth-order formats on
non-fitted mesh Example 1, x<=100.

Mesh Second-order scheme Third-order scheme Fourth-order scheme
L, Rate Lo Rate L, Rate Lo Rate L, Rate Lo Rate
11 8.9e-2 1.8e-1 9.8e-2 2.7e-1 2.4e-3 4.5e-3
21 6.9e-2 04 1.2e-1 0.6 24e-2 20 4.5e2 26 1.5e-4 40 28e4 4.0
41 2.8e-2 1.3 552 1.1 3.5¢e-3 28 7.3e3 2.6 88¢-6 40 185 4.0
81 6.8¢-:3 22 13e2 20 43e4 3.1 84e4 3.1 54e-7 40 1l.1e6 4.0
161 1.5e-3 2.1 3.0e-3 22 5.5¢e-5 29 1.0e4 3.0 34e-8 4.0 6.8¢-8 5.0

AIMS Mathematics Volume 8, Issue 3, 5789-5815.
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Table 3. Comparison of the errors of u* and u~ for different methods on fitted mesh for

Example 1, k=100.

(™, u*) = (1.284025, 128.4025)

Mesh 11 21 41 81 161
econg & BOe48TeD) (2le422e1) (53e-555e2) (13e514e2)  (33e-634e3)
econ
e2hyeh . (4.0,4.0) (4.0,4.0) (4.0, 4.0) 4.0,4.0)
g G (80e447e2)  (LledS6e3) (14e-5 68e4) (17e-6,84e5) (21e7. 10e-5)
1T
eyl - (8.0, 8.4) (7.9, 8.2) (8.0,8.1) (8.0, 8.1)
a0 (12e545¢3) (73e728e4) (4608, 1.8¢5) (29¢9, L1e-6) (1.8¢-10,6.8¢:8)
our
e2hyeh . (15.9, 16.0) (16.0,16.0) (16.0, 16.1) (16.1, 16.0)

Table 4. Comparison of the errors of u* and u~ for different methods on non-fitted mesh for

Example 1, k=100.

(™, u™) = (1.284025, 128.4025)

mesh 11 21 41 81 161
g d €oo (4.7e-3,1.3e-1) (1.6e-3,1.1e-1) (1.3e-3,5.5¢-2) (2.7e-4,1.3e-2) (6.4e-5,3.0e-3)
econ
e /el - (3.6,4.2) (3.84.1) (3.9,4.1) 4.24.5)
Third €oo (8.7e-4,47e-2) (1.1e-4,5.6e-3) (1.4e-5,6.8¢e-4) (1.7e-6,8.4e-5) (2.1e-7, 1.0e-5)
ir
e2l/eh - (8.0,8.4) (7.9, 8.2) (8.0,8.1) (8.0,8.1)
Foarth €oo (1.2e-54.5¢-3) (7.3e-7,2.8e-4) (4.6e-8,1.8e-5) (2.9¢-9, 1.1e-6) (1.8e-10,6.8¢-8)
our
e2feh, - (15.9, 16.0) (16.0,16.0) (16.0, 16.1) (16.1,16.0)
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Figure 7. Comparison of exact and numerical solutions on fitted and non-fitted mesh for

Problem 1.
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Figure 8. Comparison of errors by the fourth-order scheme on fitted mesh and non-fitted

mesh for Example 1.
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Figure 9. Comparison of errors by the second-order and third-order schemes for Example 1.

Example 2. Consider the elliptic interface problem with a variable diffusion coefficient, and the
solution is separated into two parts by the interface at x = @, where @ = 0.5 and @ = 0.53232, for the
interface-fitted mesh and interface-cut mesh cases, respectively. The analytical solution of this

problem is given by

x9) x’e*, x€(0,),
u(x,y) =
Y ke*, x€(a,l).

The diffusion coefficient is defined as follows

K, x € (0,q),

T 2x + 22, x € (a, ).

Conservation of the flux on the interface satisfies
Ju Lout _Ou
Bl =F ox =P o

AIMS Mathematics

= k2x + xD)e" — kQx + x*)e* =0

at x=a.
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The coefficient A is given as

2

k-«
T kQa + a?)’

Tables 5 and 6 compare the L, and L, errors in second-, third- and fourth-order formats on fitted
and non-fitted mesh, respectively. It can be seen that the numerical format is able to achieve theoretical
accuracy on fitted mesh. The numerical accuracy on the non-fitted mesh is slightly lower than the
theoretical accuracy, probably due to the unbalanced grid step on both sides of the interface, which

leads to the instability of the format.

Figure 10 compares the exact and numerical solutions on fitted and non-fitted mesh for Problem 1
at k = 100 with a number of intervals of 41. It is shown that the numerical solutions are well matched
with the exact solutions, in spite of the fact that the amount of physical jumps on both sides of the
interface are much larger. Figure 11 compares errors by the fourth-order and third-order schemes on
fitted and non-fitted mesh, respectively. As seen in the table, the errors in the fourth-order scheme are
significantly lower than those in the third-order scheme.

Table 5. Comparison of L, and L, errors in second-, third- and fourth-order formats on fitted
mesh for Example 2, k=100.

Second-order scheme

Third-order scheme

Fourth-order scheme

Mesh
L, Rate Lo Rate L, Rate Lo, Rate L Rate Lo Rate
21 1.4e-2 2.9e-2 9.9¢-5 2.4e-4 3.2e-6 6.1e-6
41 34e-3 20 7.3e3 2.0 1.1e-5 3.1 29e-5 3.1 2.0e-7 4.0  4.0e-7 4.0
81 83e4 2.0 183 2.0 l4e-6 3.1 3.5e-6 3.0 1.2e-8 4.0 2.5e-8 4.0
161 2.1e-4 2.0 4.6e-4 20 1.7¢-7 3.0 4.3e-7 3.0 7.5e-10 4.0 1.5e-9 4.1
321 5.le-5 2.0 1l.le4 20 2.1e-8 3.0 54e8 3.0 4.6e-11 4.0 9.2e-11 4.1

Table 6. Comparison of L, and L., errors in second-, third- and fourth-order formats on
non-fitted mesh for Example 2, k=100.

Second-order scheme

Third-order scheme

Fourth-order scheme

Mesh
L, Rate Lo Rate L, Rate Lo Rate L, Rate Lo Rate
21 8.9¢e-3 1.5e-2 1.3e-3 5.9¢e-3 l.1e-3 5.2e3
41 3.6e-3 13 7.6e3 1.0 32e5 53 75e5 63 32¢-5 5.1 885 59
81 83e-4 2.1 183 2.1 3.7e-6 3.1 1.3e-5 25 38e-6 3.1 155 2.6
161 1.8e-4 22 4.0e4 22 42e-7 3.1 38e-6 1.8 4.8e-7 3.0 4.0e6 19
321 2.8e-5 2.7 525 29 9.5¢-8 22 1.7e-6 1.2 9.9¢-8 23 1.7e-6 1.3
AIMS Mathematics Volume 8, Issue 3, 5789-5815.
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Figure 10. Comparison of exact and numerical solutions for Problem 2.
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Figure 11. Comparison of errors under different kinds schemes for Problem 2.

Table 7 compares the length ratio of the interface-cut mesh interval. The table shows that as the
number of grids changes, the spacing ratio changes significantly and affects the accuracy of the
numerical scheme.

Table 7. Comparison of the length ratio /¢/h;, of interface-cut mesh.

Mesh 21 41 81 161 321
helhy 1.48 2.80 1.72e-2 1.36 2.30

Table 8 compares the condition numbers of the linear system matrix A for the fitted and non-fitted
meshes. It can be seen that the condition number of the matrix does not differ much for the same grid
number, so the proposed numerical scheme is stable.

AIMS Mathematics Volume 8, Issue 3, 5789-5815.
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Table 8. Comparison of condition numbers of the linear system on fitted and non-fitted mesh.

Mesh 21 41 81 161 321
Fitted 2098 6746 20081 63749 147695
Non-fitted 4108 14355 31339 107609 341350

Example 3. Consider the elliptic interface problem with a variable diffusion coefficient, and the
solution is separated into two parts by the interface at x = @, where @ = 0.5 and @ = 0.53232, for the
interface-fitted mesh and interface-cut mesh cases, respectively. The analytical solution of this
problem is given by

sin xe"z, x € (0, ),
u(x,y) = 2
ke*, x € (a,1).
The diffusion coefficient is defined as follows
|2k, x € (0,),
- Cos X + 2xsin x, x € (a, ).

Conservation of the flux on the interface satisfies

out _Ju” . 2 . 2
Fre B I = 2kx(2x sin x + cos x)e* — 2kx(2x sin x + cos x)e* = 0.
x X

The coefficient A is given as

Oou .
Bo1=5

K — sina

"~ 2ka(cosa + 2asina)’

Tables 9 and 10 compare the L, and L, errors in second-, third- and fourth-order formats on fitted
and non-fitted mesh, respectively. It is shows that the numerical format is able to achieve theoretical
accuracy on fitted mesh.

Figure 12 compares the exact and numerical solutions on fitted and non-fitted mesh for Problem 1
at k = 100 with a number of intervals of 41. It can be seen that the error in matching the numerical
solution to the exact solution is essentially small despite the large physical jumps on both sides of
the interface. Figure 13 compares errors by the fourth-order and third-order schemes on fitted and
non-fitted mesh, respectively. As can be seen in the table, the numerical accuracy of the fourth-order
scheme is better than that of the third-order scheme.

Table 9. Comparison of L, and L, errors in second-, third- and fourth-order formats on
fitted mesh for Example 3, xk=1000.

Mesh Second-order scheme Third-order scheme Fourth-order scheme
L, Rate Lo Rate L, Rate Lo Rate L, Rate Lo Rate
21 1.4 2.6 2.1e-2 5.0e-2 1.8e-3 3.4e-3
41 34e-1 2.0 64e1 2.0 24e-3 3.1 6.0e-3 3.1 l.le-4 40 2.1e4 4.0
81 84e-2 2.0 1.6e-1 2.0 2.9e-4 3.1 T4e4 3.0 6.9¢e-6 40 1.3e5 4.0
161 2.1e2 2.0 4.0e2 2.0 35e-5 3.0 9.1de5 3.0 44e-7 40 85e-7 40
321 52e3 2.0 1.0e-2 20 43e-6 30 1.1e-5 3.0 2.9e-8 39 558 39

AIMS Mathematics Volume 8, Issue 3, 5789-5815.
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Table 10. Comparison of L, and L;,, errors in second-, third- and fourth-order formats on

non-fitted mesh for Example 3, k=1000.

Second-order scheme

Third-order scheme Fourth-order scheme

Mesh
L, Rate Lo Rate L, Rate Lo Rate L, Rate Lo Rate
21 9.9e-1 1.7 4.0e-2 1.4e-1 1.4e-2 6.3e-2
41 34e-1 1.6 64e1 14 824 56 193 6.2 1.1e-3 3.7 25e-3 4.6
81 8.1e-2 2.1 1.6e-1 2.0 53e-5 40 12e4 4.0 l.le-4 32 29e4 3.1
161  19e-2 2.1 3.6e2 2.1 1.0e-5 24 595 1.0 l.le-5 33 3.0e-5 33
321 3.6e-3 24 63e3 25 1.8e-6 25 39e5 0.6 1.2¢e-6 33 1.7¢e-6 4.1
(a) Interface-fitted mesh (b) Interface-cut mesh
Figure 12. Comparison of exact and numerical solutions for Problem 3.
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Figure 13. Errors under the third-order scheme (a) and fourth-order scheme (b) for

Problem 3, with different mesh sizes.
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7. Conclusions

The 1D elliptic interface problem with imperfect contact is characterized by the fact that the jump
quantity of the solution is unknown and is related to the flux across the interface. In this paper, a class
of higher-order finite-difference schemes is constructed for interface fitted and non-fitted meshes,
respectively. The second-, third-, and fourth-order approximations of the jump conditions are
provided by using the connected jump conditions and their higher-order derivatives. Some numerical
experiments were carried out to illustrate the accuracy and stability of the present method. The
numerical results show that the proposed scheme is able to capture the solution of the discontinuous
case of the interface body with theoretical accuracy. The theoretical accuracy has been achieved for
the elliptic interface problem with implicit interface connection conditions.
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